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1. Introduction

Throughout this paper, all rings are associative with identity and all modules
are unitary modules. Let R be a ring. We denote by R-Mod the category of left
R-modules.

Truncated projective resolutions are of interest in both algebraic geometry and
algebraic topology. The final modules of two truncated projective resolutions of the
same module may be stabilized to produce homotopy equivalent complexes.

In 2007, Mannan in [3] considered two truncated projective resolutions of equal
length for the same module and obtained a pair of complexes of the same homotopy
type. This paper generalizes projective resolutions to proper left C-resolutions and
similar results are obtained, where C is a subcategory of R-modules. Moreover,

some examples are given.

2. Main results
Let C be a subcategory of R-modules. Recall that a complex of modules
X=-—=X; *>X0‘>XO*>X1‘>~-~

in R-Mod is called Hompg(C, —)-exact (respectively, Hompg(—,C)-exact) if it remains
exact after applying the functor Hompg(C, —) (respectively, Homg(—,C)) for any
object C € C.
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Definition 2.1. (see [1]) Let C be a subcategory of R-modules and M a module
in R-Mod. A homomorphism f : C'— M with C € C is called a C-precover of M if
the abelian group homomorphism Hompg(C’, f) : Homg(C’,C) — Homp(C’, M) is
surjective for any object C’ € C. If every R-module has a C-precover, we say that
C is a precovering class. Dually, we have the definitions of a C-preenvelope and a

preenveloping class.

Definition 2.2. Let C be a subcategory of R-modules and M a module in R-Mod.
A complex --- —= C7 — Cy — M — 0 is called a proper left C-resolution of M
if each object C; € C and if Cy — M, Ciy1 — Ker(C; — C;_1) for i > 0 are all
C-precovers (equivalently, the complex X is Homp(C, —)-exact), where C_; = M.
Dually, a proper right C-resolution 0 — M —= C° — C' — ... of M can be de-
fined. A proper C-resolution of M is a complex --- = C; = Cy = C° = Ct - ... |
where M = Im(Cy — C°), complex -+ — C; — Cyp —= M — 0 is a proper left
C-resolution of M and complex 0 — M —= C° — C! — ... is a proper right C-

resolution of M.

Let
Qi1 a; Xi—1
X:n-‘)XiJrl — X, — X, 1 — -
and
Bi Bi Bi—
R VARG S VAN YA

be two complexes. Recall that a chain map f : X — Y is a family of morphisms

{fi} such that the following diagram commutes:

Q41 o Qj—1
Xi+1 Xl Xi*l
fit1 i fi i fi—1 i
Bi+1 Bi Bi—1
Y;+1 Yz Y;—l

Recall that two chain maps f,g: X — Y are said to be chain homotopic, denoted
by f ~ g, if there exists a family of morphisms {s;} with each s; : X; — Y41 a
morphism such that

fi— 9i = Big1si + si—1au.
The complexes X and Y are said to be chain homotopy equivalent, if there exist
chain maps f: X - Y and g : Y — X, such that fg ~ Iy and gf ~ Ix, where

Iy, I'x are identity maps.
Lemma 2.3. Let F=---—=F — Fy—>F' = F! — ... be a Homgp(C,—)-

exact sequence of R-modules. By adding --- — 0 — FE el E—0—-- toF,
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then the sequence G =+ = F = Fp®@ E = F' @ FE = F! - ... is Homg(C,—)-

exact. Furthermore, the sequences F' and G are chain homotopy equivalent.

Proof. For any C € C, applying the functor Hompg(C,—) to G, we have the fol-

lowing commutative diagram

-+ > Hompg(C, A) = Hompg(C, Fy @ E) - Homg(C, F° @ E) - Hompg(C,F') - - --

| Ve Ve [
-+ = Hompg(C, A) H L HomR(C7F1) ...

where H = Hompg(C, Fy) @ Homg(C, E), L = Hompg(C, F°) ® Homg(C, E), ¢ and
1) are isomorphisms. It is easy to see that the lower sequence in the above diagram
is exact, so is the upper sequence. Thus the sequence G is Hompg(C, —)-exact. That
sequences I and G are chain homotopy equivalent is simple. This completes the

proof. O

The following result plays a crucial role in this paper.

Theorem 2.4. Let C be a subcategory of R-modules such that C is closed under
finite direct sums, and M a module in R-Mod. Suppose that we have two proper
left C-resolutions of M :

Cn 20 B0 B0y I M0 (8)
and
o e S Wo s ML VG (8)

Then the complexes

n@o On—
C'n, D Snaﬁ' O’n.—l ﬁl Tt g Ol g’ CO (h/)
and
al, ®0 oy al o)
c,el,—C, , — - — C] — C} ()

are chain homotopy equivalent, where the modules T;, S; are defined inductively by
Ty = Co, So = Cp, and fori=1,2,--- ,n, T; =2 C;® 81, i 2C{®T;—1.

Proof. We follow the proof of [3, Theorem 1.1]. For each ¢ = 1,2, -- ,n, we have
natural inclusions of summands: \; : C; — T3, X : Cf — S;. Let Ao : Cy — T and
Ao : C) — Sp both be the identity maps. We define p; : T; — T;—1 & S;—1, and
P S; = Sic1®Ti—1 by

/\i—lai 0 ’ /\;7104; 0
Pi = Pi = .
0 1 0 1
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For r=0,1,--- ,n — 1, let C,. denote the chain complex

an®0 Q2 ArQrg1 pr—1@0 p1D0
C,® S, H'“HCT_;'_lHTTHTT 188,14 —=—Tyd S, .

Also let C,, denote chain complex

n n—1@0 @0 160
T, ® Sn L>Tn 1D Sn 111*1>"'L>T1€951*>T0€950~

Clearly, Cy is the chain complex (f'). For r = 0,1,--- ,n — 1, the chain complex

ArQup
Cr4+1 is obtained from C, by replacing o Cri1 *;1 T, *> with

Ar 12 Pr41 pr®0
>Cry180S ——T1, 85, ——

Similarly, for r =0,1,--- ,n — 1, let D,. denote the chain complex
a;, ®0 LA ALy o Pr_1®0 p1®0
ClaT, am S, S 0Ty ——> - 2 SeT, .

Again let D,, denote chain complex

P, B0 pr_1®0 po®0
Sn @ Ty, *>Sn 10T 1 H"'HS1EBT1*>SOEBTO .
Clearly, Dy is the chain complex (1).

By Lemma 2.3, for ¢ = 0,1,---,n, C; and D; are Homp(C, —)-exact. For
r=20,1,--- ,n—1, C,y1 (respectively, D,;1) is chain homotopy equivalent to C,
(respectively, D,.). Hence (') (respectively, (#')) is chain homotopy equivalent to
C,, (respectively, D,,).

To prove that (f') and (§') are chain homotopy equivalent, it suffices to show
that C, is chain isomorphic to D,,, that is, there exist isomorphisms h;, k; making

the following diagram commute:

o1 ®0 0 &0 @0
T, ® Sn 4>Tn 10 5,— 1p;>"'L>T1@SlL>T0@SOi>M4>O

\Lhn J/hn 1 \Lh1 \Lho \Ll
Pr1®0  ph@0 0 o' @0

@0 <2}
S, & T, L>Sn 17T — - — 1@T1L>SO®TO*>M*>O

\Lkn \Lknfl \Lkl \LkO \Ll
pn—l@o

n 0 ®0 @®0 o
T, 8 S, L>Tn1@sn_14>'”p24> SlpgﬁTo@S()&MHO

Fori=0,1,--- ,n, T;, S; € C since C is closed under finite direct sums.

We proceed by induction on n. For n = 0, as the sequences Ty 2 M —>0 and

So > M — 0 are Hompg(C, —)-exact, there exist fy, go such that the following
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diagrams commute:

()
Ty -2 M —=0 So I M —>0
i/fo \Ll i/go \Ll
SOL/MHO Ty —2= M —= 0.

Define hoSTQ@SQ*)SO@TO andkO:SO@ToﬁTo@So by

[ fo 1= fogo [ 90 1—=gofo
ho = , ko = .
1 —9 1 —Jo
Then hoko = 1 and kohg = 1. From commutativity of (b), we deduce:

(o', 0)hg = (o, 0), (0, 0)ko = (¢/, 0).

Hence we get the following commutative diagrams:

Ty & Sy 2% M So® Ty —2% M
iho J/l \Lko \Ll
SO@TOﬂM TQEBS()LGO-M.

Now suppose that for some j < ¢ < n, we have defined h; : T; © S; — S; © T and
kj:S;®@T; = T;®8; for j =0,1,--- ;4 —1, so that for each j, we have hjk; =1
and kjhj =1.

Since the sequences T; 2> Ker(p;—1 ©0) and S; ‘s Ker(pi_; ®0) are
Homp(C, —)-exact, and T;, S; € C, there exist f;, g; such that the following di-

agrams commute:

/ )
T 5T @8 S; i Sic1 DT
\Lfi \Lhi—l \Lgi \Lki—l
Pi Pi
Si —= Sic1® T Ty — Ti—1 ® Si—1.

Define h; : T; ®S; = S; ®T; and k; : S; @T; — T; & S; by

hi=<fi 1_figi> ki:<gi 1_gifi>.
1 —3i 1 —fi

Then hlk‘l = 1 and k‘zhl = 1. Recall hiflkifl = 1 and kiflhifl = 1. From

commutativity of (b'), we deduce:

(p/i’ O)hl :hi—l(piv 0)7 (pi7 O)kl :ki—l(pgv 0)
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Hence we get the following commutative diagrams:

pi®O ;@0
;08 —=Ti1®Si—1 S @1 — S;i1 T
A
psdO pi®0
Si®T; —= Si-1 ®Ti— ;65 — Ti-1 & Si—1.

So C,, is chain isomorphic to D, (1) and (f') are chain homotopy equivalent. This

completes the proof. O

As applications of Theorem 2.4, we will give some examples. Firstly, the following
result follows immediately from Theorem 2.4 since the class of projective modules

is closed under direct sums.

Corollary 2.5. ([3, Theorem 1.1]) Let R be a ring and M a module in R-Mod.

Suppose we have exact sequences:

an an —1 82 o 1 €

P, P, 4 e P Py M 0
and
o, A 9 a ¢
Qn Qn—1 e Q1 Qo M 0
with the P; and Q; all projective modules in R-Mod. Then the complezes
9, B0 On— o 01
Pn@Sn Pnfl ' ’ Pl PO
and
8, @0 054 9, 9,
Qn®Ty — Qn1 Q1 Qo

are chain homotopy equivalent, where the modules T;, S; are defined inductively by
To = Py, So = Qo, and fori=1,2,--- ,n, T; = P,® S 1, S =Q; ®T; 1.

Recall from [5] that a module M is called FP-injective if Exth(F,M) = 0 for
any finitely presented module F. Recently, Pinzon in [4] shows that every module
in R-Mod has an FP-injective cover if R is a left coherent ring. So every module

M in R-Mod has a proper left FP-injective resolution if R is coherent.

Example 2.6. Let R be a left coherent ring and M a module in R-Mod. Suppose the
complezes () and (8) in Theorem 2.4 are two proper left FP-injective resolutions of

M, then the complezes (') and (') in Theorem 2.4 are chain homotopy equivalent.

Proof. Note that the class of FP-injective modules in R-Mod is closed under direct

sums. Then the result follows from Theorem 2.4. O
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In the following, we denote the class of all projective, flat and injective R-
modules, respectively, by P(R), F(R) and Z(R).

Definition 2.7. (see [2]) An R-module M is called Gorenstein projective if there
exists an exact sequence of projective modules P=--- = P, = Py - P® = P! — ...
such that M = Im(Py — P°) and P is Hompg(—, P(R))-exact. In this case, we say P
is a complete projective resolution of M. Gorenstein injective modules are defined

dually.

Holm in [2] shows that, every module M in R-Mod with finite Gorenstein di-

mension admits a proper left Gorenstein projective resolution.

Example 2.8. Let M be a module in R-Mod. Suppose the complezxes () and ()
in Theorem 2.4 are two proper left Gorenstein projective resolutions of M, then the

complexes (i) and (') in Theorem 2.4 are chain homotopy equivalent.

Proof. Note that the class of Gorenstein projective modules in R-Mod is closed

under finite direct sums. Then the result follows from Theorem 2.4. O

Example 2.9. Let M be a Gorenstein injective module. Then M admits a proper
left Z(R)-resolution by the dual of [2, Proposion 2.3]. Suppose the complezes () and
(#) in Theorem 2.4 are two proper left Z(R)-resolutions of M, then the complexes

(&) and (') in Theorem 2.4 are chain homotopy equivalent.

Theorem 2.10. Let C be a subcategory of R-modules such that C is closed under
finite direct sums and M a module in R-Mod. Suppose we have two proper right
C-resolutions of M :

0—M —-1"—J' — ... "1 ™ M

and

0—M-—->J"——J — ... gl __sjgm, 1)
Then the complexes
104>114>"'4>Im71%-1m®8m (T/)

and
JO—>J14>...4>JM—14>Jm®Tm (i/)
are chain homotopy equivalent, where the modules T?, S* are defined inductively by

TO=719 89~ J0 and fori=1,2,--- ,m, T" = I'q® S, §i>~ JigTi—1,

Proof. The proof is dual to that of Theorem 2.4. [
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It was showed in [1, Proposion 6.5.1.] that, a ring R is right coherent if and only
if the class of flat left modules in R-Mod is preenveloping. So every module M in

R-Mod has a proper right flat resolution if R is coherent.

Example 2.11. Let R be a right coherent ring and M a module in R-Mod. Suppose
the complexes () and (1) in Theorem 2.10 are two proper right F(R)-resolutions
of M. Then the compleves (1') and (1) in Theorem 2.10 are chain homotopy

equivalent.

Example 2.12. Let M be a Gorenstein projective module. Then M admits a proper
right P(R)-resolution by [2, Proposion 2.3]. Suppose the complezes () and (1) in
Theorem 2.10 are two proper right P(R)-resolutions of M, then the complezes (1)

and (') in Theorem 2.10 are chain homotopy equivalent.

Proposition 2.13. Let C be a subcategory of R-modules such that C is closed
under finite direct sums and M a module in R-Mod. Suppose we have two proper

C-resolutions of M :
P,~P, 1> >P PP’ Pl ~...spnl_pm (1)
and

Qn=Qua>>Q>Q >Q =Q - - =Qm ' =Q". (2
Then the complexes

On O — o o Is) 0 1 m—2 m—1
Pa®Sy Py = 2P S 2 pr S pr S prt pmg gm (3

and
Qn@TnéQn—l9"'»@1%Q0%Q0%Q19...9@7”_19@”1@/11”1 (4)

are chain homotopy equivalent, where the modules T;, S;, T?, S* are defined in-
ductively by Ty = Py, So =2 Qo, T° = P°, SY = Q0 and for i = 1,2,--- ,n,
Ti=2P®Si1,SiZ2QioTl,,T'=2P ¢S, S=Q orT .

Proof. For 0 < i < n, there exist f; : P, = @y, ¢; : Q; — P; and s; : P, — P4
such that g; 11 fix1—Ip,., = 0;128;41+5;0;41 by Theorem 2.4. For 0 <1 < m, there
exist f': P* = @', ¢' : Q' — P'and s : P! — P?such that ¢g't! fitl — P =
0;8i41 + 8i420;41 by Theorem 2.10. Let s° : PY — Py and s° = 0. Clearly, we have
gofo — Ip, = D150 + %9y and ¢° O — IP = 9ps + s'9°. Thus the complexes (3)

and (4) are chain homotopy equivalent. O
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Proposition 2.14. Let M be a Gorenstein projective R-module. Suppose the com-
plexes (1) and (2) are two complete projective resolutions of M, then the complexes
(3) and (4) are chain homotopy equivalent, where the modules T;, S;, T®, S* are
defined as in Proposition 2.13 fori=0,1,--- n.

Proof. By [3, Theorem 1.1] and Example 2.12. |
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