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ABSTRACT. Let ¢ be a prime, F,« be a finite field having q* elements and
Ch xr Cq be a group with presentation { a, b | a®, b4,b"tab = a” ), where
(n,7q) = 1 and q is the multiplicative order of r modulo n. In this paper,
we address the problem of computing the Wedderburn decomposition of the
group algebra Fqk (Cn %y Cq) modulo its Jacobson radical. As a consequence,
the structure of the unit group of Fqk (Cp %y Cq) is obtained when p is a prime

different from q.
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1. Introduction

Let F'G be the group algebra of a finite group G over a field F and U(FG) be its
unit group. The study of the group of units is one of the classical topics in group
ring theory and has applications in coding theory (cf. [17,28]) and cryptography
(cf. [18]). Results obtained in this direction are useful for the investigation of Lie
properties of group rings, isomorphism problem and other open questions in this
area [6]. In [3], Bovdi gave a comprehensive survey of results concerning the group
of units of a modular group algebra of characteristic p. There is a long tradition
on the study of the unit group of finite group algebras [4,5,12-16, 22,25, 26]. In
general, the structure of U(FQ) is elusive if |G| =0 in F.

Let J(FQG) be the Jacobson radical of FG. Then

1—>1+J(FG)—>L{(FG)—>Z/I<J(FG)> —1

where ¢(z) = x + J(F'G), Yo € U(FG), is a short exact sequence of groups and
if F'is a perfect field, then by Wedderburn-Malcev Theorem [9, Theorem 72.19],
there exists a semisimple subalgebra B of FG such that FG = B @ J(FG) showing

that the above sequence is split and hence

UFG) = (1+ J(FG)) x U(FG/J(FG))
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Thus a good description of the Wedderburn decomposition of FG/J(FG) is useful
for studying the unit group of FG.

The computation of the Wedderburn decomposition of finite semisimple group
algebras and in particular, of the primitive central idempotents, has attracted the
attention of several authors (cf. [1,2,7,27]). This raises the following question: Is
it possible to efficiently compute the decomposition of FFG/J(FG) when FG is a
finite group algebra that is not semi-simple? An expression for the decomposition of
F3Ds,/ J(F3Dsy,) was obtained by Kaur and Khan in [21], where Ds, is a dihedral
group of order 2p and p is an odd prime. Recently, the authors generalized this
expression and computed the decomposition of For Doy, /J(For Day,) for an arbitrary
odd number n in [24]. In this paper, we focus on the computation of the Wedderburn
decomposition of the group algebra IF x (Cy, x,.C,) modulo its Jacobson radical when
q is a prime and C), x,-Cy, is the group with presentation ( a, b | a™, b?, b=tab=a" )
such that (n,7q) = 1 and the multiplicative order of » modulo n is q.

It was proved by Kaur and Khan during the conference on Groups, Group Rings
and Related Topics (cf. [20]) that if p and ¢ are distinct primes and F is a finite
field of characteristic ¢ having a primitive p* root of unity, then

U(F(Cp x C)) ~ F* oy GL((LF)%
1+ J(F(Cp x Cy))

The structure of unit group is however open to be explored in the absence of a
primitive p** root of unity in F. We use the decomposition obtained in Section 4
to determine the structure of the unit group of F(C, x Cy) for any finite field F' of

characteristic q.

2. Notations

We introduce some basic notations where [ and m are coprime integers, R is a

ring, g € G and X is any subset of G.

/. ring of integers modulo m
ord, (1) multiplicative order of ! modulo m
irrp(a) minimal polynomial of « over F
p(n) Euler’s totient function of n
F* F\ {0}
X oz

T€X

—

(g)

Q)
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o(g) order of g

[g] conjugacy class of g

G™ external direct product of m copies of G

R™ external direct sum of m copies of R

M(m, F) algebra of all m x m matrices over F

GL(m, F) general linear group of all m x m invertible matrices over F'

3. Preliminaries

The following results will be useful for our investigation.
Proposition 3.1. [19, Chapter 1, Proposition 6.16] Let f : Ry — Ra be a sur-

jective homomorphism of rings. Then f(J(R1)) C J(R2) with equality if ker f C
T(Ry).

Remark 3.2. Note that if we add the semi-simplicity of the ring Ry in the above
proposition, then J(Ry) C ker f.

Theorem 3.3. Let E = F(§)/F be a finite separable extension, K be any field
extension of F and ¢(X) =irrp(§). If
9(X) = Hgi (X)
i=1
as a product of irreducible polynomials g;(X) € K[X], then
KeorbE= iélK(fz‘)
as K-algebras, where §; is a root of g;(X) in an algebraic closure L of K.

Proof. Foreach i, 1 <i <r,themap \; : K xE — K(&) given by the assignment

(@, f(§)) = af(&) Va e K, f(X) € F[X]

is F-bilinear and hence induces a K-algebra homomorphism A\ : K @p E — K (&)
such that

a® f(§) = af(&)
Evidently A} is onto. Therefore ker A} is a maximal ideal of K ®p E for all 7, 1 <
i <rand ker A} + ker \] = K®p E for any i # j as 1®g;(§) € ker A7\ ker Aj.
It follows from [8, Chapter 5, Theorem 2.2] that the K-algebra homomorphism
AN K®pE — Zél K(¢&;) defined by

AMA) = (AH(A),.. . AN(A) VAeK®pE



24 N. MAKHIJANI, R. K. SHARMA AND J. B. SRIVASTAVA

isonto. Since dimxg KQpE = dimpE = deg g(X) = > deg g;(X) = dimg & K (&),
i=1 i=1
the proof follows. O

Theorem 3.4. [23, Theorem 2.21] The distinct automorphisms of Fx over F,
are exactly the mappings oo, ...,0x—1, defined by o;(a) = av’ for a € F . and
0<ji<k-1.

Thus if v = «*, then

(m,)
F, ®p, Fym = (FvokL ) (3.1)

m

as [F,-algebras where of, = ord,m_;(v) = m/(m, k).

Theorem 3.5. [10, Theorem 7.9] Let A be an F-algebra, E be an extension field
of F and suppose that for each simple A-module M, the E @r A module E @ g M
is semi-simple (This hypothesis certainly holds whenever E is a finite separable
extension of F'). Then
(1) J(E®p A) =E®p J(A)
A E®rA

(2) E®r 75 = Bor J(A)

As a consequence, if A is a finite dimensional F-algebra, then dimg J(E®pA) =

The following results are due to Ferraz.

Let G be a finite group and char F = p. Also let s be the L.C.M. of the orders of

t

the p-regular elements of G, ¢ be a primitive s*" root of unity over F and Tg r be

the multiplicative group consisting of those integers t, taken modulo s, for which

&+ £ defines an automorphism of F(€) over F.
If F =T,, then by Theorem 3.4,
Tor ={l,u,-- ,u“"'} mod s

where ¢ = ords(u).

We denote the sum of all conjugates of g € G by 4.

Definition 3.6. If g € G is a p-regular element, then the cyclotomic F-class of v,
is defined to be the set

SF(’Vg) = { Vgt | t€la,r }

Proposition 3.7. [11, Proposition 1.2] The number of simple components of
FG/J(FG) is equal to the number of cyclotomic F-classes in G.
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Theorem 3.8. [11, Theorem 1.3] Suppose that Gal(F(§) : F) is cyclic. Let w be

the number of cyclotomic F-classes in G. If Ky, --- , K,, are the simple components
of Z(FG/J(FG)) and Si,---,Sy are the cyclotomic F-classes of G, then with a
suitable re-ordering of indices, | S; | = [K; : F].

Note that the conjugacy class of a p-regular element of G is referred to as a

p-regular conjugacy class.

4. Wedderburn decomposition

In this section, we compute a general expression for the Wedderburn decompo-

sition of the group algebra [ »(C,, %, Cy) modulo its Jacobson radical.

Lemma 4.1. Let F be a finite field of characteristic q containing a primitive nth
root of unity ¢ and G = C,, x, Cy. Then

©(d)

FG/J(FG) > F1+ZdeAn W(d) fan M(q, F)Edegn q

where

A, = {d|d>1,d|n and ordg(r)=1}%,
B, = {d]|d>1,d|n and ordsr)=q}.
Proof. A g-regular conjugacy class of G is either {1} or of the form
_ {a} if o(a’) € A,
[a']= ,

. —1. . .
{ at, a™t, .- ’arq i } if O(az) € B,

showing that if d € B, then there are sq4 = (d)/q distinct conjugacy classes in
G containing elements of order d, each of size q. Let { ald' | 1<m<sy } be the

representatives of these classes and C,, = { (d,m) | d € B,, 1 <m < sq4 }.
Define the following F'-algebra homomorphisms:
(a) ¢1 : FG — F by the assignment a — 1, b — 1.

(b) For each (d,m) € C,, 07 : FG — M(q, F) by

< 0 0o --- 0 1

0o ¢l oo ... 0 0
a ) ) ) , b=

: R 0 Do )

0 0 0 - (& 00 0 1 0

axq axq
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Firstly suppose that A, # 0 and for each d € A,, define the F-algebra homomor-
phism
b : FG — F#D
by the assignment
ng
a = (Cd )ieZ/{(Zd)’ b= (1,---,1)
»(d)

We claim that if 6 : FG — F @ F2aca, ¢4 @ M(q, F)2=acs, % is defined as

equlea( @ ¢d)@( ® 9;”),
de A, (d,m)ecC,

then dimp ker@z(q—1)<1+ Z gp(d)).

de A,

g—1n—1 n—1
LetX:ZZag va' Ek‘er@andFj(X):Zag X' e F[X]forallj,0<j<
=0 i=0 i=0

(b) 0 (b F; (03'(a) =0V (d,m) €Cy

= F(d)y=0 VY (d,m)eCn, 0<i, j<q—1

S q=1 mi
Since ®4(X) = ﬁ [T (X —¢fim™) V d € By, therefore
m=1 i=0

Fj(X) = G4(X) ( 11 %(X))

deBn
for some G;(X) = ZﬁfX’ € F[X], wherem' =n—1— Z o(d) = Z o(d).
i=0 deB, deA,

-1

q
(c) Fi(¢1) =0 Yie€U(Zq),de A,.

7=0
qg—1

= ZFJ(X) = ( H <I>d(X)> g(X), for some g(X) € F[X].
Jj=0 deA,
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= icj(X) (H <I>d(X)> = ( 11 %(X)> 9(X)
§=0

deB, deA,

Due to degree constraints, we have

g(X)—a( 11 <I>d(X)> for some o € F.

deB,

Using (a), g(1) = 0 and hence

= g(X)=0
qg—1
= > Gi(X)=0
§=0
qg—1
= Bl=0vo<i<m
j=0

= dimpker=(q—-1)(1+m')=(¢g—1) <1—|— Z @(d))

deA,

Hence the claim follows.

©(d)

Evidently if A, =0 and 0 : FG — F & M(q, F)>45. ~a is defined as

9¢>1e9< & 92”)

(d,m)eCy,,

then dim g ker 0 = q— 1.

Thus in either case, 6 is onto and hence J(F'G) C ker 6 showing that 0* :
FG/J(FG) — 0(FG) defined by

" (X+J(FG)=0(X) VXeFG
is a well-defined surjective F-algebra homomorphism.
As FG/J(FG@) is semi-simple, it follows that
FG/J(FG)=C®§(FG)
for the semi-simple F-algebra C = ker 6*.

But Tg,r = {1} mod n. Thus the cyclotomic F-classes in G are precisely the
g-regular conjugacy classes in G and by Proposition 3.7, the number of simple

components in the decomposition of FG/J(FQG) is

1+ > p(d)+ > ‘pgd)

deA, deB,
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which is same as the number of simple components in 6 (FG). Hence
FG/J(FG) 2 0(FQ)
and the proof follows. O
The decomposition may vary if F' does not contain a primitive nth root of unity.

Theorem 4.2. If u = ¢*, then

F,G/J(F,G) = F, & (d&(m%)“> ® ( © M (q,FW)"“) (4.1)

where

(a) og =ordg(u) ¥V d|n, d>1.

(b) zg =29V de A, (if Ay #0).

(c) for each d € By, iq is the least positive integer such that
u't =17 mod d

Jor some 0 < j < q—1 and yg = 2L,

q td

Proof. Let g € G\ {1} be a ¢g-regular element and d = o(g). The following hold:
(1) If A, #0 and d € A, then
S]Fu ('Yq) = U { ’yguj}
0<j<oa—l

(2) However if d € B,,, then

[g]=][ald" ] for some m, 1 <m < sq
For any I, I’ € N,
Vyut =Ygt
& [a 'l ] =[a ]
& ulI'=ri mod d for some j, 0<j<qg—1
Therefore

St, (7g) = U { Vgui }

0<j<ig—1
Thus there are

(a) x4 distinct cyclotomic Fy-classes in G, each of order og4, for all d € A, (if
A, #0).

(b) ya cyclotomic F,-classes, each of order iq4, for all d € B,,.



UNITS IN F_x (Cp %7 Co) 29

In view of the Wedderburn structure theorem and Theorem 3.8,
F.G/J(F,G) (4.2)
xTq Ya
= ]Fu @ ( @ EB M(nlyFuod)) EB ( @ EB M(mJ,Fuld)>
deA, I=1 deB, j=1
for some ny, m; > 1.
By [10, Theorem 7.9], it follows that

FoonG/J([FyonG) = Fyow @5, FuG/J(F,G)

IR

xT
Fuon @ < & & M(ny,Fyuon ®s, Fuod)>
deA, I=1

e ( dea%ﬂ ;iél M (mj,Fyon @, Fuw)>
Since Fyon contains a primitive nth root of unity, therefore the decomposition of
Fyon G/J(Fyon G) can be obtained using the previous lemma. As a consequence of
equation (3.1) and the uniqueness of Wedderburn decomposition, we have n;, m; =
1orgq.

Let x : F,G — F, be the F,-algebra homomorphism, coming from the trivial
representation of G and K = ker k.

If A, #0 and d € A,, then

4(X) = [ £i)
i=1

where fi(X) € F,[X] is an irreducible polynomial of degree o4 for each 1 <i < zg4.
Now for each (d,i) € G, ={ (d,i) | d € A,, 1 <i<uzq},let & € Fyoa be aroot
of fi(X) and &%, : F,G — Fyea be an F,-algebra homomorphism obtained from the
assignment
a— & b1
Observe that for all (d,i) € G,, £} is onto and hence K’ = ker k% is a maximal
ideal of F,,GG. Since

fi(a) € Ki\ Kiy ¥V (d,9), (d,i) € G, and (d, i) # (d',#),
it follows that
{ K, Kdi | (dal) Egn }

is a collection of pairwise co-maximal ideals of F,G. Therefore by Chinese remain-
der theorem [8, Chapter 5, Theorem 2.2], it follows that

KN (TUZ Kfl) o (dGE“B“n(Fuod )‘”)

d,i)EGn
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Using this with Remark 3.2, there exists a surjective F,-algebra homomorphism

_ F,G
" J(F.G)

- M=F, & < @ (Fuea )rd)
de A,

showing that M occurs in the decomposition of F,G/J(F,G) given in equation
(4.2).

Recall that n;, m; =1 or q and

1 + Zodxxd +q2<zid><yd>

deA, deBy,

= 1+ > ed+ Q<Z so(d)>

deA,

- n+(q—1)<2<ﬁ(d))

deB,

= ng—(¢-1) (n— ) sﬂ(d)>

deB,
= |G| - dimp,., J(FuonG)

= |G| —-dimy, J(F,G) using [10, Theorem 7.9]

Therefore
F.G/J(F,G) = F, @ ( ® (Fyoa ) ™ ) ® ( ® M(q,Fuid)“)
deA,, deB.,
Via similar arguments the theorem holds true even when A,, = (. |

5. Main result

The main result of the paper is as follows.

Theorem 5.1. Let u = ¢* and G = C,, x,. C, where (n,q) = 1. If ordy(r) = q for
every divisor d(> 1) of n, then

UF,G) = CHIY 5 | Cuy x [ GL(g,F )™
i

where 1q is the least positive integer such that
u' =17 mod d

#(d)
q td

U (Fu(Cp 3 Cg)) 2= C™Y 5 ((Cymt X GL(q,F i)™ )

for some0<j<q—1andys =

. In particular,
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where p is a prime different from q.

q—1
Proof. Since b'a € Z(F,G) V 0 <i < ¢ — 1, therefore if Z a; = 0, then for any
i=0
X e F,G,
g—1 a
<1+XZ a; bia) =1
i=0
showing that
q—1 qg—1
{ Zai b'a | a; € F, such that Zai =0 } C J(F,.G).
i=0 i=0

But from the proof of Theorem 4.2, it follows that dim g, J(F,G) = ¢ — 1 and
hence equality.
Thus 1+ J(F,G) = CF™Y Since J(F,G) C Z(F,G) and

UF,G =1+ JF,G)x UF,G/IF,G))
therefore the proof follows by using Theorem 4.2. O

Corollary 5.2. Let Do, be the dihedral group of order 2n, n odd and uw = 2¥. Then

U (FyDay) = CF x| Cusy x [ [ GL(2,Fi0)"

d>1
d|n
where o4 = ordg(u),
Od . .
5 if oq is even and u®i/? = —1 mod d
ig =
04 otherwise
_
and yq = 2(z‘d)'

Remark 5.3. This is in accordance with the structure of the unit group of For Doy,
determined by the authors in [24] for odd n.
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