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ABSTRACT. In this article, we establish a relation between the values of a frieze
of type D, and some values of an SLo-tiling t associated with a particular
quiver of type Agn_1. This relation allows us to compute, independently of
each other, all the cluster variables in the cluster algebra associated with a

quiver Q of type Dy,.
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1. Introduction

Cluster algebras were introduced by S. Fomin and A. Zelevinsky in [16] and [17].
They are a class of commutative algebras which was shown to be connected to
various areas of mathematics like, for instance, combinatorics, Lie theory, Poisson
geometry, Teichmiiller theory, mathematical physics and representation theory of
algebras.

A cluster algebra is generated by a set of variables, called cluster variables,
obtained recursively by a combinatorial process known as mutation starting from a
set of initial cluster variables. Explicit computation of cluster variables is difficult
and has been extensively studied, see [4], [2], [1], [3], [7], [8]-

In order to compute cluster variables, one may use friezes, which were introduced
by Coxeter [15] and studied by Conway and Coxeter [12], [13]. Various relationships
are known between friezes and cluster algebras, see [11], [20], [21], [4], [6], [15], [1],
2, [3].

The present work is motivated by the use of friezes to compute cluster variables
and is inspired by the results in [4], [3], [19] giving an explicit formula as a product
of 2 x 2 matrices for all cluster variables in coefficient-free cluster algebras of types
A and D, thus explaining at the same time the Laurent phenomenon and positivity.

Our objective here is to show that similar techniques can be used for computing
cluster variables in coefficient-free cluster algebras of type D.

In this paper, we establish a relation between the values of a frieze of type D and
some values of an S Lo-tiling ¢ associated with a particular quiver of type A. For this

we associate with each quiver of type D, a particular quiver of type As,_1. This
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correspondence allows us to obtain an algorithm for computing cluster variables of
a cluster algebra of type D, independently of each other, that is without iteration.

The article is organized as follows. In Section 2, we recall some basic notions on
S Lo-tilings associated with a quiver of type A. In Section 3, we set preliminaries on
friezes of type D and establish a correspondence between a frieze of type D and an
S Lo-tiling associated with a particular quiver of type A. In Section 4, we give an
algorithm to compute all the cluster variables in a cluster algebra associated with

a quiver of type D.
2. SLs-tiling of the plane

In this section we recall some notions on S Ls-tilings and apply them to a quiver

of type A according to [4].
Definition 2.1. Let K be a field and Z? the discrete plane. We call SLo-tiling of
the plane a map ¢ : Z2 — K such that for any u,v € Z

t(u,v+1) tlu+Lv+1) )
det ( t(u,v) t(u+1,v) > =1

The following example represents an SLy-tiling with K = Q.
Example 2.2. 1 1 4 19
1 2 9 43
1 3 14 67
1 1 1 1 4 19 91
1 1 1 1 2 3 4 17 81 388
12 3 4 9 14 19 81 38 1849

The SL-tiling is an extension to the whole plane of the frieze introduced by
Coxeter [15] and studied by Conway and Coxeter [12], [13].

Let A be a finite acyclic (containing no oriented cycles) quiver with Aq the set
of its points and A; the set of its arrows and K a field. The translation quiver ZA
associated with A (see [5], Chapter VIII.1.1]) consists of two sets:

the set of points (ZA)g =Z x Ag = {(k,i) |k € Z, i € Ao} and the set of arrows
(ZA), = {(k,a) : (ki) = (k,j) |k €Z, 21— j €A}V
{(k,o): (k,j) = (k+1,d)|k€Z, a:i—jE A}

Let us define a frieze associated with the quiver A.

In the translation quiver ZA (see [5, Chapter VIIL.1.1]), let us replace the points
(ZA)g by their images under a frieze function a: (ZA)y — K defined for some initial
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values a(0,7) € K as follows: a(k,é)a(k +1,7) =1+ [[ 4 ;- (m,;) a(m, j) where the
product is taken over the arrows (see [4, Section 2]). The resulting translation
quiver with values associated with its vertices is called a frieze.

In general we associate a boundary to an SLs-tiling.

Definition 2.3. We call boundary a bi-infinite sequence
.. C_ X _2C_1X_1CHTHC1T1C2T2 . . .,
with z; € {x,y} and ¢; € K for all i € Z.

Coefficients ¢y, equal to one are usually omitted in the sequence representing a
boundary.

FEach boundary may be embedded into the Euclidean plane in the following
way: the x (or y) determine the horizontal (or vertical, respectively) segments of a
discrete path, that is z(or y) corresponds to a segment of the form [(u,v) , (u+1,v)]
(or [(u,v) , (u,v + 1)], respectively) in the plane. The variables ¢; become thus
labels of the vertices of a discrete path. A boundary is called admissible if none of
the sequences (x,,)n<o and (x,, ), >0 is ultimately constant.

Given an admissible boundary f embedded in the plane, let (u,v) be a point in
Z2. Then the word associated with (u,v) is the portion of the boundary f delimited
by the horizontal and vertical projections of the point (u,v) on the boundary f.

The following example shows an embedded boundary and how to associate a

word with a point in Z2.

Example 2.4. The word associated with the point P is c_syc_1xcoTc1ycaycsrcy.

C3 — C4 —

C2

C_1 —CH— (C

C_2 P

If we set ¢; = 1, for all i then the word associated with the point P can be written

as follows: yxxyyz.

It is always possible to construct an SL,-tiling starting from an admissible
boundary in the plane. The work [4] provides a formula for a value in the tiling at
the point (u,v) € Z2. This formula is given in terms of the associated word and
the following matrices:
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1 b
M(a,x,b)=<g b>; M(my,b):(l 0>, a,beK.
a

The following theorem from [4, Theorem 4] allows us to compute the variable
lying at the point (u,v) € Z2.

Theorem 2.5. Given an admissible boundary f, there exists a unique SLao-tiling t
of the plane extending the embedding of the boundary into the plane. For any point
(u,v) below the boundary, with an associated word boz1bix2...byTp 10,11 where
n>1, x; € {x,y}, b; € K, the tiling t is defined by the formula

1 - 1
t(u,v) = m(l,bo)HM(bi_l,xi,bi) ( ; >

" i=2 n+l1

Now we give an application of the notion of SLo-tiling to a quiver of type A
according to [4].

Consider an acyclic quiver © of type An, n > 1, such that its points are labelled
by natural numbers modulo (n + 1) in clockwise orientation. Let us form a word w
by associating a variable z; € {z,y} with arrows of © as follows. Let x; = x if the
arrow is 7 — j+ 1 and z; = y if it is j <= j 4+ 1. Let w be such a word z122...7p41
which encodes the orientation of arrows in the quiver ©. Let *°w® be the extension
of w by considering indices j € Z and putting x = z; if k equals j modulo (n+1).
Then *°w defines an admissible boundary associated with the quiver ©.

According to [4], given some initial values a(0,4) the values of the tiling ¢ from
Theorem 2.5 below the admissible boundary *w® are values of the frieze associated
with the quiver ©. These values are computed by applying the map ¢.

We present in the following example an S Lo-tiling for a quiver © of type As.

Example 2.6. Consider the following quiver © of type As:

_— N
= <—Ww

We have w = xzzxy and the boundary associated with © is f = *(xxxy)™. This
gies us the following S Lo-tiling:



70 KODJO ESSONANA MAGNANI

The word corresponding to the values 9 in the tiling is yrxxyx and then, according
to Theorem 2.5,

N T [ T EO T ]

An admissible boundary f is said to be periodic if it is of, the form
*(c121.--Cny1Zn+1¢1)% and in this case its period is (n + 1). The SLo-tiling as-
sociated with this boundary has periodicity determined by the vector (r,s), where
r (or s) is the number of = (or y, respectively) among 1, ..., x,+1. We have also
r+s=n+1.

We call the finite sequence cizi...ch412ny1c1 a generator of the boundary
f- Note that when extending a generator cjzi...c41T,11¢1 to a boundary
*(c121..-Cny1Tnt1€1)™° we glue adjacent copies of the generator in a way that
there is only one occurrence of ¢; between 41 and 1 (...zp41¢1271...). The ad-
missible boundary f associated with the quiver © of type An s is ®w™> constructed
above. Its generator can be obtained by cutting the quiver © at one of its points
and reading the resulting quiver clockwise (by reading the resulting quiver anti-
clockwise we obtain a generator of a boundary equivalent to f). This operation
creates an additional point of the quiver ©, the second copy of the point at which
we cut. Thus the quiver of type Ans is transformed into a quiver of type A, g41.

In Example 2.6 let us cut the quiver A&l at its point 1. We obtain in this way a
quiver of type Aj (reading clockwise) labelled as follows: 1 —>2 >3 >4 < 1.
If in this quiver of type As; we denote by = the arrows oriented toward the right
and by y those oriented toward the left then we get the generator w = zzxy.

A quiver © of type AT,S has (r + s) possibilities of cutting, we choose any one of
them. The quiver underlying w is the quiver of type A, ys41.

We now recall the definition of a seed due to Fomin and Zelevinsky [17, Section
1.2].

Definition 2.7. Let T' be a quiver (without loops or oriented two-cycles) with

(n+ 1) points and x = {u1,us,...,un+1} a set of variables called cluster variables,
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such that a variable u; is associated with the point ¢ (with 1 <4i <mn+1) of . The
set x is called a cluster and the pair (T, x) is called a seed.

We can obtain other seeds by mutation (see [17, Section 1.2]) starting from
the seed (I',x). The set of all cluster variables obtained by successive mutation
generates an algebra over Z called cluster algebra which is denoted by A(T, x). For
cluster algebras, we refer to the papers [16] and [17].

Remark 2.8. We say that the type of a seed (T, x) and the cluster algebra A(T, x)
coincides with the type of quiver T.

If we associate a point j of a quiver © of type A,, with the variable u;, j =
1,...,(n+ 1), these variables will correspond to the vertices of the boundary. Then
the variables of the SLo-tiling below the boundary are cluster variables of the
cluster algebra A(©, {uy, ..., un+1}). They are obtained by applying the formula of
Theorem 2.5 (see [4, Section 8]; [3, Section 4.4]).

Our aim in this paper is to compute cluster variables of a cluster algebra of type
D,.

3. SL,-tiling and friezes of type D

In this section we establish a relation between values of a frieze of type D and
some values of an SLo-tiling associated with a particular quiver of type A. To this

end we propose a way to associate an admissible boundary with a quiver of type D.

3.1. Preliminaries on friezes of type D. Consider a quiver () whose underlying
graph is of type D,,. We agree to label the points of Q as follows:

P -

2 (n+1)

where a solid segment represents an arrow without its orientation.
The forks are the full sub-quivers of @) generated by the points {1, 2,3} and by the
points {(n —1),n, (n + 1)}, respectively. We agree to call:

- fork arrows, the arrows of each fork,

- joint of each fork, the points 3 or n — 1, respectively

- and fork vertices, the points 1 and 2 or n and (n + 1), respectively.
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If we associate with each vertex i of @) a variable u; then we get the seed G =
(Q, x) whose underlying graph can be represented by the following diagram:

uy Unp
AN e
Uz — ... — Up—-1 .
/ N
(5] Un+1

Let us define a frieze on the translation quiver Z(@ by the function

a: (ZQ)o — Q(u1, ug, ..., un+1) such that for (k,i) € (ZQ)o we have

Cl(k, ’L)Cl(k +1, Z) =1+ H(k,i)a(m,j) a(m’j)
with initial variables a(0,7) = u; and the product taken over the arrows. Then
all the values of the frieze are cluster variables of A(Q, {u1,uz, ..., uns1}) (see [1,
Section 1.3]).

The study of seeds of type D,, can be subdivided into different cases depending

on the orientation of fork arrows. For each fork we have the following three cases:
- The fork is composed by two arrows leaving the joint,
- The fork is composed by two arrows entering the joint,
- The fork is composed by one arrow leaving the joint and another arrow
entering the joint.

It is well-known that for two seeds G; and G, which are mutation equivalent (we
refer to [17, Section 8] for the notion of mutation equivalent), the cluster algebras
A(G1) and A(G2) associated with these seeds, respectively, coincide (see [17, Section
1.2)).

Our aim in this paper is to compute cluster variables of a cluster algebra of type
D, independently of each other. The following lemma in [5, Chapter VIL.5.2] allows
us to reduce the study to one of the three different cases mentioned above.

Lemma 3.1. Let Q1 and Q2 be two quivers having the same underlying graph G.

If G is a tree then Q1 and Q2 are mutation equivalent.

In the following, G denotes a seed of type D,, with a quiver whose each fork is
composed by two arrows both entering (or leaving) the joint.

We denote by F the frieze associated with the seed G. We define in the following
the notion of modelled quiver which will help us to compute the cluster variables

of a cluster algebra of type D, without using iteration.

Definition 3.2. We call modelled quiver F' associated with G, the translation
quiver obtained from the frieze F' as follows:
1. by gluing in F' the arrows of each shifted copy of the forks,

2. by multiplying the values assigned to vertices of the fork corresponding to the
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arrows that were glued in step 1. Namely the arrows obtained by gluing in step 1
have a(k,1)a(k,2) or a(k,n)a(k,n + 1) as the corresponding variables.
We give an example of a modelled quiver associated with a seed of type Dy.

Example 3.3. Uy Uy
NS
us
SN
(%) us

For the following seed of type Dy

the frieze F' has the form:

(A+tuz)

\M/ VAAA -
7 21\7\7\7\/

Uy o

and the modelled quiver F has the form:

1+u3
UgqUs Uatus

N, NV VAVAVAN
/ S \NVAVAVAVA

Ui U2

Remark 3.4. All the squares of the form

/\
\/

in F satisfy the relation ad — bc = 1 called the uni-modular rule, with a,b,c,d €
Q(u1,u2, .o;uny1). The values on the upper and bottom extreme lines in F are
products of two cluster variables (products created by the passage from F to IF).
Note that the pairs of cluster variables forming these products (in the case of both
arrows of a fork entering or leaving the joint) are given by fractions whose nu-
merators are equal and denominators coincide up to exchanging uy and ug (or un,
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and Un11), which appear in denominators with exponent one (see [8, Section 1]).

Therefore, a product of these two wvariables is of the form ﬁng for one fork
Ui1U2
1
and ————)? for the other fork, with ¢, € Q(u1, ugy ooy Upy1).
(unun—i-l)

Then the two extreme lines in the modelled quiver F contain the sequences of

o
(urus)

able uyug and of the form

variables of the form qﬁi for the horizontal line passing through the vari-

UJ;% for the horizontal line passing through the
(unun—i-l)
variable Wy Uy 41 -

As a consequence of the definition of a frieze, we have the following relations for
allk e N :

(1) [a(k,3) + 1]2 = maﬁaﬁﬂ,
(2) (k- 1) 412 = 22
(unun+1)

3.2. Correspondence between a frieze of type D and an S Lo-tiling associ-
ated with a particular quiver of type A. Let Q be a quiver of type D, and ¥
be the full sub-quiver of @ generated by all points except the points 2, (n+1). We
agree to draw X from the left to the right in such a way that the vertices appear
in increasing order. Note that ¥ is a quiver of type A,,_;. This leads to a way to
associate a quiver of type As,_1 with a quiver of type D,,, which, in turn, will allow
us to associate an admissible boundary with a quiver of type D,,.

For a quiver A of type A, (drawn from left to right), let us denote by *A the
transpose of A, that is, the quiver obtained by redrawing A from right to left.

With a quiver Q of type I,, we associate the quiver Q' of the form

O/ \O.
N/

We know that the boundary f = *°w> associated with a quiver © of type AT,S
is periodic and its period (r + s) corresponds to the length of a generator w.

For the quiver Q' of type As,_; there is a choice of 2n different generators
for its associated boundary f’: one can cut at any of 2n points of @’ to obtain
a generator. We are going to use only one of these generators to construct the
admissible boundary f associated with a quiver of type D,.
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The generator w; of the boundary f’ is obtained by cutting the quiver Q' at
the point 1 of its arrow o — 1 and reading the quiver clockwise. Consider also
a generator wy of an boundary equivalent to f’: wo is obtained by cutting Q' at
the point n of its arrow o — n and reading the quiver anticlockwise (see Example
3.6). We get in this way two different generators associated with the quiver @',
that is, w; with the underlying quiver ¥ - o0 — Y >0 -1 and wy with the
underlying quiver n <~ o< !N <0< X .

Let us denote by w the part of Q whose underlying quiver is . Then we have
w1 = wrzrtvzrr and we = yytoyyw.

Now we are in a position to associate an admissible boundary with a quiver of

type D,, whose each fork consists of two arrows entering or leaving the joint.

Definition 3.5. Let Q be a quiver of type D,, whose each fork consists of two arrows
both entering or both leaving the joint. The admissible boundary f associated with
Q is of the form f = *(w1)@(wz)>, where w; is repeated infinitely many times on
the left and ws is repeated infinitely many times on the right.

The boundary f is obtained by gluing to w the generators w; periodically on the
left and wo periodically on the right. Note that @ is also contained in w; and ws.
However the decomposition of the boundary of the form f = *(w; )@(w2)> defines
a distinguished occurrence of @ in f . It is this occurrence of w which we call the
root of () in f .

We give an example showing how to associate an admissible boundary with a
quiver @ of type D,,.

Example 3.6. 1 4
N/
3
/N
2 5

Consider the following quiver Q of type Dy:

we have ¥ : 1 =3 <4 and 'Y : 4 =3 < 1.

The quiver Q' of type Ay associated with Q is:

1—3<-4

/ N

0 0 ,

N v/

1—3<4

This gives us two generators wy and we associated with Q' such that their underlying
quivers are respectively
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w1 : l1-3<4—>0—>4—>>3<1—=0—>1 and
wo - <0< 4—>3< 1< 0<1—=3<4.
The generators wy and wo are obtained by cutting the quiver Q' of type Ay at its
points 1 and 4 represented in bold characters on the picture of Q', respectively.
The boundary f associated with Q) is:
f=2(w)@(w)™ = *(zyzzeyer)(zy) (yyryyyry)™.

From an admissible boundary and given initial values it is always possible to
construct an S Lo-tiling ¢, therefore we construct an SLs-tiling ¢ from the boundary
f (with all initial values equal one).

We now recall the notion of ray in a tiling ¢ from [4, Section 6.1]. This notion
allows us to find the values of a frieze of type D, among values in the tiling ¢ below
the boundary f .

Given a mapping t : Z? — K, a point M € Z? and a nonzero vector V € Z2,
we consider the sequence a,, = t(M +nV),n € N. Such a sequence will be called a
ray associated with t. We call M the origin of the ray and V its directing vector.

The ray is horizontal if V = (1,0), vertical if V' = (0,1) and diagonal if V = (1,1).

Example 3.7. Let K= Q and consider the quiver Q of type Dy of Example 3.6.
The boundary f associated with Q is f = ® (zyzzryzx)(zy) (yyryyyzy)©. This
gives us the following SLo-tiling below the boundary f:

1 3

1 1 4

1 2 9
1 3 14
1 1 4 19
1 2 9 43

1 3 14 67
1 1 1 1 4 19 91
1 1 1 1 2 3 4 17 81 388
1 1 1 1 2 3 4 9 14 19 8 386 1849

1 2 3 4 9 14 19 483 67 91 3881 1849 8857

The values represented in bold characters in the tiling are the vertical (diagonal ,

horizontal) rays with origin 2 ( 17, 3 respectively).
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Now we associate variables with the points of ¥ as follows:
1. with vertices labelled by ¢ = 1 and ¢ = n we associate the products ujus and
UpUp41 respectively,
2. with a vertex labelled by i ¢ {1,n} we associate the variable w;.

Remark 3.8. Starting with the quiver ¥ with associated variables as above, we
can reconstruct the modelled quiver F associated with the seed G by using the uni-
modular rule and formulas (1) and (2) of Remark 3.4.

If we associate also the vertex of Q' labelled 7 = o with the variable ug then the
result of this association is a seed which will be denoted by G’. Its underlying graph
with variables is:

Ul — U3 — ... — UnpUn+1
Uo Uo
UrUg — U3 — ... — UpUn+t1

Since ug is not a cluster variable in G, in the rest of this paper we evaluate
ug = 1.

Note that the generators w,w; and ws are obtained from @’ and thus our as-
sociation of variables with the points of @’ naturally associates variables with the
vertices of @, w; and wo.

From now on, we denote by w,w; and wsy the corresponding generators with
variables.

We denote by fo the admissible boundary f with variables and the following

theorem establishes a link between the frieze F' and the tiling associated with fo.

Theorem 3.9. Let n > 4 be an integer, G a seed of type D,, and F the modelled
quiver associated with G. Then the horizontal lines in F are the diagonal rays in
the SLo-tiling associated with fo such that the origin of each ray is a vertex of the

root @ in fo = *(wy)@(ws)™.

Proof. Consider the admissible boundary

Jo= T (w)@(w2)® = *(0zz'wrz)o(yy ‘wyy)™.

By doing a translation of parentheses toward extremities, we can rewrite fo as
follows:
fo = ®(zzwzz o) zzoyy(toyyoyy)™.
Let us denote s = *®°(zzwrz!®) and s’ = (*oyyoyy)>°. The following figure

illustrates the admissible boundary fo in its form fy = szxioyys’.
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Jk

Our aim is to prove that the horizontal lines in the modelled quiver F coincide
with the diagonal rays with origins at the vertices of the root @ in fo, that is, with
the oblique band delimited by the diagonal rays with origins J and J’ (inclusively)
in the figure above. To this end, we first calculate variables lying at the points j
and j;, and prove that they have the form of the variables on the top and bottom
horizontal lines of F, see Remark 3.4.

Consider the transpose of s, which is 's = (wyytwyy)>™. By a translation of
parentheses toward the right, we can rewrite s as follows:

s = wyy(twyyoyy)> = wyys'.
This allows us to rewrite the boundary in the form: fy = szx’s. Then the

embedding of f; in the plane gives the following scheme:

I

B-I-J

Let us write X for the walk on the boundary from A to B and ) for that from
J to C. Then the word associated with jj is of the form Azz ‘).
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By construction of fo, the end point of the walk A is the variable ujus, and
thus ujuo is also the starting vertex of ‘A. Computing the tiling function ¢ from
Theorem 2.5 for the point ji, gives:

N a Uiz 1 1 1 a
t(k) = (U1u2)2,},2( ’b)< 0 1 ) ( 0 U U2 > < b )7

where 7 is a product of the variables in A except the variable u;us, which are also by
transposition in tA, and a,b € Q(u1,us, ..., un41) arise from the product of matrices
corresponding to the walk A.

The computation gives

Ui U
Thus the value lying at the point ji on the diagonal ray with origin J is a perfect

2
3) ) = —— Hb

square divided by ujus.

To show that the value lying at a point j; on the diagonal ray with origin J’
is a perfect square divided by u,u,41, we perform a similar calculation using the
following form of the boundary fo = 's'yys’. This form is obtained by noticing
that the transpose of s’ is s’ = ®°(zz'wzxi) and by a translation of parentheses
toward the left, we can rewrite 's’ as follows:

ts! = ©(papxx’t

W)TTW = STTW.

Since the tiling ¢ (below fo) satisfies the uni-modular rule and since w with vari-
ables coincides with the quiver ¥ with variables then by virtue of Remark 3.8 it
only remains to prove that the variables on the two diagonal rays with origins J

and J' satisfy relations of the form (1) and (2) from Remark 3.4.

Consider the following scheme which represents four adjacent points ji, jk+1, dk, tx+1

forming a square in the tiling below fo.

AT

B-I-J

A gk dy

B T+l Jk+1
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The words associated with the points ji, jk+1, dr and ig1 are respectively of the
form \zxt\, prxty, Azzty and przt\ where X is the walk on the boundary from A
to B and p is that from B’ to B.

By definition of fo, the point dj is on the diagonal ray with origin us. We need

to prove that each value ¢(dy) on this diagonal satisfies the relation:

(4) [t(dr) + 1]° = t(ji)t(jrr1)-

To this end, we compute the values lying at the points jg, jr+1,dr and ig41.
Due to (3), we have:

. 1 a+b 2
W = 0]
1 [a+d]
. a—+
t(Jrr1) = vl

For the two remaining variables, the application of the map ¢ gives:

t(d) 0nui?v&(%b)< e 1) ( é uim ) <
1

mew: [a(d + 2b) + bE] ,

. 1 i UL 1 1 1 a
tip41) = 7(1“1@)271 (a,b) ( 10 2 1 ) ( 0 it ) ( b )

_ uwlﬂ:y [i(a +20) + bb) .

I
SO
~_

(ab — ab)?
(uru2yy)? )
modular rule in the tiling ¢(jx )t (jr+1) — t(dk)t(ig+1) = 1, therefore we get ab—ab =

U1UQ’}/’~}/.

Then we have t(ji)t(jr+1) — t(dg)t(ik41) = According to the uni-

Let us compute now ¢(dy) + 1.

tHd) +1 = _ [a(a+26) + bé} +1

= _ [a(d +2b) + bb + U1U2”Y’~Y}

= [a(a +2B) + bb + (ab — ab)}

(a+b)(a+b)
upugyy
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Then we have
(a+b)? y (a+b)?
uiuy?  uquey?

= t(ir)t(Jr+1)-

We prove in the same way that the sequence of the points dj, lying on the diagonal

[t(di) + 1)

ray with origin u, 1 satisfies the relation:

(5) [(d},) 4+ 17 = t(R)t(Gr_1)-

All the squares in the oblique band delimited by the diagonal rays with origins
J and J' satisfy the uni-modular rule due to properties of the SLs-tiling ¢. This
and relations (4) and (5), by virtue of Remark 3.8, allows us to conclude that
the diagonal rays with origins at the vertices of the root @ of the quiver @ in fo

coincide with horizontal lines of the modelled quiver F associated with the seed

G=(Q,x)- O

Remark 3.10. We proved Theorem 3.9 for a seed G whose associated quiver has
forks composed by two arrows both entering (or both leaving) the joint. For a seed
Go whose associated quiver Qo has at least one fork consisting of one arrow entering
and one arrow leaving the joint there are two possibilities.

One possibility is to perform a mutation on one of the fork vertices and thus
reduce this case to the one considered in the proof.

Another possibility is to work directly with the seed Go = (Q2, x). In this case the

given proof can easily be modified, namely one has to associate with the vertez la-
uz (1 4 ug3) (or (Un+1(1 + unl)))
Uq Unp
and to consider the following underlying graph for o with variables:

belled by i =1 (ori =mn) in 3o the variable

UQ(l + U3)
" — U3 —Ug... — Up_1 — UpUnil
Uy
or
unJrl(]- + unfl)
ULU — U3 — Ug ... — Up—] — | ———— |
Un

respectively .

4. Computation of cluster variables: case D,

Let G = (Q, {u1, ..., unt1}) be a seed with @ of type D,, with forks composed by
two arrows both entering or both leaving the joint.

In this section we compute cluster variables of the cluster algebra A(G) of type
D,, by an explicit formula using matrix product (from Theorem 2.5) and by using

signed continuant polynomials.
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There are two kinds of cluster variables of a cluster algebra A(G) of type D,.
Cluster variables of A(G) either are transjective and correspond to those lying in the
translation quiver Z(@) as embedded in the Auslander-Reiten quiver of the cluster
category or are nontransjective and correspond to those lying on the tubes (see [22,
Chapter X.1]).

4.1. Computation of transjective cluster variables of a cluster algebra
of type D,,. It is well-known, see [4] and also [1] that for a(0,i) = u;, i € (D)o,
the values contained in the frieze F' give all transjective cluster variables of A(G).
Therefore the values of the frieze at the points of the modelled quiver F' associated
with the seed G are either transjective cluster variables of A(G) or products of two
transjective cluster variables of A(G).

According to Theorem 3.9 the modelled quiver F' associated with the seed G is
contained in the SLs-tiling below the boundary fo.

Therefore to compute transjective cluster variables of the cluster algebra A(G)
of type ]ﬁ)n, we proceed as follows:

In the SLs-tiling ¢, the variables lying on diagonal rays with origins u,,

i =3,4,...,n — 1, respectively, which are vertices of the root @ in fo, are the tran-
sjective cluster variables. Their computation is obtained by applying the formula
of Theorem 2.5.

The variables lying on the diagonal rays with origins wjus or w,u,41, respec-
tively, which are extreme vertices of the root @ in fo, are products of two transjective
cluster variables (products created by the passage from F to F). Recall that the
pairs of cluster variables forming these products are given by fractions whose nu-
merators are equal and denominators coincide up to exchanging vy and uy (or w,
and up11), which appear in denominators with exponent one (see [9, Section 1]).
Therefore, a product of these two transjective variables is a perfect square divided

by ujus (or u,unt1, respectively).

Corollary 4.1. Each value t(u,v) lying on the diagonal rays with origins ujus or
UpUnt1 gives Tise to two transjective cluster variables U and V' as follows:
1 1
(urust(u,v))? and V — (urusgt(u,v))?
U U2
(untni1t(u,v)) and V = (untni1t(u,v))
Uy, Un+1

t(u,v) = where U = or the diagona
UV wh U for the d )

W=
W=

ray with origin uius or U = for the

diagonal ray with origin U, Un41-

We compute the transjective cluster variables by this method. We give later an

example to illustrate the above results.
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4.2. Computation of nontransjective cluster variables of cluster algebra
of type D. According to Theorem 3.9 the correspondence between a frieze associ-
ated with a seed G of type D,, and an SLo-tiling associated with a particular seed
of type As,_1, allows us to regard transjective variables of the cluster algebra A(G)
of type D, as those of a particular type As,,_1. This suggests the idea of looking for
nontransjective variables of the cluster algebra A(G) also among cluster variables
of the same cluster algebra of type As,_1. To this end we introduce a property of
S Lo-tilings from [9, formula (5)].

Proposition 4.2. Given three successive columns Cy,C1 and Co of an SLo-tiling
t, there is a unique coefficient a € K such that Cy + Cy = aC}.

We call « the linearization coefficient of column Cy. There is a similar property

and definition for three successive rows Lo, L1 and Lo.

Let aq, ..., a, be elements of some ring R, the signed continuant polynomials (see
[3, Section 2.1]) are defined recursively as follows:

qn(ah **y an) = %—1(01, '-7an—1)an - Qn—2(a17 '~7an—2)a n Z 1a

setting g_1 = 0 and gy = 1.

It is known according to [3, Theorem 4.4] that cluster variables of a cluster
algebra of type A either appear as elements of the corresponding S Lo-tiling, or as
continuant polynomials of the linearization coefficients of the SLo-tiling. We recall
here the technique of computation of the nontransjective cluster variables of cluster
algebra of type A according to [3]. We use the linearization coefficients of columns,
the case of rows being analogous. We need a new concept of word associated with
a set of successive columns.

Definition 4.3. Let S = {C;,...,C;} be a finite set of successive columns of the
tiling ¢ associated with a boundary f. We call word associated with the set S, the
portion of the boundary f between its intersections with the columns Cj, ..., C}
augmented with one step to the left and one to the right.

Example 4.4. Consider the scheme of Example 2.4 and let S be the set of succes-
sive columns containing the variables from co to ¢1. The word associated with this

set S of columns is: c_1xcorcerycaycsxey.

The next theorem from [3, Theorem 4.8] gives an expression for the signed con-
tinuant polynomial of the linearization coefficients of the tiling.
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Theorem 4.5. Consider an SLs-tiling t associated with some boundary f with
variables in K. Let Cy,...,Cy be k successive columns of the tiling t, with lineariza-
tion coefficients aq,...,ag. Let m = box1b129..bpZTpi1bny1, n > 1, x; € {z,9},
b; € K be the word associated with this set of columns. Then the signed continuant

polynomial qx (o, ..., ag) is equal to

1 n 1

n i—9 n+1

Proof. See [3, Theorem 4.8]. O

We recall that in the case Am with r clockwise oriented arrows and s anti-
clockwise oriented arrows, the nontransjective cluster variables are lying on two
tubes of rank r and s (see [22, Chapter XIII.2.2]). In case D,, nontransjective
variables lie on three tubes such that two are of rank 2 and the third one is of rank
(n —2) (see [22, Chapter XII1.2.2]).

Consider our quiver Q' of type Aoy = Ar,s» with r + s = 2n, which is of the
form:

Dy
) / \o .
NS

The analysis of orientation of arrows of @’ gives us the equation r = s + 4. From
this and the equation r + s = 2n we obtain 2s + 4 = 2n and then s = n — 2. We
shall prove that the tube of rank s in a particular case Aop_1 corresponding to the
seed G’ with up = 1 can be identified with the tube of rank (n — 2) in the case D,,.

According to [15, Theorem 5.1], it is enough to know the variables lying on the
mouth of a tube to determine all the variables lying on this tube.

We prove the following theorem which allows us to compute the (n —2) nontran-

sjective cluster variables lying on the mouth of the tube of rank (n — 2) in the case
Dy,

Theorem 4.6. Let n > 4 be an integer, G a seed of type D,, and G' the seed of type
As,_1 associated with G. The tube of rank s = (n — 2) containing nontransjective
variables of the cluster algebra A(G') with ug = 1 coincides with the tube of rank
(n — 2) containing nontransjective cluster variables of the cluster algebra A(G) of

type Dn

Before the proof of Theorem 4.6, we recall formula (1.1) from [2, Section 1.3],
which we are going to use to compute variables lying on the mouths of tubes. For
any locally finite quiver ) with variables (here @ is a quiver of type Dn), we define
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a family of matrices with coefficients in Z[u;|i € Qo] as follows:

for any arrow s(e) — t(e) in Q; we set:

0 1
M(E):<Ut1(6) um) . M(61):<ut(§€) u()>.

d dm
Consider now, for all k£ € {0,1,...n}, a reduced walk ¢ = vy 27 U1 from

a vertex vy to a vertex vn,41 in @ (for the notion of reduced walk, we refer to [5,
Chapter I1.1.1]), here d;, are arrows.

We define

H Ut(e) 0

€€Qq (vg,—)

b
. [Tuweo
€€Qq(—,vg)

+1
k—1

where Q1(vk, —) = {e € Qi[s(e) = v}, Qi(—,vx) = {e € Qi[t(e) = vi}. The
empty product is equal to 1.

Ve(k) =

e#dkil,d

There is [2, Section 4.1] a unique cluster variable of A(G) corresponding to every
reduced walk ¢ of length m in @. This cluster variable is given by ([2, Section 1.3]):

0 g eo(fLveeo) [

where M (dy) is the identity matrix by convention.

Proof of Theorem 4.6
We give the proof for the quiver @ with the following orientation:

1 n

N

3—s4— - ——sn-1

/N

2 n+1

Due to the fact that all other orientations of the D, diagram are mutation-
equivalent to the chosen one (because of Lemma 3.1), the proof for other orienta-
tions can be reduced to this case.

It is enough to prove, according to [15, Theorem 5.1], that the variables lying
on the mouth of the tube of rank s = (n — 2) in case Agn,l corresponding to the
seed G’ with ug = 1 are all the (n — 2) nontransjective cluster variables lying on the
mouth of the tube of rank (n — 2) in the case of the seed G of type D,.

According to [1, Section 1.3], the nontransjective cluster variables of cluster
algebra of type D, lying on the mouth of the tube of rank (n — 2) correspond
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to simple K@Q-modules S; associated with points between the two joints of forks
inclusively, that is with the points i = 3,...,n — 1. Then we obtain (n — 3) simple
KQ-modules lying on the mouth of the tube.

To compute the cluster variables of the cluster algebra A(G) of type D, corre-
sponding to these simple modules, we identify each point with a walk of length 0
and apply formula (6). It is easy to see that the obtained variables are equal to
the linearization coefficients of columns of the tiling ¢ passing through the vertices
ug, ..., Un_1 of the root @ for our orientation of Q. On the other hand we know
[3] that the linearization coefficients of rows and columns of the SLs-tiling ¢ below
the boundary fy are the variables lying on the mouths of tubes of rank r and s,
respectively, of the Auslander-Reiten quiver corresponding to Q" of type Aop_1.
Therefore we conclude that the (n — 3) cluster variables of cluster algebra of type
D,, obtained on the mouth of the tube of rank (n — 2) coincide with the (n — 3)
variables on the mouth of the tube of rank s = (n — 2) in case Ag,_; and are set
in the same order.

Thus we have found (n—3) out of (n—2) cluster variables lying on the mouth of
the tube in the case A(G) of type D,,. To compute the (n — 2)th cluster variable we
use the existence of linear recurrence relations between the corresponding values of
the frieze F' at a joint of a fork and its neighbours from [18, Section 6].

Namely, we denote by 7 the Auslander-Reiten translation (see [5, Chapter IV.2.3]),
Xi =a(k,i) and by X,rg, (note that all cluster variables lying on the mouth of a
tube of rank (n — 2) are of this form) the image by the Caldero-Chapoton map (see
[11]) of the KQ-module 7%S,. Corresponding to the sequence X} associated with
the joint 3 of the quiver @, we get the following relation:

X=X X g, — XPX}

Rewriting this relation as follows: XX rg, = X + X? X}, one can see that
each variable X «g, lying on the mouth of the tube is the linearization coefficient
of a column passing through the variable X,:;’ in the SLo-tiling ¢ defined by the
boundary fo. This allows us to conclude that the (n — 2)th cluster variable also
corresponds to a linearization coefficient in the SLo-tiling ¢.

Thus the (n — 2) cluster variables of the cluster algebra A(G) of type D, lying
on the mouth of the tube of rank (n — 2) are equal to the linearization coefficients
of columns passing through the points in the tiling below the boundary fo which
correspond to the joints of the forks in the quiver F. (Recall [3] that the sequence of
linearization coefficients of the columns of the SLo-tiling corresponding to a quiver
of type Am is periodic with the period s. Since in our case s = n — 2, there are
only (n — 2) such coefficients.)
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Thus we identify the tube of rank s = (n — 2) in the case Ag,_; (corresponding
to the cluster algebra A(G’) with ug = 1) with the tube of rank (n — 2) in case D,
(corresponding to the cluster algebra A(G)). O

Remark 4.7. Let g, be the signed continuant polynomial, ay , with k,n € N, be
a variable of depth m on the tube and a1 be a variable lying on the mouth of the
tube. According to [1, Theorem 3.5] the variables lying on a tube with rank p > 1

are related by the following relation a; ., = Gn (@1, Gitn—1,1)-

It remains now to determine the nontransjective cluster variables lying on the
mouths of the two tubes of rank 2.

We do this by interpreting the results on quiver representations from [22, Chapter
XII1-2.6-a and b] in terms of cluster variables. This gives that the nontransjective
cluster variables on the mouth of each tube of rank 2 correspond to reduced walks

in the seed G as follows:

(1) For the first tube
(a) the unique reduced walk from u; to w41
(b) the unique reduced walk from wusy to u,
(2) For the second tube
(a) the unique reduced walk from u; to w,
(b) the unique reduced walk from us to wup41

Then the nontransjective cluster variables of cluster algebra of type Dy, lying on
the tubes of rank 2 are obtained by applying to these walks formula (6).

We are now able to compute the transjective and nontransjective cluster variables
of cluster algebra of type D,.

We give now an example to illustrate the above results.

Example 4.8. Consider the quiver @ of type Dy of Example 3.6. We have
:1—-3<14 and 'Y : 4 >3 <1.

The root w of Q with variables is: w = ujugruzyuqus. The boundary fo associated
with @ is: fo == (ujusrugyususrlrugusrusyul usxle)(uusrusyuus)yl
YugusTUsyu Uy lyus usxusyugus ), this gives the following SLo-tiling below the
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boundary fo :

Uqus
ui1u2 us
| 14
us3
1 -7
‘ ULUL
ULU 2+ usg
| (14 us)?
tate TS T
‘ 1u2
14+ us

‘ UqQUs

uqus 2+ usg
—

upug — 1 — wjup —ug V3
uquys — 1 —— uqus — usg 24 us %1 Vo
uiu2
14 us3
uiug — 1 —— ujuz — us 24 us
ULU5
1+ us
us 2+ us
B U1U2

The oblique band delimited by the diagonal rays with origins uius and uqus
corresponds, according to Theorem 3.9, to the modelled quiver F and contains the
transjective cluster variables of cluster algebra of type Dy.

The variables Vi and V3 represent the products of two cluster variables on the
bottom and upper lines in the modelled quiver F and Vo represents some cluster
variable in F.

The cluster variables in these three positions are computed as follows.

The words associated with Vi, Vo and V3 are uzyuiusxlaxuiusxus,

U3YU U2 1xU UsTUYULUsY lyugusTus and usyususylyususrus.

Then we have, by applying Theorem 2.5, the following results:

1 UL 1 1 1 1
‘/1 = 2 9 (1,’&3) 1
UjUs 0 1 0 U1Ug us

. (1 + U3)2
- U1U2
_ 1+ us 1+ us
o uy
1 1 0 0 1
‘/3 = 72 p) (1,U3) U4U5

Uy 1 UgUs 1 1 Uus3
- (1 =+ U3)2
N UqgUs
o 1+ us % 1+ us

Uy us
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Vi and V3 being placed on the bottom and upper lines in F, we write these values
in the form of a product of two transjective cluster variables as in Corollary 4.1
above. The other position corresponds to the following transjective cluster variable
of type Dy:

1 urug 1 1 1 urug 1
VZ = P} 2 (17u3) X
(ul UQ) us (U4U5) 0 1 0 U1U2 0 us

% UqUs 0 1 0 U4U5 0 1
1 us 1 UqUs 1 1 us

= 1 (araa)? (1,us) ( (uru2)?  urua(l + 2us) ) )

(ugusz)?us 0 U1 UUZ

RN
uqus (14 2u3)  uguqus us
- : 2 ((U1U2)2,u1u2(1 + U3)2) ( (U4U5)2 )

(uruz)?uz(ugus) ugus(1 + ugz)?

U U2U3U4U5 + (1 + U3)4
UU2U3ULUS -

We compute thus all transjective cluster variables of cluster algebra of type Dy
by this method.

We compute now nontransjective cluster variables of cluster algebra of type Dy.
Because n = 4, these cluster variables all lie in tubes of rank 2.

For one of these tubes, say T1, we have two nontransjective cluster variables oy
and o) on the mouth. These variables are given by the linearization coefficients
of columns of the SLo-tiling passing through points corresponding to the joints of
forks in F. These cluster variables can also be obtained by applying the formula of
Theorem 4.5.

We choose to use Theorem 4.5 to compute the linearization coefficient a1 of the
column passing through the vertex uz of the root @ and to use Proposition 4.2 to
compute the linearization coefficient o) of the column passing through Vs.

For the computation of oy we apply Theorem 4.5. That is, first we need to
determine the word associated with the column containing the verter us of the
root w. According to the embedding of the boundary fo in the plane, this word

18 upusruzyususylyuguszus. Applying the formula of Theorem 4.5 to this word
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we obtain:

1 UqgU5 0 1 0 Uq4Us 0 1
ap = 72(u1u2,1)
U3(U4U5) 1 us 1 U4Us 1 1 us
1 1 0 UgUs
= ——— (1 4+ wusuqus,u
’lL3(U4U5)2( 1T 3)< 1 ugus ) < 1+ us )

1

us(uaus)? ugus(2 + u3)

urugugus + (14 us3)?
U3U4Us '

We apply Proposition 4.2 to compute the linearization coefficient o) of the col-
umn passing through the variable Va. Let us calculate o at the vertex ug at the

intersection of the column containing Vo with the boundary fo. Then we have:

, 1 [(1+u3)? uugugus + (1 + u3z)?
af = — | —— fuqus| = )
us U1U U u2u3

Thus, a1 and o) are nontransjective cluster variables lying on the mouth of the
tube T7.

For the second tube T3, we associate the modules lying on the mouth with the fol-
lowing reduced walks from uy to us and from ug to ug: uiTusyus and usruszyuys. By
applying formula (6), we obtain the corresponding nontransjective cluster variables

s and aby:

1 1 0 14+u
U U U5 0 wuouy Us

1 1+u
= (1 + U3,U1) < 3 >
Uiuzus U2U4U5

urugugus + (14 us3)?
UL U3Us '
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1 1 1
0/2 _ (17 1) 0 uz 0 0 «

U2U3U4 0 1 1 U 0 UuUjUs

ug 1 1 0 1
X

0 Uy 0 1 1
1 1 0 1+

UgU3U4 0 wuius Uy

1 1+u
= (1 + u37 u2) < 3 )
U2U3U4 U1U4U5

U1U2U4US + (1 + U3)2
Usuz Uy '

Thus ay and o are the nontransjective cluster variables lying on the mouth of
Ts.

For the third tube T3, we associate the modules lying on the mouth with the fol-
lowing reduced walks from uy to uy and from ug to us: uiruzyus and usruszyus. By
applying formula (6), we obtain the corresponding nontransjective cluster variables

ag and of:

1 1 0 us 0 1 0
Q3 = (1,1) X
UruUz U4 0 1 1 uy 0 U2Us5
us 1 10 1
X
0 uy 0 1 1
1 1 0 1+ us
_ (HW,,ul)( ) ( & )
U1U3U4 0 U2Us5 Uy

1 1+u
U1 U3 U4 U2U4Us5

UL U2ULUS + (1 + U3)2
ULU3IU4 '

y uz 1 10 1
0 wus 0 1 1
1 1 0 14+ u:
= <1+U3,uQ>< ) ( " )
U2U3U5 0 U1U4 Us

= ! (14 us, u2) <

Uu3Us UrugUs

1+ us _ UjU2U4Us + (1 + U3)2
n U2U3Us ’
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Thus ag and of are the nontransjective cluster variables lying on the mouth of
the tube Ts.

Remark 4.9. Now there is a question arising: Can the same technique be applied
to initial quiver with forks composed by more than two arrows? That is, if we take
a quiver of type D,, and add more arrows to its fork(s)? Can we use the algorithm
from this paper to compute at least all transjective variables of the new cluster

algebra?
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