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ABSTRACT. Let (H, R) be a quasitriangular weak Hopf algebra, and A a quan-
tum commutative weak H-module algebra. We establish the relationship of
homological dimensions between weak smash product algebra A# H and A un-
der some conditions. As an application, we consider the case of twisted weak

Hopf algebra.
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1. Introduction

Weak Hopf algebras were introduced by Bohm et al. in [3], as a generalized
notation of Hopf algebras and groupoid algebras. Roughly speaking, a weak Hopf
algebra is an object which has both algebra and coalgebra structures with some
relations between them and that possesses an antipode which does not necessarily
satisfy the usual convolution equalities with the identity morphism.

The main difference between ordinary and weak Hopf algebras is that the comul-
tiplication of the latter is no longer required to preserve the unit, or equivalently,
the counit is not required to be an algebra homomorphism. The motivations to
study weak Hopf algebras mainly come from their connection with the theory of al-
gebra extensions, the applications in the study of dynamical twists of Hopf algebras
and their link with quantum field theories and operator algebras (see [13]).

The notion of quasitriangular weak Hopf algebras was introduced by Nikshych
and Vainerman in [13] and consequently studied in [12], where it was shown that
quasitriangular weak Hopf algebras play an important role in the quantum group
theory, particularly in knot theory. It is known that the R-matrix in a quasitri-

angular weak Hopf algebra can generate a solution for the quantum Yang-Baxter
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equation R1ZR¥R?? = R?>R!3R'2 which frequently appears in many contexts of
mathematical physics. From categorical point of view quasitriangular Hopf alge-
bras are characterized by the fact that its representation categories (categories of
modules having finite dimensional over ground field) are braided rigid tensor cate-
gories.

The relationship of homological dimensions between an algebra and its some sub-
algebra have been investigated in many papers up to now. For example, Auslander
proved in [1] that gl.dim(AG) = gl.dim(A) for a skew group algebra AG with the
order of G invertible in A. In [20] Yang established the relationship of homolog-
ical dimension between smash product algebra A#H and quantum commutative
H-module algebra A over a Hopf algebra H. It was shown that gl.dim(A#H) =n
if and only if gl.dim(A) = n and there exists an element ¢ € A such that t-c = 14,
where t € H is a left integral. Jia and Li proved that for a quantum commutative
weak H-module algebra A over a semisimple quasitriangular weak Hopf algebra H,
the global dimension of weak smash product A#H equals that of A in [8]. Let
H be a semisimple weak Hopf algebra, A a weak H-comodule algebra and B the
coinvariant subalgebra of A. If the algebra extension A/B is H-Galois, then it was
proved by Zhou in [22] the global dimension of A is no more than that of B.

Inspired by [20], in this paper we shall investigate the relationship of homological
dimensions between a quantum commutative weak H-module algebra A over a
quasitriangular weak Hopf algebra H and that of weak smash product A#H. As a
main result of Section 2, we show that gl.dim(A#H) = n if and only if gl.dim(A) =
n and there exists an element ¢ € A such that ¢ - ¢ = 14, where ¢t € H is a left
integral. As an application, we consider the case of twisted weak Hopf algebra in
Section 3.

Throughout this paper, we always work over a fixed field k. Any unexplained
definitions and notations of algebras, coalgebras, modules and comodules may be
found in [10] or [16].

Definition 1.1. [3] Let H be both an algebra and a coalgebra. Then H is called

a weak bialgebra if it satisfies the following conditions:

Alzy) = Az)A(y), (1)
e(zyz) = Xe(zy)e(yaz) = Te(ayz)e(y12), (2)
A*(1g) = (A(lg) @1x)(la © A(ly)) (3)

= (g ®@AQ1x))(A(ly) ®1x), (4)

for any x,y,2 € H, where A(lg) =1; ® 15 and A% = (A ®idg) o A.
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Moreover, if there exists a k-linear map S : H — H, called antipode, satisfying
the following axioms for all h € H:
Ehls(hg) = Eé’(llh)lg, ZS(hl)hQ = Eé’(hll)lg, ZS(hl)hQS(hl) = S(h), (5)

then the weak bialgebra H is called a weak Hopf algebra.

Definition 1.2. [12] A quasitriangular weak Hopf algebra is a pair (H, R), where
H is a weak Hopf algebra and R = R @ R € A°P(1)(H ® H)A(1) satisfies the

following conditions:

AR = RA(h), (6)
ZA(R(l)) @ R® = »RM grM) g RAr3) (7)
YRV & A(R(z)) = SRWrM @2 g R (8)

for all h € H, and such that there exists R~ € A(1)(H ® H)A°P(1) with
RR™' = A°P(1), R"'R=A(1), (9)
where R = YR @ R?) = 3r(M) @ ) A°P(h) = $hy @ hy for all h € H.

For any weak bialgebra H, it is well known that the maps II” ,HR,ﬁL and
T H - H are projections. They are given by the formulas: I1%(h) = Ye(11h)12,
I (h) = De(1oh)1y, TR(h) = De(hly)l, and I (h) = Se(hly)ls. Denote the
image of the map II* by H” and the image of the map II” by H®. Then we also

have HY = ImIT" and H® = ImIT". Let t € H. Then t is said to be a left integral,
it ht =TI (h)t for all h € H.

Definition 1.3. [11] Let H be a weak bialgebra. An algebra A is called a weak
left H-module algebra if A is a left H-module via h ® a — h - a such that

h-(ab) = X(hy - a)(hg - b), h-14 =TIF(h) - 14, (10)
forall h € H, a,b € A.

Definition 1.4. [11] Let H be a weak Hopf algebra with bijective antipode S
and A a weak left H-module algebra. The smash product algebra A#H of A with
H is defined on the vector space A ®pyr H, where A is a right H*-module via
a-z=.S5"12)-a=a(z-14), its multiplication is given by

(a#th)(b#tg) = Ya(hy - b)#hag (11)

for all a € A, z € H, and the unit of A#H is 1,#1p.
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By [8], we know that M is a left A# H-module via (a#h)-m =a- (h-m) if and
only if M is a left A-module and a left H-module such that
h-(a-m)=23(hy-a)- (ha-m). (12)
for all h € H,a € A;m € M. Hence, the weak left H-module algebra A is particu-
larly a left A#H-module via (a#h)-b=a(h-b) for all h € H,a,b € A.

Definition 1.5. [8] Let (H, R) be a quasitriangular weak Hopf algebra, and A a
weak left H-module algebra. We say that A is quantum commutative with respect
to (H, R) if

ab=%(R® . b)(RY - a), (13)
for all a,b € A.

If A is quantum commutative with respect to (H, R), then for all a,b € A,
ab=%(RW -b)(S~HRP) - a). (14)
In fact, since (id @ S™')(R) = R~! by [12], we have

E(R(l) ~b)(S—1(R(2)) ca) = 2(3(2)5—1(r(2)) . a)(R(l)r(l) -b)
= 2(11 . a)(12 . b) = ab.

—~
=

Definition 1.6. [4] Let H be a weak bialgebra, and B a right H-comodule, which

is also an algebra with a unit, such that

plab) = pla)p(b), (15)
EC{,(O)(@HL((I(U) = 2(11(0)@1(1), (16)

for all a,b € B. Then B is called a weak right H-comodule algebra.

Let H be a weak Hopf algebra, and B a weak right H-comodule algebra. We
define the subalgebra of coinvariants as C' := B“" = {z € B| Sz @ z(1) =
Yx0) ® HL(x(l))}. By [15], we know that C' = {z € B| Zz() ® (1) = Yzl ®
Iy} ={z € B| Xz @ 2(1) = El(0)7 @ 1(1)}.

If the following canonical map
can: B®c B — B®yr H, can(a ® b) = Yab() @ b(y), (17)

is bijective, then the extension B/C is called weak right H-Galois, where B is a right
Hf-module via a -y = Ye(ag1)y)a(), and H a left H-module via y-h = hS™(y),
for any a € B,h € H,y € H".

Define

can' : B®c B — B®yr H, can’(a ®b) = Xa)b ® a(y,
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and
w : B®HR H — B®HR H, w(a®h) = Ea(o) ®a(1)S(h)

orallaec b,he M. en can’ = Y o can.
for all B,he H. Th =1

As a matter of fact, we have
21(0) Qur 1(1) =1p Qgyr 1H, (18)

since

Ylo)®@urlay = Zloy@S5(lw)) 1n =2le) - S(1w) @ 1lu
25(1(1)5(1(2)))1(0) ®lyg = ZE(HL(l(l)))l(O) ® 1y
= 1lp®grly.

Then for any a,b € B, we have

Yocan(a®b) = 1/1(2(1()(0) ® b(l)) = Ea(o)b(o) ® a(l)b(l)S(b(g))
(16)
= Za)bo) ® a)IT*(bn)) = a)blo) ® anyla)
(
= Zagb®@aq),

as required.

2. Homological dimensions over quasitriangular weak Hopf algebra

In this section, we always assume that (H, R) is a finite dimension quasitriangular
weak Hopf algebra. Then the antipode S of H is bijective by [3], and H has a dual
pair of left integrals (¢, \) by Theorem 4.1 in [17]. Let A be a quantum commutative
weak left H-module algebra, and A#H the weak smash product.

Lemma 2.1. Let M 1is left A#H-module. If there is a trace one element and M

is projective as an A-module, then M is also projective as an A#H-module.

Proof. Let M, N be left A#H-modules, and w : M — N be an A-module mor-
phism. Denote the trace one element by c. Define the map @ : M — N by

@(m) = Sty - [(RY - ¢) - w(S™H(t1RP) - m))], (19)

for all a € A and m € M. Then, & is an A# H-module morphism.
For any a € A,h € H and m € M, on one hand, since £S5~ *(hy)h; = ﬁR(h) and

Shy @ T (hy) = S11h @ 1o, ST (hy) @ hy = Sl @ hS(11), (20)
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for h € H by [18], we have

h-©(m) = Zhty-[(RV - ¢)-w(S™ (1 RP))-m)]
= Xhlaty - [(RY - ¢) - w(S™' (111, RP) - m)]
= Yhlaty - [(RY - ¢) - w(S™1(t, R®)S™1(11) - m)]
= XhS(1y)ty- [(RMV -¢) - w(S —1(7:11%@))12 m)]
= Shaty - [(RD - ¢) - w(S™ (RO (hy) - m)]
= Yhsty- [(RV - ¢) - w(S™ (hot1 RP)hy - m)]
= T(hat)y - (R - 0) - w (ST ((hat)1 R)ha - m)]
= ST (hy)aty - [(RM - ¢) - w(S™HITE (hy)1t1 RP)hy - m)]
= Blsty- [(RM -¢) - w(S (12t RP) 11k - m)]
= Xty-[(RM - ¢) - w(S™ (1ot RP)11h - m)]
= Sty [(RM -¢) - w(S™Hty R®)h-m)] = @(h - m),

on the other hand, since LhoS™1(h;) = ﬁL(h) and
ST (h1) ® he = 211 ® 1oh, (21)

for h € H also by [18], we have

Gla-m) = Sty [(BD-¢)-w(S" (HRD) - (a-m))]
2 st (RO c> w(S7M(t2RP) - a) - (STH(1BRP) -m))]
@ sty (ROFD L )(S- 1(t2R - a) - w8~ (t1r @) - m)]
= Stz [(RWrD . o)(STHRDP)S(tg) - a) - w(S 7 (t2r?) - m))]
2 St (57 (1) - ) (RO - ¢) - w(S (1 RP) - m)]
= X[tsS(t2) - a] - [ta- (RY - ¢) - w(ST (1 RP)) - m))]
= SE"(t)-d] - [ts- (RD - ¢) - (S~ (. RD) - m))]
Sy a] - Lot - (R - ¢) - (S 16 RD) - m))]

= Xa-[ta-((RY-¢)-w(S T (t,RP)-m))] = a-&(m).

Hence, @ is an A# H-module morphism.

Now, we assume that P is a left A# H-module, which is projective as an A-
module. What we will do next is to show that P is projective as an A# H-module
as well. Let a: M — N be an A# H-epimorphism and 8 : P — N be an A#H-
module morphism. Then, there exists an A-module morphism w : P — M such
that oo w = 3 since P is a projective A-module. Take the map & : P — M as in
(19). We claim that oo @ = 3, which follows that P is a projective A# H-module.

Indeed, by Proposition 5.6 in [12], we have

STH(RM) @ R® =S, @ 14, (22)
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then for any p € P, since « is A# H-linear and ¢ is a trace one element, we obtain

aod(p) = oStz (RW-0)- (WS~ Ht1R®) p)))) =Sta - [(RD - ¢) - aow(STHt1RP) -
= St2RM -] [tz - B(STH(t1RP) - p)] = S[t2RY - ] - B(t3S 1 (t1 RP)) - p)
Q' SROG - BEHRD0S(t) -p) = SRO - d - B(S~HRDTIE (L)) - p)
@ SRO1E- - BSHRD 1) - p) = S[RD - 14] - B(S~H(RD) - p)
= SMERM)-14]- A HRD) - p) B Sl1y - 141 B(S7H(1) - p)
S[IF(11) - 1a] - [12 - B(p)] = 211 - 14] - [12 - B(p)] = B(p)-
Hence, we complete the proof of Lemma 2.1. O

Corollary 2.2. If H is semisimple and a left A#H-module M is projective as an
A-module, then M is also projective as an A#H-module.

Proof. Since H is semisimple, there is a left integral ¢ € H such that I1*(t) = 1y
by [3]. Thent-14 = M5 (t) - 14 = 14. If choose ¢ = 1,4 as the trace one element,
then we have that M is a projective A# H-module by Lemma 2.1. O

Let B/C be a weak H-Galois extension. We use following formal notation for

the inverse of can: for any h € H,
can Y (1p @gr h) = Xl;(h) @ r;(h) € B®c B,
such that
Yli(h)ri(h) o) @ur ri(h)q) = 1p @gr h,

by definition.

Lemma 2.3. Let H be a finite dimensional weak Hopf algebra with a dual pair
of left integrals (T,t), and B/C a weak right H-Galois extension. Define tr(a) =
aT'(acy) for all a € B. Then, tr is a C-bimodule map from B onto C, and the

following formula holds:
SLST )t (ri(STH))) = 15 = Str(l; (ST (#))r:(STH(1)). (23)

Proof. Since T € H* is a left integral, by [13] we have g1 (T, hga) = 3S(h1)(T, h2g)
for all h,g € H. Then, for any a € B,

SplayT(amy)) = Sae @ amT(ae)
Yay ® S(11)(T, 12a(1)) € B® HE,

so tr(B) C C.

p)]
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For all « € B,z € C, since

tr(ax) = Zapyro)T(amyzn)) = Xaw)loyzT(amla))
= YayzT(a@)) = tr(a)z,

tr(za) = Xz T (zmyan)) = XxlgaeT(1qaa))
= YwaT(an)) = vtr(a),

tr is a C-bimodule map.

Furthermore, since the following diagrams

BocB ——""  _ BouysH

zd;;@mfr\\ A@T

can/

B ®C B B ®HR H
tr(@i(ix %@T

B
commute, and T(S71(t)) = 1; by the proof of Theorem 6.4 in [17], we have

(idp @ T) o can = idg Q¢ tr

(idp ® T) o can(Sl; (S™H(t)) ®c :(STH(t))) = (idp ®c tr)(El(S™H(t) ®c (ST (1))
1pT(S™1(t) = BL(S™H()tr(ri(S~1(1)))

1p = BLi(S™HE)tr(ri (S (1)),

and on the other hand,

I

(idp ® T) o can’ = tr ®c idp
= (idp®T)oyocan(Sl;(S™1(t) ®c ri(STH(Y))) = (tr ®c idp)(ELi(S™ (1)) ®@c (S~ (1))
= (idp®T)ov(lp @yr STHt)) = Str(l;(STH(®))r:i(ST1(t))
= (idp ® T)(S1(g) ®yr 1(1yt) = Str(li(S1())ri (S (1)
o (idp @ T)(1p @gr t) = Btr(li(S™1(#))r: (STH(1))
= 1pT(t) = Str(l;(S~(1)ri(SH(1))
= 1 = Str([;(STL())r:(ST1(t)).

The following proposition extends Theorem 5 in [5].

Proposition 2.4. Let H be a finite dimensional weak Hopf algebra with a dual
pair of left integrals (T,t), and B/C a weak right H-Galois extension. Let V be a

left B-module and W a left C-module. Then there exists a space isomorphism

v: cHom(V,W) = gHom(V,B @c W), ¥(f)(v) = 2L;(S7'(t)®c f(ri(S71(t))v).
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In particular, the map v : ¢cHom(B,W) — pHom(B,B®c W) = B Q¢ W,
is left B-linear isomorphic, where the B-module structures of ¢ Hom(B,W) and

pHom(B, B ®@c W) are induced by the right multiplication of B, respectively.

Proof. For any b € B, we have

Yl (STHt)) @c ri(STH(H)) = Z1i(STHE)) ®@c (ST ()b (24)

Indeed, since S~1(t) is the right integral of H and by @ HR(b(l)) = Ybl) ®
I1%(1(1)) for all b € B (cf. [19]), applying can to the both sides of above equation,
we obtain

can(Tbl(STHE) ®@c ri(STHE)) = Tbli(STHE)ri(STH®)) (o) @pr T (STHE)) (1)

= b®yr STH()
SLSTHE))r(STH®) (0)boy ®grr T (STHE)) (1yb1)
Sb(oy ®@pr STH()b1) = Tb(oy @ r SR (b))
Sblo) @yr STHOTR(1(1)) = Tbl) @yr S~HE)10)
(b®yr STHE))(X1(0) @yr 1(1))
= bQyr STLH().

can(SL(S71(t) @c ri(S™1(t))b)

Next, we show that the map 7 is well-defined. For any b € B,v € V and
f € cHom(V,W),

Y(H)bv) = TL(STHE) ®c f(ri(STH(E)bv)
= Ebll(S Ht) ®c f(ri(STHE)v)
= b0(f)(v).

Hence, the map y(f) is left B-linear.
For any g € pHom(V, B ®c W), define

n: pHom(V,B®c W) = cHom(V,W), n(g) = (tr ®c idw) o

It is obvious that 7(g) are left C-linear because of the C-linearity of ¢r and g.
Now by Lemma 2.3, we have for all v € V,

(Y (@) = (tr&cidw)(ZL(S7 () @c f(ri(S7H(¢))v))
= Str(Li(STH)))f(ri(STHE)v)

= fEtr@(STH®)ri(STHE)v)

= f(v).

(%
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On the other hand, let v € V and denote g(v) = £b; ®c w;, then for all b € B we
have g(bv) = Xbb; ®¢c w;. It follows that

Yn(9)(v) = ZL(STHt) @c n(g)(ri(STH(t))v)
= XL(S7HY) ®c (tr ®c idw) o g(ri(STL(t))v)
SL(STHE)) ®@c tr(ri(STH(E))bs)w;
SL(STHE))tr(ri(STH1)b) ®c w;
= Bhl(STH))tr(ri(STHE)))
= Xb; ®@cw;j = g(v).

This shows that 1o~ and « o n are identities, so that we have our desired isomor-

®c w;j

phism. ([l

Lemma 2.5. For any left A#H-module M, define a right A-action on M by
0 M@A— M, m@a—m—a:=RY a) - (STHRD) . m). (25)

for alla € A and m € M. Then M becomes an (A, A)-bimodule and an (H™, A)-

bimodule.

Proof. M is a right A-module. For any a,b € A and m € M, we have

me—1ls = Z(R(l) 1a)- (571(3(2)) -m) = E(HL(R“)) 1a)- (Sfl(R(%) -m)

) S1s-14) (STH11) - m) = B(S(11) - 1a) - (15 - m)
= X(11-1a)-(12-m)=m,

(me—a)=b = %RV -b)- (ST (R?)-(m+ a)
= B(RW-b) - (STHRD) (V- a)- (ST (rP) - m)))
= S(RO-)(STHR )Y -a) - (57D RY) - m)
(E_) Z(R(l)R(U b)(S‘l(R@))T(I) -a)- (S—l(r(2)é(2)) -m)
(14) 2(7'(1) a)(R(l) b) - (S‘l(r@)}?@)) -m)
2 n@ B b (5T (RD)-m)
= E(R(” (ab)) - (STH(R®) - m) = m « (ab).

What we next do is to prove that ¢ indeed makes M into an (A, A)-bimodule.

(@-m)=b = X(RW-b)-(STHRD)-(a-m))
= BRO 0)(STYRY) a) (STHRP) -m)
(i) Z(R(l) (1) . b)(S_ (R(Q))'G)'(S_l(T(Q))-m)
(14)

Ya(r® -b) - (S~ () - m)

a-(m D).

For any a € A,h € H and m € M, we have

h-(m < a)=3%X(hy-m) < (h2-a). (26)
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In fact, by (6) we have R~*A°P(h) = A(h)R™!, that is,

YS(RMWhy @ RPhy = YhiS(RW) @ hoRA),
YRWhy @ S"HR®)h; = ThRM @ hyS~H(RP).
Hence
he-(ma) = Zh-[(RY-a)- (STHR®)-m)]

= N(hRW -a)- (heS~H(RP)-m)
= Y(RWhy-a) - (STYRP)hy -m)
= Z(hl m) — (h2 . G,).

Now, for any x € H”, since A(z) = 1,2 ® 15, we compute

x-(m—a) = X(xr;-m)— (z2-a)
= X(liz-m)~— (13-a)
2 (x-m) — a.
It follows that M is an (HZ, A)-bimodule. O

Now, we are ready to give a necessary and sufficient condition of the global di-
mension of weak smash product A#H equals to that of its subalgebra A, which is
quantum commutative as a weak H-module algebra, as the main result of this sec-
tion. In the following, we denote gl.dim(A) (proj.dim(A)) by the global dimension

(projective dimension) of an algebra A, respectively.

Theorem 2.6. Let (H, R) be a finite dimension quasitriangular weak Hopf algebra,
and A a quantum commutative weak left H-module algebra. Then gl.dim(A#H) =

n if and only if gl.dim(A) = n and there exists a trace one element c € A.

Proof. “ = ” Suppose that gl.dim(A#H) = n < co. Let M be an arbitrary
left A# H-module. There is an A# H-epimorphism (A#H) ® 4 M — M given by
(a#h)®@am — (a#h)-m. In view of the fact that o Hom(A#H, M) = (A#H)@s M
as A# H-modules by Proposition 2.4 since the extension A#H/A is weak right H-

Galois (see [14]), we have an epimorphism
aAHom(A#H, M) — M — 0. (27)

Let m = p.dimagpnA, then m < n. Applying the functor auyHom(A,—) to

(27), we get a long exact sequence
cee— A#HExtm(A, AHom(A#H, M)) — A#HE.’L‘tm(A, M) — 0.
Since

A#HExtt(A, AHom(A#H, M)) & A#HExtt(A, (A#H) ®a M) &~ AExtt(A, M),
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AaExtt (A, M) = 0 for all t > 0, and so m = 0. Hence A is projective as an A#H-
module. Then there exists some ¢ € A such that t-¢ = 14 by Proposition 3
n [21], and we claim that the map & : A#H — A, a#h — a-II*(h) is a split
A# H-epimorphism.

It is obvious that ¢ is both well-defined from the fact that II* is a left H-
linear map by [3], and a split epimorphism. Hence it suffices to show that £ is an
A# H-linearity.

In fact, since A(z) = Xxl; ® 15 for x € HY, and

Se(hag)hy = hS™I"(g) (28)
for h,g € H, we obtain

l(a#th) (b#tg)] = E[Salhy - b)thag) = Sla(h - )] - T (hag)
— 551 (hag) - [a(hy - b)) = SIS~ (T (hag)s) - al[S~ (I (hag) )y -1
= 2[S7!(12) - al[S 1(1_IL(hzg)11)h1 b] = B[L1 - a][1o8~ (11" (hag)) 1 - O]
= a[Xe(11h2g)S 1 (12)h1 - b] = a[Xe(1115hag) S~ (1)1, Ay - 1]
= a[Se(12h2g)S 1(13)11h1 - b] = a[ES7(12)11AS (T (g) - ]
= a[hS~'(IT"(g) - 0] = (a#th) - [S~H(IT"(g) - V]
= (a#th) - [b- 1" (g)] = (a#th) - £(b#tg).
We claim that A is an (A, A)-bimodule direct summand of A#H. Indeed, A and
A#H are (A, A)-bimodules via left multiplication and the action ¢ defined in (25).
Since A is H-quantum commutative, a «— b = ab for all a,b € A. Furthermore, £ is

an (A, A)-bimodule homomorphism. For any a,b € A and h € H, by

E((a#th) 1) = SR -b)(STHR®D) - (a#h))]
= zgmm b)(STHRY) - a)#S 1 (RP)A)]
(

= S[RW - b)(STHRY) - a)] - IH(STHRP)h)

= Se(LiSTHRPD(RD - 0)(STHRE) - a)] - 1

= ([ (1)S RS (1) - [(RY - b)(S~H(RS) - )]

= Ne(STA)STHRP)R)(S (1) RD - b)(STHRE L) - a)

= Se(STHRP )RS L) RD - b)(STHRE1215) - a)
Se(STHRER) (ST (12)RW - 0)(S~H(RE11) - a)
Se(STHRP)R)(RD - b)(S~HRE)) - a)

D S (RO . p)(S (RS MIIE () - a)

= (STIF(R) - a)b = (- T (R)b = E(atth) — b,
Therefore, for any left A-module N, the map £ ® idy : (A#H) @4 N — N is
a split A-epimorphism (the left A-action of (A#H) ®4 N via the left component).
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Hence, N is a direct summand of (A#H) ®4 N. It follows that
proj.dima(N) < proj.dima((A#H) @4 N).

We now consider the left A# H-module (A#H) ® 4 N. Since its any projective

A# H-module resolution is also a projective resolution over A, we have
proj.dima((A#H) @4 N) < proj.dimazn((A#H) ®4 N).

Thus gl.dim(A) < gl.dim(A#H) < .

“ <=7 We assume that gl.dim(A) =n < co and t - ¢ = 14 for some ¢ € A. Let
M be any left A#H-module. If M is projective as an A-module, then M is also
projective as an A#H by Lemma 2.1. Let N be an A# H-module. Consider an

exact sequence of A# H-modules
0-X—-PFP,_1—>---—F—-N=0,

where axpgPi(i = 0,...,n — 1) is projective, we have 4X is projective since
gl.dim(A) = n. Hence gxpX is projective and proj.dimspn(N) < n =
proj.dima(N). Tt follows that gl.dim(A#H) < gl.dim(A). The proof is com-
pleted. O

As a consequent of Theorem 2.6 and Proposition 3 in [21], we have

Corollary 2.7. Let (H, R) be a finite dimension quasitriangular weak Hopf algebra,
and A a quantum commutative weak left H-module algebra. Then
(1) gl.dim(A#H) = n if and only if gl.dim(A) = n and A is a projective left
A# H-module.
(2) If H is furthermore semisimple, then gl.dim(A#H) = gl.dim(A). Hence,
A is semisimple if and only if A#H is semisimple, and A is hereditary if
and only if A#H is hereditary.

Let us recall from [2] that the finitistic dimension of an algebra A is defined by
the formula

fin.dim(A) = sup{proj.dim(A) < co| M is a left A-module and proj.dim(M) < co}.

In the following, we shall investigate the relation between the finitistic dimension
of a quantum commutative weak H-module algebra A and that of weak smash
product A#H.
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Proposition 2.8. Suppose that (H, R) is a finite dimension quasitriangular weak
Hopf algebra, its dual H* is semisimple, and let A be a quantum commutative
weak left H-module algebra. If there exists a trace one element ¢ € A, then
findim(A#H) = fin.dim(A).

Proof. By Theorem 2.6, for any left A#H-module M, we have proj.dimapzagM =
proj.dimaM. This implies that fin.dim(A#H) < fin.dim(A).

Since A#H is a left H*-module algebra in a natural way by [11], we can form a
weak smash product (A#H)#H*. Since H* is semisimple, fin.dim((A#H)#H*) <
fin.dim(A#H) by Lemma 6.2 in [9]. By Proposition 6.3 in [9], we know (A#H)#H*
is Morita equivalent to A, then fin.dim((A#H)#H*) = fin.dim(A). Hence,

fin.dim(A) = findim((A#H)#H") < fin.dim(A#H) < fin.dim(A).
Therefore fin.dim(A#H) = fin.dim(A). O
Corollary 2.9. Suppose that (H,R) is a finite dimension semisimple quasitri-

angular weak Hopf algebra, its dual H* is semisimple, and let A be a quantum
commutative weak left H-module algebra. Then fin.dim(A#H) = fin.dim(A).

3. In the case of twisted weak Hopf algebra

In this section, we always assume that the weak Hopf algebra H is finite dimen-
sional.

Definition 3.1. [13] A twist for H is a pair (©,071), with

©cA(ly)(H®H), 0" € (H® H)A(ly), and ©0~" = A(1p), (29)

satisfying the following axioms:

(e®id)(©) = (id®¢e)(0) (e®id) (@) = (id®e)(0~ ") =14, (30)

(Aid©)©aly) = ( (31)

(O '@lg)(Awid)(07") = (1z®67')(ideA)(O7), (32)

(A®id)(©~")(id® A)(O) ( (33)

(id @ A)(©7)(A ® id)(O) ( (34)

Lemma 3.2. Let (©,071) be a twist for H. Then there is a weak Hopf algebra

Hg having the same algebra structure and counit as H with a comultiplication and

antipode given by

Ao(h) :=XhY @ hS = 071A(h)O, Se(h) =v"1S(h)v, (35)
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for all h € He, where v = £S(0M)OR) is invertible with inverse v—' = O~
S(©=@) in He. The counital maps of He are

5 (h) = 2e(@Mhr)0®| TE(h) = Be(ho~ @)=,
for all h € Hg.
Proof. See Proposition 3.1.2 in [6] and Proposition 6.1.2 in [13]. |

Lemma 3.3. Let (0,071) be a twist for H, and A a weak left H-module algebra.
Define the operation x on A by axb = %(0W) .a)(0P) -b), Then A becomes a weak
left Ho-module algebra, which we denote by Ag.

Proof. First, Ag is an associative algebra with unit 14. Since X.5(1;) ® 15 is a

separability element of H” by [3], for any x € H,

S28(11) ® 1y = S8(1;) ® 1oz (36)

Meanwhile, by [6]
s ©OMe® =1y, (37)
s e@)em = 1y. (38)

Then for any a € Ag, we have

laxa = %(1,0W.14)(10@) . a) = (1, TT*(OM) - 14)(1,03) - )

n(I- (@“))11 14)(1:0®) - a) = ST (OW)S(11) - 14) (1.0 - a)
2(S(11) - 1A><12HL<@<1 )0 - a) = £(11 - 14)(15-a) T q,
axly = E(@( )(G)(2 1a4) = (1@1) a)(12HL(@(2)) A)
( (38)

= Y(LS7MEO)eWm a)(1y-14) =2(11 - a)(1z - 14) = a.

Hence, 14 is the unit of Ag. Moreover, for any a,b,c € Ag,

(axb)xc = N[O .a) (O3 .b)]*
= W .[(eW.qe®. b)]( 0™ . ¢)
= 2(6{’eW.0)(05'6® - 5) (6@ . )
D 5w . g©Pem . pePe® .
»(OW . a)0® . [(0W . p)(0P) . ) =ax (b*c).

That is Ag is associative, where © = Y00 @ 02 = 200 @ 6. Hence, Ag
is an associative algebra with unit 14. Furthermore, it is obvious that Ag is an

Hg-module since Hg has the same algebra structure as H by Lemma 3.2.
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Now, for any a,b € Ag and h € Hg,

h-(axb)=h-[20OY.a) (0P .b)]=2h0Y . a)(h0®@ -b)

Y(11h10W - a)(12h20® - b) = £(OM O~ Mh,0W . 0)(6PO~ P h0@ . b)
=3O WheW . a)x (0~ @h,e® .p)

S(h - a) * (hS - b).

It follows that Ag is a weak left Hg-module algebra. [l
We have the following which extends Theorem 1.7 in [7].

Proposition 3.4. Let (©,071) be a twist for H, and A a weak left H-module
algebra. Then left A#H-module category axaM and left Ag# Heg-module category

Ao#Ho M are equivalent.

Proof. Let M be an A#H-module. Define an Ag#Hg-action by for all a €
A@, h € Hg

(a#h) = m = [2(O0W . a)#O0Ph] - m. (39)

Then, M is an Ag# He-module.

The above action (39) is well defined, since for any a € Ag,h € Hg and z € HS,
and followed by the fact that ¥.Se(0™1)) ® ©) is a separability element of Hj, we
have

(a-z#h) =m = X[(OWSg(z) a)#O0Pn]-m
= 3[(OW . a)#0@zh] - m
= (a#zh) = m.

Moreover, (14#1g) — m =m for all m € M.

(La#lg) =m = [£(OW - 11)#60A)]-m

= [BIHOW)-14)#63].m
[B(1a-TEOONH#OP] - m
[S14#IL(01)0@)] . ;m

= (1a#lg)-m=m.

At the same time, for any a,b € Ag, h,g € Ho, we have

[(a#h)(b#9)] = m = [Sa x (hT - b)#hSg] —m
= [Sax (©~Wh0W . p)#O~ D h0@) g] —
:[E(@(l) a)(@@)@ W p,e0) . b)#O~ (2)h2®<2> g —
59 [2(@<1)@(1) a)(@(l 6@e-Mhp e . O e~ (2)h2@(2>g].m
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D mePe;Mem . o) ©Me; Ve r o0  b#o@e-@6R he@ g . m

2 1211100 - 4)(1120Ph100) - 1) #1,6 2 h0 g] - m
=[2(1:6W - a)(12:0P h10W) . b) #1226 P 0@ g - m
=260 . a)@Ph,6M) . b)#6P h0@g] . m

= [2(@(1) -a#0@p)(6M) .b#e@)g)} .m

=3(0W . a#0@h) . [(0M) . b0 g) . m)]

= (a#th) — [(b#g) — m].

Hence, M is a left Ag# Heo-module.
Conversely, let N be an Ag#Hg-module. Define an A# H-action by for all
a€e A he H

(a#h) —n=2[(O0"W . a)#0~Dpn] . n. (40)

Then, N is an A# H-module.

The well-definition of the above action (40) can be similarly checked as before.
For any a,b € A h,g € H and n € N, it follows (14#1y) — n = n from the
equality I (©~1)0~() = 15, and we have

(a#th) — [(b#g) — n] = (a#h) — [£(O~ D - b6~ (R)g) - ]

=20 D . q#0-@p) . (6~ . p46-@g) . n
=[2O W .q)x (6-We; Pheme-0) . ph#d-@e; Ph,e@6-2g . n
=[2O" W .q)x (O~ VO] Ph, - b)#6-@0; Phag] - n
= [EEMe~-W . 0)©@26-Me; @h  b)#6&-@e; Phygl
@ meme-we; M . a)e®e-@6; Vi, . b)#O~ Dhag] -n

267" - a) (0 Vhi - b)#6~Dhag] - n

20~ . (a(hy - b))#O~ P hog] - n

Sa(hy - b)#hag] — n

(a#th)(b#g)] — n.

Hence, N is a left A# H-module.

Define the functor F : axg9M — agpHe M by F(M) := M as a k-space with the
Ae# Heo-module structure defined in (39), and the functor G : 4o 416 — AN
by G(N) := N as a k-space with the A#H-module structure defined in (40). Then

(F,G) are equivalent functors. Hence, the categories axpgP and sqxpoM are

=
=
=
=

equivalent. O

Since a twisting of the weak quasitriangular Hopf algebra (H, R) is again qua-
sitriangular with the structure given by (He, ©5,' RO) (see Remark 6.1.3 in [13]),

we have the following.

Theorem 3.5. Let (H, R) be a finite dimension quasitriangular weak Hopf algebra
with a twist (0,071, and A a quantum commutative weak left H-module algebra.

Then the following assertions are equivalent:
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Proof. (1) and (3) are equivalent followed by Theorem 2.6. Since A#H and
Ae# Hg are Morita equivalent by Proposition 3.4, gl.dim(A#H) = gl.dim(Aec#Hoe).
Now to show (2) and (4) are equivalent, it suffices to show that if A is quantum

H-commutative, then Ag is quantum He-commutative. That is to show that
axb=2(O0"WRPOD .p)x (@~ @DRMOM . 4)
for all a,b € Ag, which can be easily checked. O
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