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ABSTRACT. Over a Noetherian ring R, each of a weakly symmetric pair of
torsion radicals is shown to be stable on Noetherian R-R bimodules if and
only if the set of prime ideals that are closed with respect to each torsion
radical is closed under links. Such a pair for R, termed a weakly symmetric
stable pair, is extended to a weakly symmetric stable pair for any Noetherian
extension ring of R. In case classical Krull dimension is a link invariant, we
give a positive answer to the incomparability question for linked prime ideals

in certain extension rings of R.
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1. Introduction

For a ring R, a torsion radical is a hereditary (left exact) functor defined on
the category R-Mod or Mod-R of left or right R-modules as given in [4] or [10]. A
pair of torsion radicals is an ordered pair (o, 7) where o is a torsion radical defined
on R-Mod and 7 is a torsion radical defined on Mod-R. A pair (o,7) is called
weakly symmetric if o(R/P) = 7(R/P) for all prime ideals P. In this case, Sp(o, 7)
denotes the set of all o-dense (7-dense) prime ideals of R. A pair (o, 7) is called
stable provided, for any ring A, o and 7 are stable on Noetherian R-A bimodules
and Noetherian A-R bimodules respectively. The aim of first part of this paper is
to show that when all rings involved are two-sided Noetherian, a weakly symmetric
stable pair can be characterized internally as one for which the set of dense prime
ideals Sp(o, ) is closed under links.

The rest of the paper examines the problem of lifting a stable pair to an extension
ring S O R with the idea of generating a link-closed set of prime ideals in S starting
from a link-closed set of prime ideals in R. In particular, it is shown that if S O R
are both Noetherian and (o, 7) is a weakly symmetric stable pair for R, then the

canonical extension (o*,7*) is a weakly symmetric stable pair for S. Thus, a link
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closed set of prime ideals of R of the form Sp(o,7) gives rise to a link closed set
Sp(c*, 7*) of prime ideals of S. We use this result to show that if R is a Noetherian
ring where classical Krull dimension is a link invariant, then for linked prime ideals
P,Q of S, R/(PNR) and R/(Q N R) have equal classical Krull dimension. As a
corollary, linked prime ideals in a Noetherian extension ring S are incomparable
provided S is either a finite normalizing extension of R or a strongly G-graded ring

with base ring R for some finite group G.

2. Notation and definitions

All rings considered have an identity and modules are unitary. Properties and
adjectives, when not accompanied by one-handed modifiers are meant to hold on
both sides. However, all modules will be left R-modules unless otherwise specified.
The notation N < gM, or N < M when R is understood, will be used to indicate
that N is a (left) R-submodule of M. Similarly for N < Mpg. If N < M is essential
in M, then we will write N <, M. In case M is an S-R bimodule, we will write
sMp and use N < gMpg to indicate that N is an S-R subbimodule of M.

For a nonempty subset X of an R-module M, I[g(X) = {r € R | ra = 0 for all
x € X}. In case X is a nonempty subset of a left R-module, then rg(X) = {r € R |
ar =0 for all z € X}. If X is a nonempty subset of R and M is a left R-module,
then annp/(X) ={m € M | zm = 0 for all z € X}. A module M is said to be
finitely annihilated if there exist finitely many elements my,...,my € M such that
Ir(M) = lg(mq,...,my). Note that if M is a finitely annihilated module, then
there is a one-to-one map R/Ir(M) — M™ for some n.

The collection of all prime ideals of R is denoted by Spec(R). If U is a uniform
R-module, and R is left Noetherian, then it follows from [5, Lemma 4.22] that there
is a unique prime ideal P such that all nonzero X < anng (P) have Ig(X) = P. The
ideal P is called the associated prime ideal (or assassinator) of U and is denoted by
ass(U). For an arbitrary module M, the set of associated prime ideals of M, denoted
by Ass(M), is the set of all prime ideals ass(U) where U is a uniform submodule of
M. The set of maximal members of Ass(M) will be denoted by maxAss(M).

If P € Spec(R) and o is a torsion radical defined on R-Mod or Mod-R, then P is
called o-dense provided R/P is o-torsion while P is called o-closed provided R/P
is o-torsion-free. The set of all o-dense prime ideals is denoted by Spec’(R), and
the set of all o-closed prime ideals is denoted by Spec, (R). It is well known that a
prime ideal P of a left Noetherian ring R is either o-dense or o-closed in case o is
defined on R-Mod.
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3. Stability and linked primes

Throughout this section, R will denote a two-sided Noetherian ring. If C is a
class of R-A bimodules for some ring A and o is a torsion radical defined on R-mod,
then we say that o is stable on C provided that for all M € C, (M) is an essentially
closed left R-submodule of M. Equivalently, o is stable on C provided that for all
M € C, o(M) <.rM implies that o(M) = M. Again, the right-hand version is
defined in the obvious way.

The aim of this section is to show that for a pair (o,7) with Spec’(R) =
Spec” (R), stability on Noetherian bimodules is equivalent to the closure of this
class of prime ideals under links. For P,@Q € Spec(R), there is a link from @ to P,
denoted @ ~— P provided there exists an ideal A of R with QP C A C QN P such
that (Q N P)/A is torsion-free as a left R/Q-module and as a right R/P-module
(see [5]).

Proposition 3.1. Let (o,7) be a pair of torsion radicals.

(1) If o is stable on ideal factors of R and if Q € Spec®(R) and Q ~— P, then
P € Spec? (R).

(2) If T is stable on ideal factors of R and if P € Spec” (R) and Q ~— P, then
Q@ € Spec” (R).

Proof. Let A be an ideal with QP C A C @ N P such that (Q N P)/A is torsion-
free on both sides. Let I/A # 0 be a left ideal of R/A. If PI ¢ A, then 0 #
(PI4+A)/AC(P/A)YN(I/A). If PI C A, then I Crr(P/A) Crr((QNP)/A)=P
where the last equality follows since (Q N P)/A is torsion-free over R/P. In either
case, (P/A)N (I/A) # 0. Thus, P/A <.grR/A. Note that Q/A <. R/Ag by the
symmetric argument.

For (1), since QP C A and @ is o-dense, P/A is o-torsion. Thus, 0(R/A) <.rR/A,
hence R/A is o-torsion. Therefore, R/P is o torsion i.e. P is o-dense.

For (2), QP C A and P 7-dense implies that QQ/A is T-torsion. The conclusion
follows as in (1). O

A nonempty subset Q of Spec(R) is right link closed provided P € 2 whenever
Q ~— P for some @ € Q. Likewise, a nonempty subset  of Spec(R) is left link
closed provided @ € Q whenever Q ~— P for some P € ). A nonempty subset ) of
Spec(R) is link closed if it is both right and left link-closed. Thus, from Proposition
3.1, if (o, 7) is a pair of torsion radicals with Spec’ (R) = Spec” (R) and both ¢ and

7 are stable on ideal factors of a Noetherian ring R, then Spec’(R) is link closed.
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Below, we show that the converse is true and, in this case, stability extends to a

much larger class of bimodules.

Lemma 3.2. Let B # 0 be a right Noetherian bimodule where A is any ring.

(1) Ewery left R-submodule of B is finitely annihilated.

(2) If o is a torsion radical and o(B) = B, then every annihilator ideal of B
is o-dense.

(3) If o is a torsion radical and o(B) = 0, then every annihilator ideal of B is
o-closed.

(4) Let P € Ass(rB). Then anng(P) is a torsion-free left R/P-module iff
P € maxAss(gB).

(5) If P € maxAss(rB) and Q € Ass(rB/annp(P)), then Q € Ass(grB) or
Q~— P.

Proof. (1) Pick a 0 # F < zrB. As a right A-module, FA is Noetherian and
so FA = x1A + ... + z, A for some z1,...,2, € F. It follows that Igr(F) C
Ir(x1,...,2m) Clr(F). Therefore, Ir(F) = lg(z1,...,Tm).

(2), (3) Let A = Ir(F) where 0 # F < rB. By (1), there is a one-to-one map
R/A — F®) for some k. As B is o-torsion or o-torsionfree, then respectively, so is
F®)_ The conclusion follows.

(4) If annp(P) is a torsion-free left R/P-module and P C Q € Ass(gB), then
0 # annp(Q) C annp(P). Since (Q/P)(annp(Q)) = 0, annp(Q) is a torsion
R/ P-submodule of anng(P), a contradiction.

Suppose that P € maxAss(rB). Let Z # 0 be the torsion R/P-submodule of
annpg(P). Let Q € Ass(gZ). By (1), Z is finitely annihilated. It follows that
P C Ir(Z) C Q contradicting our choice of P.

(5) The last result is [7, Proposition 3.1]. O

A pair of torsion radicals (o, 7) with Spec” (R) = Spec” (R) will be called weakly
symmetric. In this case, we will denote the set of all o-dense (7-dense) prime ideals
by Sp(a, 7).

Proposition 3.3. Let (o,7) be a weakly symmetric pair. If Sp(o,7) is link closed,
then o is stable on all Noetherian R-A bimodules and T is stable on all Noetherian
A-R bimodules.

Proof. If suffices to prove the first statement since the second follows by the sym-
metric argument. Let rBy be a Noetherian bimodule with o(B) <.gB. Then
Ass(grB) = Ass(o(B)) and so by Lemma 3.2(2), every member of Ass(gB) is o-

dense.
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If o(B) # B, then by Noetherian induction, we can assume that the result holds
true for all proper bimodule factors of B. Pick P € maxAss(gB). Then P is
o-dense and so anng(P) C 0(B) C B.

If o(B) = anng(P), then B/ annp(P) is o-torsionfree. Pick Q) € Ass(B/anng(P)).
Then @ is o-closed by Lemma 3.2(3) . Also, by Lemma 3.2(5), @ € Ass(rB) or
@ ~— P. Clearly, the former fails and, by hypothesis, so does the latter. It follows
that o(B) D anng(P).

If 0(B)/annp(P) is an essential submodule of B/ anng(P), then the conclusion
follows from the inductive hypothesis. Suppose then that o(B) N X = annp(P)
for some submodule X D anng(P). Now, o(X) = ¢(B) N X = annp(P) and so
X/anng(P) is o-torsionfree. Choose @ € Ass(X/anng(P)) C Ass(B/anng(P)).
By Lemma 3.2(3), Q is o-closed. However, by Lemma 3.2(5) again, Q € Ass(pB)
or @ ~— P. As before, both alternatives fail. Therefore, o(B) = B. O

A pair of torsion radicals (o, 7) such that o is stable on all Noetherian R-A
bimodules and 7 is stable on all Noetherian A-R bimodules for any ring A will be

called a stable pair.

Corollary 3.4. Let (o,7) be a weakly symmetric pair. The following are equivalent.

(1) (o,7) is a stable pair.
2

(2) o and T are stable on ideal factors of R.
(3) o and 7 are stable on all Noetherian R-R bimodules.
(4)

4) Sp(o,7) is link closed.

Proof. (1) = (3) and (3) = (2) are trivial. (2) = (4) follows from Proposition 3.1
while (4) = (1) is Proposition 3.3. O
4. Ring extensions

Let S O R be a ring extension and let ¢ be a torsion radical defined on R-mod.
From [2, Ch.II(4)], the set

D ={J < s5|o(rS/J) = 5/}
is an idempotent filter. This defines a torsion radical ¢* on S-mod given by
o* (M) ={x € M|Jz =0 for some J € D}

It is easy to see that for any left S-module M, o*(M) is the unique largest S-
submodule of M that is ¢ torsion as a left R-module. Furthermore, if J € D, then

RN J is o-dense. However, a left ideal of S that contracts to a o-dense left ideal of
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R is not necessarily a member of D. Note though that the situation is different for
two sided ideals; see Lemma 4.2.

Below, we show that stability of o on bimodules passes to o*.

Theorem 4.1. Let S O R be a Noetherian extension of a Noetherian ring R and
let o be a torsion radical. If o is stable on Noetherian R-A bimodules, then o* is

stable on Noetherian S-A bimodules.

Proof. Let B be a Noetherian S-A bimodule with ¢*(B) <.sB. We claim that
o(B) <. rB. Clearly, it suffices to show that every member of Ass(gB) is o-dense.

Pick P € Ass(gB). Then there is a uniform submodule 0 # U < pB such
that all 0 # X < anny(P) satisfy P = [g(X). Let V = anny(P). By Lemma
3.2(1), V is finitely annihilated as a left R-module, hence there is a one-to-one map
R/P — V(™ for some m. By [5, Proposition 6.11], V must be torsion-free as an
R/P-module.

Consider the set Q = {Ig(SX)|0 # X < gV}. Pick D =1s(SX) € Q maximal.
We claim that D is a prime ideal of S. To this end, let I, J be ideals of S such
that IJ C D and suppose that J ¢ D. Then JX = JSX = S(JX) # 0 and
D C lg(JX). By the maximality of D, D = lg(JX). Since IJ C D = lg(SX),
1JSX =1JX =0 and so I C D. Therefore, D is a prime ideal of S.

By Lemma 3.2(1), SX is finitely annihilated as a left S-module. Thus, there is
a one-to-one S-module map S/D — (SX)™ for some n. Restricting this map to
a nonzero uniform left ideal of S/D yields an isomorphism onto a nonzero uniform
F < ¢SX which is clearly torsion-free over S/D. Since ¢*(B) <.¢B, o*(F) =
o*(B)NF # 0. Then F torsion-free over S/D forces D = lg(c*(F')). By Lemma
3.2(2), D is o*-dense. Then D = Ig(SX) forces SX to be o*-torsion. It follows
that o(X) = X. Now, from above, P = [g(X). Using Lemma 3.2(2) again, P is
o-dense. Therefore, 0(B) <, rB, and so o(B) = B. Since ¢*(B) is the largest
S-submodule of B that is o-torsion, 0*(B) = B. O

Next, we show that a weakly symmetric stable pair (o,7) for R extends to a

stable pair for S.

Lemma 4.2. Let o be a torsion radical defined on R-mod and let S O R be a ring
extension. Let I C S be an ideal. Then I is o*-dense if and only if INR is o-dense.

Proof. From the definition of ¢*, the forward implication is obvious. For the
reverse implication, let I C S be an ideal such that I N R is o-dense. Fix s € S
and define an epimorphism R/(I N R) — (Rs + I)/I via right multiplication by
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s. (Note that this map is well defined since I is an ideal of S.) It follows that
for all s € S, (Rs+ I)/I is o-torsion whence S/I is o-torsion as a left R-module.
Therefore, o*(S/I) = S/1I. O

Corollary 4.3. Let S O R be a Noetherian extension of a Noetherian ring R. Let
(o,7) be a weakly symmetric stable pair for R. Then (o*,7*) is a weakly symmetric

stable pair for S.

Proof. By Theorem 4.1, o* is stable on Noetherian S-A bimodules for any ring A.
In particular, o* is stable on ideal factors of S. By Proposition 3.1, Specg* (S) is
right link closed. Similarly, Spec”™ (S) is left link closed. Thus, by Corollary 3.4, it
suffices to show that Spec” (§) = Spec” ().

Let P € Spec® (S). Since 0*(S/P) = S/P, o(S/P) = S/P and so o(R/(P N
R)) = R/(P N R). Thus, if Q1,...,Q, denote all of the prime ideals of R that
are minimal over P N R, then each @; is o-dense. By hypothesis, each Q; is 7-
dense and hence N = Q1 N...NQ,, is also 7-dense. Now, N* C PN R for some k.
Consider the chain R O N D ... D N*. Each factor N*/N*~! and R/N is T-torsion,
whence R/N* is 7-torsion. It follows that R/(P N R) is 7-torsion. By Lemma 4.2,
7%(8/P) = S/P. Therefore, Spec’ (S) C Spec” (S). The reverse inclusion follows

by the symmetric argument. a

Using Corollary 3.4, we can view the last result as way of obtaining a link closed

set of prime ideals in S from a link closed set of prime ideals in R.

Corollary 4.4. Let S O R be a Noetherian extension of a Noetherian ring R. Let
(0,7) be a weakly symmetric pair for R. If Sp(o,T) is link closed, then Sp(c*,7*)

is link closed.

5. Invariance of classical Krull dimension

Throughout, Cldim(R/I) will denote the classical Krull dimension of R/I where
I C R is an ideal. For a Noetherian ring R, classical Krull dimension is called
a link invariant provided Cldim(R/Q) = Cldim(R/P) for P,Q € Spec(R) with
@ ~— P. The goal of this section is to show that, in this case, if S is any
Noetherian extension ring of R, then Cldim(R/(Q N R)) = Cldim(R/(P N R)) for
all prime ideals P, Q € Spec(S) with Q ~— P.

From [5, Lemma 12.2], if # < Cldim(R), then there exists a prime ideal P such
that Cldim(R/P) = . Thus, for each ordinal 5 < Cldim(R), the set

Specg(R) = {P € Spec(R)| Cldim(R/P) > (3}
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is nonempty.
Define a weakly symmetric pair of torsion radicals (og, 73) by declaring og to be

the torsion radical cogenerated by

ED{rE(R/P)|P € Specs(R)}

and let 73 to be its right-hand counterpart.

Clearly, if P € Specg(R), then o5(R/P) = 73(R/P) = 0. Conversely, if P
is a prime ideal and og(R/P) = 0, then for some P’ € Specg(R), there exists a
nonzero homomorphism f: R/P — E(R/P’). Let H/P = f(R/P)NR/P’" # 0.
Then PH C P’ forcing P C P’. Thus, Cldim(R/P) > Cldim(R/P’) > 8 and so
P € Specg(R). A similar result holds on the right. Therefore for all 3 < Cldim(R),

Spec,, (1) = Spec,, (R) = Specg(R).

Proposition 5.1. Let R be a Noetherian ring for which classical Krull dimension
is a link invariant. Then for all ordinals § < Cldim(R), (o,78) is a weakly

symmetric stable pair.

Proof. From the remark above, it’s clear that Sp(os, 73) is link closed. The result

follows from Corollary 3.4. d

Theorem 5.2. Let R be a Noetherian ring for which classical Krull dimension

is a link invariant and let S O R be a Noetherian extension ring. Then for all
P,Q € Spec(S) with @ ~— P, Cldim(R/(P N R)) = Cldim(R/(Q N R)).

Proof. Pick P,QQ € Spec(S) with @ ~— P and set § = Cldim(R/(P N R)).
Suppose that Cldim(R/(Q N R)) < . For convenience, let (o,7) denote the pair
(04, 78)-

If I1,..., I, are all of the distinct prime ideals of R that are minimal over QN R,
then for all j = 1,...,n, Cldim(R/I;) < B whence I; ¢ Specs(R) = Spec,(R).
Thus, for all j, I; € Spec’(R). By Lemma 4.2, o(R/(QNR)) = R/(Q N R).

Consider the pair (o*,7*). If 0*(S/P) = S/P, then o(R/(PNR)) = R/(PN
R). By [5, Lemma 12.2], there is a prime ideal P’ of R with P’ O PN R and
Cldim(R/P’) = Cldim(R/(P N R)) = B. However, since o(R/P’) = R/P', P’ ¢
Specg(R) = Spec,(R) and hence Cldim(R/P') < j3, a contradiction. Therefore,
c*(S/P) = 0. It follows from Corollary 4.4 that ¢*(S/Q) = 0. From the last
paragraph, o(R/(Q N R)) = R/(Q N R). Thus, by Lemma 4.2, 0*(5/Q) = 5/Q,

another contradiction. O

If S O R is a ring extension, then a prime ideal P of S lies over a prime ideal
P’ of R provided PN R C P’ and P’ is minimal over P N R.
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Corollary 5.3. Let R be a Noetherian ring for which classical Krull dimension
is a link invariant and let S O R be a Noetherian extension ring that satisfies the
following:
(1) If P,Q € Spec(S) and Q C P, then QN R C PNR.
(2) If P,Q € Spec(S) and Q C P, then there is no P’ € Spec(R) such that P
and Q lie over P'.

Then linked prime ideals in S are incomparable.

Proof. Let P,Q € Spec(S) with Q@ ~— P. If Q C P, then @Q "R C P NR. By [5,
Lemma 12.2], there is a prime ideal P’ of R with P’ O PN R and Cldim(R/P’) =
Cldim(R/(P N R)). It follows that P’ is minimal over P N R. However, from
Theorem 5.2, Cldim(R/(PNR)) = Cldim(R/(QNR)) and hence P’ is also minimal
over ) N R contradicting part (2) of the hypothesis. |

In the following, a ring S is called a finite normalizing extension of a ring R
provided S O R and there exists ai,...,a, € S such that Ra; = a;R for all ¢ and
S = Rai+...+ Ra,. Strongly group graded rings are defined in [3] and extensively
dealt with in [1].

Corollary 5.4. Let R be a Noetherian ring for which classical Krull dimension is
a link invariant. If S is a finite normalizing extension of R or if S is a strongly
G-graded extension of R where G is a finite group, then linked prime ideals in S

are incomparable.

Proof. In case S is a finite normalizing extension of R, then according to [9,
Proposition 2.12, Proposition 2.13], the first condition of Corollary 5.3 is true. From
[8, Corollary 2.4], the second condition holds (in fact, for any finite extension).
For S a strongly G-graded extension of R, it follows from [1, Proposition 3.7]
that both (1) and (2) of Corollary 5.3 are true. The conclusion follows. O

By [6, Theorem 8.2.8], classical Krull dimension is a link invariant for a Noe-
therian ring R that satisfies the second layer condition. This is also true for any
prime Noetherian ring R with Cldim(R) = 1 since, in this case, no nonzero prime
ideal can be linked to the zero ideal. However, not all such rings satisfy the second

layer condition and, in general, classical Krull dimension is not a link invariant.

Example 5.5. Let F be a field of characteristic 0, let F(Y') be the field of rational
functions and let § be the usual derivative. Let S = F(Y)[X;48] and let T be the
subring T = XS + F. From [6, Example 1.3.20], S is a simple principal ideal

domain, T is a Noetherian domain and XS is the only nonzero proper ideal of T'.
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It follows that XS is idempotent. In fact, XS is the only nonzero prime ideal of T
whence Cldim(T") = 1. Note that Cldim(S) = 0. From [9, 3.15], T does not satisfy
the second layer condition. Furthermore, by [6, Example 5.2.18], XS is torsion-free

as a left T-module and as a right S-module. Consider the formal upper triangular

T X
ne S

and the prime ideals Q and P defined below

0 XS T XS
QZ(O s )’P:<o 0 )

As rings, R/Q =T while R/P = S. Also, QP =0 and

0 XS
por- (1)

Since XS is torsion-free as a left T-module and as a right S-module, Q@ ~— P.

matrix ring
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