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1. Introduction

Cluster algebras were introduced by S. Fomin and A. Zelevinsky in [5, 6, 3,
7]. The original motivation was to find an algebraic combinatorial framework to
study canonical basis and total positivity. One of the unique characterizations of
cluster algebras is the way their generators (the cluster variables) are related. The
cluster variables are grouped in overlapping sets called clusters and each cluster
forms a (commutative) free generators set of an ambient field. Attached with each
cluster is a valued quiver and the cluster together with the valued quiver form a
pair called a seed. A new seed is produced from an existing one using an operation
called mutation, which defines an equivalence relation on the set of all seeds. The
equivalence classes are called mutation classes and each mutation class characterizes
a cluster algebra.

In an effort to explore the automorphisms that preserve the mutation classes of
coefficient-free skew-symmetric cluster algebras, the authors in [2] introduced and
studied cluster automorphisms, which are Z-automorphisms of cluster algebras that
send a cluster to another and commute with mutation. It was proved in [2, Corol-
lary 2.7] that the cluster automorphisms are exactly the Z-algebra automorphisms
that map each cluster to a cluster. Inspired by this result and by the strong iso-
morphisms introduced in [6], we mean by a cluster isomorphism an automorphism
of the ambient field that induces a bijection between the two sets of clusters of the

two cluster algebras.
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Any two seeds (X,Q) and (Y,Q’) of rank n in a field of fractions F and a per-
mutation o € G,,, define an automorphism over F, induced by sending the cluster
variable z; in X to the cluster variable y,(;) in Y for every 4. Such filed automor-
phism is called exchange map, (Definition 3.10). The aim of this work is to find
equivalent conditions on exchange maps to be cluster isomorphisms.

Quiver automorphisms act on the set of all seeds which gives rise to a relation

between seeds called o-similarity (Definition 3.5).

Theorem 1.1. Two cluster algebras of the same rank n are cluster isomorphic if
and only if there exists a permutation o € &, such that the cluster algebras contain

two o-similar seeds.

Positive cluster algebras are the cluster algebras that satisfy the positivity con-
jecture [5]. The class of positive cluster algebras includes all skew-symmetric cluster
algebras [11], acyclic cluster algebras [10] and cluster algebras arising from trian-

gulations of surfaces [12].

Theorem 1.2. An exchange map from a positive cluster algebra A to a positive
cluster algebra B is a cluster isomorphism if and only if it sends every cluster

variable in A to a cluster variable in B.

The article is organized as follows. Section 2 is devoted to cluster algebras asso-
ciated with valued quivers. In the first three subsections of section 3, we introduce
an action of quiver automorphisms on the set of all seeds, define the o-similarity
relation and provide some equivalent conditions for two seeds to be o-similar. In
subsection 3.4 we prove the main results (Theorems 3.14-3.15). We finish section
3, by providing presentations of groups of cluster automorphisms of some cluster
algebras of types Bo and Geo.

Throughout the paper, K is a field with zero characteristic and F = K (¢1,t5 ... 1)
is the field of rational functions in n independent (commutative) variables over K.
Let Auty(F) denote the automorphism group of F over K and Let &,, be the
symmetric group on n letters. We always denote (b;;) for the square matrix B and
[1,n] ={1,2,...,n}.

2. Cluster algebras associated with valued quivers

For more details about the material of this section refer to [4, 9, 5, 6, 7].
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2.1. Valued quivers.

e A valued quiver of rank n is a quadruple Q = (Qo, @1, V, d), where

— Qo is a set of n vertices labeled by [1, n];

— @ is called the set of arrows of @ and consists of ordered pairs of
vertices, that is Q1 C Qo X Qo;

=V ={(vij,vji) € NxN|(4,7) € @1}, V is called the valuation of Q;

—d = (dy,--- ,dy), where d; is a positive integer for each ¢, such that
d;v;; = vj;d;, for every i,j € [1,n].

In the case of (i,7) € @1, then there is an arrow oriented from i to j and in

(vig,v54)
notation we shall use the symbol -; B 5. Ifv;; = vj; =1 we simply

write -; —— ;.
In this paper, we moreover assume that (i,7) ¢ Q1 for every i € Qp, and if
(i,4) € Q1 then (7,7) & Q.

o If v;; = vj; for every (vij,v;;) € V then Q is called equally valued quiver.

o A valued quiver morphism ¢ from Q = (Qo, Q1,V,d) to Q' = (Qy, @1, V', d)
is a pair of maps (04, 01) where g4 : Qo — @ and o1 : Q1 — @ such that
o1(2,7) = (04(i),04(j)) and (vj,vj;) = (v(’w(i)%(j),v;¢(j)g¢(i)) for each
(i,7) € Q1. If ¢ is invertible then it is called a valued quiver isomorphism.
In particular ¢ is called a quiver automorphism of () if it is a valued quiver

isomorphism from @ to itself.

Remarks 2.1. (1) Every (non wvalued) quiver Q without loops nor 2-cycles
corresponds to an equally valued quiver which has an arrow (i,7) if there
is at least one arrow directed from i to j in QQ and with the valuation
(vij,vji) = (m, m), where m is the number of arrows from i to j.

(2) Every valued quiver of rank n corresponds to a skew symmetrizable integer

matriz B(Q) = (bij)i jen,n) given by

Vij, if (i,7) € Qu,
bij =40, if mneither (i,7) nor (j,i) is in Q1, (2.1)
_Uija Zf (]72) € Ql-

Conversely, given a skew symmetrizable n xn matriz B, a valued quiver Qp
can be easily defined such that B(Qp) = B. This gives rise to a bijection
between the skew-symmetrizabke n X n integral matrices B and the valued

quivers with set of vertices [1,n], up to isomorphism fizing the vertices.
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e The mutation of valued quivers is defined through Fomin-Zelevinsky’s mu-
tation of the associated skew-symmetrizable matrix. The mutation of a
skew symmetrizable matrix B = (b;;) on the direction k € [1,n] is given by
px(B) = (b};), where

b —b;j, it ke {i,j}, (2.2)
b;; + sign(b;,) max(0, bjgby;), otherwise.

e The mutation of a valued quiver () can be described using the mutation
of B(Q) as follows: Let ux(Q) be the valued quiver obtained from @ by
applying mutation at the vertex k. We obtain @} and V', the set of the
arrows and the valuation of ux(Q) respectively, by altering @1 and V of @,
based on the following rules

(1) replace the pairs (i, k) and (k, j) with (k,7) and (4, k) respectively and
switch the components of the ordered pairs of their valuations;

(2) if (4, k), (k,j) € Q1, but (4,7) ¢ Q1 and (i,5) ¢ Q1 (respect to (i,5) €
Q1) add the pair (7,7) to @, and give it the valuation (vixv;, Vkivjk)
(respect to change its valuation to (vi; + vikVkj, Vji + VkiVjk));

(3) if (i,k), (k,7) and (j,4) in Q1, then we have three cases

(a) if vipvk; < vij5, then keep (j,%) and change its valuation to (v;; —
VjkVkis —Vij + VikUkj);
(b) if vikvk; > vij4, then replace (7,¢) with (¢, 7) and change its val-
uation to (—vi; + vVigVkj, [Vji — VjkUkil);
(c) if vipvg; = vij;, then remove (j,4) and its valuation.
e One can see that; 43 (Q) = Q and uk(B(Q)) = B(ux(Q)) for each vertex k.

(2,3)
Example 2.2. Let Q = .3 —> o . Applying mutation at the vertices 1 and 2

mT /
(1,2)

‘1

. (3,2) (3,2) (2,1)
produces the valued quivers pui(Q) = g<— 9 anduz(Q) = 3 <—— 9 <~— - .

(Q’G)i /
(2,1)

1
2.2. Cluster algebras. [7, Definition 2.3] A labeled seed of rank n in F is a pair
(X, Q) where X = (z1,...,z,) is an n-tuple elements of F forming a free generating

set and @ is a valued quiver of rank n. In this case, X is called a cluster.

We will refer to labeled seeds simply as seeds, when there is no risk of confusion.
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The definition of clusters above is a bit different from the definition of clusters given
in [3], [5] and [6].

Definition 2.3 (Seed mutations). Let p = (X, Q) be aseed in F, and k € [1,n]. A
new seed (X, Q) = (ur(X), ux(Q)) is obtained from (X, Q) by setting ux(X) =

(1,...,2),...,z,) where z}, is defined by the so-called ezchange relation:
x;gxk = fp7wk7 where fp,;rk = H xflk + H .1';”“ (23)
(i,k)€Q1 (k,1)€Qu

And pg(Q) is the mutation of @ at the vertex k. The elements of F obtained by

applying iterated mutations on elements of X are called cluster variables.

Definitions 2.4. [Mutation class and cluster algebra]

e The equivalence class of a seed (X, )) under mutation is called the mutation
class of (X, Q) and it will be denoted by Mut(X, Q).

e Let X be the union of all clusters in Mut(X, Q). The (coefficient free)
cluster algebra A = A(X, Q) is the Z-subalgebra of F generated by X.

Theorem 2.5. [5, Theorem 3.1] (Laurent Phenomenon) The cluster algebra A(X, Q)

is contained in the integral ring of Laurent polynomials Z[:Cit, ..., xF]. More pre-

rn

cisely, every non zero element y in A(X, Q) can be uniquely written as

P(z1,22,...,2n)
= , 2.4
y .':C(lll . I%" ( )
where aq,...,an are integers and P(x1,29,...,2,) 18 a polynomial with integer
coefficients which is not divisible by any of the cluster variables x1, ..., xy,.

Conjecture 2.6 (Positivity Conjecture). If y is a cluster variable, then the poly-

nomial P(x1,Z2,...,%y,), in (2.4), has positive integer coefficients.

Definition 2.7. Positive cluster algebras are the cluster algebras that satisfy the

positivity conjecture.

3. Isomorphisms of cluster algebras

3.1. Quiver automorphisms action on seeds. Let ¢ be a quiver automorphism
of @ = (Qo,Q1,V,d). Then ¢ induces a permutation o4 € &,. We can obtain a
new valued quiver ¢(Q) = (Qp, @}, V', d’) from Q as follows

e @ is obtained by permuting the vertices of Q¢ using og;

o Q1 ={(04(i),04(5))(i,7) € @}

e For every (04(i),04(j)) € Q7 we give the valuation (v, (i)oy(j)s Yoy ()0s(i));
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o d'=(dsy1) 5 doy(n))-

(271)
Example 3.1. Consider the valued quiver QQ = 1 —— o withd = (1,2,4)

Ml /
(1,2)

‘3
and the quiver automorphism ¢ with underlying permutation o4 = (123). Then
(2,1)

¢(Q) = o —> 3 and ¢)(d) = (4a 172)'

Mi /
(172)

‘1

Question 3.2. For which valued quivers Q and a quiver automorphism ¢ are there

a sequence of mutations p such that ¢(Q) = pu(Q)?

The following example shows that there are cases in which such a sequence of
mutations does not exist.
) . (2,2)
Example 3.3. Consider the valued quiver Q = 1 —> 9 — -3, and the

quiver automorphism with underlying permutation (12). In the following, we will

. . (2,2)
show that there is no sequence of mutations p, such that ((Q) = o — 1 — -3

0 -2
or equivalently there is no sequence of mutations j such that u(B(Q)) =1 +2 0
-1 0
0 +2 0
Here we have B(Q) = | =2 0 +1 |. The proof is written in terms of the
0o -1 0
matriz B(Q) = (b;j). If we could show that there is no sequence of mutations that
sends the entry bas to zero, we will be done. We do this by showing that every se-
quence of mutations sends bog to an odd number. First we show, by induction on the
length of the sequence of mutations, that any sequence of mutations sends bis and
b1o to even numbers. For sequences containing only one mutation: one can see that,
only pa and ps would change bis and bys respectively, that is pa(bis) = ps(b12) = 2.
Now, assume that every sequence of mutations of length k sends by and bis to an

even number, and let p;, s, - .. pi, be a sequence of length k+ 1. So if

i iy (03g)) = (B). (3.1)

+1
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Then byy = 2m for some integer number m. We have

M, (bi3) = iz 4 sign(byy) max(0, b,bh3)

= by + sign(by,) max(0, 2mbj;)

which is a sum of two even numbers. This shows that any sequence of mutations
will send biz to an even number. In a similar way one can show that any sequence
of mutation sends byo to an even number.

Secondly, we show that every sequence of mutations sends |bas| to an odd number,
noting that the possible change in |bas| appears only after applying pi. We show
this by induction on the number of occurrences of p1 in the sequence.

Sequences containing only one copy of ui: Without loss of generality, let
iy iy - - - iy, be a sequence of mutations such that p;, = p1, and p;; # p1, Vj €

[1,k —1]. Then using the same notation as in (3.1), we have
by = £1 + sign(by;) max(0, by, b]5). (3.2)

However by, and b5 are both even numbers, so sign(by,) max(0, b5, b)3) must be an
even number, and then bhs is an odd number.

Sequences containing more than one copy of u1: Assume that any sequence
of mutations with py repeated k times sends bag to an odd number.

Let i, fi, - - - i, be a sequence of mutations containing k + 1-copies of pi. Then

we can assume that p;, = 1. Let

i -1y (b)) = () and i, iy ((big)) = (BL), (3.3)
then one can see that byg is an odd number and by, and b4 are both even numbers.

Then,

/!

b3 = by + sign(by3) max(0, by, bl3), (3.4)

a sum of an odd and an even number, hence bys is an odd number.

Let T = {t1,ta,...,t,} be a free generating set of F and o € &,,. We define an
F-automorphism o7, by or(r(ti,...t,)) = r(teq), - - tem)) for r(ty,...t,) € F.

Definition 3.4. Fix a cluster X in F. A quiver automorphism ¢, with underlying
permutation o4 € &, acts on the set of all seeds of F with respect to X as follows:
for any seed ¢ = (Y,T") define

¢x(q) == (ox(Y),o(I)), (3.5)
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where ¢x(Y) = ((64)x(W1),--.,(0¢)x(yn)). We write ¢(p) and ¢(Y) instead of
dx(gq) and ¢x (YY) respectively if there is no chance of confusion.

Definitions 3.5. (1) Let 0 € &,,. Two valued quivers @ and Q' are said to
be o-similar if o is the underlying permutation of a quiver isomorphism
between @ and one of the valued quivers Q" or (Q')°P.

(2) Two seeds (X,Q) and (Y, Q') are said to be o-similar if Q and Q' are

o-similar.

Remarks 3.6. (a) Q and Q' are o-similar if and only if B(Q) = ea(B(Q’)),
foree {-1,+1}.
(b) The o-similarity relation defines an equivalence relation on the set of all

seeds of F.

Lemma 3.7. Two quivers Q and Q' are o-similar if and only if

i i Vo (i)o Vo (k)o (i
I &=+ I &~= 11 w5+ II 6@ vkelin]

(i,k)€Q1 (k,i)EQ1 (0(3),0(k))€Q1 (o(k),0(i))€Q1
(3.6)

Proof. One can see that @ and Q' are o-similar if and only if (vij)ijcjin =

(Uér(i)o(j))i,je[lﬂl] and one of the following two conditions is satisfied

(i,7) € Q1 if and only if (0(i),0(j)) € Q, for every 1,5 € [1,n]; (3.7)
or

(i,7) € Q1 if and only if (0(j),0(i)) € Q}, for every 4,5 € [1,n]. (3.8)
Since {t1,...,ty} is a transcendance basis of F, then one of the conditions (3.7) or

(3.8) is satisfied if and only if one of the following two conditions is satisfied

(1)
H tf" _ H tzzzl(;)a(m and H tfk _ H t;)zr(k)a(i),vk c [L”]%
(1,k)€Q1 (0(3),0(k))€Q1 (k,i)€Q1 (o(k),0(i))€Q1

or

(2)
H t:)’k _ H tz’a(k)om and H tf’” _ H tZ?;;)”(k),Vk € [1,n).

(i,k)€Q1 (o(k),0(i))€Q1 (k,i)€Q (o(i),0 (k)€1

Which is equivalent to (3.6). O
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3.2. Main definitions. Let p = (X, Q) and p’ = (Y, Q") be two seeds of rank n.

Definition 3.8. Let f be an element of Aut (F).

e fiscalled a cluster variables preserver from A(X, Q) to B(Y,Q’), if it sends
every cluster variable in A to a cluster variable in B. In particular, f is
a cluster variables preserver of a cluster algebra A(X, Q) if it leaves X,
the set of all cluster variables of A, invariant. For simplicity we call such
automorphisms the X'-preservers.

e [1,2,6] f is said to be a cluster isomorphism from A(X,Q) to B(Y,Q’) if
it induces a one to one correspondence from the set of all clusters of A to
the set of all clusters of B. In particular, f : A — A is called a cluster

automorphism of A if it permutes the clusters of A.

Remark 3.9. An element f of Autk (F) is a cluster isomorphism from A(X, Q) to
B(Y,Q') if and only if it induces a one to one correspondence between the mutation
classes Mut(X,Q) and Mut(Y,Q’). This is due to the fact that for every seed
(X, Q) the quiver Q is uniquely defined by the cluster X which has been proved in
[8, Theorem 3].

3.3. Exchange maps.

Definition 3.10. Let 0 € 6,, and p = (X, Q) and p’ = (¥, Q’) be two labeled seeds
in F. Then, the map T}, », induced by z; — ys(s), is called an exchange map.

One can see that exchange maps are elements of Autg (F).
Lemma 3.11. Let 0 € S,,. Then
Q and Q" are o-similar if and only if Typ o(pk(Tk)) = fo) Yox)), for allk € [1,n].

Proof. =) Assume that Q and Q' are o-similar valued quivers. Then v;; = v/, (o ()

for every 4, j € [1,n] and one of the conditions (3.7) or (3.8) is satisfied. Hence

1
Top o (p(zk)) = Tppro . H ;" + H ;"
P \(keq (ki) €Q1
1
— Vik Vki
T I vty + I wity
7 (i,k)EQ1 (k,i)EQ1
_ 1 ”'a(z‘)o(k) Ufy(k)o(w
Yot VORI | RN
(0(i),0(K)EQ} (o(k),0(i))€Q}

= ua(k)(ya(k‘))'
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<) Suppose that Q and Q" are not o-similar. Then (3.6) is not satisfied. Hence

Typt o (fpyax) # fp/,yawp for some k € [1,n]. Therefore Ty o (pi(wr)) # Ko (k) (ya(k))
for some k € [1,n]. O

Lemma 3.12. For every o € G, and any square matriz B, we have
o(pr(B)) = po)(o(B)), forall k € [1,n]. (3.9)

In particular, for every valued quiver @

(1(@)) = Moy (0(@Q)),  for all € [L,m]. (3.10)

Proof. Let o(B) = (b};), o) (0(B)) = (bij), pe(B) = (bl;), and o(uk(B)) =
(b7;)- We obtain the matrix o(B) from B, by relocating the entries of B using o.
Indeed, the entry b:j = b071(i)071(j).

7 _b;j7 if O'(k) € {Zvj}a

by =
b + sign (b, Jmax(0, bfkb,tj), otherwise

—bo-1()o-1(5), if ke {o71(d), 071 (5)}

bo-—l(i)a-—l(j) + Sign(b0—1(i)g_l(k))max((), ba—l(i)a—l(k)ba—l(k)a—l(j))v otherwise

_ /
= Yo l(i)o1(4)

= by
This proves (3.9). Identity (3.10) is immediate by using B = B(Q) in (3.9). O

Theorem 3.13. Let (X,Q) and (Y,Q') be two o-similar seeds. Then for any

sequence of mutations [, , fbiy, 1, - - - iy, the following are true

(1) i iy - iy (X, Q) and pioiyyHo(in_y) - - - Ho(in) (Y, Q') are o- similar,
(2) Topt o (Big iy -+ - 110y (X)) = Hoip)Holin_r) - - - Po(in)(Y)-

Proof. To prove part (1), assume that @ and @’ are two o-similar valued quivers.
Then B(Q) = eo(B(Q')) for e € {—1,+1}. Hence from (3.9), we have

1k (B(Q)) = p(ea(B(Q"))) = €0 (o) (B(Q'))), for every k € [1,n].

Therefore, jux(B(Q)) and p, () (B(Q')) are o-similar for every k € [1,n]. An in-

duction process generalizes this fact to any sequence of mutations g, , fi,_y»- - - 5 tiy -

For part (2)7 let Pivip = Miglig_q - - - Hiy (p) and p;(il)g(ik) = Mo (ir)Mo(ig_y) - Na(il)(p/)~
/

o (i1)o(in_1) BTC o-similar. Then

Part (1) of this theorem tells us that p;,;,_, and p
Lemma 3.11 implies that

Tpilikpf,(il)‘,(ik)ﬁ(uik (/’I’ik—l o My (X))) = Higry (:uig(kfn s ,uo(zl)(Y)) (311)
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So, it remains to show that

Tpilikpf,(il)ﬂ(ik),d(/‘ik (/‘l’ik—l “e iy (X))) = Tpp’,ff(ﬂik (Iuik—l e iy (X)) (312)

This will be proved by induction on the length of the sequence of mutations. First
we will show (3.12) in the general setting for sequences of mutations of length 2.
Let ¢ = (Z,D) and ¢’ = (T, C) be any two o-similar seeds, and let g1 = p;(Z, D) =
(Z',D"), ¢} = pou)(T,C) = (T",C"). We show that

quqiﬂ(ﬂkui(z)) = Tyq' o (pxf1i(2)). (3.13)

Let z; be a cluster variable in Z. Then for j # i, both of T, 4 ,, and T4y, will
leave z; unchanged. Now, let j = 7. Then, using the notation f, ;, introduced in

Equation (2.3) above, we have

[ \Zi fq’ to(i
Ty ap.0(pi(2i) = Toyq,.0 ( Z =7 Lo (i)

i p1py,0 (Zz)
However,

f i?ta i
Torar o (1i(20) = to) (o) = 2

to(i)

Hence, Ty, 1 o (2i) = to(s). This shows that Ty, 4 o, and Ty » have the same action
on every cluster variable in Z, and since cluster variables from the cluster pgpu;(2)
are integral Laurent polynomials of cluster variables from Z, this gives (3.13).

For equation (3.12) we use induction on the length of the mutation sequence. As-
sume that equation (3.12) is true for any sequence of mutations of length less than

or equal k — 1. Now we have

T;Dilikpélik,ﬂ(/‘ikﬂik71 - iy (X)) = Tpilik72p;lik7270(/"Lik“ik—1 Ry (X))
= Tpplva'(uikuik—l e Py (X))a

where the first equality is by (3.13) and the second is by the induction hypotheses.
|

3.4. Main theorem. Equivalent conditions for exchange maps to be cluster au-

tomorphisms are provided in this subsection.

Theorem 3.14. Let p = (X,Q) and p' = (Y, Q') be two labeled seeds in F, and
0 € S,. Then p and p' are o-similar if and only if Ty o is a cluster isomorphism
from A(X,Q) to B(Y,Q'). In particular, two cluster algebras of the same rank n
are cluster isomorphic if and only if there exists a permutation o € &,, such that

the cluster algebras contain two o-similar seeds.
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Proof. Assume that p and p’ are o-similar. Let (Z, D) € Mut(X, Q). Then there
is a sequence of mutations fi;, , ftiy, - - -, fi, such that Z = p;, pi, ... i, (X). Then
part (1) of Theorem 3.13 implies that jus, ... s, (X, B) and (i) - - - fo(iy) (Y, BY)

are o-similar too. But, from Theorem 3.13 part (2), we have

Topr o (Hiy (B - - 10y, (X)) = fhoin) (Bo(in) - - - Ho(in)(Y))s

and since the right hand side is a cluster, then T, , sends Z to a cluster in
Mut(Y, Q). So, Tpy - sends every cluster in Mut(X, Q) to a cluster in Mut(Y, Q").
Since the map p;, ... fi, = fo(iy) - - - Ho(i,), With ¢ a non-negative integer, is a one
to one correspondence on the set of all sequences of mutations. Thus 7, , defines
a one to one correspondence from the set of all clusters of Mut(X, @) to the set of
all clusters of Mut(Y, Q’).

Assume that T}, , is a cluster isomorphism. Then T, ,(u;(X)) is a cluster in
Mut(Y, Q"); which shares n—1 cluster variables with the cluster ;) (Y"). Then from
[8, Theorem 3], each one of the two clusters can be obtained from the other by apply-

ing one mutation which must be i,(;). But ui(i) Yo (i) = Yoy and Tppr o (i) =

Tpp’,a(fpyzi)
Yo (i)

every i € [1,n]. Therefore, p and p’ are o-similar, thanks to Lemma 3.11. |

. Then the two clusters coincide, hence Ty o (1i(2:)) = pro (i) (Yo(i)) for

Theorem 3.15. Let p = (X,Q) and p' = (Y, Q') be two labeled seeds in F such
that A(X, Q) and B(Y,Q’) are positive cluster algebras and let o € &,,. Then the

following are equivalent:

(1) Tpp .o is a cluster variables preserver from A(X, Q) to B(Y,Q');
(2) p and p' are o-similar;
(3) Tpp o s a cluster isomorphism from A(X,Q) to B(Y,Q").

Proof. (1) = (2). To show that p and p’ are o-similar, we only need to show that
Topr o (1i(2i)) = Hoi)(Yo(iy), for all i € [1,n], thanks to Lemma 3.11.
Let z = Tppr o (i) and € = pig(i)(Yo(iy). Then

- L“”(fw), and &= e, (3.14)

Yo (i) Yo (i)

Both of Typ o (fp,z) and fpr y,,, are elements in the ring of polynomials
LlYo(1)s " s Yoli—1)s Yo(i+1)s - - - » Yo (n)] Such that neither of them is divisible by v
for any j € [1,n]. From the assumption that T}, , is a cluster variables preserver
from the cluster algebra A(X, Q) to the cluster algebra B(Y,Q’), then z must be
a cluster variable in B(Y, Q). Hence, by Laurent phenomenon, z is an element of

the ring of Laurent polynomials in the variables of the cluster p,(;)(Y") with integer
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coefficients. More precisely, z can be written uniquely as

L P(Z/a(mya(g),---_, l/a(z'71),§, Yo(i+1)s -+ Yo(n)) (3.15)
Yo(1) + Yolm )€  Ya(it1) - Yan)

where «; € Z, for all i € [1,n] and P is not divisible by any of the cluster variables
Yo(1), Yo(2)s - - Yo(i=1)1 &> Yo (i41)s - - - » Yo(n)- Comparing z from (3.14) and (3.15), we
get

Qi1

« Qg — «; An
Tyt o (fp,e) - yg(ll) e yo(i_ll) Y S Yo(it1) " Yo(n) = P ys(s- (3.16)
Since fp . is not divisible by any cluster variable x; for any i € [1,n| as well then
Topr .o (fp.) is not divisible by y; for all ¢ € [1,n]. More precisely Ty o (fp.z) is &
sum of two monomials in cluster variables from Y\ {¢/,(;) }, with positive exponents.
Therefore o; = 0 for all j € [1,n]\ {i}. Then equation (3.16) is reduced to
Io' o -
Tpp’,a(fp,z) <7U(l>) =P yo(i)'
Yo (i)
For «;, we break it down into three cases:
(1) if o; > 0, then y:(:)'l divides either Ty o (fpz) Or fy .y, which is a contra-
diction; (2) if a; < —1, then y;(oi‘)ﬁl divides either P or fy 4, . which again is a

contradiction; (3) assume a; = —1. Hence (3.16) ends up to

Tpp’,<7<fp,x) =P fp’,ya(n’ (3-17)

where fy y, ) is a sum of two monomials in cluster variables from Y\ {y,(;}, with
positive exponents. However, P is a polynomial with positive integers coeflicients,
and not divisible by any cluster variable from Y’ = p,(;)(Y’). From equation (3.16)
and since Ty o (fp,2) is a sum of two monomials, then P must be an integer. Finally,

since the coefficients of Ty o (fpz) and fyr y, ,, are all ones, then P = 1.

Hence
Tpp’,d(fp,m) = fp’,yau)- (3-18)
Therefore
Tppt o (1i(%i)) = Ho (i) (Yo (i), for all i € [1,n]. (3.19)
(2) = (3) is from Theorem 3.14, and (3) = (1) is immediate. O

Corollary 3.16. If p and p' are two labeled seeds in A(X,Q) and o € &,,. Then

(1) p and p’ are o-similar if and only if Ty » is a cluster automorphism of A.
(2) If A is positive cluster algebra. Then, the following are equivalent

(a) Tpp o is a X-preserver;

(b) p and p’ are o-similar;

(¢) Tppr o is a cluster automorphism.
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Proof. Special cases of Theorems 3.14 and 3.15 by taking B(Y, Q') = A(X,Q). O

3.5. The exchange group and the group of cluster automorphisms. Defi-

nitions 3.8 and 3.10 give rise to the following two subgroups of Aut x (F).

Definitions 3.17. (a) The exchange group, denoted by EAutA(X, @), is the
subgroup of Autg (F) generated by {Tpp o|p,p' € Mut(X,Q), o€ &,}.
(b) [2] The cluster automorphisms group AutA(X, @) is the subgroup of Aut i (F)

that consists of all cluster automorphisms of A(X, Q).

Corollary 3.18. (1) AwtA(X, Q) = {Tpp oD, 0" are o—similar in A(X,Q),0 €
Gn}-
(2) AutA(X,Q) = EAWA(X,Q) if and only if the o-similarity relation on

Mut(X, Q) has only one equivalence class.

Examples 3.19. (1) If (X, Q) is a seed of rank 2 then AutA(X, Q)=EAutA(X, Q).

@) Let Q= 1 22 Then AwtA(X, Q)=EAutA(X, Q).

(2,2) l /
(2,2)
‘3
In [2], the authors computed the cluster automorphism groups for cluster algebras
of Dynkin and Euclidean types. Using Corollary 3.18 and part (1) of Example 3.19,

we provide presentations for exchange groups and the cluster automorphisms groups

of cluster algebras of types By and Go.

Example 3.20. (1) The group of cluster automorphisms Aut(X,B,).
AutA(X,By) = {T1,To| TE =T3 =1,(ThTy)* =1}.
(2) The group of cluster automorphisms Aut(X,Gs).
AWtA(X,Go) = {11, To| T? =T5 =1,(T\T»)* = 1}.
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