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Yetter-Drinfel’d modules, which is a generalization of the results studied by
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1. Introduction

The integrals for a Hopf algebra H and the more general ones were introduced
by Doi ([7]), stating that the existence of an integral is the necessary and sufficient
condition for the existence of a natural transformation between two functors linking
the categories of relative Hopf-modules M and right H-comodules M. The
categorical point of view towards integrals associated to a Doi-Koppinen datum
(H, A, C) was introduced by Caenepeel et al. ([4]) to prove separability theorems.
In [9], the authors weakened the conditions for a total A-integral in the sense of
Caenepeel. The integrals cover the integrals introduced by Doi and the classic
integral by Larson and Sweedler [8]. As a major application, the quantum integrals
associated to quantum Yetter-Drinfel’d modules HyD 4 were introduced.

Weak bialgebras and weak Hopf algebras given in [2] generalize the ordinary
bialgebras and Hopf algebras by weakening the comultiplication of the unit and
the multiplication of the counit. Comultiplication is allowed to be non-unital,
A(lpy) = 1;®15 # 15 ®1y but the comultiplication is coassociative. In exchange for
coassociativity, the multipicativity of the counit is repaced by a weaker condition:
e(hg) = e(hly)e(lag), implying that the unit representation is not necessarily one-
dimensional and irreducible. Weak Hopf algebras provide a good framework for

studying symmetries of certain quantum field theories. The examples of weak
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Hopf algebras are groupoid algebras, face algebras and generalized Kac algebras.
It has turned out that many classical results of bialgebras and Hopf algebras can
be generalized to weak bialgebras and weak Hopf algebras. The main purpose of
this paper is to define the more general concept of an integral associated to weak
Yetter-Drinfel’d modules, which generalizes the integral introduced by Menini and
Militaru in ordinary Hopf algebra setting.

The paper is organized as follows: In Section 3, we introduce weak Yetter-
Drinfel’d modules and prove that there exists some equivalence between the cat-
egory YD, of weak Yetter-Drinfel’d modules and the category Mp of left B-
module, where B = A = {a € A|p(a) = S (1(1))1(—1)®al(p} (see Proposition
3.5), and study the affineness criterion for weak Yetter-Drinfel’d modules (see The-

orem 3.7).

2. Preliminaries

We always work over a fixed field k and follow Sweedler’s book [10] for the ter-
minologies on coalgebras and comodules. For the comultiplication A in a coalgebra
C, we use the Sweedler-Heyneman’s notation, A(c) = ¢; ® ¢g, for all ¢ € C. All
algebras, linear spaces etc. will be over k. All maps are k-linear and ® means ®y

unless otherwise specified, etc.

Definition 2.1. Let H be both an algebra and a coalgebra. Then H is called a

weak bialgebra in [2] if it satisfies the following conditions:
Alzy) = A(x)A(y),
A1) = (AN DA A1) =1 AQ)(AD) 1),
e(zyz) = e(zyr)e(y22), e(eyz) = e(wyz)e(yr2),

for any x,y,2 € H, where A(1) = 17 ® 15 and A? = (A ®idg) o .

Moreover, if there exists a k-linear map S : H — H called antipode, satisfying

the following axioms for all z € H,
x15(x2) = e(112)1a, S(z1)z2 = l1e(xls), S(x1)z2S5(23) = S(2).

Then the weak bialgebra H is called a weak Hopf algebra.
For any weak Hopf algebra H, we define two maps €;,6s : H — H by the

formulas
er(x) = e(l1x)la, es(x) = 11e(xls)

and denote by H; the image ¢¢(H ), and denote by Hy the image e,(H).



THE AFFINENESS CRITERION FOR WEAK YETTER-DRINFEL'D MODULES 43

Let H be a weak Hopf algebra. Recall from [2] that the following properties
hold, for all h,g € H,

(W1) H; and Hy are two sub-algebras of H,

(W2) A(l) =1, ® 15 € H; ® Hy, g¢(h)es(g) = es(g)ee(h),

(W3) A(et(h)) = Liee(h) ® 12, Ales(g)) = 11 @ e4(g)12,

(W4) hy ® e5(he) = hl; @ S(12), et(h1) ® ha = S(11) ® 12h,

(W5) hy ® e¢(ha) = 11h ® 1g, e5(h1) @ ha = 11 ® hla,

(W) epoey =&, 5065 = €5,

(WT)eroS =¢croes=S0¢e,, e50S =e50e, =S oey,

(W8) S(hg) = S(9)S(h), S(h2) ® S(h1) = S(h)1 ® S(h)2, and S(1) =1, e0 S =¢,
(W9) hies(g) ® ha = h1 ® haS(es(g)), h1 ® e¢(g)ha = S(et(g))h1 ® ha.

Definition 2.2. Let H be a weak Hopf algebra over the field k. Recall from [3]
that a left H-comodule algebra is an algebra A together with a multiplicative left
H-coaction p! : A — H ® A satisfying the condition

p'(1a) = (g5 @ida) o p'(1a).

We use the standard notation p'(a) = a(—1) ® a(y, for any a € A. For the
coassociativity of the left comodule, we write ((idg ® p') o p')(a) = a(—2) ® a(_1) ®
ag) = a(—1)1 ® a—1)2 @ a) = (Ag @1ida) o p')(a), for any a € A.

Similarly, a right H-comodule algebra is an algebra A together with a multiplica-

tive right H-coaction p" : A — A ® H satisfying the condition
p'(1a) = (ida ® &¢) 0 p"(1a).

We use the notation p”(a) = a(y) ® a(;). For the coassociativity of the right co-
module, we write ((p" ® idg) o p")(a) = a@) ® a1y ® a2y = a) ® a1y @ a(1)2 =
((ida ® A) o p")(a), for any a € A.

An H-bicomodule algebra is an algebra A, that is an H-bimodule, such that A is
a left and a right H-comodule algebra.

3. The affineness criterion for weak Yetter-Drinfel’d modules

Recall form [6], a weak Yetter-Drinfel’d module is a right A-module and a left
H-comodule (M, -, pas) such that
(1) p(m) € HRM = {hl(_;y@m - 1oy|h € H,m € M},
(2)
M(-1)8(-1) ® M(0) " 6(0) = a(1)(m - a(0)) (1) @ (M a(0) ) 0)- (3-1)
The category of weak Yetter-Drinfel’d modules and k-linear maps that preserve the

A-action and H-coaction is denoted YD 4.
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Lemma 3.1. Let A be an H-bicomodule algebra. For all a € A, we have

ei(aq)) ® a) = 1) @ Lo)a, (3. 2)

es(amy) ® a@y = S(1)) ® al(), (3. 3)

Ly @ Loy @ Lo =11 @ Loyl @ 1) (3 4)

Proof. Similar to [10]. O

Lemma 3.2. Let M be a right A-module and a left H-comodule. Then the com-
patibility relation Eq. (3.1) is equivalent to

pu(m-a) = S~ aqy)m1ya1) @ m) - a)- (3.5)
Proof. Assume first that Eq.(3.5) holds. Then for a € A,;m € M,

aqy(m - aq))(-1) @ (m - a(0)) o)

a8 aw)mnae - © me - ao o)
= ame2S T (au))m-1)ag)-1) ® M) - a0) ()
= S Helaw))m-1yap)-1) © M) - ao)0)
= ST (a)m-1ny(a)-1) @m) - (Lo)a)o)
= ST a)menlnacn ®@mo) - Lo
(3.5)

m(—1)a(-1) & M(0) * 4(0)-

Conversely, if Eq.(3.1) holds, then

Hag@y)m-1ya1y ® m) - a(o)

(
5 am)aqy(m - ag) 1) ® (m-a@))
“Hagyz)aa(m - a@)) 1) @ (m - ag@))
“Hes(a)))(m - ag@))(-1) ® (m - a))(0)
= lay(m-alg)-1) @ (m-al@)o
= (m-a) 1l @ (m-a)o) - Lo
=  (m-a)—)®(m-a)g) = pu(m-a).

O

An important object of YD, is the Verma structure (A, -, ), where - is the

multiplication on A and the left H-coaction p is given by

p:A->H®A aw Sil(a(l))a(_l) & ao),
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for all a € A.

Recall from [1], see also [5], that # YD 4 can be viewed as a category of weak Doi-
Koppinen modules associated to the weak Doi-Koppinen datum (H ® H°P, A, H),
where
(1) A is a weak left H ® HP-comodule algebra via

a— (a1 ® S_l(a(l))) ® a0y,

for all a € A,
(2) H is a weak right H ® H°P-module coalgebra via

g9 (h©k) = kgh,
for all g,h,k € H. Then TYD 4 = ¥ M(H ® H°P) 4. Here we shall check
g-ei(h®@k) =c(g1- (h®@k))ga,
which is a condition for being a module coalgebra. Indeed,
elgr- (h®@k))ge  =c(hgik))ge
= e(es(h)gree(k)) g2
W
= e(es(h)(gee(k))1)(gee(k))2
) _
=" e((gee(k)1)S ™ (es(h))(gee (k)2
= S7 (es(h) (g2 (k)

=g- (Et(k/’) & S_l(gs(h)))
=g-g(h®k).

—
w
=

E

Definition 3.3. Let H be a weak Hopf algebra with a bijective antipode S and A
an H-bicomodule algebra. A k-linear map v : H — Hom(H, A) is called a quantum

integral, if
91 ®7(g2)(h) = S™H(v(9) (h1)) 1)) h2(v(9) (A1) (1) @ (7(9)(h1)) (), (3. 6)
for all g,h € H. A quantum integral v : H — Hom(H, A) is called total, if
v(h1)(hs) = 5(571(1(1))h1(—1))1(0)’ (3. 7)
for all h € H.

Proposition 3.4. Let H be a weak Hopf algebra with a bijective antipode S and
A an H-bicomodule algebra. Assume that there exists a total quantum integral
v:H — Hom(H,A). Then jp: A — HX A splits in TYD 4.
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Proof. We can prove that the map

N HRA— A,

ST L)L (—1) ® al() — ag)y(11h11) (1,8 (a))ac-1)12),

for all h € H,a € A, is a left H-colinear retraction of p. In particular,

)\(5_1(1(1))1(,1) ® 1(0)) =1
Since

(S~ 1(1(1))1<—1>®1<0>)
= 1(0’71 D155 (11))1(<1)12)
)(1 187 (1)1 1))
1)(128™H (1)) 1(-1)
(S A L)) (ST 1)) L=1))2)
s~ (1)) (1(1))1(71)1/( ))1,(0)
ST 1w Ta) L=n 1))
ST w)-n);

H\,_.\

= 71

= 0)7

(
(
(
= 7(
= g(
— el
= g(
we have
Loe(S™ (1)) =1

Since A is an H-colinear map, we have

91 @ A(S™ (1(1))g21(—1) ® al(g))

= STHAST 1@)gl (-1 © al() @) AMS T (1ay)gl -1y © al)) (-1
DASTH(1(1))gl(—1) @ al(g)) o),
for all g € H and a € A. We define now
AMHKA— A,
STHL)hl-1) © algy = AS™H(11))S ™ (aq))hS(a-1)1(—1) © L)),

for all h € H,a € A. Then, for a € A, we have

—

Ao p)(a)
S—l

Il
>

(8™ (aqy)a-1) ® aq)

(S™H(1))S ™ (a@)) S~ (a@))ac1)S(a)-1)1(-1) @ Lo))a)()
(S71(11))5 % (agy)1)S ™ a)ay2)a—1)S(a@) 1)) 1(=1) @ 1(0))a) (o)
(S (1)

i
> >

S™H 1))~ (er(a)))a-1)S(a)-1)1-1) @ Lo))aq) ()
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(3:2) /
= _1)8((Li0)a0) (=1) L=1) ® L(0)) (11080 0)

(
a2 S yacn)l1) ® 1o) e

Q
—~
|
—_
—
—
—~
Q
—~
|
—_
—
N
~
—~
—_
/—\
=
~
—_
—~
—_
—
—_
—~
=]
=
~
—_
—~
(=]
=
S
~
=
=

1)(1257 (1) 11 12) 1 gya
= LS (;1))5(1/(71))11)(5_ (1(1))1(,1)12)1/(0)a
= 1((S™ (1(1))5(1/(_1))5_1(1(1))1(*1))1)
((S*Q(l’u))su’(_lps*<1<1>>1< n)2 >1'<o>a

= Loeles(e(S T (1a))S ™ a1 e (1)) Lg)a
= le(S™ 1(1(1)) (1(1))1(—1)1;—1))1/(0)(1
= 1(0)8 S~ 1(1(1 )1( 1))(1 =a,

= Loe(ST 1n)S 2 (1n)SA)) ST (a1 - 1)1 o Loe
= LS 10)S T (La)S (1)) S(L 1>>1<1 )’@ 0@
= LS ' (1 (1))5 2(1/(1))5(1( - 1)1 )1(0) (o)a
= Le(S T (10)S 2 (1) S pl- )l)a
= le(S™ 2(1;1 )S~ (1)) L-1S(1 ( 1)))1/(0)“

(

(

(

i.e., A still is a retraction of p. Now, for h € H,a,b € A, we have

A((S‘l(l(l))hl(,l) ®al(y) - b)
= A(SH (b)) hb(_1) ® abgy))
= ASTH(1a)S (b)) 1)) S~ (bay)hb(-1)
S((ab))(-1))1(-1) ® L0))(ab)) (o)

= AT 1a)S (a)) S (boy1))S ™ (b)) hb-1)
S(boy(-1))S(a(-1))1(=1) ® L0))@(0)b(0)(0)

= AMSTH(1w)S ™ (a@) ST (boy1)1) ST (boyay2) b1
S(boy(-1))S(a(-1))1(=1) ® L0))@(0)b(0)(0)

= MSTH1)S™(aqy) S (b)) b1y S (boy(-1))
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S(a-1))1-1) @ Lo))a)bo) o)
= ASTH1)S T (a1))S > (1)) Ab-1)S (L0 b)) (1))
S(a-1)1(-1) @ Lioy)ag) (L)b)o)
= ST (1w)S 2 (a)S 2 (1)) hb-1)1S(b(~1)2) S(1_1y)
S(a1)1(-1) ® L(o))a)L(o)bo)
= MSTM11))S (a)S 2 (1 gy her(b-1))S(1L_yy)
S(ac1)11) @ Lg)agL)bo)
= AMSTM (1) S (e1))S (1)) hS (1)) S (1)) S(a(-1y)
L1 ® Li0))ag) L) Loy
= AS7H(1))S Haa)hS(1_1)S(a-1)1—1) ® 1(o))ag)l)b
= A5 (11)S % (a@))hS(a-1)) 1) @ 1(0))aco)b
= AS™'(1())hl(_1) ® al(g))b,

hence A is right A-linear. It remains to prove that A is also left H-colinear.

poA(ST (Lay)hl(—1) ®al(y)

= AT 1@)S*(am)hS(ac1)1-1) @ Lo))a)

= STHAMSTH1w)S*(a@)hS(a-1))1-1) ® Lo))aw) o)
MSTH 1) S (a))hS (a-1)1(-1) @ 1(0))a())(-1)
@A™ (11)) S (aq)hS(a-1)1-1) ® Lo))aw) o)

= S Ha@)STT ST (1)) S (ag))hS (a-2))1(=1) @ L)) 1))
AS™H 1)) S (ag))hS(a-2)1(-1) ® L)) —1)a(-1)
RAS™H(11))S ™% (ag))hS(a—2))1 1) @ 1(0))(0)a(0)

= S Ha@)S ?(a@)1)hS(a(—2)2)a1)
RS (1(1))S % (ag)2)h2S(a—2)1)1(-1) ® 1(0))a)

= SN a)S *(aqy)hS(a-2))ac-1
QA(S™ (1(1))S ™2 (ay3)haS(a(—2)1)1(—1) ® L0))ao)

= S (es(agy)mS(acay)ac
OAS™H(1(1))S ™ (aq)2)h2S(ac—2)1)1(-1) ® L(o))ao)

= S72(1)hiS(a2)2)a-1)
OAS™H (11)) S (aq)12)h2S(a-2)1)1(-1) ® L())aco
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= hlS(a(—2)2)a(—1)
AANST (1(1))S*(aq))haS(a(-2)1)1(—1) ® Lio))a()
= hiS(ac1y2)ans @ AMS™H(1w)S ™ (a))h2S(a-1)1)1(-1) © L0))a)
= hies(a—1)2) @ A(S™ ( S~ 2(&(1))]12 (a—1y1)1=1) @ L(0))ao)
= S(12) @ A(S™(11))S ™ (aqy)haS(a(-1y 11)1(—1) © L(o))a(o)
= h @S (11))S 2 (an))h2S(a—1))1(-1) ® L(0))a()
= (id® Npara(S~' (1))hl(—1) ® al(p),

i.e., it is proved that A is a retraction of §in TYD 4. (]
We can define the coinvariants of A as

B=A“" = {a€Alp(a) =5"(11))1(-1) ®al)}
{a € AIS™ (aq))a-1) @ ag) = ST (1)) 1(<1) ® al},

then B is a subalgebra of A and will be called the subalgebra of quantum coinvari-
ants.

Now, we will construct functors connecting “YD,4 and Mp. First, if M €
HYD 4, then the coinvariants of M

Mt = {m e M|m(_1) @ my = S’l(l(l))l(_l) ®@m - 1)}
is a right B-module. Furthermore, we have a covariant functor
(=) YDy = M.
Now, for N € Mg, N®p A € HYD,4 via the structures
(n®pa)-d =n®paa,

presa(n @pa) = S (aqy)a-1) ©n @ ay),

for all n € N,a,a” € A. In this way, we have constructed a covariant functor called

the induction functor
- Q@ A: Mp— HyDA.
We now prove that the above functors are an adjoint pair.
Proposition 3.5. Let H be a weak Hopf algebra with a bijective antipode S and A

an H-bicomodule algebra. Then the induction functor — @p A : Mpg — HYD 4 is
a left adjoint of the coinvariant functor (—)°H : HYD 4 — Mp.
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Proof. The unit and the counit of the adjointness are given by
nv:N = (N A" nisnepla,
for all N € Mpg,n € N, and
B M°H @5 A— M, m®ga— ma,
for all M € #YD 4, m € MH and a € A. O
Let A be an H-bicomodule algebra. Notice that
HRA={S""(14))hl(_1)®@blglh € H, ac A} € "YD4
via the following structures
(ST (1 ))hl(1y ®bl(g)) - a = S ap))ha(—1) @ ba(), (3. 8)
parA(STH(1 W)hl-1) ®@bly) =h1 ® S~ (1(1 Yhal(_1y) @ bl(g). (3. 9)
Lemma 3.6. Let A be an H-bicomodule algebra. Then
(HR A)°H = A,
Proof. We can construct the desired map as follows
0:A— (HRA)! ar S (11) 1) ®al().
Notice that §(a) € (H K A)*°H | we check it as follows

prma(0(a)) = puma(S™'(11))1(-1) ®al(g))
1, ® S™ (1) 121(<1) ® alg),

and

ST U)oy @ (STH 1)) L1 ® al) - 1g
= 5 (1/(1))1(—1) ®87(1 /(0)(1))1/(0)(—1) ® al;o)(o)
= S7'(1)L ® ST (111l 1) @ al()
= 1L, ®S " "(1)l2l(—1) ®al
= paxa(f(a)).
O
From Lemma 3.6 it follows that the adjunction map Syxa can be viewed as a

map in HyD 4 via

Oaxa: AR A— HK A, a®Bbr—>Sfl(b(1))b(_1)®ab(0),
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for all a,b € A. Here A®p A € YD, via the structures
(a®pb)-d =a®pba,
paesa(a®pb) =S (b))b-1) @ a@p b),
for all a,b,a’ € A.

We will now prove the main result of this section, that is, the affineness criterion

for weak Yetter-Drinfel’d modules.

Theorem 3.7. Let H be a weak Hopf algebra with a bijective antipode S, A an
H-bicomodule algebra, and B = A®H . Assume that
(1) there exists a total quantum integral v : H — Hom(H, A);

(2) the canonical map
b:ARp A— HXKA, a®®pb— S_l(b(l))b(,l) ® ab(o)
18 surjective. Then the induction functor —Qp A : Mpg — HYD 4 is an equivalence

of categories.

Proof. In Proposition 3.5 we have shown that the adjunction map ny : N —
(N @p A)°H is an isomorphism for all N € Mp under the assumption (1). It
remains to prove that the other adjunction map, namely Sy : M°T ®@p A — M is
also an isomorphism for all M € YD ,.

Let V be a k-module. Then A @V € #YD 4 via the structures induced by A,

ie.,
(a®@v)-b=ab®wv,
pagv(a®v) =87 (aqy)ac) ® a@) ® v,
for all a,b € A and v € V. In particular, for V=4, A® A € TYD4 via
(a®a) b=abxwv, (3. 10)
paspala®a) =S""(aq))a1 ®ap ®d, (3. 11)

for all a,b,a’ € A. We will first prove that the adjunction map Sagy : (A ®
V)l g A - A®V is an isomorphism for any k-module V.

First, V ® B and B® V € Mp via the usual B-actions (v ® a) - b = v ® ab,
and o - (' @ v') = o' @' for all a,b,a’,b/ € B and v,v’ € V. The flip map
7T:VR@B—-BV, 7(v®b) =b®u, for all b € B and v € V, is an isomorphism
in Mp. On the other hand V ® A € “YD 4 via the structures induced by A, i.e.

(v®a) -b=v®ab, (3. 12)
pvoa(v®a) = Sil(a(l))a(_l) ® v & a), (3. 13)
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It is easy to see that the flipmap 7: AV - V® A, 71(a®v) =v®ais an
isomorphism in #YD 4.
Applying Proposition 3.5 for N = V ® B &2 B ® V, we obtain the following

isomorphisms in M p:
BRV=2VeB=(VeBegA) "= (VoA ! =AgV)°l

Hence, (A@ V) g A2 AR V.
Let us define

B:A®p A= HRA, a®pb— S~ (ba))b_1) @ ab,

for all a,b € A. As [ is surjective, E is surjective, because B = [ o can, where
can: A® A — A®p A is the canonical surjection.

Let us define now
£ ARA - HRA, £a®b)=(Bor)(a®b) =S aw))a1) @ bag)

for all a,b € A. The map £ is surjective, as E and 7 are. We will prove that £ is a
morphism in “YD 4. where A® A and H K A are weak Yetter-Drinfel’d modules
via Eq.(3.8), Eq.(3.9), and Eq.(3.10), Eq.(3.11), respectively. Indeed,

(((a®b)e) =€(ac@b) = S ew)S ™ aw))a1ye-1) @ bag)c)
= (S_l(a(l))a(_l) X ba(o))c
= £(a®b)c,
and
pumalla®b) = ppral(S™ (am))a—1) ® bag))

= S Ya@yp)a—n1 ® S a@y)a—1)2 ® ba)

= (id®&)(S  (a))a-1) ® ap) ®b)

= (id®&)pagala®D).
Hence, ¢ is a surjective morphism in YD 4. HXA is projective as a right A-module,
where HXA is a right A-module in the usual way, i.e. (h¥a)b= (S™'(1(1))hl_1)®

al(o))b = 571(1(1))h1(_1) ® abl(o) = hXab, for all h € H and a,b € A. On the
other hand, the map

u: HXA—-AXH, h®a+— S_l(a(l))ha(,l) ® a(o)

is a splitting surjection of right A-module, where the first H X A has the usual
right A-module structure and the second H X A has the right A-module given in
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Eq.(3.10). The right inverse of u is given by
v:HRA— ARH, h®a— S *(ap))hS(a-1)) @ a().

Hence, we can view the second H K A as a right A-module direct summand of the
first HX A. So we obtain that H X A, with the right A-module structure given
in Eq.(3.10), is still projective as a right A-module. It follows that there exits
(:HXA— A® A such that £ o ( = idgxa since A ® A — H X A is surjective.
Hence, & splits in the category of right A-modules. In particular £ is a k-split
epimorphism in ZYD 4.
Let now M € HYD 4. Then AQ A® M € YD 4 via the structures arising from

A® A, that is,

(a®@b®m)-c=ac®b®m;

pagaem(a®@b@m) =S (an))a1) ®ap) @b m,

for all a,b,c € A and m € M. On the other hand, HX A® M € #YD, via the

structures arising from H X A, that is,
(hX¥a®@m)- b= Sil(b(l))hb(_l) ® ab(gy ® m;
paRAeM (PR a®@m) =h ® hy ® a®@m,

for all a,b € A,h € H and m € M. We obtain that
ERidy :AQARM - HNAQM

is a k-split epimorphism in #YD 4.
Applying HYD 4 = H M(H ® H°P) 4, we obtain that the map

f-HRARM - M, hiXa®@mw— m(O)W(S_Q(a(l))hS(a(,l)))(m(,l))a(o)
is a k-split epimorphism in YD 4. Hence, the composition
g=fo((®idy): ARA® M — M,

a®RbRm — m(o)'y(S”(b(l))S(b(_l)))(m(_l))b(o)a

is a k-split epimorphism in ¥ YD 4. We note that the structure of A® A® M as an
object in YD 4 is of the form A ® V, for the k-module V = A ® M.

To conclude, we have constructed a k-split epimorphism in YD 4
A@A®M =M 2 M —0

such that the adjunction map Sas, for M; is bijective. As g is k-split and there
exists a total quantum integral v : H — Hom(H, A), we obtain that g also splits
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in ¥ M. In particular, the sequence
MeeH 97 e g
is exact. Continuing the resolution with Ker(g) instead of M, we obtain an exact

sequence in Hyp 4
My — My — M — 0

which splits in M and the adjunction maps for M; and M, are bijective. Using

the Five lemma we obtain that the adjunction map for M is bijective. O

Finally we consider a special case. In this case if setting A = H, then A is an
H-bicomodule algebra in a natural way. And we can define the coinvariants of H

as

B=H®"H = {(heH|ph)=5"1(13)1; @aly}
= {he H|S " (hs)h1 @ h(zy = S~ (13)11 ® hls},

then B is a subalgebra of H. Hence we can obtain the following result.

Corollary 3.8. Let H be a weak Hopf algebra with a bijective antipode S, B =
HeoH - Assume that
(1) there exists a total quantum integral v: H — Hom(H, H);

(2) the canonical map
f:HopH—HRH, hopge S (g)9 © hg

is surjective. Then the induction functor —QpH : Mp — HYDy is an equivalence

of categories.
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