INTERNATIONAL ELECTRONIC JOURNAL OF ALGEBRA
VoLUME 14 (2013) 19-31

DIRECT PRODUCT OF GENERALIZED SIMULATED AND
DISTORTED CYCLIC SUBSETS

S4ndor Szabd

Received: 06 August 2012; Revised: 30 January 2013
Communicated by Arturo Magidin

ABSTRACT. The paper extends three results on vanishing sums of roots of unity
originally developed for studying factorizations of finite abelian groups into

subsets. Using these tools we will prove a Hajos type factorization theorem.

Mathematics Subject Classification (2010): Primary 20K01; Secondary
05B45, 52C22, 68R05

Keywords: factorization of finite abelian groups, normalized factorizations,
periodic, simulated, cyclic, distorted cyclic, lacunary subset, Hajés’ theorem,

vanishing sums of root of unity

1. Introduction

Let G be a finite abelian group written multiplicatively with identity element e.
Let Aq,..., A, be subsets of G. The product of A4,..., A, is defined to be the set
{a1-+-an: a1 € Ay,...,a, € A, }. The product A; - -- A, is direct if

!/ !/ I !/
ap - Qp = Qa1 0y, G1,07 €A17"'aanaan €A,

imply a; = af,...,a, = a},. If the product A; --- A, is direct and it is equal to
G, then we say that G is factored into the subsets Aq, ..., A, or that the equation
G = A;---A, is a factorization of GG. A subset A of G is called normalized if e € A.
The factorization G = A; --- A,, is called normalized if the subset A; is normalized

for each i, 1 <7 < n.
A subset C of G is called a cyclic subset if it is in the form

C ={e,a,d?, ....,am '}, (1)

where a € G and m is a positive integer that divides |G|. We assume that |a| > m.
Let a(1),...,a(k) be integers such that

1<al)<---<ak)<m-—1
and let dy,...,dj be elements of G\ {e}. A subset A of G in the form

A= (C\{a*W, ... a®®})U{a®DVd,, ..., a*Pd;} (2)
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is called a distorted cyclic subset of degree k. Here we assume that the sets
C\ {a®M, ... a®®}, {a®WDdy, ... a*® )

are disjoint. This is equivalent to that |A| = |C].

We introduce the bracket notation for cyclic subsets. The cyclic subset (1) will
be denoted shortly by [a,m]. Let g1,...,9x € G such that g; = e. The subset A in
the form

A= gila,m] U U gifa, my] 3)
is called a lacunary cyclic subset of degree t. Here we assume that m; > 1 for each
i, 1 < i <k and the sets g;[a, m;], gj[a, m;] are disjoint for each 7,7, 1 <i < j <k.
This is equivalent to that |A| =my + -+ + my.

Let H be a subgroup of G. A subset A of G is called a simulated subset of degree
kif |A|=|H| and |[A\ H| < k.

2. Roots of unity

In this section we present three results on linear combinations of complex roots of
unity with integer coefficients. These extend earlier results that are proved in order
to analyze factorizations. The results we prove here have the same motivation. The

next lemma generalizes a theorem of [4] on page 361.

Lemma 2.1. Let ay,...,a, be positive integers and let (1), ..., a(u) be nonneg-

ative integers. Let p be a primitive n-th root of unity, where n > 2. If
u
0= Z aip™®, (4)
i=1
then u > p, where p is the least prime divisor of n.

Proof. Clearly, we may assume that a(i) < n — 1 for each i, 1 < i < u. Since
n > 2, it can be written as a product of prime powers. We will proceed by induction
on the number of the distinct prime divisors of n.

We settle first the special case n = p¢. With the sum on the right hand side on

(4) we associate the
P(z) = Z a;z®®
i=1

polynomial. As P(1) = a1+ --+ay, it follows that P(z) is not the zero polynomial.
Further the coefficients of P(z) are integers and deg[P(z)] < p® — 1. We need the
(p®)-th cyclotomic polynomial

Flz) =142 +2% 4. 40" (5)

It is known that F'(z) is irreducible in the ring of polynomial with rational coeffi-

cients. Note that p is a common root of P(x) and F'(x). From this it follows that
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there is a polynomial Q(z) with rational coefficients such that P(z) = F(x)Q(z).
This gives the following upper estimate for the degree of Q(z).

deglQ(z)] = deg[P(z)] — deg[F(x)
< (P -1)—-(p-1)p"
— pe—l —1.

It follows that the nonzero terms of Q(z) appear among the terms of P(z). Let the
coefficient of 2 be ¢ in Q(x) such that ¢ # 0. Then the coefficients of

A Aptt  Aaq2pet
, L

T ,x)‘H’”*l)p%1 (6)

P

are all equal to ¢. Therefore u is a multiple of p and so u > p, as required.

The number n can be represented in the form n = p°r, where r is relatively
prime to p. Since the case r = 1 is settled for the remaining part of the proof we
may assume that r > 2. We write p in the form p = o7, where o is a primitive
(p®)-th root of unity and 7 is a primitive r-th root of unity. Let us define 3(i) and
(i) by

a(i) = B(i) (mod p®), a(i) =~(i) (modr)
such that 0 < 8(7) < p®—1,0 < (i) <r —1 for each i, 1 <4 < u. Note that

P2 = (o7)*0) = g ) = 556G, (7)

Let §(1),...,d(s) be all the distinct elements among 3(1),...,(u). Let A; be the
set of all j for which 8(j) = 6(¢). The sets Ay, ..., As form a partition of {1,... u}.
Using (7) from (4) we get that

0="> b, (8)
=1

where
by = Z a;T70),
JEA;

Let ¢ be the least prime divisor of r. Since n = p°r, it follows that ¢ > p.
Suppose that b; = 0 for some i, 1 <14 < s. By the induction assumption, it follows
that |A4;] > ¢g. Combining u > |A;| and |A4;| > ¢ we get v > |A;| > q > p, as
required.

For the rest of the proof we may assume that b; # 0 for each i, 1 < i < s.
With the linear combination of the roots of unity on the right hand side of (8) we
associate the polynomial

P(x) = Z b,
i=1

The coefficients of P(x) are from the r-th cyclotomic field and P(x) is not the zero
polynomial. It is known that the (p®)-th cyclotomic polynomial (5) is irreducible
over the 7-th cyclotomic field. Suppose that the coefficient of 2 is ¢ in P(x) and
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¢ # 0. An argument, similar to what we used in the first part of the proof, provides
that the coefficients of (6) are all equal to c¢. In particular it follows that |A;| > 1
holds for at least p values of i. This shows that v = |A1| + -+ + |As| > p, as
required. (I

The following lemma is an extension of Theorem 4 of [1].

Lemma 2.2. Let n > 2 be an integer and let p be the least prime divisor of n.
Let ay, ..., ay, b1,...,b, be positive integers and let a(1),...,a(u), 6(1),...,0(v)

be distinct nonnegative integers. Let p be a primitive n-th root of unity. If

Z a;p®® = Z bjpﬁ(j), (9)
i=1 j=1

then uw > p orv > p.

Proof. Let us deal with the case n = p® first. Consider the polynomial
u v
P(z) = Z a;x®) — Z b0, (10)
i=1 j=1

We collected the terms of on the left hand side of the equation (9) and then replaced
p by x. The coefficients of P(z) are integers and deg[P(x)] < p® — 1. Since no «(7)
is equal to B(j), there are no like terms in the right hand side of the equation (10).

Let ¢ be the coefficient of z* in P(x) such that ¢ # 0. The argument using
the p®-th cyclotomic polynomial gives that the coefficients of (6) are all equal to c.
Note that

p—1 p—1

. e—1 s e—1
E ep TP = cp? E p’? =0.
i=0 i=0

If ¢ > 0, then A € {«(1),...,a(u)}. In this case we subtract the sum

p—1

> (1)

i=0
from the left hand side of (9). We still will have equal linear combinations of roots
of unity. But the quantity a; + --- 4+ a, + b1 + --- + b, decreases. If ¢ < 0, then
A e {B(1),...,6(v)}. In this case we subtract (11) from the right hand side of
(9). We get new equal linear combinations of roots of unity with a smaller value of
a1+ -+ ay + by + -+ by. Continuing in this way finally we get that

u v
Zaipo‘(i) =0 and Z b;p”P) = 0.
i=1 j=1

Lemma 2.1 is applicable and gives that v > p and v > p.
Next we assume that n has at least two distinct prime divisors and proceed by

induction on the number of the distinct prime divisors of n. We write n in the form
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n = ¢/r, where ¢ is the largest prime divisor of n and r is not a multiple of ¢q. We
write p in the form p = o7, where ¢ is a primitive g-th root of unity and 7 is a

primitive r-th root of unity. We simply set o = p", 7 = qu. We define the numbers
v(4), 0(i), €(4), u(4) by
a(i) = 7() (mod ¢f), a(i) = (i) (mod ),

B()=¢(j) (mod ¢’), B(j) = p(j) (mod r),

where
0 <~(i).e(j) < ¢’ =1, 0<6(1), p(j) <7 —1.
Clearly,
p2) = (oT)O‘(i) = g 7ali) = 57() 7600
PO = (67)P0) = GBU) BG) = =0 phld),
and so

0 — i:aip““)—zv:bjpﬁ(“
i=1 j=1

u v
3" a0 D750 37 ) ),
i=1 j=1

Let v(1),...,v(w) be all the distinct numbers among v(1),...,v(u), e(1),...,e(v).
Let A; be the set of all j for which v(i) = v(j). Obviously, the sets Aq,..., A,
form a partition of {1,...,u}. Let B; be the set of all j for which v(i) = €(j). The

sets By, ..., By form a partition of {1,...,v}. Using these notations from (9) we
have
0="> cio"®, (12)
i=1
where

=3 D = 3 by,

JEA; JEB;
Consider the polynomial

w

P(z) = Z ciz’@.
i=1

We constructed P(z) from the right hand side of the equation (12). Namely, on
the right hand side of (12) we replaced o by z. The coefficients of P(z) are from
the 7-th cyclotomic field and deg[P(x)] < ¢/ — 1.
We assume that ¢; = 0 and in connection with ¢; we distinguish the following
three cases.
(i) A =10,
(i) B; =0,
(i) A; # 0 and B; # 0.
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If (i) holds, then from
0= Z bﬂu(]’)7
JEB;
by Lemma 2.1, it follows that |B;| > p. Combining v > |B;| and |B;| > p we get
v > p, as required. If (ii) holds, then a similar argument gives that u > |A;| > p,
as required.
If (iii) holds, then
Z a;m00) = Z bTH), (13)
JEA; JEB;
We claim that no 6(k) is equal to u(l) in this equation. In order to verify the
claim assume on the contrary that 6(k) = u(l). Now o¥()7%®) = ¥ 710 From
k € A;, it follows that v(i) = (k). From | € B;, it follows that v(i) = €(I). The
computation

pa(k) — (O_T)a(k) — a,a(k)Ta(k)

_ (R 8K) _ u(i) 8k

_ g gnl) = e )
P80 — (57180 — ,B0)

leads to the p®*) = pPU) contradiction. Thus no d(k) is equal to u(1) in (13).
From (13), by the inductive assumption, it follows that |4;| > p or |B;| > p.
Therefore u > |A;| > p or v > |B;| > p, as required.
For the rest of the proof we may assume that ¢; # 0 for each i, 1 < i < w. In
particular, the polynomial P(z) is not the zero polynomial. Let ¢ be the coefficient
of 2* in P(x) such that ¢ # 0. The argument using the ¢/-th cyclotomic polynomial

gives that the coefficients of

F-1 F-1 1) f-1
o, e A2 T A a1

are all equal to c. Let d; € {c1,...,cw} be these coefficients, where 0 < j < ¢ — 1.
For the sake of definiteness for a moment suppose d; = c¢;. Note that since ¢ # 0,
it follows that A; U By # () and consequently exactly one of (i), (ii), (iii) holds in
connection with d;.
Suppose that (i) holds for dy and dy. Further suppose that dy = ¢ and dy = ¢;.

The equation dg = d; gives that c¢x = ¢, that is,

Z bﬂ-u(j) — Z qu-u(j).

JEBy JEB;
As before we can verify that no equal roots of unity appear on both sides of the
equation. The inductive assumption gives that |Bg| > p or |B;| > p. Therefore
v > |Bk| > poru > |B| > p, as required. We may assume that (i) hold in
connection with at most one d;. An analogous argument shows that we may assume
that (ii) holds in connection with at most one d;.
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Suppose that (iii) holds for d; for each j, 0 < j < g — 1. This guarantees that
|A;| > 1 for at least g values of i. Using this we get u = |A1| + -+ + |Aw| > g > p,
as required. (As a matter of fact |B;| > 1 also holds for at least ¢ values of 1.
Consequently v = |By| + -+ + |Bw| > ¢ > p, as required.)

If (i) or (iii) holds for d; for each j, 0 < j < ¢ —1, then v = |By|+ -+ |By| >
g > p, as required. Similarly, if (ii) or (iii) holds for d; for each j, 0 < j < ¢ —1,
then u = |Ay| + -+ + |Aw| > g > p, as required. We are left with the following
situation. Case (i) holds for exactly once for d;. Case (ii) holds for exactly once for
d;. Further case (iii) holds for exactly ¢ — 2 times for d;.

Since n has at least two distinct prime divisors, it follows that ¢ > 3 and g—1 > p.
Now |B;| > 1 holds for exactly ¢ — 1 values of i. From this we get v = |By|+ -+ +
|Bw| > g — 1> p, as required. Of course because of symmetry we could draw the

v > p conclusion too. O
The next result is a generalization of Theorem 4 of [6].

Lemma 2.3. Let n > 2 be an integer and let p be a primitive n-th root of unity.
Suppose that ay,...,a, are positive integers and «(l),...,a(u) are distinct non-
negative integers less than n. If 1 <wu < 2p — 1, where p is the least prime divisor
of n, then

0= Z a;p®@ (14)
i=1
implies that u divides n.

Proof. In the n = p® case the argument we have seen in the proof of Lemma 2.1
gives that w is a multiple of p. Then from 1 < u < 2p — 1 we get u = p and so u
divides n, as required.

For the remaining part of the proof we assume that n = p°r, where p does not
divide r. Let ¢ be the least prime divisor of r. Clearly ¢ > p. We write p in the
form p = o7, where ¢ is a primitive p°-th root of unity and 7 is a primitive r-th
root of unity. Let us define the numbers 3(¢), y(¢) by

a(i) = (i) (mod p), a(i) =~(i) (mod r)

such that
0<B(G)<p®—1,0<~(E) <r—1

for each 7, 1 < i < u. Clearly

P2 = (o)) = gD ali) = 5B ),
Using this equation (14) can be written in the form

0= Zaiaﬁ(i)r'yu). (15)
i=1
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Let §(1),...,d(v) be all the distinct numbers among 3(1),...,5(u). Let A; be the
set of all j for which (i) = 8(j). Obviously, the sets Ay,..., A, form a partition
of {1,...,u}. Set t; =|A;|. Now the equation (15) can be represented in the form

v
0="> b, (16)
=1

where
b; = Z ajTV(j).
JEA;

If b; = 0 for each 7, 1 <4 < v, then by Lemma 2.1, ¢; > ¢ for each 7, 1 < i < v.
From vg < t; 4+ ---4+1t, = u < 2p—1 < 2¢ — 1, it follows that v = 1. Then
u = t; < 2¢ — 1 and so the inductive assumption is applicable to by = 0 implying
that t1]r. This means that u|r. Then we get u|p°r, as required. For the rest of
the proof we may assume that b; # 0 for some i, 1 < ¢ < v. Let us construct the

polynomial
P(z) = Z b,
i=1

In the way we have seen in the proof of Lemma 2.1 we get that the p®-th cyclotomic
polynomial divides P(x) over the r-th cyclotomic field. Let ¢ be the coefficient of
x> in P(z) such that ¢ # 0. It follows that the coefficients of (6) are all equal to c.

Let us consider the polynomial
Q(z) = P(x) — cx*F(x),

where F'(z) is the p°-th cyclotomic polynomial. Note that F'(x) divides Q(zx) over
the r-th cyclotomic field. The number of the nonzero monomials in Q(z) decreased
by p. If Q(z) is not the zero polynomial, then we can repeat this step. Continuing
in this way finally we can conclude that the number of the nonzero monomials in
P(x) is a multiple of p, that is p|v. In particular p < v.

From p < v <u < 2p—1, it follows that v = p and therefore

p
P(z) = Z bz®®,
i=1

This implies by = --- = b,. The inequality ¢; +--- +1t, = u < 2p — 1 together with
t1 >1,...,t, > 1gives that 1 <t; <pforeachi, 1 <i<p.

Suppose that in the equation b; = b; not all the roots of unity cancel out for
some ¢, j, 1 < ¢ < j < p. Now Lemma 2.2, leads to the contradiction that
t; > ¢ > port; >q > p. Thus in the equation b; = b; exactly the same roots
of unity appear on the left hand side and on the right hand side for each i, 7,
1 <i < j <p. Consequently t; = --- = t,. Let ¢t be this common value. This
means that pt = u < 2p — 1. From this it follows that ¢ = 1 and then u = p. Now

plainly w divides n = p°r, as required. O
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3. Replacement

Let G = AB be a factorization of the finite abelian group G. We say that the
factor A can be replaced by the factor A’ if G = A’B is also a factorization of G.
In [4] L. Rédei developed a test for replacement using characters of G. Let x be a
character of G. The sum of complex numbers

> x(a)
acA
is denoted by x(A). The set of characters x of G for which x(A4) = 0 is called the
annihilator set of A and is denoted by Ann(A). Rédei’s test now reads as follows.
If |A] = |A’| and Ann(A) C Ann(A’), then A can be replaced by A’
The next lemma essentially means that the distorted cyclic subset (2) can be

replaced by the cyclic subset [a,m].

Lemma 3.1. Let G be a finite abelian group and let A be a distorted cyclic subset
of G of degree k. Let x be a character of G such that x(A) = 0. If 2k +1 is smaller
than the least prime dwvisor of |G|, then x(a) # 1 and x(a™) = 1.

Proof. First we show that x(A) = 0 implies x(a) # 1. In order to prove the claim
assume on the contrary that x(a) = 1. Let us compute x(A).

m—1 k k
X(A) = > x(@) = > x(@)+ > x(a*Wdy)
1=0 =1 =1

k
m—k+ Y x(di).
i=1
Using x(A) = 0, we get that

k
m—k:—ZX(di)~

Taking absolute values on both sides it follows that

k
Zx(di)

k

< x| = ,

i=1

m—k=

that is, m < 2k.

Let p be the least prime divisor of |G|. From m||G| it follows that p|m and
so p < m. Combining p < m and m < 2k we get p < 2k. This contradicts the
p > 2k + 1 assumption. Thus x(a) # 1, as we claimed.

7

Let us consider y(A) again and introduce the x(a*) = p?, x(d;) = o; notations.
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L=p™ N el N ol

Using x(A) = 0 and multiplying by 1 — p we get

k k
0 = 1_pm_zpo¢(i) +Zpa(i)0i
i=1 i=1
+ i pa(i)Jrl _ ipa(i)+lgi.
=1 i=1

Then
k k k k
14+ Zpoz(z)o_i + Zpoz(l)+1 _ pm + Zpa(z) + Zpa(z)-i-lo_i_
=1 =1 =1 i=1

The left hand side is a sum of 2k 4+ 1 |G|-th roots of unity and so is the right hand
side. By the assumption of the lemma, the least prime divisor of |G| is greater than
2k + 1. By Sands’ result, the sets

{1,p"Da;, p*OF o 1 < i <k}, {p™, p*W, p* O ey 1< i < k)

must be equal. The product of the elements in the first set is equal to the product

of the elements in the second set. After cancelling we get p™ = 1, as required. [

Let A be a lacunary cyclic subset in the form (3). Set m = mj + --- + my, and
C = [a,m]. By the next lemma, A can be replaced by C. This lemma is a variant

of an earlier results of [7] and [3].

Lemma 3.2. Let G be a finite abelian group and let A be a lacunary cyclic subset
of G in the form (3). Let x be a character of G such that x(A) = 0. If t is less
than the least prime diwvisor of |G|, then x(a) # 1 and x(a™) = 1.

Proof. First we verify that x(A) = 0 implies x(a) # 1. In order to do so we assume
on the contrary that x(A4) =0 and x(a) = 1. Now

k
0= x(4) = 3 mix(g:) (17)

If x(g1) =+ = x(gr) = 1, then we get the 0 = my + - - - + my, = m contradiction.
Thus there is an integer n > 2 and a primitive n-th root of unity p such that
x(gi) = p™® for each i, 1 < i < k. Clearly, n divides |G| and so the least
prime divisor of n cannot be smaller than the least prime divisor of |G|. Now (17)
contradicts the statement of Lemma 2.1.

In order to prove x(a™) =1 let us consider x(A) again.

k m;—1
) = 3ot X )
i=1

Jj=0
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= ix(%)[%}

Using x(A) = 0 and multiplying by 1 — x(a) we get

k
0= ZX(.‘]i)[l - x(a™)],
that is,
k k
> xgi) =Y x(gi)x(a™)
=1 =1

By Sands’ result, the sets
{x(g:) - 1<i <k}, {x(gi)x(a™): 1<i<k}

must be equal. Therefore, the product of the elements in the first set is equal
to the product of the elements in the second set. After cancellation we get 1 =

x(a™) - x(a™) = x(a™), as required. -

4. A Hajos type result

In Theorem 5 of [5] A. D. Sands has proved the following result. Let G be a
finite abelian group such that p is the least prime divisor of |G|. If G = A; --- A,
is a factorization, where A; is a simulated subset of degree k and k < p — 2, then
at least one of the factors is a subgroup of G. In this section we extend this result.

Theorem 4.1. Let G be a finite abelian group such that p is the least prime divisor
of |G|. Let G = Ay --- Ay, be a normalized factorization of G, where A; is either a
distorted cyclic subset of degree k with 2k + 1 < p or a simulated subset of degree
k with k < p—2 for each i, 1 < i <n. Then A; is a subgroup of G for some 1,
1<i<n.

Proof. Assume on the contrary that there is a counter-example, that is, there is a
normalized factorization G = A; - -+ A,, in which none of the factors is a subgroup
of G.

Consider first the case when A; is a simulated subset for each i, 1 < ¢ < n.
By Theorem 2 of [2], from the factorization G = A; --- A, it follows that 4; is a
subgroup of G for some i, 1 < ¢ < n. This is a contradiction. Thus in a counter-
example A; is a distorted cyclic subset for some i, 1 < i < n. Let ¢t be the number
of simulated subsets among the factors Ay,..., A,. We choose a counter-example
with a maximal ¢.
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A distorted cyclic subset can be a cyclic subset as an extreme case. Next we

consider the situation when each distorted cyclic subset is in fact a cyclic sub-

set. Suppose Ay, ..., A, are cyclic subsets and Ag1q,..., A, are simulated subsets.
(None of the factors is a subgroup of G.) Here s > 1 and t =n — s.

Set Ay = [a,m]. If m is not a prime, say m = uv, with u > 2, v > 2, then
[a, m] = [a,u][a™,v]. If the cyclic subset [a,u] is a subgroup of G, then a* = e and

we get |a] < w. This contradicts m < |a|. Thus [a,u] cannot be a subgroup of
G. If the cyclic subset [a*, v] is a subgroup of G, then the cyclic subset [a,m] is a
subgroup of G. This is not the case. So [a“,v] is not a subgroup of G. Therefore
the cyclic subset A; can be written as a product of non-subgroup cyclic subsets
each of which has a prime number of elements. Consequently in the factorization
G = A;--- A, we can replace A; by a product of non-subgroup cyclic subsets of
prime cardinalities for each i, 1 < i < s. Let G = Bj---B, be the resulting
factorization. By Theorem 2 of [2], B; is a subgroup of G for some i, 1 < i < n.
This is an outright contradiction.

Summarizing our considerations we may say that in the counter-example G =
Aq---A,, the factor A; is a non-cyclic distorted cyclic subset for some i, 1 < i < n.
For the sake of definiteness may assume that A; is a non-cyclic distorted cyclic
subset. Let Aj,..., As be non-cyclic distorted cyclic subsets and let Asyq,..., A4,
be cyclic subsets or simulated subsets. Of course none of the factors is a subgroup
of G. It may happen that a non-cyclic distorted cyclic subset is a simulated subset
as well. In this case we treat the subset as a simulated subset. We consider the
counter-examples in which ¢ is maximal and among these counter-examples we
choose one in which s is minimal.

Let C be the cyclic subset associated with A;. By Lemma 3.1, in the factorization
G = AjAy--- A, the factor A; can be replaced by C to get the factorization
G =CAs---A,. This factorization contains s—1 non-cyclic distorted cyclic subsets
and the minimality of s gives that at least one of the factors C, As,..., A, is a
subgroup of G. Only C can be a subgroup of GG. This provides that A; is a
simulated subset. The number of the simulated subsets increased in the counter-
example. The maximality of ¢ gives that A; is a subgroup of G for some i, 1 < i < n.

This contradiction completes the proof. ([l
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