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1. Introduction

An element a of a ring R is said to be Lie regular if a = [e, u] for some idempotent
e and some unit v in R. A Lie regular element which is also a unit is called a Lie
regular unit. Lie regular elements and Lie regular units were introduced and studied
by the authors (cf. [3]) In [3], Lie regular units are used to study generators of linear
groups and the presentations of GL(2,Z4), GL(2,Zs), GL(2,Zg), and GL(2,Z1)
using these units are given. In this paper we continue this discussion and give Lie
regular generators of GL(2, Zs,») where p is a prime greater than 3 (Theorem 2.10
and Theorem 2.11) and GL(2,Zs,») where p is a prime greater than 5 (Theorem
2.12 and Theorem 2.13). For distinct primes p and ¢ such that 5 < p < ¢, Lie
regular generators of GL(2, Zpg ) under some conditions are given (Theorem 2.14).
As special cases of Theorem 3.6 and Theorem 3.8 in [3] and the results in this
article, presentation of linear groups GL(2,Zg), GL(2,Z14), GL(2,Z15), GL(2, Z22),
GL(2,Z35), GL(2,Z26), GL(2,Z27) and GL(2,Z34) using Lie regular units are also
given.

Throughout this paper, ¢ denotes the Euler’s totient function and U(R) will
denote the unit group of the ring R.

2. Generators of Linear Groups

In this section we give Lie regular generators of some linear groups. We first give

some results on the order of linear groups GL(2,Zy,).
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Proposition 2.1. ([3, Proposition 3.2]) For any prime p, the order of the linear
group GL(2,Zpn) is p*~(p +1)(6(p"™))*.

(623

E
Corollary 2.2. For any n = [] p;*, where p;’s are distinct primes, the order of

i=1

k
GL(2,Zn) is [[ o(GL(2,Z,:))-
i=1 ’

Corollary 2.3. For any two distinct primes p and q, the order of the linear group
GL(2,Zpq) is pa(p + 1)(q + 1)¢(pa)*.

Since for each invertible element « in Z,, the number of matrices in Ms(Z,)
having determinant « is equal to the order of SL(2,Z,), we have the following
corollary.

L(2,Z,
Corollary 2.4. The order of the linear group SL(2,7Z,,) is M.

¢(n)
Remark 2.5. The elements a = ( jl 701 ) and b = ( (1) IS >, where k is
invertible in Z, are Lie regular units in My(Zy,). Further, if 2 is invertible in Z,
then ¢ = (1) 4 is also a Lie regular unit in My(Zy,). This follows once we

observe that
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Lemma 2.6. Let p be an odd prime and « be an invertible primitive element modulo

1 0 0 1 0 p"
p". Let a = , b= ,Cc= @ R (bc)¢<2)a, and
-1 -1 1 0 1 0

y = c 'bleb. Then the following hold for a, b, ¢, x, and y as elements of

c? is central element of Mx(Zyn) and o(c) = 2¢(p").
o(cb) = o(bc) = o(p™).
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2

Proof. (1) Since ¢* = aly, ¢ is in the center of My(Zyn). Also, since a is a

primitive element modulo p”, we have ¢2*®") = I, and ¢* # I, for any k < ¢(p").

1 )
(2) We have bc = 0 and cb = | 0 . Thus, for any 4, (bc)" =
0 0

o 1
1 : at 0 . . N
) and (cb)" = . Since « is a primitive element modulo p”,
0 o 0 1
o(be) = o(cb) = ¢(p").
(3) Since the order of b is 2, we have ¢~ 'b~1ch = ¢ 1bch = ¢=2(cb)?. Since 2
is central and o((cb)?) = 3o(c?), we have o(c™1b~1cb) = o(c?).
. 1 0 p" "
(4) Since (be)* = 0 o and o”5 = —1(mod p™), we get (bc)d)(z L
a
1 0 " 10
. Thus, z = (bc)¢(g fa = .
0 -1 11
. 10 . n
It is now easy to see that 2" = 1 for all n. In particular, 2?7 =
n

1 0 10
( n 1>:<0 1).Sincexks‘éfzfOTaﬂyk<PnW9haveo(x):pn'
p

10 0
() AsinPart 4, z = (bc)(mz) Yo = L1 . Also,y = ¢ o7leb = ( “ )

0 al
Thus, yx = ( C_kl (31 ) and zy = ( @ (31 )
o o o«
- 1 0 a 0 o 0 2
Also, 2 'y = = d yz** =
so, z* "y (on 1><0 oz_1> <0¢‘1 a_1>an yT

0 _
@ . Hence, yzr = x¢ 2y and xy = y:co‘z. (I
a ol

The proof of the following lemma is similar to the above proof.

Lemma 2.7. Let p be an odd prime and « be an invertible primitive element modulo

1 1 P
p". Let a = 0 , b= 0 ,C= 0 a ,z = (be) 2)a and
-1 -1 1 0 1 0

y = c b7 leb. Then the following hold for a, b, ¢, x, and y as elements of
My (Zopn)

(1) ¢* is a central element of Ma(Zaopn) and o(c) = 2¢(p").

(2) o(cb) = o(bc) = o(p").

(3) oly) = ( b) = ¢(p").

(4) o(x) =

(5) yx = J;O‘ *y and vy = yz
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Lemma 2.8. If p and q are distinct odd primes then the order of any invertible

element x in Zymgn is at most $¢(p™q").

Proof. Let = be an invertible element in Zpmgn. Then ged(z, p™) = 1 and
ged(z, ¢*) = 1. Thus, z°®™) = 1(mod p™) and z?1") = 1(mod ¢"). Conse-
quently, z29®™4") = 1(mod p™) and z2¢®" ") = 1(mod ¢"). Thus, £2¢®"") =
1(mod p™q™). O

Lemma 2.9. If p and q are two distinct odd primes such that ¢ > p then for
0 < k < p there exists o« € U(Zpgn) such that o = k(mod p) and o is primitive

element modulo q™.

Proof. The proof follows from the fact that if a is a primitive root modulo ¢"

then « + kg™ is also a primitive root modulo ¢ and the order of U(Zpgn) is (p —

De(q")- O
Let p be a prime greater than 3 and let o € U(Z3pn) be a primitive element

1 0 1 0
modulo p". Let A = N . Since A™ = L for any

l—a™t 1 m(l—a™') 1

1

m, AF = L1 for some k if and only if 1 — o~ ! is invertible in Zzpn. Since
o € U(Zgpn ), it follows that o = 2(mod 3). Moreover, in this case, if p = 3(mod 4),
then %~ = —1(mod 3p™), and if p = 1(mod 4), then o* is not congruent to —1

modulo 3p™ for any k < ¢(p").
Also, since the order of U(Zgpn) =~ U(Zs3) x U(Zyn), there is an element 3 in
U(Zgpn), B # at, (1 <i<¢(p")) and the order of 3 is 2.

Theorem 2.10. Let p be a prime greater than 3 such that p = 1 (mod 4) and
o € U(Zspn) be a primitive element modulo p™ such that « = 2(mod 3). Then

1 0 0 1
GL(2,Z3pn) is generated by Lie reqular elements a = < ) b= ( > ,

-1 -1 1 0
and ¢ = 0 «a .
1 0

Proof. Since p = 1(mod 4) and o = 2(mod 3), as remarked above, o' is not
congruent to —1 modulo 3p™ for any ¢ < ¢(p™). Let G be the finite group generated

1

by a, b, and c¢. Since a« = 2(mod 3), 1 — a~" is invertible in Zs,». Let m be the

inverse of 1 — a~!. Let z = (cabac™'a)™ and y = ¢ 'b~'cb. Then z, y € G.

1 0 10 0
Since cabac™tla = . , T = . Also, y = “ _ .
11—« 1 1 1 0 o !

Thus, the order of z is 3p™ and the order of y is ¢(p"). Also, yz = 2® y. Let
Hy = (z,y | 23", y?®") yo = x"_zy>. Then H; is a subgroup of G. Since z¢ # 3
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for 1 < ¢ < 3p"—1and 1 < j < ¢(p") — 1 and the canonical form of H; is
{2897 | 0<i<3p"—1,0<j < ¢(p™) — 1}, the order of Hy is 3p"¢(p™). Moreover,
at 0
v oot

Let 7 = bzb and s = (b(cabac™ta)™a)?. Then r, s € G, the order of 7 is 3p", and
the order of s is 2. Also, s7 = rs. Let Hy = (r,s | 73" s%,rs = sr). Then Hy is an

any arbitrary element of H; is of the form

k
abelian subgroup of G and any arbitrary element of Hs is of the form £+ L
Hi)o(H:
Thus, the order of Hy is 6p™. Since Hy N Hy = {2}, o(H1Hs) = Z((Hll):‘(Hj)) =

18p*"¢(p™). Let H be the subgroup of G generated by x, y, 7, and s. Since z, y, r
and s are all of determinant 1, H C SL(2,Zsp»). Also, HiHy C H and by Corollary
2.4, o(SL(2,Z3pn)) = 24p*"~1(p + 1)p(p™). Thus, the order of the subgroup H is
greater than equal to 18p?"¢(p™) and is less than equal to 24p?"~1(p + 1)¢(p").
Since p > 3, 18p > 12(p + 1), and hence o(H1H>) > 20(SL(2,Z3pn)). Thus, the
order of H is 24p?"~1(p + 1)p(p").
10 _ < 10
Let u = be = and v = (cabac™1a)™a = . Then u, v € G,
0 « 0 -1
the order of u is ¢(p"), and the order of v is 2. Let K = (u,v | u®®") 02 uv = vu).

Since o' # +1 for any positive integer i < ¢(p™), HNK = {I3}, and hence o( HK ) =
H)o(K

m = 48p?"~1(p+1)(¢(p™))?. Since HK C GL(2,Z3p,n) and by Proposition

2.1, the order of GL(2, Zs,n) is 48p*" 1 (p+1)(¢(p™))?, HK = GL(2,Z3,n ). Hence,

GL(2,Z3pn) is generated by a, b and c. O

Theorem 2.11. Let p be a prime greater than 3 such that p = 3 (mod 4), «

U(Zs3pn) be a primitive element modulo p™ such that o = 2(mod 3), and B is an

invertible element in Zgyn such that the order of B is 2 and 8 # o', (1 <i < ¢(p")).
1 0

Then GL(2,Zs,n) is generated by Lie reqular elements a = 1 i b =

(o) (00)me=(10)

Proof. Since p = 3(mod 4) and o = 2(mod 3), as remarked above o™ 2z =
—1 (mod 3p™). Let G be the finite group generated by a, b, ¢, and d.
1 0 0
Let z = (be) 2 = and y = ¢ b7 leb = @ ~, |- Then
1 1 0 «
x, y € G. As in Lemma 2.6, the order of x is 3p™, and the order of y is ¢(p™). Also,
yr =2 y. Let Hy = (z,y | %", y?®") yz = 2 "y). Then H; is a subgroup of
G. Since x' # yJ for 1 <i < 3p" —1and 1 < j < ¢(p") — 1 and the canonical form
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of Hy is {z'y? |0 <i<3p" —1,0 < j < o(p") —1} theorderofH1 is 3p"p(p™).

Moreover, any element of Hy is of the form (

1 1
Let r = bxb = and s = d*> = . Then r, s € G. Since
0 1 o 6

[ is of order 2, order of r is 3p™, and order of s is 2. Also, sr = rs. Let Hy =

(rys | " 2 rs = sr). Then Hs is an abelian subgroup of G and any arbitrary

ik
element of Hs is of the form ( b , >, where ¢ = 0 or 1. Thus, the order of
0o g
Hy)o(H
H2 is 6pn Since H1 n H2 = {IQ}, O(HlHQ) = W = 18p2n¢(pn) Let

H be the subgroup of G generated by z, y, r, and s. Since x, y, r, and s are
all of determinant 1, H C SL(2,Z3pn). Also, HiHy C H and by Corollary 2.4,
0(SL(2, Zzpn)) = 24p*>"~(p+1)¢(p™), the order of the subgroup H is greater than
equal to 18p?"¢(p") and is less than equal to 24p*"~1(p + 1)¢(p™). Since p > 3,
18p > 12(p + 1), and hence o(HyHz) > $0(SL(2,Zsy»)). Thus, the order of H is
24p”"H(p+ 1) (p™).

Let u = bec = L0 and v =db = 60 . Then u, v € G, the order of
0 « 0 1
u is ¢(p™), the order of v is 2, and uv = vu. Let K = (u,v | u®®"), v uv = vu).
Since o # 3 for any i < ¢(p"), det(u‘v?) # 1 for 0 < i < ¢(p") and j = 0 or
o(H)o(K) o1 N
1, HN K = {I,}. Th HK) = ———= = 48p°" .
, HN {L} us, o(HK) o(HNE) 8p (p + 1)(¢(p™))*. Since

HK C GL(2,Z3,») and by Proposition 2.1, the order of GL(2, Zs,n ) is 48p*" ! (p+
1)(¢(p™))?, HK = GL(2,Zs3y»). Hence, GL(2,Zsp,n) is generated by a, b, ¢ and d
in this case. (]

Next we give generators of GL(2,Zspyn), where p is a prime greater than 5.
First observe that, in this case, if « is a primitive element modulo p™ such that
a = 2(mod 5) then a=! = 3(mod 5), and thus 1 — a™! € U(Zs5). Also, if
1—a ' ¢U(Zy) then 1 — a & U(Zpn). Thus, a = p™k + 1 for some nonnegative
integer k and positive integer m < n. But then o?” ~ = 1(mod p™), a contradiction
as p"~™ < ¢(p") and « is a primitive element modulo p™. Thus, 1 —a~! € U(Z,n).
Moreover, if a = 2(mod 5) then the order of o modulo 5 is 4. It follows that if
« is a primitive element modulo p™ such that « = 2(mod 5), then the order of «
modulo 5p™ is ¢(p™) if p = 1(mod 4) and the order of & modulo 5p™ is 2¢(p™) if
p = 3(mod 4) .

Theorem 2.12. Let p be a prime greater than 5 such that p = 3(mod 4) and
o € U(Zspn) be a primitive element modulo p™ such that o = 2(mod 5). Then



LIE REGULAR GENERATORS OF GENERAL LINEAR GROUPS II 97

1 0 0 1
GL(2,Zspn) is generated by Lie regular elements a = < ) ) ), b= ( L0 ),

and ¢ = 0 a .
1 0

Proof. Since p = 3(mod 4) and a = 2(mod 5), the order of a modulo 5p" is
2¢(p™). Let G be the finite group generated by a, b, ¢, and d. Let m be the inverse
of 1 —a ! in Zsyn. Let z = (cabac™'a)™ and y = ¢~ 'b~'ch. Then z, y € G.

1 0 10 0
Since cabac™ta = L , T = . Also, y = « L] As
l—a 1 11 0 o
2

in Lemma 2.6, the order of z is 5p" and the order of y is 2¢(p™). Also, yx =z "y.
Let

-2

Hy = (w,y |« g0 yo =2 y).

Since ¢ # y? for 0 < i < 5p™ — 1,0 < j < 2¢(p") — 1 and the canonical form of
Hyis {2'y? | 0 <i <5p" — 1,0 < j < 2¢(p™) — 1}, the order of Hy is 10p"¢(p™).
o0

—i

v o«

Moreover, any element of H; is of the form

1 1
Let r = baxb = ( 01 ) and s = (bza)? = —I3. Then r, s € G, the order of r is

5p™ and the order of s is 2. Also, rs = sr. Let Hy = (r,s | 7°P" 5% rs = sr). Then

H, is an abelian subgroup of G and the order of Hy is 10p™. Clearly, H; N Hy =

- 0(H1)0(H2) - on n
{I2}. Thus, o(H1Hs) = oI N, 100p*"¢(p™). Let H be the subgroup

of G generated by z, y, r, and s. Since x, y, r, and s are all of determinant
1, H C SL(2,Zs,n). Also, HiH, C H and by Corollary 2.4, o(SL(2,Zspn)) =
120p*™~1(p + 1)p(p™), the order of the subgroup H generated by x, y, r and s is
greater than equal to 100p?"¢(p™) and is less than equal to 120p?"~1(p + 1)¢(p").
Since p > 5, 100p > 60(p + 1), and hence the order of H is 120p*"~1(p + 1)o(p").
Thus, H = SL(2, Zspn).
e e (4
Let u = be = and v = za = . Then u, v € G, the order of
0 « 0 -1

u is 2¢(p™) and the order of v is 2. Also, uv = vu. Let K = (u,v | u??®") 2 uv =

vu). Since the determinant of any nonidentity element in K is different from 1, H N

K = {I,}, and hence o( HK) = ‘m = 480p" =V (p+1)(p(p™))?. As HK C

GL(2,Zspn) and by Proposition 2.1, the order of GL(2,Zsyn) is 480p"=1 (p +
1)(¢(p™))?, HK = GL(2,Zsp»). Hence, GL(2,Zspn) is generated by a, b, ¢, and
d. O

Theorem 2.13. Let p be a prime greater than 5 such that p = 1 (mod 4) and
a € U(Zspn) be a primitive element modulo p™ such that « = 2(mod 5) and
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B is an invertible element in Zsy» such that the order of B is 4 and B # o,
(1 < i < ¢(p™)). Then GL(2,Zspn) is generated by Lie regular elements a =

(5 )= ()= () (10)
-1 -1 1 0 1 0 1 0

Proof. Since p = 1(mod 4) and o = 2(mod 5), the order of a modulo 5p™ is
d(p™). Let G be the finite group generated by a, b, ¢, and d. Let m be the inverse
of 1 —a™!in Zspn. Let 2 = (cabac™'a)™ and y = ¢ 'b~ch. Then z, y € G.

1 0 1 0 0
Since cabac™la = , T = . Also, y = @ . As
l—at 1 1 1 0 ot

in Lemma 2.6, the order of = is 5p" and the order of y is ¢(p"). Also, yz = z* "y.
Let

0472

Hy = (z,y | 2" 4?0 yw = 2 ).

Since 2 # 3/ for 0 < i < 5p" — 1,0 < j < ¢(p") — 1 and the canonical form of H;
is {2'y7 | 0 < i <5p" —1,0 < j < ¢(p") — 1}, the order of Hy is 5p"¢(p™). Also,

o 0
elements of H; are of the form i
7 o«
11
Let r = bxb = and s = d~'b"tdb = h (31 . Then r, s €
01 0 g

G, the order of r is 5p" and the order of s is 4. Also, rs? = sr. Let Hy =
(r,s | %" s*,rs? = sr). Since r* # s/ for 0 < i < 5p® — 1,0 < j < 3, and the
canonical form of Hy is {ris? | 0 <i < 5p" —1,0 < j < 3}, the order of Hs is 20p™.

Also, any element of Hs is of the form b g | Since 3 # af, (1 <i < ¢(p"),
Hy)o(H
Hy N Hy = {I,}. Therefore, o(HyHy) = w = 100p?"¢(p"). Let H

be the subgroup of G generated by z, y, r, and s. Since z, y, r, and s are
all of determinant 1, H C SL(2,Zspn). Also, HiHy C H and by Corollary 2.4,
o(SL(2,Zspn)) = 120p*"~(p + 1)é(p™), the order of the subgroup H generated
by =, y, r and s is greater than equal to 100p*"¢(p™) and is less than equal to
120p*"~1(p + 1)p(p™). Since p > 5, 100p > 60(p + 1), and hence the order of H is
120p*"~Y(p + 1)¢(p™). Thus, H = SL(2, Zspn).

0 B
of u is ¢(p"), and the order of v is 2. Let K = (u,v | u?*®") v2 wv = vu).

Then the order of K is 4¢(p™). Since determinant of nonidentity elements of K

H)o(K
is different from 1, we have H N K = {I}, and hence o(HK) = W =
0

480pn =V (p + 1)(¢(p™))?. As HK C GL(2,Zspn) and by Proposition 2.1, the

1
Letu:bc:<0 O>andv:d2:<ﬁ 0). Then u,v € G, the order
[0
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order of GL(2,Zspn) is 480p2" =V (p + 1)(¢(p™))? , HK = GL(2,Zs,n). Hence,
GL(2,Zspn) is generated by a, b, ¢ and d. O

For the case when p and ¢ are distinct primes greater than 5, we have the
following result.

Theorem 2.14. Let p and q be distinct primes such that 5 < p < q. Suppose there
exists an invertible element « of order % in U(Zpgn) such that o is a prim-
itive element modulo ¢". Let 3 be an invertible element in Zyqn such that the order
of Bisp—1and B # o' for anyi, 1 <i < ¢(¢"). Then GL(2,Zps) is generated

1 0 0 1 0
by Lie regular elements a = , b= , c = @ , and
-1 -1 1 0 10
0
d= h .
1 0

Proof. Let G be a finite group generated by a, b, ¢, and d. First observe that 1—a !
is invertible in Z,q». Let m be the inverse of 1 —a ™! in Zy4n. Let = (cabac™ta)™,
1 0

Tr =
1—a ! 1

and y = ¢ 'b~'cb. Then z, y € G. Since cabac™'a =

)

1 0 0
( ) Also, y = g > As in Lemma 2.6, the order of z is pg"™ and

1 1 a~ !

(p=1)é(q"
2

the order of y is ), Also, yxr = x”‘%y. Let

(=)™ -
P 12¢q ’yx::[;a 2y>.
Since x% # yJ for 0 < i < pg" — 1,0 < j < #(¢") — 1 and the canonical form of

n n
Hyis {z'y’ | 0 <i < pg" —1,0 < j < ¢(¢") — 1}, the order of H is ]%(pq)

Hl = <!L‘7y | qu"7y

i
Moreover, any element of H; is of the form ( “ _i ) .
v @

Let r = bab and s = d~'b~'db. Then r, s € G, the order of r is pg", and the
order of s is p— 1. Also, sr = 17 5. Let Hy = (r,s | rP?" s~ sp = 1P 7).
Further, 7* # s/ for 0 < i < pg™ — 1,0 < j < p — 2 and the canonical form of Ho
is {ris? | 0 <i < pg"—1,0 < j < p— 2}, the order of Hy is pg"(p — 1). Also,
o o ) Since § # af, (1 < i < 6(q")),

2 2n _ 2 n
Hy, N Hy = {I5}, and therefore o(H1Hy) = Z((Zl)g(g2)> - 74 (p 21) old )
1 2

Let H be the subgroup of G generated by z, y, r, and s. Since x, y, 7, and s

are all of determinant 1, H C SL(2,Zp4n). Also, HiHs C H and by Corollary

2.4, o(SL(2, Zspn)) = p(p — 1)(p + 1)(q + 1)¢*" 1 $(¢™), the order of the subgroup
2 2n -1 2 n

p’q (p2 ) ed")

any element of Hy is of the form

H generated by z, y, r and s is greater than equal to




100 PRAMOD KANWAR, R.K.SHARMA AND POOJA YADAV

is less than equal to p(p — 1)(p + 1)(¢ + 1)¢*"1¢(g"™). Since for 3 < p < g,
plp—1) >2(p+1) and ¢ > %1, we have pg(p — 1) > (p+ 1)(¢ + 1). Thus, the
order of H is p(p — 1)(p+ 1)(¢ + 1)¢>"'¢(¢q"), and hence H = SL(2, Zpyn).

p—1 —1 n
Let u = bc and v = d 2 . Then u € G and the order of u is %

K = (u,v | u**®") v uv = vu). Thus, HN K = {I,}, and hence o(HK) =

(m =p(p—1)*(p+1)(q+ 1)¢** H(6(q"))*. As HK C GL(2,Zyq) and by

Proposition 2.1, the order of GL(2,Zpgn) is p(p — 1)%(p + 1)(g + 1)g*~(¢(¢™))?,
HK = GL(2,Zpq). Hence, GL(2, Zpqn ) is generated by a, b, ¢ and d. O

3. Presentations of Some Linear Groups

In this section, we use Lie regular units to give presentation of linear groups over

some finite rings.

Theorem 3.1. Let a = L 0 , b= 01 and c = 05 . Then
-1 -1 1 0 10

GL(2,Z9) = (a,b,c | a®, b%, ', c?a = ac?, c*b = bc?, (ab)?, (be)®,
(ac)'? = (ca)'?, ((bc)3a)?, c*bea = ((be)2a)t(ch)?).

Proof. Let G be the subgroup of GL(2,Zgy) generated by a, b, ¢ and having the

presentation

{a,b,c | a?, b?, c'?, c*a = ac?,c?b = bc?, (ab)?, (be)®,
(ac)'? = (ca)'?, ((bc)3a)?, c*bea = ((be)3a)?(ch)?).

Let x = (bc)3a. and y = ¢~ tb~1cb. Then z, y € G. Using the relators in G we get
the order of = is 9, the order of y is 6 and yr = a*y. Let Hy = (z,y | 2°, 4%, yor =
xty). Hy is a subgroup of G and the canonical form of Hy is {ziy’ | 0 <i < 8,0 <
j < 5}. Since no power of z is same as any power of y, the order of H; is 54 and
510
g2

Let r = bxb. Then r € G. Also, since the order of z is 9 and r is a conjugate

any element of H; is of the form

of z, the order of r is 9. Let Hy = (r), the cyclic group generated by r. Then Hs
is also a subgroup of G and the order of Hy is 9. Also, elements of Hs are of the
I6; o(Hy)o(H3)
1 o(Hy N Hs)
Let H be the subgroup of G generated by x, y, and r. Since z, y, and r are all of
determinant 1, H C SL(2,Zy). Also, HiHy C H and by Corollary 2.4, the order
of SL(2,Zy) is 648, the order of the subgroup H is greater than equal to 486 and
less than equal to 648. Now, since 486 > 0(SL(2,Zy)), the order of H is 648, and
hence H = SL(2,Zy).

form . Clearly, Hy N Hy = {I2}. Thus, o(H1Hs) = = 486.
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Now be € G, being of determinant 5, does not belong to H (= SL(2,Zg)). Let
K = (bc). Since the order of be is 6, the order of K is 6. Also, K N H = {I>}.

Therefore, o(HK) = % = 3888. Since HK C G < GL(2,Zg) and by
o

Proposition 2.1, o(GL(2,Zy)) = 3888, we get HK = G = GL(2,Zg). Hence, the
theorem follows. O

Theorem 3.2. Let a = L 0 , b= 01 and ¢ = 03 . Then
-1 -1 1 0 1 0

GL(2,Z14) = {(a, b, ¢ | a?, b, c'? c?a = ac?, ¢*b=bc?, (ab)3, (bc)S,
(ac)®, ((be)2a)', ctbea = ((be)2a)tt(ch)?).

Proof. Let a, b, ¢ be as above and let G be the subgroup of GL(2,7Z14) having the

presentation

{a, b, c|a?, b2, c'? cta=ac? c2b=bc?, (ab)?, (bc)®, (ac)®,
((be)2a)t, ctbca = ((be)a)tt(cb)?).

Let z = (be)?a and y = ¢ 'b~1ch. Then x, y € G. Using the relators in G,
it is clear that the order of x is 14, the order of y is 6, and yz = x''y. Let
Hy = {(z,y | 214, 4°, yx = 2'ly). Then H; is a subgroup of G. Since x% # y/ for
0 <i<13,0 <j < 5and the canonical form of Hy is {x'y/ | 0 <1i < 13,0 < j < 5},

10 30
we get that the order of Hy is 84. Since x = ( L1 ) and y = ( 0 5 ), it can

30
g5

Let 7 = bxb. Then r € G. Since the order of x is 14 and r is a conjugate of

be seen that elements of H; are of the form

x, the order of r is 14. Let Hy = (r), the cyclic subgroup of G generated by r.
Then the order of Hs is 14 and it can be shown that the elements of Hy are of the
o(Hy)o(Ha3)
o(Hy N Ha)
Let H be the subgroup of G generated by =, y, and r. Since z, y, and r are
all of determinant 1, H C SL(2,Z14). Also, HiHs C H. Thus, the order of H
is greater than equal to 1176. Since, by Corollary 2.4, the order of SL(2,Z14) is
2016 and 1176 > - 0o(SL(2,Z14)), it follows that the order of H is 2016. Hence,
H = SL(2,Z14).

Let w = bc € G. Then w, being of determinant 3, does not belong to H. Let

1
form 0 f . Clearly, Hy N Hy = {I>}. Thus, o(H1Hs) = = 1176.

K = (w), the cyclic group generated by w. Then K is a subgroup of G, and since

H)o(K
the order of w is 6, o(K) = 6. Since HN K = {1}, o HK) = 0((}1)%([() = 12096.
0

Now HK C G < GL(2,Z14) and by Proposition 2.1, o(GL(2,Z14)) = 12096. Thus,
HEK = G = GL(2,Z14). Hence, the theorem follows . |
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Theorem 3.3. Let a = L 0 , b= 01 and ¢ = 0 2 . Then
-1 -1 1 0 10

GL(2,Z15) = {(a, b, ¢ | a?, b, &, c2a=ac?, c*b=0bc?, (ab)?, (be), (ac)®,
b(ac)* = (ac)*b, (cabac’a)®°, (cb)?(cabac” a)2 = (cabac” a)s(cb)
(b(cabac’a)?)?ca = ca(b(cabac’a)?)?).

Proof. Let G be the subgroup of GL(2,Z15) generated by a, b, ¢ and having the
presentation
{a, b, c|a?, b2 & c2a=ac? c*b="0bc?, (ab)?, (bc)*, (ac)d,
b(ac)* = (ac)*b, (cabac’a)? 7(cb) (cabac” a)2 = (cabac”a)®(cb)?,
(b(cabaca)?)?ca = ca(b(cabac’a)?)®).

Let z = (cabac’a)? and y = ¢~ b~ tcb. Then x, y € G. Also, using the relators
in G, it follows that the order of z is 15, the order of y is 4, and yx = zy. Let
Hy = (z,y | 2'°, y*, yx = 2*y). Then H; is a subgroup of G. Since z° # 3’ for
0 <i<14,0 <j <3, and the canonical form of elements of H; is {x'y’ | 0 <i <

1 0 2 0
14,0§j§3},theorderofH1isGO.Sincem—(1 1>andy—<0 8>,any

200
g8
Let r = bxb and s = c¢*(ac)?. Clearly, r, s € G. Since the order of z is 15 and 7 is

element of Hy is of the form

a conjugate of z, the order of r is 15. Since both ¢* and (ac)? are of order 2 and are
commuting, the order of s is 2. Also, as ¢* and (ac)* commute with a, b, ¢, it follows
that rs = sr. Let Hy = (r,s | 71%, 5%, rs = sr). Then Hs is an abelian subgroup of

G. Since 7" # 57 for 0 < i < 19,0 < j < 3, it follows that the order of Hy is 30.
1
Moreover, any element of Hs is of the form ( 0 f ) Clearly, Hy N Hy = {I1}.

o(H1)o(H>)
O(H1 N Hg)
by z,y and r. Since z, y, and r are all of determinant 1, H C SL(2,Z14). Also,

HyHy; C H. Thus, the order of H is greater than equal to 1800. Since, by Corollary
2.4, the order of SL(2,Z5) is 2880 and 1800 > 3 -0(SL(2,Z15)), it follows that the
order of H is 2880. Hence, H = SL(2,Z15).

Now, let w = bc and z = sb. Then w, z € GG. Since determinants of w and z are

Thus, o(H,Hsy) = = 1800. Let H be the subgroup of G generated

being of determinant 2 and —1 respectively, w and z do not belong to H. Also, the

2

order of w is 4, the order of z is 2, and wz = zw. Let K = (w, z | w*, 2%, wz = zw).

Then K is an abelian subgroup of G. Since the order of w is 4 and the order

: _ : _ _ o(H)o(K) _
of zis 2, o(K) = 8. Since HN K = {I,}, o(HK) = WHNEK) 23040. As
HK C G < GL(2,Z45) and by Proposition 2.1, o(GL(2,Z15)) = 23040, we get

HEK = G = GL(2,Z5). Hence, the theorem follows. |
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Theorem 3.4. Let a = L 0 , b= 01 and ¢ = 07 . Then
-1 -1 1 0 10

GL(2,Z22) = {a, b, c|a?, b2, *, cta=ac? b =bc? (ab)?, (bc)'?,
(ac)® = c'%(ca)®, ((be)®a)??, ct(be)®a = ((be)Pa)?(cb)?).

Proof. Let G be the subgroup of GL(2,Z2) generated by a, b, ¢ and having

presentation

{a, b, c|a?, b2, ¢, c2a=ac? c2b=bc?, (ab)3, (bc)!?,
(ac)® = c'%(ca)®, ((bc)’a)??, c(be)a = ((be)®a)®(cb)?).

Let © = (be)®’a and y = ¢ 'b~1ch. Then x, y € G. Using the relators in G,
it is clear that the order of x is 22, the order of y is 10, and yz = 2%. Let
Hy = (z,y | 222,y yz = 2%). Then H; is a subgroup of G. Since z* # 3’ for
0 <i<21,0<j <9 and the canonical form of elements of Hy is {z%y’ | 0 <i <

10
21,0 < j < 9}, it follows that the order of H; is 220. Since x = L1 ) and
70 . 70
y= , it follows that elements of H are of the form .
0 19 3 19

Let 7 = bxb. Then r € G. Since the order of x is 22 and r is a conjugate of
s, the order of r is 22. Let Hy = (r), the cyclic subgroup of G generated by r.
Then the order of Hoy is 22. It can be seen that the elements of Hy are of the
_ o(Hi)o(H>)

o(H1 N Hy)
Let H be the subgroup of G generated by x,y and r. Since x, y, and r are all
of determinant 1, H C SL(2,Z32). Also, HiHy C H. Thus, the order of H is
greater than equal to 4840. Since, by Corollary 2.4, the order of SL(2,Zs2) is
7920 and 4840 > % -0(SL(2,Z22)), it follows that the order of H is 7920. Hence,
H = SL(2,Z3).

Further, w = bc € @G, being of determinant 7, does not belong to H. Let

1
form 0 f . Clearly Hy N Hy = {Iz}. Thus, o(H;H>) = 4840.

K = (w), the cyclic group generated by w. Then K is a subgroup of G and since

H)o(K
the order of w is 10, o(K) = 10. Since HNK = {I3}, o(HK) = 0<(H)rOT(K)) = 79200.
0

As HK C G < GL(2,Z32) and by Proposition 2.1, o(GL(2, Z33)) = 79200, we get
HEK = G = GL(2,Z53). Hence, the theorem follows. |

Theorem 3.5. Let a = L 0 , b= 01 and ¢ = 0 2 . Then
-1 -1 1 0 10

GL(2,Z25) = {(a, b, ¢ | a?, b, ¢, cta=ac?, 2b=bc?, (ab)3, (bec)?°,
(ac)* = (ca)?*, (ac)?®, ((bc)'%a)?, abacab = cb(c(bc)’ab)'?,
()2 (be) 0 = ((be) %) (ch)?).
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Proof. Let G be the subgroup of GL(2,Zs5) generated by a, b, ¢ having the
presentation

{a, b, c|a?, b2 c*, c?a=ac? c2b=bc?, (ab)3, (bc)?°,
(ac)* = (ca)?, (ac)?®, ((bc)*°a)?5, abacab = cb(c(be)®ab)'3,
(cb)?(be)'%a = ((be)'%a)**(cb)?).

1 0 2 0
Let x = (be)%a = and y = c b7 leb = . Then z, y € G.

1 1 0 13
Also, using the relators in G, it is clear that the order of x is 25, the order of y is
20, and yx = 2. Let Hy = (z,y | %%, y*°, yx = 2'%). Then H; is a subgroup

of G. Since =% # 3/ for 0 < i < 24,0 < j < 19 and the canonical form of H; is

o 1 0
{z'y? | 0 < i <24,0 < j <19}, the order of H; is 500. Since x = L1 ) and
2 0 . 260
Y= , it follows that the elements of H; are of the form ).
0 13 6 13

Let » = bxb. Then r € (. Since the order of x is 25 and x is a conjugate
of b, the order of r is 25. Let Hy = (r), the cyclic subgroup of G generated by
r. Then the order of Hs is 25 and any arbitrary element of Hs is of the form

1 g o(Hy)o(Hy)

0 o(Hy N Hy)
Let H be the subgroup of G generated by z,y and r. Since z, y, and r are all
of determinant 1, H C SL(2,Zss5). Also, HiHy C H. Thus, the order of H is
greater than equal to 12500. Since, by Corollary 2.4, the order of SL(2,Zss5) is
15000 and 12500 > % -0(SL(2,Zs5)), it follows that the order of H is 15000. Hence,
H = SL(2,Zss).

Now w = be € G, being of determinant 2, does not belong to H. Let K = (w), the

cyclic group generated by w. Then K is a subgroup of G and since the order of w

H)o(K
is 20, o(K) = 20. Further, H N K = {I,}. Hence, o(HK) = ((W = 300000.
Since HK C G < GL(2,Z25) and by Proposition 2.1, o(GL(2,Zs5)) = 300000, we

get HK = G = GL(2,7Z35). Hence, the theorem follows. O

Theorem 3.6. Let a = L 0 , b= 01 and ¢ = 0 7 . Then
-1 -1 1 0 1 0

GL(2,Z26) = {a, b, c | a?, b, ¢*, c?a=ac?®, 2b=>bc?, (ab)3, (bc)'?, (ac)l®®,
(ac)*? = (ca)*?, ((be)%a)?®, abacab = cb(c(be)®ab)!?,
(eb)?(bc)ba = ((bc)ba)'™(cb)?).

Clearly Hy N Hy = {I2}. Thus, o(H1Hs) = = 12500.
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Proof. Let G be the subgroup of GL(2,Zss) generated by a, b, ¢ having presen-
tation as:

{a, b, c¢|a?, b2 c*, cta=ac? c2b=bc?, (ab)?, (bc)*2, (ac)'6®,
(ac)*? = (ca)*?, ((bc)%a)?®, abacab = cb(c(bc)®ab)'2,
(eb)?(be)ba = ((be)ba)t™(cb)?).

Let x = (bc)%a and y = ¢ 'b~tch. Then x, y € G. Using the relators in G
it follows that the order of x is 26, the order of y is 12, and yr = z'7y. Let
Hy = (z,y | 2%, y'2, yox = 2'7y). Then H; is a subgroup of G. Since 2% # 3/ for
0 <i<25,0<j <11 and the canonical form of H; is {ziy’ | 0 <i <25,0<j <

1 0 7 0
11}, we get that the order of H; is 312. Since x = and y = ,
1 1 0 15
70

15
Let 7 = bzb. Then r € G. Since the order of z is 26 and r is a conjugate

it follows that any element of H; is of the form

of z, the order of r is 26. Let Hy = (r), the cyclic subgroup of G generated by
r. Then the order of Hs is 26 and any arbitrary element of Hs is of the form
1 B o(Hy)o(H3)
0 1 o(Hy N H>)
Let H be the subgroup of G generated by x,y and r. Since x, y, and r are all
of determinant 1, H C SL(2,Zs). Also, HHHs C H. Thus, the order of H is
greater than equal to 8112. Since by Corollary 2.4, the order of SL(2,Zag) is 13104
and 8112 > 1. 0(SL(2,Zs)), it follows that the order of H is 13104. Hence,
H = SL(2, Zsg).
Now w = be € G, being of determinant 7, does not belong to H. Let K = (w),

Clearly, Hy N Hy = {Is}. Thus, o(H1H3) = = 8112.

the cyclic group generated by w. Then K is a subgroup of G and since the order

H)o(K
of wis 12, o(K) = 12. Since HN K = {I,}, o(HK) = 0((H)FOW(K)) = 157248. Since
0

HK C G < GL(2,Z36) and by Proposition 2.1, o(GL(2,Z)) = 157248, we get
HEK = G = GL(2,Z4). Hence, the theorem follows. O

Theorem 3.7. Let a = L 0 , b= 01 and ¢ = 0 2 . Then
-1 -1 10 10

GL(2,Z27) = {(a, b, ¢ | a?, b, ¢35, c?a = ac?, ?b=bc?, (ab)3, (be)'®, (ac)™,
(ac)* = (ca)*, ((be)®a)?”, abacab = cb(c(bc)Bab)'4,
(eb)%(bc)?a = ((bc)%a)™(cb)?).
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Proof. Let G be the subgroup of GL(2,Zs7) generated by a, b, ¢ having the

presentation

{a, b, c| a2, b2, ¢35, c2a = ac?, c2b=bc?, (ab)?, (bc)'®, (ac)™,
(ac)* = (ca)*, ((be)®a)?”, abacab = cb(c(bc)®ab),
(b)2(be)a = ((be)°a) (ch)?).

Let z = (bc)%a and y = ¢~ 'b~1ch. Then z, y € G. Also, using the relators in
G, it is clear that the order of z is 27, the order of y is 18, and yxr = z”y. Let
Hy = (z,y | 2*",y'® yz = 27y). Then H; is a subgroup of G. Since z* # y’ for
0 <i<26,0< ;<17 and the canonical form of H; is {z'y’ | 0 <i < 26,0 <j <

10 2 0
17}, the order of H; is 486. Since z = and y = , it follows
11 0 14
) 200
that any element of H; is of the form 148

Let r = bxb. Then r € G. Since the order of = is 27 and r is a conjugate of z, the
order of r is 27. Let Hy = (r). Then the order of Hj is 25 and any element of Hs is

B o(H1)o(H>)
1

of the form . Clearly Hy N Hy = {I3}. Thus, o(H1Hy) = ———- =

o(Hy N Ha)
13122. Let H be the subgroup of G generated by z,y and r. Since z, y, and r
are all of determinant 1, H C SL(2,Za7). Also, HiHs C H. Thus, the order of H
is greater than equal to 13122. Since by Corollary 2.4, the order of SL(2,Z27) is
17496 and 13122 > 1 -0(SL(2, Zsr)), it follows that the order of H is 17496. Hence,
H = SL(2,Zy7).

Now w = be € G, being of determinant 2, does not belong to H. Let K = (w),
the cyclic group generated by w. Then K is a subgroup of G and since the order

H)o(K
of w is 18, o(K) = 18. Since HNK = {I}, o(HEK) = ‘;((H)g(K)) = 314928. As
HK C G < GL(2,Z27) and by Proposition 2.1, o(GL(2,Za7)) = 314928, we get

HK = G = GL(2,Zy7). Hence, the theorem follows. O

Theorem 3.8. Let a = L 0 , b= 01 and c = 03 . Then
-1 -1 1 0 1 0

GL(2,Z34) = (a, b, c | a?, b?, 32, cta = ac?, 2b=bc?, (ab)?, (bc)'S, (ac)®,
(ac)® = (ca)b, ((bc)®a)®*, abacab = cb(c(bc)ab)'?,
(eb)?(bc)¥a = ((be)Ba)®(cb)?).

Proof. Let G be the subgroup of GL(2,Z34) generated by a, b, ¢ having presen-
tation as:

{a, b, c|a?, b2, 32, cta=ac?, b= bc?, (ab)?, (bc)'S, (ac)®®,

(ac)® = (ca)b, ((be)®a)*, abacab = cb(c(be)”ab)!?,
(cb)?(be)®a = ((be)®a)'®(cb)?).
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Let * = (bc)®a and y = ¢ 'b=tch. Then z, y € G. Also, it follows from the
relators in G that the order of x is 34, the order of y is 16, and yz = z'%. Let
Hy = (x,y | 2**, 9y yz = 21%)). Then H; is a subgroup of G. Since 2% # y’ for
0 <i<33,0<j <15 and the canonical form of H; is {ziy’ | 0<i <33,0<j <
15}, we get that the order of H; is 544. Since x = ( 1o ) and y = 50 ),

11 0 23
30
8 23
Let 7 = bxb. Then r € G. Since the order of x is 34 and r is a conjugate of x,

any element of H; is of the form

the order of r is 34. Let Hy = (r), the cyclic subgroup of G generated by r. Then
the order of Hs is 34 and it can be seen that the elements of Hy are of the form
1 p o(Hy)o(Hz)
0 o(Hy N Ho)
Let H be the subgroup of G generated by z,y and r. Since z, y, and r are all
of determinant 1, H C SL(2,Zs4). Also, HiHy C H. Thus, the order of H is
greater than equal to 18496. Since by Corollary 2.4, the order of SL(2,Z34) is
29376 and 18496 > 1 -0(SL(2,Z34)), it follows that the order of H is 29376. Hence,
H = SL(2,Z34).
Now w = be € G, being of determinant 3, does not belong to H. Let K = (w),
the cyclic group generated by w. Then K is a subgroup of G and since the order

H)o(K
of wis 16, o(K) = 16. Further, H N K = {I5}, o(HK) = W = 470016.
Since HK C G < GL(2,Z34) and by Proposition 2.1, o(GL(2,Z34)) = 470016, we

get HK = G = GL(2,Z34). Hence, the theorem follows. O

. Clearly, H1 N Hy = {Iy}. Thus, o(H1Hs) = = 18496.

We may remark that none of the relators in the presentation given here is re-
dundant. However, the relators may not be defining and there may be another
presentation with less number of relators. We also would like to remark that al-
though the proofs are theoretical and self contained, we have used the MAGMA

software for verification purposes.
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