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ABSTRACT. In this paper, the smash coproduct of Hopf quasigroups are dis-
cussed. Necessary and sufficient conditions for the smash coproduct of Hopf
quasigroups to be a Hopf quasigroup are derived. The dual situation for Hopf

coquasigroups are also discussed.
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1. Introduction

The concepts of Hopf quasigroups and Hopf coquasigroups were introduced re-
cently in [4] in order to capture the quasigroup features of the (algebraic) 7-sphere.
As the new generalizations of Hopf algebras, they are not required to be associa-
tive and coassociative. The lack of associativity and coassociativity is compensated
by certain conditions involving the antipode. Some investigation related to Hopf
quasigroups and Hopf coquasigroups can be found in [1,2,3,4,5,6].

Smash products of Hopf quasigroups and smash coproducts of Hopf coquasi-
groups were introduced in [1,4] as the ‘quasi’ versions of their Hopf algebra pre-
decessors [7]. It is natural to ask what conditions are needed for construction of
smash coproducts of Hopf quasigroups and smash products of Hopf coquasigroups.
The aim of this paper is to discuss possible definitions of coactions of Hopf quasi-
groups and actions of Hopf coquasigroups and to study the construction of smash
coproducts of Hopf quasigroups and products of Hopf coquasigroups. Since Hopf
quasigroups are not required to be associative, we introduce the ‘quasi’ version of
comodule coalgebra for Hopf quasigroups, for which a different (stronger) condition
is needed for construction of smash coproduct of Hopf quasigroups. The ‘coquasi’

version of module algebra for Hopf coquasigroups is introduced in a similar manner.
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All algebras and coalgebras are over a field k. Unadorned tensor product symbol
represents the tensor product of k-vector spaces. We use Sweedler notation for
coproduct, that is, for all h € H, A(h) = h(1) ® h(2y (summation implicit)[8].

2. Preliminaries on Hopf (co)quasigroups
In this section, we recall the definitions of a Hopf quasigroup and a Hopf co-

quasigroup from [4].

Definition 2.1. Let H be a vector space that is a unital (not necessarily associa-
tive) algebra with multiplication p: H ® H — H and unit 1:k — H. H is called
a Hopf quasigroup if H is a counital coassociative coalgebra with comultiplication
A:H — H® H and counit € : H — k that are algebra homomorphisms and there
exists a linear map S : H — H such that

po(id®@p)o(S®id®id)o(A®id) =e®id = po (id®p)o (id® S ®id) o (A®id),
po(p®id)o(id®S®id)o(Id®A) =id®e = po(u®id)o (id®id® S) o (id® A).
One can write these more explicitly as

S(hay)(heyg) =er(h)g = ha)(S(hw)g), (2.1)

(9S(h@y))h2) = eu(h)g = (gha))S(he2)) (2.2)
for all h,g € H.

Definition 2.2. Let H be a vector space that is a unital associative algebra with
multiplication ¢ : H ® H — H and unit 1:k — H and a counital (not necessarily
coassociative) coalgebra with comultiplication A : H — H ® H and counit € : H —
k that are algebra homomorphisms. H is called a Hopf coquasigroup if there exists

a linear map S : H — H such that
(p@id)o(S®id®id)o (iId®A)o A =1®id = (p®id)o (id® S®id)o (id® A)o A,
(id@p)o(id®id®S)o(A®id)o A =id®1 = (id®p)o (i d® S®id) o (A®id)o A.
One can write these more explicitly as

S(hay)he)a) ® heye) = 1@ h=ha)S(he)a) @ he)e), (2.3)

haya) ® S(haye))he) =h®1=ha)a) @ ha)y@)S(he) (2.4)
for all h € H.
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As for standard Hopf algebras, the map S is called an antipode. It is proven in [4]
that the antipode is antimultiplicative and anticomultiplicative and it immediately
follows from (any of) equations (2.1)-(2.4) that, for all h € H,

S(hay)h) = ha)yS(h@)) = en(h)1,

i.e., S enjoys the standard antipode property.

3. The smash coproduct for Hopf quasigroups

In [1], it was given the definition of action of Hopf quasigroup. Now we will

define the coaction of Hopf quasigroup.

Definition 3.1. Let H be a Hopf quasigroup. A vector space M is called a left
H-comodule if there is a linear map p : M — H ® M, p(m) = m™ @ m® such that,
for all m e M

m® @ mAW @ m®® = M | @ m® 4y @ m®, (3.1)

eg(mM)ym® =m. (3.2)

An algebra (not necessarily associative) A is a left H-comodule algebra if A is a

left H-comodule and for all a,a’ € A
plad’) = aMa'M @ a@a' @), (3.3)

p(lA):1H®1A- (34)

A coalgebra C is a left quasi H-comodule coalgebra if C is a left H-comodule and
forallce C,he H

Dh@ e 4y ®c® g = ey (e V) ® ey ® @ ¢ @, (3.5)

6(1)60(6(2)) = 6(;(0)1[{. (3.6)

A Hopf quasigroup A is called a left H-comodule Hopf quasigroup if it is a left H-
comodule algebra and a left quasi H-comodule coalgebra simultaneously, denoted

it by (A,p), in which p is the comodule action.

Let H be a Hopf quasigroup, (A, p) a left H-comodule Hopf quasigroup. Define
A>4 H = A® H as a vector space, with tensor product multiplication, unit and

counit, and comultiplication
A a1 (a®h) = a(1)®ag2) V) @a ()P @h() (3.7)

foralla € A,h € H.
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Definition 3.2. With the notation above, A >4 H is called a smash coproduct of
A and H if A>4H is a Hopf quasigroup with antipode S: AQ H - A® H

S(a®h)=S84(a?)® Sy(aMh) (3.8)
forallae A,h € H.

In the following, we will study the necessary and sufficient conditions for A >4 H

to be a smash coproduct Hopf quasigroup.

Theorem 3.3. Let H be a Hopf quasigroup, (A,p) is a left H-comodule Hopf

quasigroup, then the following statements are equivalent for all a € A, h,g € H.

(1) A>«4H is a smash coproduct Hopf quasigroup for A and H;
(2) The following conditions hold

(c1) haW@a® = aWhga®;

(c2) aM(hg)®a® = (aMh)gza'?);

(c3) h(aMg)2a® = (ha™M)gza?.
(3) The following conditions hold

(cpl) aM(hg)®a® = h(aM g)a'?);

(c2) aM(hg)®a® = (aMh)gza?).

Proof. (2) & (3) Assume that (2) holds, then for all a € A, h,g € H,
a® (hg)2a® 2 (@Wn)g2a® L (ha)g2a® ‘L naWg)0a?,

hence (cpl) holds.
Conversely, suppose that (3) holds, then (c1) follows by letting g = 15 in (cpl).
For all a € A, h,g € H, we have

h(aWg)2a®@ “EY 4O (hg)2a®@ 2 (0Wn)g2a@ D (haV)g2a®.

so (c3) follows.
(3)= (1) It is not hard to verify that 1iqr = 14 ® 1y is the unit of A >4 H,
EAsatf = €4 @ ep is the counit of A >€ H and € -4y is a algebra homomorphism.
To show that A >« H is a smash coproduct Hopf quasigroup for A and H, we
only need to prove that A ssqy is coassociative, A gsqq is a algebra homomorphism

and antipode S satisfies equations (2.1) and (2.2).
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For all a € A,h € H, we have
(A st ®id) A st (a®h)
= aw®ae)V(ag W ) ha)@ae P D o hey@ae P @hes)
= a(1>®a(2)(1)(a<3>(1)h<1>)®a(2>(2)®a<3>(2)(1)h(2>®a(3)(2 B @h,)
= am®ae) )M a@eMha)®ae 0 P @ae)e) PV he @ae @ PP ohs,

1

2)
®h3)

) 2
h®az® )

2 2y (
=" a@y®aeVhay®ae® @,
= (idOA psar) A st (a®h),

which means A 4s4q is coassociative. Next we will prove A anqy is a algebra homo-

morphism. In fact,
Apsar(14 ® 1) G, 01 @ 1401y
and for all a,b € A, h,g € H, we have
Apar((@a®h)(b®g))
= ambuy®(aebe) Y (ha)gm))®(aebe) P @he)ge)
=" ambay®(ae Ve ) (hayga)Rae Pe P ohe e
= amybay®ae® (bey M (ha)g01)))®a@) Pbe) P ®h2) 902
27 amybay®ag) M (hay (be) M aay))®a@) @ be) P @he)ge)
= apbay®(ae Vha)be Van)@ae )b<2 Dhe)g0)
= (@Wag Vhay@am @ ©h) 0 ©bey ™M gy @be @ ©g)
= Apa(@®h)Asabog).
Finally, we will check identities (2.1) and (2.2) hold. For all a,b € A,h € H, we
have
S((a® h)a))((a® h)@)(beg))
= Slam®a@)Vha)((a@ P he)(beg))
= (Salaq (2))®5 (ay M (a@) M hay))(ae) P bohe)g)
)(

= SA(CL(l a2 Pb)@Sk (ay ™M (ai) Vh))) (he)g)
B §4(a® 1)) (@? 2)h) @Sk (@O k1)) (b))
) sA<a<2>>b®sH< Ohy) (b))

(3.6&2.1) en (a) ( )b®g,
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and

(@@ h)1)(S((a @ h))(beg))
= a(l)(SA(a(2)(2)(2))b)®(a(2)(1)h(1))(SH(a(2)(2)(1)h(2))g)

(3.1)
=" an)(Salag)?)b)e(aw) (1)(1)h(1))(SH(a(2)(1) @h@)9)
(2.1)
=" ag)(Salag)?)b)@en(a@ Vh)g

(3.2)(2.1)

= eala)ep(h)b®yg.
By similar computations, we get
((b2g)S((a®h)(1)))(a®h)2) = cal(a)en(h)bRyg,
((bzg)(a®h)1))S((a®h)2)) = ca(a)en (h)bRg.
(1)= (3) For all a,b € A,g,h € H,
Asar((a®h)(b® g))
= ambm@(a@) Mo (hayga))@a@) Do) P ©ho)ge),
and

Ansar(a®@h)A sqr (b ® g)
= ambuy®(ag M ha)be M gm)Rae Pbe P ehege).
Since A 4oq is a algebra homomorphism, we obtain

a1y @(a@) Vb)) (b g90)) @) Pbe) P @h2) ge2) 59

= a(yby®(a@) DVhay) (b Vg0 @a@ Pbe) P @h)ge)-
Taking b = 14 in (3.9), we have
ay®a() M (h)91))®a@) P ®he)g2) = aqy@(a@) Vha))gn ©a) P @he)ge)-
(3.10)
Taking a = 14 in (3.9), we get

by @by ™ (1) 9(1)) 8 P D902 = by @hr) (b 900)) @by @ @z gc2)-
(3.11)
Applying £ 4®idpy®id 4®e g to both sides of (3.10) and (3.11), respectively, we find
that
aM(hg)®a® = (aMh)goa?,

h(bM g)2b® = bM (hg)2b®.

So (3) follows. This completes the proof. O
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4. The smash product for Hopf coquasigroups

The results of Section 3 can be dualized to the Hopf coquasigroup case.

Definition 4.1. Let H be a Hopf coquasigroup. A vector space M is called a right
H-module if there is a linear map o : M®H — M, a(m®h) = m - h such that, for
allme M, h,ge H

(m-h)-g=m-(hg), (4.1)
m-1lg =m. (4.2)

A algebra A is called a right quasi H-module algebra if A is a right H-module
and for all a,a’ € A

hay®(ad) - hay = hayy®(a- haye)(a - he), (4.3)

1a-h=eg(h)la (4.4)

A coalgebra (not necessarily coassociative) C is a right H-module coalgebra if C

is a right H-module and for all ce C;h € H
Ac-h) = c) - h(1)®6(2) . h(2)7 (4.5)
ec(c-h) =ec(c)em(h). (4.6)

A Hopf coquasigroup C' is called a right H-module Hopf coquasigroup if C' is
both a right quasi H-module algebra and a right H-module coalgebra .

Let H be a Hopf coquasigroup, C is a right H-module Hopf coquasigroup. Let
H x C be equal to H ® C as a vector space, with tensor product comultiplication,

unit and counit, and multiplication
(h®c)(g@d) = hg)y®(c- ge2))d
for all h,g € H,¢,d € C.

Definition 4.2. With notation as above, H x C' is called a smash product for H
and C if H x C' is a Hopf coquasigroup with antipode S: H® C — H® C

S(h@ C) = SH(h)(l) ® Sc(C) . SH(h)(g)
forall h € H,ce C.

In what follows, we will present necessary and sufficient conditions for H x C' to
be a smash product Hopf coquasigroup. The proof will be omitted since it is dual

to the proof of Theorem 3.3.
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Theorem 4.3. Let H be a Hopf coquasigroup, C' is a right H-module Hopf coquasi-
group, then the followings are equivalent for all h € H,c € C.
(1) H x C is a smash product Hopf coquasigroup for H and C;
(2) the following conditions hold
(del) hqy® c-he) = hy® c-hay;
(de2) haym® hay@)® ¢ he) = hn)® he)n)® ¢ o)
(de3) haym® ¢-hay)® he) =hm® ¢ hiyn)® bz e)-
(3) the following conditions hold
(depl) haym® hay@)® ¢ he) =hay)@ h)@ ¢ ha)e);
(de2) haym® hay)® ¢ he) =ha)® hay@)® ¢ hoe).

In [4], the structure of k[S?"~!] is introduced as an example of Hopf coquasi-

group. The Hopf coquasigroup k[S?" '] has a left action of kZ} defined by

Og " Tp = (—1)“'bxa

such that the resulting cross product k[S?" '] x kZ¥ is a Hopf coquasigroup (see
[4, Proposition 5.10 and Example 5.11] for the detail). Then we have an example
that fits in the Theorem 4.3.

Example 4.4. Let C = k[S?" '] be a Hopf coquasigroup equipped with an action
of kKZ% by

Ta oy, =8(0p) g =0_p - g = (—1)""%,,
then k[S%" 1] is a right kKZ3-module Hopf coquasigroup and KZ3 x k[S*"~] is a

smash product Hopf coquasigroup.
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