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1. Introduction

Let U(FG) be the group of units of the group algebra FG of the group G over

a field F . It is well known that

U(FG) = V (FG)× U(F ),

where V (FG) = {
∑

g∈G αgg ∈ U(RG) |
∑

g∈G αg = 1} is the group of normalized

units of FG and U(F ) is the group of units of F .

FG can be decomposed using well known techniques (see [15] for further details)

which determine the structure of U(FG). These techniques are applied where the

characteristic of the field does not divide the order of the group. When we are faced

with the contrary the task is somewhat more difficult. V (FG) is a finite p-group

of order |F ||G|−1 if G is an abelian p-group and F is a finite field of characteristic

p ([1]).

In [16], Sandling provides a basis for V (FpkG) where G is an abelian p-group

and Fpk consists of the Galois field of p-elements. The structure of U(F2D8) is

formulated in [17] where D8 is the dihedral group of order 8. The composition of

U(F2kD8), U(F2k(C2 ×D8)) and U(F2kG) are each established in [3,8,11] respec-

tively, where G comprises some groups of order 16.

We wish to obtain the structure of U(FG) when the characteristic of F is p and

the order of G is apk where (a, p) = 1. In [4], the order of U(FpkD2pm) is deter-

mined, where Fpk is the Galois field of pk-elements, D2pm is the dihedral group

of order 2pm and p is an odd prime. In [2,12,7,9], the structures of U(F3kD6),

U(F3kD12), U(F3k(C3 o C4)), U(F3k(C3 ×D6)) and U(F3k(C3
2 o C2)) are estab-

lished. Additionally, in [14], we find the structure of FS4 for any finite field F . The

structures of U(F5kD10), U(F5kD20) and U(F5k(C5 o C4)) are created in [6,5,10].
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In this paper we determine the structure of group algebras of non-abelian groups

of order 24 that contain normal subgroups of order 3 over any field of characteristic

3. Our main result is the following:

Theorem 1.1. Let U(FG) be a group of units of the group algebra FG of a group

G over a finite field F of 3k elements. The following conditions hold:

(i) If G = 〈x, y, z, w | x3 = y2 = z2 = w2 = 1, xy = x−1, xz = zx, xw =

wx, yz = zy, yw = wy〉 ∼= C2
2 ×D6, then

V (FG) ∼= (C3
12k o C3

4k) o C3k−1
7.

(ii) If G = 〈x, y, z | x3 = y2 = z4 = 1, xy = x−1, xz = zx, yz = zy〉 ∼=
C4 ×D6, then

V (FG) ∼=

(C3
12k o C3

4k) o C3k−1
7 when 4 | (3k − 1)

(C3
12k o C3

4k) o (C3k−1
5 × C32k−1

2) when 4 - (3k − 1).

(iii) If G = 〈x, y | x3 = y8 = 1, yxy = x〉 ∼= C3 o C8, then

V (FG) ∼= (C3
12k o C3

4k) o C3k−1
7 when 8 | (3k − 1).

(iv) If G = 〈x, y | x12 = y2 = 1, xy = x−1〉 ∼= D24, then

V (FG) ∼= (C3
12k o C3

4k) o (C3k−1
3 ×GL2(F3k)).

(v) If G = 〈x, y, z | x3 = y4 = z2 = 1, xyx = y, yzy = z, xz = zx〉 ∼= C3 oD8,

then

V (FG) ∼= (((((C3
10k oC3

2k) oC3
k) oC3

k) oC3
k) oC3

k) o (C3k−1
3 ×GL2(F3k)).

(vi) If G = 〈x, y, z | x4 = z3 = 1, x2 = y2, yxy−1 = x−1, yz = zy, xz = zx〉 ∼=
C3 ×Q8, then

V (FG) ∼= ((C3
12k o C3

2k) o C3
2k) o (C3k−1

3 ×GL2(F3k)).

(vii) If G = 〈x, y | x12 = 1, x6 = y2, xy = x−1〉 ∼= Dic6, then

V (FG) ∼= (((C3
10k o C3

2k) o C3
2k) o C3

2k) o (C3k−1
3 ×GL2(F3k)).

(viii) If G = 〈x, y | x4 = y6 = 1, yxy = x〉 ∼= C6 o C4, then

V (FG) ∼=

(C3
12k o C3

4k) o C3k−1
7 when 4 | (3k − 1)

(C3
12k o C3

4k) o (C3k−1
5 × C32k−1

2) when 4 - (3k − 1).
.

(ix) If G = 〈x, y, z | x3 = y4 = z2 = 1, yz = y−1, xy = yx, xz = zx〉 ∼= C3 ×D8,

then

V (FG) ∼= ((((C3
12k o C3

k) o C3
k) o C3

k) o C3
k) o (C3k−1

3 ×GL2(F3k)).
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2. Preliminaries

Theorem 2.1. ([13]) Let F be an arbitrary field of characteristic p > 0, let G be

a p-solvable group and c be the sum of all p-elements of G including 1, then

J(FG) = lann(c)

where J(FG) is the Jacobson radical of FG and lann(c) is the left annihilator of

c.

Theorem 2.2. ([13]) Let N be a normal subgroup of G such that G/N is p-solvable.

If |G/N | = npa where (n, p) = 1, then

J(FG)p
a

⊆ FG · J(FN) ⊆ J(FG)

where F is a field of characteristic p > 0. In particular, if G is p-solvable of order

npa where (n, p) = 1, then J(FG)p
a

= 0.

The next two results can be found in [15].

Proposition 2.3. Let G be an abelian group of order n and K a field such that the

characteristic of the field doesn’t divide n. If K contains a primitive root of unity

of order n, then

KG ∼= K ⊕ · · · ⊕K︸ ︷︷ ︸
n−times

Proposition 2.4. Let F be a finite field where the characteristic of the field is not

equal to 2, M2(F ) be the ring of 2 × 2 matrices over F and Q8 be the quaternion

group of order 8. Then

FQ8
∼= F ⊕ F ⊕ F ⊕ F ⊕M2(F )

if and only if x2 + y2 = −1 can be solved in F .

Let G1 × G2 be the direct product of groups G1 and G2 and R1 ⊕ R2 be the

direct sum of rings R1 and R2. It is well known that (⊕n
i=1Ri)G ∼= ⊕n

i=1RiG and

R(G1 ×G2 × · · · ×Gn) ∼= (((RG1)G2) · · ·Gn).

3. Proof of Main Theorem 1.1

Before we proceed with each of the cases individually, we need the following

result:

Theorem 3.1. Let G any group of order 24. Then 1 + J(F3kG) has exponent 3.

Proof. Every group of order 24 is solvable and hence p-solvable. Clearly |G| = 8.3

and (8, 3) = 1. Therefore (by Theorem 2.2), J(FG)3 = 0 and 1 + J(FG) has

exponent 3. �
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Proof of Main Theorem 1.1. Case (i) Let G ∼= C2
2 × D6. The natural group

homomorphism θ : G = C2
2 × D6 → G/〈x〉 ∼= A = 〈y, z, w〉 and the inclusion

map ψ : 〈y, z, w〉 → G induces the ring homomorphism θ : F3kG → F3kA and

ψ : F3kA→ F3kG where

θ

(
3∑

i=1

xi−1 [αi + αi+3z + αi+6w + αi+9zw + αi+12y + αi+15yz + αi+18yw + αi+21yzw]

)

=

3∑
i=1

[αi + αi+3z + αi+6w + αi+9zw + αi+12y + αi+15yz + αi+18yw + αi+21yzw]

and

ψ (β1 + β2z + β3w + β4zw + β5y + β6yz + β7yw + β8yzw)

= β1 + β2z + β3w + β4zw + β5y + β6yz + β7yw + β8yzw

where αi, βj ∈ F3k . Then θψ = 1 and θ ψ = 1 and the restriction to the unit groups

provides a description of U(F3k(C2
2 × D6)) as a semidirect product U(F3k(C2

2 ×
D6)) ∼= Lo U(F3kC2

3) where L = {α ∈ U(F3k(C2
2 ×D6)) : θ(α) = 1}. Let

κ =

3∑
i=1

xi−1 [αi + αi+3z + αi+6w + αi+9zw + αi+12y + αi+15yz + αi+18yw + αi+21yzw]

∈ F3k(C2
2 ×D6),

then κ ∈ L if and only if

3∑
i=1

αi = 1 and
∑3

j=1 αj+3 =
∑3

k=1 αk+6 =
∑3

l=1 αl+9 =∑3
m=1 αm+12 =

∑3
n=1 αn+15 =

∑3
r=1 αr+18 =

∑3
s=1 αs+21 = 0, where αi ∈ F3k ,

thus |L| =
(
32k
)8

= 316k.

Lemma 3.2. L has exponent 3.

Proof. Let

α =

3∑
i=1

xi−1 [αi + αi+3z + αi+6w + αi+9zw + αi+12y + αi+15yz + αi+18yw + αi+21yzw]

∈ F3k(C2
2 ×D6)

where αi ∈ F3k . By Theorem 2.1,

J(F3k(C2
2 ×D6)) = {α ∈ F3k(C2

2 ×D6) | αx̂ = 0}.

Therefore α ∈ J(F3k(C2
2×D6)) iff

3∑
i=1

αi =

3∑
j=1

αj+3 =

3∑
k=1

αk+6 =

3∑
l=1

αl+9 =

3∑
m=1

αm+12

=

3∑
n=1

αn+15 =

3∑
r=1

αr+18 =

3∑
s=1

αs+21 = 0. Therefore L = 1+J(F3k(C2
2×D6)). �
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Lemma 3.3. CL(x) ∼= C3
12k.

Proof. Put CL(x) = {l ∈ L | lx = xl}. If

l = 1−
2∑

i=1

[αi + αi+2z + αi+4w + αi+6zw + αi+8y + αi+10yz + αi+12yw + αi+14yzw]

+

2∑
i=1

xi [αi + αi+2z + αi+4w + αi+6zw + αi+8y + αi+10yz + αi+12yw + αi+14yzw] ∈ L,

then

lx− xl =

2∑
i=1

xi [(α9 − α10)y + (α11 − α12)yz + (α13 − α14)yw + (α15 − α16)yzw] .

Therefore l ∈ CL(x) if and only if α9 = α10, α11 = α12, α13 = α14 and α15 = α16.

Thus every element of CL(x) is of the form

1−
2∑

i=1

[αi + αi+2z + αi+4w + αi+6zw] +

2∑
i=1

xi [αi + αi+2z + αi+4w + αi+6zw]

+

3∑
i=1

xi−1 [α9y + α10yz + α11yw + α12yzw]

where αi ∈ F3k . It can easily be shown that CL(x) ∼= C3
12k. �

Lemma 3.4. Let T be the subset of L consisting of elements of the form

1 +

2∑
i=0

ixi(r1 + r2z + r3w + r4zw)(1 + y)

where αi, rj ∈ F3k . Then T is a group and T ∼= C3
4k.

Proof. Let

t1 = 1 +

2∑
i=0

ixi(r1 + r2z + r3w + r4zw)(1 + y) ∈ T

and

t2 = 1 +

2∑
i=0

ixi(s1 + s2z + s3w + s4zw)(1 + y) ∈ T

where rk, sl ∈ F3k . Then

t1t2 = 1 +

2∑
i=0

ixi((r1 + s1) + (r2 + s2)z + (r3 + s3)w + (r4 + s4)zw)(1 + y) ∈ T.

It can easily be shown that T is abelian. Therefore T ∼= C3
4k. �
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Lemma 3.5. L ∼= C3
12k o C3

4k.

Proof. Let

c = 1−
2∑

i=1

[αi + αi+2z + αi+4w + αi+6zw] +

2∑
i=1

xi [αi + αi+2z + αi+4w + αi+6zw]

+

3∑
i=1

xi−1 [α9y + α10yz + α11yw + α12yzw] ∈ CL(x)

and t = 1 +
∑2

i=0 ix
i(r1 + r2z + r3w + r4zw)(1 + y) ∈ T where αi, rk ∈ F3k . Then

ct = 1−
2∑

i=1

[αi + αi+2z + αi+4w + αi+6zw] +

2∑
i=1

xi [αi + αi+2z + αi+4w + αi+6zw]

+

3∑
i=1

xi−1 [(α9 + δ1)y + (α10 + δ2)yz + (α11 + δ3)yw + (α12 + δ4)yzw]

where

δ1 = r1(α1 − α2) + r2(α3 − α4) + r3(α5 − α6) + r4(α7 − α8)

δ2 = r1(α3 − α4) + r2(α1 − α2) + r3(α7 − α8) + r4(α5 − α6)

δ3 = r1(α5 − α6) + r2(α7 − α8) + r3(α1 − α2) + r4(α3 − α4)

δ4 = r1(α7 − α8) + r2(α5 − α6) + r3(α3 − α4) + r4(α1 − α2).

Clearly ct ∈ CL(x) and T normalizes CL(x). Clearly CL(x) ∩ T = {1}, therefore

L = CL(x)T = 〈CL(x), T 〉 = CL(x) o T ∼= C3
12k o C3

4k. �

Recall that U(F3k(C2
2 ×D6) ∼= Lo U(F3kC2

3). Now

F3kC2
3 ∼= ((F3kC2)C2)C2

∼= ((F3k ⊕ F3k)C2)C2
∼= (F3kC2 ⊕ F3kC2)C2

∼= F3k
8.

Therefore

U(F3k(C2
2 ×D6)) ∼= (C3

12k o C3
4k) o C3k−1

8

∼= [(C3
12k o C3

4k) o C3k−1
7]× U(F3k).

Case (ii) Let G ∼= C4×D6. The natural group homomorphism θ1 : G = C4×D6 →
G/〈x〉 ∼= A = 〈y, z〉 and the inclusion map ψ1 : 〈y, z〉 → G induces the ring

homomorphism θ1 : F3kG→ F3kA and ψ1 : F3kA→ F3kG where

θ1

(
3∑

i=1

xi−1
[
αi + αi+3y + αi+6z + αi+9yz + αi+12z

2 + αi+15yz
2 + αi+18z

3 + αi+21yz
3
])

=

3∑
i=1

[
αi + αi+3y + αi+6z + αi+9yz + αi+12z

2 + αi+15yz
2 + αi+18z

3 + αi+21yz
3
]
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and

ψ1

(
β1 + β2y + β3z + β4yz + β5z

2 + β6yz
2 + β7z

3 + β8yz
3
)

= β1 + β2y + β3z + β4yz + β5z
2 + β6yz

2 + β7z
3 + β8yz

3

where αi, βj ∈ F3k . Then θ1ψ1 = 1 and θ1 ψ1 = 1. Therefore U(F3k(C4 ×D6)) ∼=
L1 o U(F3k(C2 × C4)) where L1 = {α ∈ U(F3k(C4 × D6)) : θ1(α) = 1}. Thus

|L1| = 316k.

Lemma 3.6. L1 has exponent 3.

Proof. By Theorem 2.1, J(F3k(C4 ×D6)) = {α ∈ F3k(C4 ×D6) | αx̂ = 0}. It can

easily be shown that L1 = 1 + J(F3k(C4 ×D6)). �

Lemma 3.7. CL1(x) ∼= C3
12k.

Proof. Put CL1
(x) = {l ∈ L1 | lx = xl}. If

l = 1−
2∑

i=1

[
αi + αi+2y + αi+4z + αi+6yz + αi+8z

2 + αi+10yz
2 + αi+12z

3 + αi+14yz
3
]

+

2∑
i=1

xi
[
αi + αi+2y + αi+4z + αi+6yz + αi+8z

2 + αi+10yz
2 + αi+12z

3 + αi+14yz
3
]
∈ L1,

then

lx− xl =

2∑
i=1

xi
[
(α3 − α4)y + (α7 − α8)yz + (α11 − α12)yz2 + (α15 − α16)yz3

]
.

Therefore every element of CL1(x) is of the form

1−
2∑

i=1

[
αi + αi+3z + αi+6z

2 + αi+9z
3
]

+

2∑
i=1

xi
[
αi + αi+3z + αi+6z

2 + αi+9z
3
]

+

3∑
i=1

xi−1
[
α3y + α6yz + α9yz

2 + α12yz
3
]

where αi ∈ F3k . It can easily be shown that CL1
(x) ∼= C3

12k. �

Let T1 be the subset of L1 consisting of elements of the form

1 +

2∑
i=0

ixi(1 + y)(r1 + r2z + r3z
2 + r4z

3)

where αi, rj ∈ F3k . It can easily be shown that T1 is a group and T1 ∼= C3
4k.
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Lemma 3.8. L1
∼= C3

12k o C3
4k.

Proof. Let

c = 1−
2∑

i=1

[
αi + αi+3z + αi+6z

2 + αi+9z
3
]

+

2∑
i=1

xi
[
αi + αi+3z + αi+6z

2 + αi+9z
3
]

+

3∑
i=1

xi−1
[
α3y + α6yz + α9yz

2 + α12yz
3
]
∈ CL1(x)

and t = 1 +
∑2

i=0 ix
i(1 + y)(r1 + r2z + r3z

2 + r4z
3) ∈ T1 where αi, βj , rk ∈ F3k .

Then

ct = 1−
2∑

i=1

[
αi + αi+3z + αi+6z

2 + αi+9z
3
]

+

2∑
i=1

xi
[
αi + αi+3z + αi+6z

2 + αi+9z
3
]

+

3∑
i=1

xi−1
[
(α3 + δ1)y + (α6 + δ2)yz + (α9 + δ3)yz2 + (α12 + δ4)yz3

]
where

δ1 = r1(α1 − α2) + r2(α10 − α11) + r3(α7 − α8) + r4(α4 − α5)

δ2 = r1(α4 − α5) + r2(α1 − α2) + r3(α10 − α11) + r4(α7 − α8)

δ3 = r1(α7 − α8) + r2(α4 − α5) + r3(α1 − α2) + r4(α10 − α11)

δ4 = r1(α10 − α11) + r2(α7 − α8) + r3(α4 − α5) + r4(α1 − α2).

Clearly ct ∈ CL1(x) and T1 normalizes CL1(x). Clearly CL1(x) ∩ T1 = {1},
therefore L1 = CL1

(x)T1 = 〈CL1
(x), T1〉 = CL1

(x) o T1 ∼= C3
12k o C3

4k. �

Recall that U(F3k(C4 ×D6)) ∼= L1 o U(F3k(C4 × C2)). Now

F3k(C2 × C4) ∼= (F3kC2)C4
∼= (F3k ⊕ F3k)C4

∼= F3kC4 ⊕ F3kC4

∼=

F3k
8 when 4 | (3k − 1)

F3k
6 ⊕ F32k

2 when 4 - (3k − 1)
.

Therefore

U(F3k(C4×D6)) ∼=

[(C3
12k o C3

4k) o C3k−1
7]× U(F3k) when 4 | (3k − 1)

[(C3
12k o C3

4k) o (C3k−1
5 × C32k−1

2)]× U(F3k) when 4 - (3k − 1).

Case (iii) Let G ∼= C3 o C8. The natural group homomorphism θ2 : G = C3 o
C8 → G/〈x〉 ∼= A = 〈y〉 and the inclusion map ψ2 : 〈y〉 → G induces the ring

homomorphism θ2 : F3kG→ F3kA and ψ2 : F3kA→ F3kG where
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θ2

(
3∑

i=1

xi−1
[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12y

4 + αi+15y
5 + αi+18y

6 + αi+21y
7
])

=

3∑
i=1

[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12y

4 + αi+15y
5 + αi+18y

6 + αi+21y
7
]

and

ψ2

(
7∑

i=0

βi+1y
i

)
=

7∑
i=0

βi+1y
i

where αi, βj ∈ F3k . Then θ2ψ2 = 1 and θ2 ψ2 = 1. Therefore U(F3k(C3 o C8)) ∼=
L2 o U(F3kC8) where L2 = {α ∈ U(F3k(C3 o C8)) : θ2(α) = 1}. Thus |L2| = 316k.

Lemma 3.9. L2 has exponent 3.

Proof. By Theorem 2.1, J(F3k(C3 o C8)) = {α ∈ F3k(C3 o C8) | αx̂ = 0}. It can

easily be shown that L1 = 1 + J(F3k(C3 o C8)). �

Lemma 3.10. CL2
(x) ∼= C3

12k.

Proof. Put CL2
(x) = {l ∈ L2 | lx = xl}. If

l = 1−
2∑

i=1

[
αi + αi+2y + αi+4y

2 + αi+6y
3 + αi+8y

4 + αi+10y
5 + αi+12y

6 + αi+14y
7
]

+

2∑
i=1

xi
[
αi + αi+2y + αi+4y

2 + αi+6y
3 + αi+8y

4 + αi+10y
5 + αi+12y

6 + αi+14y
7
]
∈ L2,

then

lx− xl =

2∑
i=1

xi
[
(α4 − α3)y + (α7 − α8)y3 + (α12 − α11)y5 + (α15 − α16)y7

]
.

Therefore every element of CL2
(x) is of the form

1−
2∑

i=1

[
αi + αi+3y

2 + αi+6y
4 + αi+9y

6
]

+

2∑
i=1

xi
[
αi + αi+2y

2 + αi+4y
4 + αi+6y

6
]

+

3∑
i=1

[
α3y + α6y

3 + α9y
5 + α12y

7
]

where αi ∈ F3k . It can easily be shown that CL2
(x) ∼= C3

12k. �

Let T2 be the subset of L2 consisting of elements of the form

1 +

2∑
i=0

xi
[
α1 + α2y

2 + α3y
4 + α4y

6 + i(r1y + r2y
3 + r3y

5 + r4y
7)
]

where αi, rj ∈ F3k . It can easily be shown that T2 is a group and T2 ∼= C3
8k.
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Lemma 3.11. L2
∼= C3

12k o C3
4k.

Proof. Let

c = 1−
2∑

i=1

[
αi + αi+3y

2 + αi+6y
4 + αi+9y

6
]

+

2∑
i=1

xi
[
αi + αi+2y

2 + αi+4y
4 + αi+6y

6
]

+

3∑
i=1

xi
[
α3y + α6y

3 + α9y
5 + α12y

7
]
∈ CL2

(x)

and t = 1 +
∑2

i=0 x
i
[
β1 + β2y

2 + β3y
4 + β4y

6 + i(r1y + r2y
3 + r3y

5 + r4y
7)
]
∈ T2

where αi, βj , rk ∈ F3k . Then

ct = 1−
2∑

i=1

[
αi + αi+3y

2 + αi+6y
4 + αi+9y

6
]

+

2∑
i=1

xi
[
αi + αi+2y

2 + αi+4y
4 + αi+6y

6
]

+

3∑
i=1

xi
[
(α3 + δ1)y + (α6 + δ2)y3 + (α9 + δ3)y5 + (α12 + δ4)y7

]
where

δ1 = r1(α1 − α2) + r2(α10 − α11) + r3(α7 − α8) + r4(α4 − α5)

δ2 = r1(α4 − α5) + r2(α1 − α2) + r3(α10 − α11) + r4(α7 − α8)

δ3 = r1(α7 − α8) + r2(α4 − α5) + r3(α1 − α2) + r4(α10 − α11)

δ4 = r1(α10 − α11) + r2(α7 − α8) + r3(α4 − α5) + r4(α1 − α2).

Clearly ct ∈ CL2
(x) and T2 normalizes CL2

(x). Let

R2 = CL2
(x) ∩ T2 =

{
1 +

2∑
i=0

(α1 + α2x
2 + α3x

4 + α4x
6)yi

}

where αi ∈ F3k . Let T2 ∼= R2 × S2
∼= C3

4k × C3
4k. Clearly S2 ∩ CL2(x) = {1} and

S2 normalizes CL2
(x). Thus L2

∼= C3
12k o C3

4k. �

Recall that U(F3k(C3 o C8)) ∼= L2 o U(F3kC8). Now F3kC8
∼= F3k

8 when 8 |
(3k − 1) by Proposition 2.3. Therefore

U(F3k(C3 o C8)) ∼= (C3
12k o C3

4k) o C3k−1
8 when 8 | (3k − 1)

∼= [(C3
12k o C3

4k) o C3k−1
7]× U(F3k) when 8 | (3k − 1).

Case (iv) Let G ∼= D24. The natural group homomorphism θ3 : G = D24 →
G/〈x4〉 ∼= A = 〈x3, y〉 and the inclusion map ψ3 : 〈x3, y〉 → G induces the ring

homomorphism θ3 : F3kG→ F3kA and ψ3 : F3kA→ F3kG where
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θ3

(
2∑

i=0

x4i
[
αi+1 + αi+4x

3 + αi+7x
6 + αi+10x

9 + (αi+13 + αi+16x
3 + αi+19x

6 + αi+22x
9)y
])

=

2∑
i=0

[
αi+1 + αi+4x

3 + αi+7x
6 + αi+10x

9 + (αi+13 + αi+16x
3 + αi+19x

6 + αi+22x
9)y
]

and

ψ3

 3∑
i=0

βix
3i +

3∑
j=0

βj+4x
3jy

 =

3∑
i=0

βix
3i +

3∑
j=0

βj+4x
3jy

where αi, βj ∈ F3k . Then θ3ψ3 = 1 and θ3 ψ3 = 1. Therefore U(F3kD24) ∼=
L3 o U(F3kD24) where L3 = {α ∈ U(F3kD24) : θ3(α) = 1}. Thus |L3| = 316k.

Lemma 3.12. L3 has exponent 3.

Proof. By Theorem 2.1, J(F3kD24) = {α ∈ F3kD24 | αx̂4 = 0}. It can easily be

shown that L3 = 1 + J(F3kD24). �

Lemma 3.13. CL3
(x8) ∼= C3

12k.

Proof. CL3
(x8) = {l ∈ L3 |x8l = lx8}. Let

l = 1−
2∑

i=1

[
αi + αi+2x

3 + αi+4x
6 + αi+6x

9 + (αi+8 + αi+10x
3 + αi+12x

6 + αi+14x
9)y
]

+

2∑
i=1

x4i
[
αi + αi+2x

3 + αi+4x
6 + αi+6x

9 + (αi+8 + αi+10x
3 + αi+12x

6 + αi+14x
9)y
]

where l ∈ L3. Then

x8l − lx8 =

2∑
i=0

x4i
[
(α9 − α10) + (α12 − α11)x3 + (α14 − α13)x6 + (α16 − α15)x9

]
y.

Therefore l ∈ CL3
(x8) if and only if α9 = α10, α11 = α12, α13 = α14 and α15 = α16.

Thus every element of CL3(x8) is of the form

1−
2∑

i=1

[
αi + αi+3x

3 + αi+6x
6 + αi+9x

9
]

+

2∑
i=1

x4i
[
αi + αi+2x

3 + αi+4x
6 + αi+6x

9
]

+

3∑
i=1

[
(α9 + α10x

3 + α11x
6 + α12x

9)y
]

where αi ∈ F3k . It can easily be shown that CL3
(x8) is abelian. Therefore

CL3(x8) ∼= C3
12k. �
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Let T3 be the subset of L3 consisting of elements of the form

1 +

2∑
i=0

x4i
[
α1 + α2x

3 + α3x
6 + α4x

9 + i(α5 + α6x
3 + α7x

6 + α8x
9)y
]

where αi ∈ F3k . It can easily be shown that T3 is a group and T3 ∼= C3
8k.

Lemma 3.14. L3
∼= C3

12k o C3
4k.

Proof. Let t = 1+
∑2

i=0 x
4i
[
β1 + β2x

3 + β3x
6 + β4x

9 + i(β5 + β6x
3 + β7x

6 + β8x
9)y
]
∈

T3 and

c = 1−
2∑

i=1

[
αi + αi+3x

3 + αi+6x
6 + αi+9x

9
]

+

2∑
i=1

x4i
[
αi + αi+2x

3 + αi+4x
6 + αi+6x

9
]

+

3∑
i=1

[
(α9 + α10x

3 + α11x
6 + α12x

9)y
]
∈ CL3

(x8)

where αi, βj ∈ F3k . Then

ct = 1−
2∑

i=1

[
αi + αi+3x

3 + αi+6x
6 + αi+9x

9
]

+

2∑
i=1

x4i
[
αi + αi+2x

3 + αi+4x
6 + αi+6x

9
]

+

3∑
i=1

[
((α9 + δ1) + (α10 + δ2)x3 + (α11 + δ3)x6 + (α12 + δ4)x9)y

]
where

δ1 = (β6 + β8)[(α4 − α3) + (α8 − α7)] + β5(α1 − α2) + β7(α5 − α6)

δ2 = (β5 + β7)[(α4 − α3) + (α8 − α7)] + β6(α1 − α2) + β8(α5 − α6)

δ3 = (β6 + β8)[(α4 − α3) + (α8 − α7)] + β5(α5 − α6) + β7(α1 − α2)

δ4 = (β5 + β7)[(α4 − α3) + (α8 − α7)] + β6(α5 − α6) + β8(α1 − α2).

Clearly ct ∈ CH(x) and T normalizes CH(x). Let

R3 = CL3(x8) ∩ T3 =

{
1 +

2∑
i=0

x4i(α1 + α2x
3 + α3x

6 + α4x
9)

}
where αi ∈ F3k . Let T3 ∼= R3 × S3

∼= C3
4k ×C3

4k. Clearly S3 ∩CL3(x8) = {1} and

S3 normalizes CL3
(x8). Thus L3

∼= C3
12k o C3

4k. �

Recall that U(F3kD24) ∼= H o U(F3kD8). It is well known that F3kD8
∼= F4

3k ⊕
M2(F3k). Therefore

U(F3kD24) ∼= [C3
12k o C3

4k] o C3k−1
4 ×GL2(F3k)

∼= [(C3
12k o C3

4k) o C3k−1
3 ×GL2(F3k)]× U(F3k).

Case (v) Let G ∼= C3oD8. The natural group homomorphism θ4 : G = C3oD8 →
G/〈x〉 ∼= A = 〈y, z〉 and the inclusion map ψ4 : 〈y, z〉 → G induces the ring

homomorphism θ4 : F3kG→ F3kA and ψ4 : F3kA→ F3kG where
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θ4

(
3∑

i=1

xi−1
[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12z + αi+15yz + αi+18y

2z + αi+21y
3z
])

=

3∑
i=1

[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12z + αi+15yz + αi+18y

2z + αi+21y
3z
]

and

ψ4

 3∑
i=0

βiy
i +

3∑
j=0

βj+4y
jz

 =

3∑
i=0

βiy
i +

3∑
j=0

βj+4y
jz

where αi, βj ∈ F3k . Then θ4ψ4 = 1 and θ4 ψ4 = 1. Therefore U(F3k(C3 oD8)) ∼=
L4 o U(F3kD8) where L4 = {α ∈ U(F3k(C3 oD8)) : θ4(α) = 1}. Thus |L4| = 316k.

Lemma 3.15. L4 has exponent 3.

Proof. By Theorem 2.1, J(F3k(C3 oD8)) = {α ∈ F3k(C3 oD8) | αx̂ = 0}. It can

easily be shown that L4 = 1 + J(F3k(C3 oD8)). �

Lemma 3.16. Let M1 be the abelian subgroup of L4, where the elements of M1

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3)

+

2∑
i=0

xi(α9z + α10yz + α11y
2z + α12y

3z)

where αi ∈ F3k . Then M1
∼= C3

10k o C3
2k.

Proof. Let N1 and P1 be two abelian subgroups of M1 where the elements of N1

take the form

1 +

2∑
i=0

xi[β1 + β2y
2 + i(r1y + r2y

3)]

and the elements of P1 take the form

1−
2∑

i=1

(αi + αi+3y
2) +

2∑
i=1

xi(αi + αi+3y
2) +

2∑
i=0

xi(α3y + α6y
3 + α7z + α8yz

+ α9y
2z + α10y

3z)

where αi, βj ∈ F3k . It can easily be shown that N1
∼= C3

4k and P1
∼= C3

10k. Let

n ∈ N1 and p ∈ P1, then

pn = 1−
2∑

i=1

(αi + αi+3y
2) +

2∑
i=1

xi(αi + αi+3y
2) +

2∑
i=0

xi((α3 + δ1)y + (α6 + δ2)y3

+ α7z + α8yz + α9y
2z + α10y

3z)
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where δ1 = r1(α1−α2)+r2(α4−α5), δ2 = r1(α4−α5)+r2(α1−α2) and αi, rj ∈ F3k .

Clearly pn ∈ P1 and N1 normalizes P1. Let

A = N1 ∩ P1 =

{
1 +

2∑
i=0

xi[β1 + β2y
2]

}
where βj ∈ F3k . Now N1

∼= A × B ∼= C3
2k × C3

2k. Clearly P1 ∩ B = {1} and B
normalizes P1. Therefore M1

∼= P1 o B ∼= C3
10k o C3

2k. �

Lemma 3.17. Let M2 be the abelian subgroup of L4, where the elements of M2

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3

+ αi+8z) +

2∑
i=0

xi(α11yz + α12y
2z + α13y

3z)

where αi ∈ F3k . Then M2
∼= (C3

10k o C3
2k) o C3

k.

Proof. Let N2 be an abelian subgroup of M2 where the elements of N2 take the

form

1 +

2∑
i=0

xi[β1 + irz]

and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3)

+

2∑
i=0

xi(α9z + α10yz + α11y
2z + α12y

3z) ∈M1

where αi, r ∈ F3k . It can easily be shown that N2
∼= C3

2k Let n ∈ N2 and m ∈M1,

then

mn = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3)

+

2∑
i=0

xi(α9z + (α10 + δ)yz + α11y
2z + (α12 + δ)y3z)

where δ = r[(α3 − α4) + (α7 − α8)]. Clearly mn ∈M1 and N2 normalizes M1. Let

A1 = N2 ∩M1 =

{
1 +

2∑
i=0

xiβ1

}
where βj ∈ F3k . Now N2

∼= A1 × B1 ∼= C3
k × C3

k. Clearly M1 ∩ B1 = {1} and B1
normalizes M1. Therefore M2

∼= M1 o B1 ∼= (C3
10k o C3

2k) o C3
k. �
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Lemma 3.18. Let M3 be the abelian subgroup of L4, where the elements of M3

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=1

xi(αi + αi+2y

+ αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=0

xi(α13y
2z + α14y

3z)

where αi ∈ F3k . Then M3
∼= ((C3

10k o C3
2k) o C3

k) o C3
k.

Proof. Let N3 be an abelian subgroup of M3 where the elements of N3 take the

form

1 +

2∑
i=0

xi[β1 + iryz]

and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2

+ αi+6y
3 + αi+8z) +

2∑
i=0

xi(α11yz + α12y
2z + α13y

3z) ∈M2

where αi, r ∈ F3k . It can easily be shown that N3
∼= C3

2k Let n ∈ N3 and m ∈M2,

then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 + δ1)y3 + (αi+8 + δ2)z)

+

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 + δ1)y3 + (αi+8 + δ2)z)

+

2∑
i=0

xi((α11 + δ3)yz + (α12 − δ2)y2z + (α13 + δ4)y3z)

where δ1 = α10r, δ2 = r[(α7−α8)−(α3−α4)], δ3 = r(α1−α2) and δ4 = r(α5−α6).

Clearly mn ∈ M2 and N3 normalizes M2. Now N3
∼= A1 × B2 ∼= C3

k × C3
k.

Clearly M2 ∩ B2 = {1} and B2 normalizes M2. Therefore M3
∼= M2 o B2 ∼=

((C3
10k o C3

2k) o C3
k) o C3

k. �

Lemma 3.19. Let M4 be the abelian subgroup of L4, where the elements of M4

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z) +

2∑
i=1

xi(αi

+ αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z) +

2∑
i=0

xi(α15y
3z)
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where αi ∈ F3k . Then M4
∼= (((C3

10k o C3
2k) o C3

k) o C3
k) o C3

k.

Proof. Let N4 be an abelian subgroup of M4 where the elements of N4 take the

form

1 +

2∑
i=0

xi[β1 + iry2z]

and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=1

xi(αi + αi+2y

+ αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=0

xi(α13y
2z + α14y

3z) ∈M3

where αi, r ∈ F3k . It can easily be shown that N4
∼= C3

2k Let n ∈ N4 and m ∈M3,

then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 + δ1)y3 + αi+8z + (αi+10 + δ2)yz)

+

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 + δ1)y3 + αi+8z + (αi+10 + δ2)yz)

+

2∑
i=0

xi(α13y
2z + (α14 + δ2)y3z)

where δ1 = r(α11 − α12), δ2 = r[(α7 − α8) + (α3 − α4)]. Clearly mn ∈ M3 and N4

normalizes M3. Now N4
∼= A1 × B3 ∼= C3

k × C3
k. Clearly M3 ∩ B3 = {1} and B3

normalizes M3. Therefore M4
∼= M3oB3 ∼= (((C3

10koC3
2k)oC3

k)oC3
k)oC3

k. �

Lemma 3.20. L4
∼= ((((C3

10k o C3
2k) o C3

k) o C3
k) o C3

k) o C3
k.

Proof. Let N5 be an abelian subgroup of L4 where the elements of N5 take the

form

1 +

2∑
i=0

xi[β1 + iry3z]

and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z)

+

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z)

+

2∑
i=0

xi(α15y
3z) ∈M4
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where αi, r ∈ F3k . It can easily be shown that N5
∼= C3

2k Let n ∈ N5 and m ∈M4,

then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 + δ1)y3 + (αi+8 + δ2)z + (αi+10

+ δ3)yz + (αi+12 − δ2)y2z) +

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 + δ1)y3

+ (αi+8 + δ2)z + (αi+10 + δ3)yz + (αi+12 − δ2)y2z) +

2∑
i=0

xi(α15 + δ4)y3z

where δ1 = 2r[(α9 − α10) + (α13 − α14)], δ2 = r[2(α7 − α8) + (α3 − α4)], δ3 =

r(α5 − α6), δ2 = r(α1 − α2). Clearly mn ∈ M4 and N5 normalizes M4. Now

N5
∼= A1 × B4 ∼= C3

k × C3
k. Clearly M4 ∩ B4 = {1} and B4 normalizes M4.

Therefore L4
∼= M4 o B4 ∼= ((((C3

10k o C3
2k) o C3

k) o C3
k) o C3

k) o C3
k. �

Recall that U(F3k(C3 oD8)) ∼= L4 o U(F3kD8). Therefore

U(F3k(C3 oD8))
∼= [((((C3

10k o C3
2k) o C3

k) o C3
k) o C3

k) o C3
k] o C3k−1

4 ×GL2(F3k)
∼= [((((C3

10k oC3
2k)oC3

k)oC3
k)oC3

k)oC3
k]oC3k−1

3×GL2(F3k)]×U(F3k).

Case (vi) Let G ∼= C3×Q8. The natural group homomorphism θ5 : G = C3×Q8 →
G/〈x〉 ∼= A = 〈y, z〉 and the inclusion map ψ5 : 〈y, z〉 → G induces the ring

homomorphism θ5 : F3kG→ F3kA and ψ5 : F3kA→ F3kG where

θ5

(
3∑

i=1

xi−1
[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12z + αi+15yz + αi+18y

2z + αi+21y
3z
])

=

3∑
i=1

[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12z + αi+15yz + αi+18y

2z + αi+21y
3z
]

and

ψ5

 3∑
i=0

βiy
i +

3∑
j=0

βj+4y
jz

 =

3∑
i=0

βiy
i +

3∑
j=0

βj+4y
jz

where αi, βj ∈ F3k . Then θ5ψ5 = 1 and θ5 ψ5 = 1. Therefore U(F3k(C3 × Q8)) ∼=
L5 o U(F3kQ8) where L5 = {α ∈ U(F3k(C3 ×Q8)) : θ5(α) = 1}. Thus |L5| = 316k.

Lemma 3.21. L5 has exponent 3.

Proof. By Theorem 2.1, J(F3k(C3 ×Q8)) = {α ∈ F3k(C3 ×Q8) | αx̂ = 0}. It can

easily be shown that L5 = 1 + J(F3k(C3 ×Q8)). �
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Lemma 3.22. Let M1 be the abelian subgroup of L5, where the elements of M1

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+11y
2z) +

2∑
i=1

xi(αi + αi+2y

+ αi+4y
2 + αi+6y

3 + αi+8z + αi+11y
2z) +

2∑
i=0

xi(α11yz + α14y
3z)

where αi ∈ F3k . Then M1
∼= C3

12k o C3
2k.

Proof. Let N1 and P1 be two abelian subgroups of M1 where the elements of N1

take the form

1 +

2∑
i=0

xi[β1 + β2y
2 + i(r1y + r2y

3)]

and the elements of P1 take the form

1−
2∑

i=1

(αi + αi+3y
2 + αi+6z + αi+9y

2z) +

2∑
i=1

xi(αi + αi+3y
2 + αi+6z + αi+9y

2z)

+

2∑
i=0

xi(α3y + α6y
3 + α9yz + α12y

3z)

where αi, βj ∈ F3k . It can easily be shown that N1
∼= C3

4k and P1
∼= C3

12k. Let

n ∈ N1 and p ∈ P1, then

pn = 1−
2∑

i=1

(αi + αi+3y
2 + αi+6z + αi+9y

2z) +

2∑
i=1

xi(αi + αi+3y
2 + αi+6z + αi+9y

2z)

+

2∑
i=0

xi(α3y + α6y
3 + (α9 + δ)yz + (α12 − δ)y3z)

where δ1 = (α7 − α8)(r1 − r2) + (α10 − α11)(r2 − r1)and αi, rj ∈ F3k .

Clearly pn ∈ P1 and N1 normalizes P1. Let

A = N1 ∩ P1 =

{
1 +

2∑
i=0

xi[β1 + β2y
2]

}
where βj ∈ F3k . Now N1

∼= A × B ∼= C3
2k × C3

2k. Clearly P1 ∩ B = {1} and B
normalizes P1. Therefore M1

∼= P1 o B ∼= C3
12k o C3

2k. �

Lemma 3.23. L5
∼= (C3

12k o C3
2k) o C3

2k.

Proof. Let N2 be an abelian subgroup of L5 where the elements of N2 take the

form

1 +

2∑
i=0

xi[β1 + β2y
2 + i(r1yz + r2y

3z)]
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and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+11y
2z) +

2∑
i=1

xi(αi+

αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+11y
2z) +

2∑
i=0

xi(α11yz + α14y
3z) ∈M1

where αi, βj , r ∈ F3k . It can easily be shown that N2
∼= C3

4k Let n ∈ N2 and

m ∈M1, then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + (αi+8 + δ2)z + (αi+11

− δ2)y2z) +

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + (αi+8 + δ2)z

+ (αi+11 − δ2)y2z) +
2∑

i=0

xi(α11yz + α14y
3z)

where δ1 = (α12 − α13)(r1 − r2) + (α9 − α10)(r2 − r1), δ2 = (α7 − α8)(r1 − r2) +

(α3 − α4)(r2 − r1). Clearly mn ∈ M1 and N2 normalizes M1. Now N2
∼= A ×

B1 ∼= C3
2k × C3

2k. Clearly M1 ∩ B1 = {1} and B1 normalizes M1. Therefore

L5
∼= M1 o B1 ∼= (C3

12k o C3
2k) o C3

2k. �

Recall that U(F3k(C3×Q8)) ∼= L5oU(F3kQ8). Now by Proposition 2.4, F3kQ8
∼=

F4
3k ⊕M2(F3k). Therefore

U(F3k(C3 oQ8)) ∼= ((C3
12k o C3

2k) o C3
2k) o (C3k−1

4 ×GL2(F3k))

∼=
[
((C3

12k o C3
2k) o C3

2k) o (C3k−1
3 ×GL2(F3k))

]
× C3k−1

Case (vii) Let G ∼= Dic6. The natural group homomorphism θ6 : G = Dic6 →
G/〈x4〉 ∼= A = 〈x3, y〉 and the inclusion map ψ6 : 〈x3, y〉 → G induces the ring

homomorphism θ6 : F3kG→ F3kA and ψ6 : F3kA→ F3kG where

θ6

(
2∑

i=0

x4i
[
αi+1 + αi+4x

3 + αi+7x
6 + αi+10x

9 + (αi+13 + αi+16x
3 + αi+19x

6 + αi+22x
9)y
])

=

2∑
i=0

[
αi+1 + αi+4x

3 + αi+7x
6 + αi+10x

9 + (αi+13 + αi+16x
3 + αi+19x

6 + αi+22x
9)y
]

and

ψ6

 3∑
i=0

βix
3i +

3∑
j=0

βj+4x
3jy

 =

3∑
i=0

βix
3i +

3∑
j=0

βj+4x
3jy
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where αi, βj ∈ F3k . Then θ6ψ6 = 1 and θ6 ψ6 = 1. Therefore U(F3kDic6) ∼=
L6 o U(F3kQ8) where L6 = {α ∈ U(F3kDic6) : θ6(α) = 1}. Thus |L6| = 316k.

Lemma 3.24. L6 has exponent 3.

Proof. By Theorem 2.1, J(F3kDic6) = {α ∈ F3kD24 | αx̂4 = 0}. It can easily be

shown that L6 = 1 + J(F3kDic6). �

Lemma 3.25. Let M1 be the abelian subgroup of L6, where the elements of M1

take the form

1−
2∑

i=1

(αi + αi+3x
6 + αi+6y + αi+9x

6y) +

2∑
i=1

x4i(αi + αi+3x
6 + αi+6y + αi+9x

6y)

+

2∑
i=0

x4i(α3x
3 + α6x

9 + α9x
3y + α12x

9y)

where αi ∈ F3k . Then M1
∼= C3

10k o C3
2k.

Proof. Let N1 and P1 be two abelian subgroups of M1 where the elements of N1

take the form

1 +

2∑
i=0

x4i[β1 + β2x
6 + i(r1 + r2x

6)y]

and the elements of P1 take the form

1−
2∑

i=1

(αi + αi+3x
6) +

2∑
i=1

x4i(αi + αi+3x
6) +

2∑
i=0

x4i(α3x
3 + α6x

6 + α7y + α8x
3y

+ α9x
6y + α10x

9y)

where αi, βj ∈ F3k . It can easily be shown that N1
∼= C3

4k and P1
∼= C3

10k. Let

n ∈ N1 and p ∈ P1, then

pn = 1−
2∑

i=1

(αi + αi+3x
6) +

2∑
i=1

x4i(αi + αi+3x
6) +

2∑
i=0

x4i(α3x
3 + α6x

6 + (α7 + δ1)y

+ α8x
3y + (α9 + δ2)x6y + α10x

9y)

where δ1 = r1(α1−α2)+r2(α4−α5), δ2 = r1(α4−α5)+r2(α1−α2) and αi, rj ∈ F3k .

Clearly pn ∈ P1 and N1 normalizes P1. Let

A = N1 ∩ P1 =

{
1 +

2∑
i=0

xi[β1 + β2x
6]

}

where βj ∈ F3k . Now N1
∼= A × B ∼= C3

2k × C3
2k. Clearly P1 ∩ B = {1} and B

normalizes P1. Therefore M1
∼= P1 o B ∼= C3

10k o C3
2k. �
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Lemma 3.26. Let M2 be the abelian subgroup of L6, where the elements of M2

take the form

1−
2∑

i=1

(αi + αi+2x
3 + αi+4x

6 + αi+6x
9 + αi+8y + αi+11x

6y) +

2∑
i=1

x4i(αi + αi+2x
3

+ αi+4x
6 + αi+6x

9 + αi+8y + αi+11x
6y) +

2∑
i=0

x4i(α11x
3y + α14x

9y)

where αi ∈ F3k . Then M2
∼= (C3

10k o C3
2k) o C3

2k.

Proof. Let N2 be an abelian subgroup of M2 where the elements of N2 take the

form

1 +

2∑
i=0

x4i[β1 + β2x
6 + i(r1x

3 + r2x
9)]

and let

m = 1−
2∑

i=1

(αi + αi+3x
6 + αi+6y + αi+9x

6y) +

2∑
i=1

x4i(αi + αi+3x
6 + αi+6y

+ αi+9x
6y) +

2∑
i=0

x4i(α3x
3 + α6x

9 + α9x
3y + α12x

9y) ∈M1

where αi, r ∈ F3k . It can easily be shown that N2
∼= C3

2k Let n ∈ N2 and m ∈M1,

then

mn = 1−
2∑

i=1

(αi + αi+3x
6 + αi+4y + αi+6x

6y) +

2∑
i=1

x4i(αi + αi+3x
6 + αi+4y

+ αi+6x
6y) +

2∑
i=0

x4i(α3x
3 + α6x

9 + (α9 + δ)x3y + (α12 + δ)x9y)

where δ = [(r1 + r2)(α7 − α8) + (r1 + r2)(α10 − α11)]. Clearly mn ∈ M1 and N2

normalizes M1. Now N2
∼= A× B1 ∼= C3

2k × C3
2k. Clearly M1 ∩ B1 = {1} and B1

normalizes M1. Therefore M2
∼= M1 o B1 ∼= (C3

10k o C3
2k) o C3

2k. �

Lemma 3.27. L6
∼= ((C3

10k o C3
2k) o C3

2k) o C3
2k.

Proof. Let N3 be an abelian subgroup of L6 where the elements of N3 take the

form

1 +

2∑
i=0

x4i[β1 + β2x
6 + i(r1x

3 + r2x
9)y]

and let

m = 1−
2∑

i=1

(αi + αi+2x
3 + αi+4x

6 + αi+6x
9 + αi+8y + αi+11x

6y) +

2∑
i=1

x4i(αi + αi+2x
3

+ αi+4x
6 + αi+6x

9 + αi+8y + αi+11x
6y) +

2∑
i=0

x4i(α11x
3y + α14x

9y) ∈M2
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where αi, r ∈ F3k . It can easily be shown that N3
∼= C3

4k Let n ∈ N3 and m ∈M2,

then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)x3 + αi+4x
6 + (αi+6 − δ1)x9 + (αi+8 + δ2)y + (αi+11

+ δ2)x6y) +

2∑
i=1

x4i(αi + (αi+2 + δ1)x3 + αi+4x
6 + (αi+6 − δ1)x9 + (αi+8 + δ2)y

+ (αi+11 + δ2)x6y) +

2∑
i=0

x4i((α11 + δ3)x3y + (α14 + δ4)x9y)

where δ1 = [(r2−r1)(α9−α10)+(r2−r1)(α12−α13)], δ2 = [(r1+r2)(α4−α3)+(r1+

r2)(α8 − α7)], δ3 = r1(α1 − α2) + r2(α5 − α6) and δ4 = r1(α5 − α6) + r2(α1 − α2).

Clearly mn ∈M2 and N3 normalizes M2. Now N3
∼= A×B2 ∼= C3

2k×C3
2k. Clearly

M2∩B2 = {1} and B2 normalizes M2. Therefore L6
∼= M2oB2 ∼= ((C3

10koC3
2k)o

C3
2k) o C3

2k. �

Recall that U(F3kDic6) ∼= L6 o U(F3kQ8). Therefore

U(F3kDic6) ∼= (((C3
10k o C3

2k) o C3
2k) o C3

2k) o (C3k−1
4 ×GL2(F3k))

∼=
[
(((C3

10k o C3
2k) o C3

2k) o C3
2k) o (C3k−1

3 ×GL2(F3k))
]
× C3k−1

Case (viii) Let G ∼= C6 o C4. The natural group homomorphism θ7 : G =

C6 o C4 → G/〈y2〉 ∼= A = 〈x, y3〉 and the inclusion map ψ7 : 〈x, y3〉 → G induces

the ring homomorphism θ7 : F3kG→ F3kA and ψ7 : F3kA→ F3kG where

θ7

(
2∑

i=0

[
αi+1 + αi+4x+ αi+7x

2 + αi+10x
3 + αi+13y

3 + αi+16xy
3 + αi+19x

2y3 + αi+22x
3y3
]
y2i

)

=

2∑
i=0

[
αi+1 + αi+4x+ αi+7x

2 + αi+10x
3 + αi+13y

3 + αi+16xy
3 + αi+19x

2y3 + αi+22x
3y3
]

and

ψ7

 3∑
i=0

βix
i +

3∑
j=0

βj+4x
jy

 =

3∑
i=0

βix
i +

3∑
j=0

βj+4x
jy3

where αi, βj ∈ F3k . Then θ7ψ7 = 1 and θ7 ψ7 = 1. Therefore U(F3k(C6 o C4)) ∼=
L7 o U(F3k(C2 × C4)) where L7 = {α ∈ U(F3k(C6 o C4)) : θ7(α) = 1}. Thus

|L7| = 316k.

Lemma 3.28. L3 has exponent 3.

Proof. By Theorem 2.1, J(F3k(C6 o C4)) = {F3k(C6 o C4) | αŷ2 = 0}. It can

easily be shown that L7 = 1 + J(F3k(C6 o C4)). �
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Lemma 3.29. CL7
(y2) ∼= C3

12k.

Proof. CL7(y2) = {l ∈ L7 | ly2 = y2l}. Let

l = 1−
2∑

i=1

[αi+1 + αi+4x+ αi+7x
2 + αi+10x

3 + αi+13y
3 + αi+16xy

3 + αi+19x
2y3

+ αi+22x
3y3] +

2∑
i=0

[αi+1 + αi+4x+ αi+7x
2 + αi+10x

3 + αi+13y
3 + αi+16xy

3

+ αi+19x
2y3 + αi+22x

3y3] y2i

where l ∈ L3. Then

ly2 − y2l =

2∑
i=0

[
(α4 − α3)x+ (α8 − α7)x3 + (α12 − α11)xy3 + (α16 − α15)x3y3

]
y2i.

Therefore l ∈ CL7
(y2) if and only if α3 = α4, α7 = α8, α11 = α12 and α15 = α16.

Thus every element of CL7
(y2) is of the form

1−
2∑

i=1

[
αi + αi+3x

2 + αi+6y
3 + αi+9x

2y3
]

+

2∑
i=1

(αi + αi+3x
2 + αi+6y

3 + αi+9x
2y3)y2i

+

3∑
i=1

(α3x+ α6x
3 + α9xy

3 + α12x
3y3)y2i

where αi ∈ F3k . It can easily be shown that CL7
(y2) is abelian. Therefore

CL7(y2) ∼= C3
12k. �

Let T7 be the subset of L7 consisting of elements of the form

1 +

2∑
i=0

[
α1 + α2x

2 + α3y
3 + α4x

2y3 + i(r1x+ r2x
3 + r3xy

3 + r4x
3y3)

]
y2i

where αi, rj ∈ F3k . It can easily be shown that T7 is a group and T7 ∼= C3
8k.

Lemma 3.30. L3
∼= C3

12k o C3
4k.

Proof. Let

t = 1 +

2∑
i=0

[
β1 + β2x

2 + β3y
3 + β4x

2y3 + i(r1x+ r2x
3 + r3xy

3 + r4x
3y3)

]
y2i ∈ T7

and

c = 1−
2∑

i=1

[
αi + αi+3x

2 + αi+6y
3 + αi+9x

2y3
]

+

2∑
i=1

(αi + αi+3x
2 + αi+6y

3

+ αi+9x
2y3)y2i +

3∑
i=1

(α3x+ α6x
3 + α9xy

3 + α12x
3y3)y2i ∈ CL7(y2)
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where αi, βj , rk ∈ F3k . Then

ct = 1−
2∑

i=1

[
αi + αi+3x

2 + αi+6y
3 + αi+9x

2y3
]

+

2∑
i=1

(αi + αi+3x
2 + αi+6y

3

+ αi+9x
2y3)y2i +

3∑
i=1

((α3 + δ1)x+ (α6 + δ2)x3 + (α9 + δ3)xy3 + (α12 + δ4)x3y3)y2i

where

δ1 = r1(α2 − α1) + r2(α5 − α4) + r3(α8 − α7) + r4(α11 − α10)

δ2 = r1(α5 − α4) + r2(α2 − α1) + r3(α11 − α10) + r4(α8 − α7)

δ3 = r1(α8 − α7) + r2(α11 − α10) + r3(α2 − α1) + r4(α5 − α4)

δ4 = r1(α11 − α10) + r2(α8 − α7) + r3(α5 − α4) + r4(α2 − α1).

Clearly ct ∈ CL7(y2) and T7 normalizes CL7(y2). Let

R7 = CL7
(y2) ∩ T7 = 1 +

2∑
i=0

[
α1 + α2x

2 + α3y
3 + α4xy

3
]
y2i

where αi ∈ F3k . Let T7 ∼= R7 × S7
∼= C3

4k ×C3
4k. Clearly S4 ∩CL7

(y2) = {1} and

S7 normalizes CL2(y2). Thus L7
∼= C3

12k o C3
4k. �

Recall that U(F3k(C6 o C4)) ∼= L7 o U(F3k(C4 × C2)). Now

Therefore

U(F3k(C6oC4)) ∼=

[(C3
12k o C3

4k) o C3k−1
7]× U(F3k) when 4 | (3k − 1)

[(C3
12k o C3

4k) o (C3k−1
5 × C32k−1

2)]× U(F3k) when 4 - (3k − 1).

Case (ix) Let G ∼= C3×D8. The natural group homomorphism θ8 : G = C3×D8 →
G/〈x〉 ∼= A = 〈y, z〉 and the inclusion map ψ8 : 〈y, z〉 → G induces the ring

homomorphism θ8 : F3kG→ F3kA and ψ8 : F3kA→ F3kG where

θ8

(
3∑

i=1

xi−1
[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12z + αi+15yz + αi+18y

2z + αi+21y
3z
])

=

3∑
i=1

[
αi + αi+3y + αi+6y

2 + αi+9y
3 + αi+12z + αi+15yz + αi+18y

2z + αi+21y
3z
]

and

ψ8

 3∑
i=0

βiy
i +

3∑
j=0

βj+4y
jz

 =

3∑
i=0

βiy
i +

3∑
j=0

βj+4y
jz

where αi, βj ∈ F3k . Then θ8ψ8 = 1 and θ8 ψ8 = 1. Therefore U(F3k(C3 ×D8)) ∼=
L8 o U(F3kD8) where L8 = {α ∈ U(F3k(C3 ×D8)) : θ8(α) = 1}. Thus |L4| = 316k.
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Lemma 3.31. L8 has exponent 3.

Proof. By Theorem 2.1, J(F3k(C3 ×D8)) = {α ∈ F3k(C3 ×D8) | αx̂ = 0}. It can

easily be shown that L8 = 1 + J(F3k(C3 ×D8)). �

Lemma 3.32. Let M1 be the abelian subgroup of L8, where the elements of M1

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2

+ αi+6y
3 + αi+8z) +

2∑
i=0

xi(α11yz + α12y
2z + α13y

3z)

where αi ∈ F3k . Then M1
∼= C3

12k o C3
k.

Proof. Let N1 and P1 be abelian subgroups of M1 where the elements of N1 take

the form

1 +

2∑
i=0

xi[β1 + irz]

and the elements of P1 take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3)

+

2∑
i=0

xi(α9z + α10yz + α11y
2z + α12y

3z)

where αi, βj , r ∈ F3k . Let n ∈ N1 and p ∈ P1, then

pn = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3)

+

2∑
i=0

xi(α9z + (α10 + δ)yz + α11y
2z + (α12 − δ)y3z)

where δ = r[(α4 − α3) + (α7 − α8)]. Clearly pn ∈ P1 and N1 normalizes P1. Let

A = N1 ∩ P1 =

{
1 +

2∑
i=0

xiβ1

}

where βj ∈ F3k . Now N1
∼= A × B1 ∼= C3

k × C3
k. Clearly P1 ∩ B1 = {1} and B1

normalizes P1. Therefore M1
∼= P1 o B1 ∼= C3

12k o C3
k. �
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Lemma 3.33. Let M2 be the subgroup of L8, where the elements of M2 take the

form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=1

xi(αi + αi+2y

+ αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=0

xi(α13y
2z + α14y

3z)

where αi ∈ F3k . Then M2
∼= (C3

12k o C3
k) o C3

k.

Proof. Let N2 be an abelian subgroup of M2 where the elements of N2 take the

form

1 +

2∑
i=0

xi[β1 + iryz]

and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z) +

2∑
i=1

xi(αi + αi+2y + αi+4y
2

+ αi+6y
3 + αi+8z) +

2∑
i=0

xi(α11yz + α12y
2z + α13y

3z) ∈M1

where αi, r ∈ F3k . Let n ∈ N2 and m ∈M1, then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + (αi+8 + δ2)z)

+

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + (αi+8 + δ2)z)

+

2∑
i=0

xi(α11yz + (α12 − δ2)y2z + α13y
3z)

where δ1 = r(α9 − α10), δ2 = r[(α3 − α4) + (α8 − α7)]. Clearly mn ∈ M1 and N2

normalizes M1. Now N2
∼= A × B2 ∼= C3

k × C3
k. Clearly M1 ∩ B2 = {1} and B2

normalizes M1. Therefore M2
∼= M1 o B2 ∼= (C3

12k o C3
k) o C3

k. �

Lemma 3.34. Let M3 be the abelian subgroup of L8, where the elements of M3

take the form

1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z) +

2∑
i=1

xi(αi

+ αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z) +

2∑
i=0

xi(α15y
3z)

where αi ∈ F3k . Then M3
∼= (C3

12k o C3
k) o C3

k) o C3
k.
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Proof. Let N3 be an abelian subgroup of M3 where the elements of N3 take the

form 1 +
∑2

i=0 x
i[β1 + iry2z] and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=1

xi(αi + αi+2y

+ αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz) +

2∑
i=0

xi(α13y
2z + α14y

3z) ∈M2

where αi, βj , r ∈ F3k . Let n ∈ N3 and m ∈M2, then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + αi+8z + (αi+10 + δ2)yz)

+

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + αi+8z + (αi+10 + δ2)yz)

+

2∑
i=0

xi(α13y
2z + (α14 − δ2)y3z)

where δ1 = r(α11 − α12), δ2 = r[(α3 − α4) + (α8 − α7)]. Clearly mn ∈ M2 and N3

normalizes M2. Now N3
∼= A × B3 ∼= C3

k × C3
k. Clearly M2 ∩ B3 = {1} and B3

normalizes M2. Therefore M3
∼= M2 o B3 ∼= ((C3

12k o C3
k) o C3

k) o C3
k. �

Lemma 3.35. L8
∼= (((C3

12k o C3
k) o C3

k) o C3
k) o C3

k.

Proof. Let N4 be an abelian subgroup of L8 where the elements of N4 takes the

form 1 +
∑2

i=0 x
i[β1 + iry3z] and let

m = 1−
2∑

i=1

(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z)

+

2∑
i=1

xi(αi + αi+2y + αi+4y
2 + αi+6y

3 + αi+8z + αi+10yz + αi+12y
2z)

+

2∑
i=0

xi(α15y
3z) ∈M3

where αi, βj , r ∈ F3k . Let n ∈ N4 and m ∈M3, then

mn = 1−
2∑

i=1

(αi + (αi+2 + δ1)y + αi+4y
2 + (αi+6 − δ1)y3 + (αi+8 + δ2)z

+ (αi+10)yz + (αi+12 − δ2)y2z) +

2∑
i=1

xi(αi + (αi+2 + δ1)y + αi+4y
2

+ (αi+6 − δ1)y3 + (αi+8 + δ2)z + (αi+10)yz + (αi+12 − δ2)y2z) +

2∑
i=0

xi(α15)y3z
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where δ1 = r[(α13 − α14) + (α10 − α9)] and δ2 = r[(α7 − α8) + (α4 − α3)]. Clearly

mn ∈ M3 and N4 normalizes M3. Now N4
∼= A × B4 ∼= C3

k × C3
k. Clearly

M3 ∩ B4 = {1} and B4 normalizes M3. Therefore L8
∼= M3 o B4 ∼= (((C3

12k o
C3

k) o C3
k) o C3

k) o C3
k. �

Recall that U(F3k(C3 ×D8)) ∼= L8 o U(F3kD8). Therefore

U(F3k(C3 ×D8))
∼= [(((C3

12k o C3
k) o C3

k) o C3
k) o C3

k] o C3k−1
4 ×GL2(F3k)

∼= [(((C3
12k o C3

k) o C3
k) o C3

k) o C3
k] o C3k−1

3 ×GL2(F3k)]× U(F3k). �
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