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1. Introduction

Let U(FG) be the group of units of the group algebra F'G of the group G over

a field F. It is well known that

U(FG) =V(FG) x U(F),
where V(FG) = {3_ cqag9 € U(RG) | -, cq g = 1} is the group of normalized
units of F'G and U(F) is the group of units of F.

FG can be decomposed using well known techniques (see [15] for further details)
which determine the structure of U(FG). These techniques are applied where the
characteristic of the field does not divide the order of the group. When we are faced
with the contrary the task is somewhat more difficult. V(FG) is a finite p-group
of order |F|!¢I=1 if G is an abelian p-group and F is a finite field of characteristic
p ([1)).

In [16], Sandling provides a basis for V(F,»G) where G is an abelian p-group
and [F,. consists of the Galois field of p-elements. The structure of U(F3Dsg) is
formulated in [17] where Dg is the dihedral group of order 8. The composition of
U(Fy:Ds), U(Fa:(Co x Dg)) and U(ForG) are each established in [3,8,11] respec-
tively, where G comprises some groups of order 16.

We wish to obtain the structure of U(FG) when the characteristic of F' is p and
the order of G is ap® where (a,p) = 1. In [4], the order of U(F,xDaym) is deter-
mined, where F,x is the Galois field of pF-elements, Dypm is the dihedral group
of order 2p™ and p is an odd prime. In [2,12,7,9], the structures of U(FsrDg),
U(F4xD12), U(Fqx(Cs x Cy)), U(F4(Cs x Dg)) and U(Fgx (C5* x Cy)) are estab-
lished. Additionally, in [14], we find the structure of F'Sy for any finite field F. The
structures of U(FsxD1g), U(Fsx Dag) and U(F5:(C5 x Cy)) are created in [6,5,10].
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In this paper we determine the structure of group algebras of non-abelian groups
of order 24 that contain normal subgroups of order 3 over any field of characteristic

3. Our main result is the following:

Theorem 1.1. Let U(FG) be a group of units of the group algebra FG of a group
G over a finite field F of 3% elements. The following conditions hold:

2 1

() If G = (v,y,z,w |23 =y =22 =w? =1, 2¥ =271, 22 = 20, 2w =

wz, yz = zy, yw = wy) = Cy% x Dg, then
V(FG) = (C5" x C5%%) x Cqn_".

() If G = (z,y,2z | 2 =y = 24 =1, 2V = 27!, 2z = 20, yz = 2y) =
C4><D6, then

V(FG) = (C3"2% % C3™) % Oy 7 whend | (3% —1)
(C3"2% 5 C3™) %0 (Cyr_1° x Ca2u_1%)  whend f (38 —1).
iii =(x,y |z’ =9y =1, yry =) = C3 x Cy, then
IfG 3= 8 C3 % Cs, th
V(FG) 2 (C5"F % C5*) % Cqi_1" when8| (3F —1).
(iv) If G = (z,y | 22 = y? = 1,2Y = 27 1) = Doy, then
V(FG) 22 (C5"% % C3™) 1 (C3x_1® x GLa(Fy)).

V) If G = (z,y,z | 23 = y* = 2% = 1, 2yx = y,y2y = 2,02 = zx) = C3 x Dy,
then

V(FG) = ((((C3™F % C52%) % C5%) %1 C3F) 3 C5%) % %) 3 (Ca_13 X GLy(F51)).

(Vi) If G = (v,y,2 | 2t = 23 = 1,22 = y? yay~! = a7t yz = 2y, 02 = 20) =

Cs x Qs, then
V(FG) 2 ((C5'%% % C3%) x C3%) %t (Cyr_1® X GLy(Fsr)).
(vil) If G = (z,y | 22 = 1,2% = y2 2¥ = 271) = Dicg, then
V(FG) = (((C5™ % C52%) % C52%) % C52%) % (Cg6_1® x GLy(Fs1)).
(viii) If G = (z,y | 2* =5 = 1, yzy = 2) = Cs x C4, then

(C3"2% 5 C3*) 3 Oy 7 whend | (3% —1)

V(FG) = 12k 4k 5 2 k ’
(CB X Cg ) X (C3k_1 X C32k_1 ) U}hen4'f (3 1)

(ix) If G = (z,y,2z | 2> =y* =22 = 1,9* =y~ L 2y = yx, 02 = z2) = O3 x Dy,
then

V(FG) = ((((0312k X Cgk) X Cgk) X ng) X Cgk) X (C3k_13 X GLQ(]F3k)).
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2. Preliminaries

Theorem 2.1. ([13]) Let F be an arbitrary field of characteristic p > 0, let G be
a p-solvable group and c be the sum of all p-elements of G including 1, then
J(FG) = lann(c)

where J(FQG) is the Jacobson radical of FG and lann(c) is the left annihilator of
c.
Theorem 2.2. ([13]) Let N be a normal subgroup of G such that G/N is p-solvable.
If |G/N| = np® where (n,p) =1, then

J(FG)" C FG-J(FN) C J(FG)
where F is a field of characteristic p > 0. In particular, if G is p-solvable of order
np® where (n,p) = 1, then J(FG)P" = 0.

The next two results can be found in [15].

Proposition 2.3. Let G be an abelian group of order n and K a field such that the
characteristic of the field doesn’t divide n. If K contains a primitive root of unity
of order n, then
KG=Ko - --aK
n—times

Proposition 2.4. Let F be a finite field where the characteristic of the field is not
equal to 2, My(F) be the ring of 2 x 2 matrices over F' and Qs be the quaternion
group of order 8. Then

FQs2FaF®F®F®M(F)
if and only if 2 +y? = —1 can be solved in F.

Let G; x G2 be the direct product of groups G; and G2 and R; @ Ry be the
direct sum of rings Ry and Ra. It is well known that (&";=1 R;)G = ®&",—1 R;G and
R(G1 X Gg X oo X Gn) = (((RGl)GQ) . Gn)

3. Proof of Main Theorem 1.1

Before we proceed with each of the cases individually, we need the following

result:
Theorem 3.1. Let G any group of order 24. Then 1+ J(F3xG) has exponent 3.

Proof. Every group of order 24 is solvable and hence p-solvable. Clearly |G| = 8.3
and (8,3) = 1. Therefore (by Theorem 2.2), J(FG)?> = 0 and 1 + J(FG) has
exponent 3. (]
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Proof of Main Theorem 1.1. Case (i) Let G = C5% x Dg. The natural group
homomorphism 6 : G = Cy? x Dg — G/(x) = A = (y,z,w) and the inclusion
map v : (y,z,w) — G induces the ring homomorphism 6 : FgrG — Fgx A and
9 : Fae A — Fau G where

3
0 ( gt [ + i3z + Qipew + Q92w + Qip12Y + Qig15Y2 + QGipisyw + ai+21y2’w]>
—

(2

3
= Z [O&i + ;4132 + QW + Q92 W + 12y + Qip15YZ + Qp18YW + aH_Qlyzw]
=1

and

Y (B1 + Paz + Psw + Pazw + PBsy + Beyz + Pryw + Beyzw)
= B1 + Boz + Baw + Bazw + By + Beyz + Bryw + Byyzw

where «;, 3 € Far. Then 1) = 1 and 69 = 1 and the restriction to the unit groups
provides a description of U(Fax(Co? x Dg)) as a semidirect product U (Fax (Co? x
Dg)) 2 L x U(F3:Cy%) where L = {a € U(F4x(Cy? x D)) : O(a) = 1}. Let

3

K=Y 2" oq + Qigsz + Qipew + Qio2w + Gig12y + Qig15Y7 + Qip1syw + o1y zw]
i=1
E ij (022 X D6)7

3
then x € L if and only if E a; =1 and Z?zl Qg = Zi:l Qpie = Z?:l Qg =
i=1
3 w3 3 3 _ h F
D ome1 ¥mt12 = D g Qnyls = D Qpy1s = ) ) Qsio1 = 0, where a; € Fae,

thus [L| = (32F)° = 316,

Lemma 3.2. L has exponent 3.

Proof. Let
3
i—1
a = Z 7T o+ QigsZ + QipeW F Qigg2W + 12y F Q152 + Qip1sYW + iy Yzw)
i=1

€ Far (022 X D6)
where a; € F3r. By Theorem 2.1,

J(F31(Cy% x Dg)) = {a € Fs:(Cy? x Dg) | aZ = 0}.
3 3 3 3 3
Therefore o € J(Fgt (C2”x Do) iﬁzai - ZO‘HS = Z A+6 = Zal+9 = Z Q12
Jj=1 k=1 =1 m=1

i=1
3 3 3
= Z On415 = Z Qpy18 = Za5+21 = 0. Therefore L = 1+J(F3k (CQ2XD6)). ([l
n=1

r=1 s=1
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Lemma 3.3. Cp(z) = C5'%.

Proof. Put Cr(x) ={l € L|lx = xl}. If
2
l=1- Z [ + Q22 + Qi aW + Qe 2W + QigsY + Qip10Y2 + Qip12YWw + 14y zw]
=1
2
+ Z z' [0 + g2z + Qipaw + g 62w + g8y + Qip10Y2 + Qip12yw + aiprayzw] € L,
=1
then

le —xl = Z 2" [(ag — o)y + (11 — c2)yz + (a3 — cua)yw + (a5 — ag)yzw].

Therefore | € Cp(z) if and only if ag = @19, 11 = @12, @13 = @14 and a5 = Q6.
Thus every element of Cr(z) is of the form
2 2
1— Z [a; + igoz + Qipaw + aipzw] + Z x [ + itroz + Qipaw + iqpzw)
i=1 i=1
3
+ ZJﬂFl [agy + c10yz + aniyw + aryzw)
i=1

where a; € Fgi. It can easily be shown that Cf(z) = C3'?. O

Lemma 3.4. Let T be the subset of L consisting of elements of the form
2
1+ Z iz’ (r1 + roz + rsw 4+ ryzw) (1 + )
i=0

where o, 7 € Fgu. Then T is a group and T = sk,

Proof. Let
2
t1 =1+ Zixl(rl +roz+r3w+rgzw)(1+y) €T
i=0
and
2
to =1+ Zizl(sl + 822+ szw + sqzw)(l+y) €T
i=0
where 7y, s; € Fsx. Then
2
tita =1+ Zixi((rl +51) + (r2 + 52)2 + (13 + s3)w + (ra + s4)zw) (1 + y) € T.
i=0

It can easily be shown that T is abelian. Therefore T2 C5**. g
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Lemma 3.5. L2 C32F x C3*F.

Proof. Let
2 2
c=1-— Z [ + aip2z + qjpaw + ajpezw] + Z ' [a; + oz + @ipaw + i ezw]
i=1 i=1

3
+> @ agy + aioyz + anyw + asyzw] € Cr(x)

i=1
and t =1+ Z?:o ixt(r1 + roz + r3w + r4zw)(1 +y) € T where a;, 7y, € Fgr. Then

2 2
. .
ct=1- E [ + 2z + aipaw + ajpezw] + g 2 [oy + oz + ppaw + @i gzw]

i=1 i=1
3
+ in_l [(av9 4 01)y + (10 + 2)y2z + (1 + 03)yw + (2 + 64)y2w]

where

Clearly ¢! € Cp(z) and T normalizes C(z). Clearly Cp(z) N T = {1}, therefore
L=Cp(x)T = (Cp(x), T) = Cp(z) x T = C5'?* 5 O3, O
Recall that U(Fsx(Cy? x Dg) = L x U(F4:Cy*). Now
ngCgB > ((F3uCq)C2)Co = ((Far @ F3r)C2)Co = (F3xCy @ FyrCo)Cy F3k8.

Therefore
U(ng (022 X DG)) = (Cglzk X C34k) D! Cgk,lg
[(C5'%* 5 C5™) 1 Cgr_y 7] x U (Fs).

IR

Case (ii) Let G = Cy x Dg. The natural group homomorphism 6, : G = Cy X Dg —
G/{z) 2 A = (y,z) and the inclusion map v : (y,z) — G induces the ring
homomorphism ) : F3e G — Fqx A and 1)y : Fsx A — F3:. G where

3
7 i1 [ 4 o 4 . 20 2 4 ies® 3
1 T Qi + Qi 3Y + Q462 T Q49YZ + Q41227 + Qip15Y2T + 01827 + Qy21Y2

i=1
3
2 2 3 3
= E [ai + i3y + Q62 T Qi9YZ + Q11227 + Qip15YRT + 182" + Qg21Y2 ]
i=1

)
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and
U1 (B1 + Bay + Bz + Bayz + Bs2” + Beyz® + Brz° + Psy2”)
= B1 + Bay + Bsz + Bayz + Bs2” + Beyz” + Brz° + By’

where «;, 5; € Fgx. Then 6191 =1 and 0111 = 1. Therefore U(F4x(Cy x Dg)) =
Ly x U(Fgx(Cy x C4)) where Ly = {a € U(Fq:(Cy x Dg)) : 0;(a) = 1}. Thus
‘L1| — 316k.

Lemma 3.6. L, has exponent 3.

Proof. By Theorem 2.1, J(F3x(C4 x Dg)) = {a € F3x(Cy x Dg) | aZ = 0}. It can
easily be shown that Ly = 14 J(F3:(Cy x Dg)). O

Lemma 3.7. Cp, (z) = C3'?*.

Proof. Put Cp,(z) ={l € Ly |lx = 2l}. If
2
[=1- [0+ aipoy + sz + cigeyz + cigsz® + aip10y2” + aip122”° + ip1ay2”]
i=1
2
+ Z z' [ai + Qialy + Qipaz + Cigeyz + Qivsz” + aip10y2” + ip122° + ai+14yz3] € Ly,
i=1
then
2
lx —axl = Z 2" [(az — au)y + (o7 — ag)yz + (a1 — 12)y2” + (o5 — avi6)y2”] .
i=1
Therefore every element of Cy, () is of the form
2 2
1-— Z [ai + o432 + ai+6z2 + ()li+92’3] + Z ' [oci + ;432 + ai+622 + ai+9z3]
i=1 i=1
3 .
+ Z ! [agy + agyz + agyz® + a12y23]
i=1
where o; € F3i. It can easily be shown that Cy,, () 2 C3'2". O

Let T7 be the subset of L; consisting of elements of the form
2
1+ szl(l + ) (1 + 1oz + 1322 +1ry2?)
i=0

where a;,r; € Fgr. It can easily be shown that T} is a group and 77 = Cs*.
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Lemma 3.8. L; = C312F x 0%,

Proof. Let

2 2
c=1-— Z [ai + o432 + ai+622 + O[i+92'3] + Z zt [ai + o432 + Ch‘+622 + 047;+92:3]
i=1 1=1
3
+ Z o' sy + agyz + agyz® + ary2®] € Cp, (z)
i=1

and t =1+ 21‘2:0 izt (1 + y)(r1 + r2z + 1322 + 142%) € Ty where «y, 85,71 € Far.
Then

2 2
dt=1- Z [ai + o432 + oz,-+622 + Oéi+92’3] + Z zt [ai + o432 + ozi+622 + a,-+gz3]
i=1 i=1
3 .
+ Zx“l [(Oég +61)y + (o + 02)yz + (g + 03)yz2 + (1o + 54)y23]
i=1

where

ri(ar —ag) + ra(oio — a11) + r3(ar — ag) + ra(as — s

|
=

1

r(ar —ag) + ro(aq — ag) + r3(ar — ag) + ra(ag — a1

o1 ( )
2 (a4 — as) + ra(a1 — az) + r3(arg — 1) + ra(ar — ag)
d3 ( )
04 = r1(o1o — a11) + ro(ar — ag) + ra(ay — as) + ra(ag — ag).
Clearly ¢! € Cp,(z) and T normalizes Cp,(z). Clearly Cp,(x) N Ty = {1},
therefore L, = Cp, (2)T) = (Cr, (x), T1) = Cp, (x) x T; = C3'?F 3 C5*F. 0
Recall that U(Fsk (04 X Dﬁ)) = Ll X U(]F3k (04 X 02)) Now

Fsi (02 X 04) = (]F3k02)04 = (ng &) ng)04 2 F3Cy ®F3:Cy

) Fa® when4 | (38 —1)
| FyS @ Fyor? whendf (35— 1)
Therefore
[(C5'%F % C3™) % Cqi_1 7] x U(F3i) when4 | (3¥ — 1)

U(Fy (Cyx Dg))
sAne [(C5'2% % Cs™*) 30 (Cige 15 X Coon_12)] X U(Fge) whend f (35— 1).

Case (iii) Let G = C5 x Cg. The natural group homomorphism 6; : G = C3 x
Cs — G/{z) 2 A = (y) and the inclusion map ¥ : (y) — G induces the ring
homomorphism 0y : F5s G — Fgx A and s : Fgx A — F31. G where
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05 <Z 2 e + aigsy + qirey® + ipoy® + aipiay® + itisy’ + aigisy’ + Oti+21y7]>
i=1

[ai + i3y + direy® + qiroy® + aip12y® + a5y’ + aipisy® + ai+21y7]

3
=1

%

and

7 7
= (z 6y> Yy
1=0 1=0

where «;, 3j € Far. Then f21p = 1 and 315 = 1. Therefore U(F3x(C3 x Cg)) =
Ly x U(F3:Cg) where Ly = {a € U(F3x(Cs x Cg)) : () = 1}. Thus |Lo| = 316%.

Lemma 3.9. Lo has exponent 3.

Proof. By Theorem 2.1, J(F3:(C5 x Cs)) = {a € F3:(C3 x Cg) | aZ = 0}. It can
easily be shown that L; = 1+ J(IF3: (C3 x Cyg)). O

Lemma 3.10. Cp,(z) = C3'?,

Proof. Put Cpr,(z) ={l € Ly |lzx = xl}. If
2
l=1- Z (@i + Qigoy + aigay® + aigey” + aipsy® + aip10y” + @ir12y® + ip14y”]
i=1
2
+ Z o' [ 4 qipoy + Qipay® + divey’ + aigsyt + aip10y® + @ip12y® + ip1ay’] € Lo,
i=1
then
2
lx —al = sz (s — az)y + (a7 — ag)y® + (12 — 11)y° + (a5 — aue)y”] -
i=1

Therefore every element of Cp,(z) is of the form

2 2
1= o+ cigst® + aigey® + ivoy®] + Y ' [0 + qisoy® + aiay® + cigey®]
i=1 =1
3
+ Z [asy + a6y® + agy® + a2y’
i=1
where a; € Fyi. It can easily be shown that O, (z) = C3'?¥, O

Let T3 be the subset of Lo consisting of elements of the form
2
L+ a' [an + aoy® + asy® + aay® + i(riy + roy® + rsy® + ray")]
i=0

where a;,r; € Far. It can easily be shown that T5 is a group and 15 = Cs8.
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Lemma 3.11. L, = C5'%% x 03,

Proof. Let

2 2
c=1- Z Iai + i3y’ + ey’ + Oéz‘+9y6I + Z 7' IOéi + oipoy? + oigayt + ai+6y6I
=1 1=1
3 .
+ Z x! [agy + agy® + agy® + algy7] e Cp,(z)
=1

and t = 1+ 30 @t [B + Boy® + Bay* + Bay® + i(r1y + r2y® +13y° +1ay")] € T
where o, 3,71 € F3e. Then

2 2
dt=1- Z [Oéi + ai+3y2 + ai+6y4 + Oli_I,_gy6I + Z zt [OLZ‘ + Oéi_I,_QyQ + ozi+4y4 + ai+GyGI
=1 =1
3 .
+ ) ' [(as + 61)y + (a6 + 62)y° + (a9 + 33)y° + (@12 + 0a)y"]
=1

where

g
I
-
-
£
I
Q
N
+
3
V)
=
)
I
£
_|_
3
w
o
3
I
o
N
+
3
=
o
N
I
o
ot

ay —as) + a0 — o) +ra(aig — ain) +ra(ar —ag

( )
( )
53 = 7‘1(017 — 018) + 7"2(044 — 045) —+ 7‘3(0[1 — 052) —+ T‘4(0410 — 0111)
( )

Clearly ¢! € Cp,(x) and Ty normalizes Cr, (z). Let
2 .
Ry =Cp,(x)NTy = {1 + Z(al + apz? + agzt + a4x6)yl}
=0

where o; € Far. Let Th = Ry x Sy = C5** x C3%%. Clearly S, N Cp,(x) = {1} and
Sy normalizes Cp,(z). Thus Ly = C3'2F x C3*. O

Recall that U(Fsr(C5 x Cs)) =2 Lo X U(F31Cg). Now FsCg & F3:% when 8 |
(3¥ — 1) by Proposition 2.3. Therefore

U(F3:(C3 % Cg)) = (C3'2% 5 C5*%) 3 Cae_1® when8 | (38 — 1)
[(C32F % C3™) % Car_1 7] x U(F4x) when8 | (38 —1).

1%

Case (iv) Let G = Dsy. The natural group homomorphism 603 : G = Dgy —
G/(z*) =2 A = (22,y) and the inclusion map 93 : (2%,y) — G induces the ring
homomorphism 03 : F5s G — Fgx A and )3 : Fgx A — F3. G where
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2

- 4 3 6 9 3 6 9

03 ( E x™ [ai+1 + @i a®” + @i 7 + aip107” + (@13 + Qip16T” + Qip19T + Qoo )y})
i=0

2

_ 3 6 9 3 6 9

= E [ai+1 + ipar” + @7t + @102 + (Qig13 + Q1627 + Q19T + Qo )y}
i=0

and

3 3 3 3
Gs | D _Bir® + ) Birar®y | =) Bia® + Birany
i=0 =0 i=0 )

where a;,8; € F3x. Then 6313 = 1 and 0313 = 1. Therefore UFarDoy) =
L3 X Z/[(F3kD24) where L3 = {Oé S Z/{(ngD24) :%(a) = 1}. Thus |L3| = 316k.

Lemma 3.12. L3 has exponent 3.

Proof. By Theorem 2.1, J(F31D24) = {a € F3rDay | azt = 0}. It can easily be
shown that L3 = 1+ J(F3x Day). O

Lemma 3.13. Cp,(28) = C3'2*.

Proof. Cp,(z%) = {l € L3 |28 = l28}. Let
2

3 6 9 3 6
l=1-— Z [Ozi + @jpox” + ajrax® + ajrex” + (s + @ir107” + @122 + ai+14x9)y]
1=1
2
41 3 6 9 3 6 9
+ Z ™ [Ozi + @jpox” + ajpax® + ajrex” + (Qirs + @ir107° + @ir122° + Q147 )y]
1=1

where [ € Ls. Then
2 .
28— 12® = Zm‘“ [(ag — a10) + (12 — a11)z® + (g — a13)2® + (e — 0415)309] Y-
i=0

Therefore [ € Cp,(2®) if and only if ag = a9, @11 = a12, @13 = a14 and a5 = agg.
Thus every element of Cp, (%) is of the form

2 2
1-— Z [ai + ai+3x3 + ai+6m6 + angg] + Zx‘“ [ai + ai+2x3 + ozi+4a:6 + aHGxQ]
i=1 i=1
3
+ ) (a9 + a102® + an12® + a122°)y]
i=1

where a; € Fgr. It can easily be shown that Cp,(z®) is abelian. Therefore
CLS (1’8) = Cglzk. O
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Let T3 be the subset of L3 consisting of elements of the form
2
1+ Z zt [al + asz® + 043176 + aqgz® + i(as + a6m3 + a7x6 + ozsasg)y]
i=0
where a;; € F3r. It can easily be shown that 75 is a group and 75 = C38k.
Lemma 3.14. L; = 032 x C3*F.

Proof. Lett = 1+Z?:0 ot [By + Baa® + B3a® + Baa® +i(Bs + Bex® + Brab + Bsa?)y| €
T3 and
2 2
c=1- Z [Ozi + i3z + a6z’ + ai+9$9] + Z ! [ai + ipor® + aipq2® + a¢+6$9]
i=1 i=1
3
+ Z [(Olg + a10$3 + 04115136 + algxg)y] € CL3 (.%‘8)
i=1
where «;, 8; € F3t. Then
2 2
d=1— Z [ + 32”4+ iy’ + aipoz®] + Zx‘“ [ + ajgox® + pa® + iy g2’
i=1 i=1

3
+ Z [((arg + 61) + (10 + 02)2® + (11 + 03)2° + (a12 + 64)2”)y]

where
01 = (Bs + Bs)[(a — a3) + (as — a7)] + B5(a1 — a2) + Br(as — ae)
o2 = (Bs + Br)[(aa — az) + (as — a7)] + Bs(c1 — az) + Ps(as — ag)
63 = (Be + Bs)[(ca — a3) + (ag — a7)] + Bs(as — ag) + Br(ar — az)
64 = (Bs + Br)[(aa — a3) + (as — a7)] + Be(as — ag) + Ps(a — az)
Clearly ¢! € Cy(x) and T normalizes Cy(z). Let

2
Rz =Cy, (¥ NTy = {1 + Zx‘”(al + aox® + asz® + a4x9)}
i=0

where a; € Far. Let T3 = R3 X S3 =2 C3** x C5** . Clearly S5 N CpL,(2®) = {1} and
Ss normalizes Cp,(2®). Thus L3 = C5'2F s 034k, ]

Recall that U (FsrDayg) = H x U(F3:Dg). It is well known that Fs. Dg = F3, @
M5 (Fsr). Therefore
U(F3x Dog) = [C5™F 5 O3] 3 Cyr_1* x GLy(F3r)
> [(C3'2F 3 C3™) % Cyn_1® X GLy(Fygr)] x U(Fsr).

Case (v) Let G = C5x Dg. The natural group homomorphism 6, : G = C5x Dg —
G/{z) 2 A = (y,z) and the inclusion map ¥4 : (y,z) — G induces the ring
homomorphism 0, : F5s G — Fgx A and 1)y : Fgx A — F3. G where
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3
0. (Z 2 g + sy + Qe + Qigoy® + aig12z + Qiasyz + aipisy’z + ai+21y32]>
i=1

3
= Z [0 4 Qigsy + Qivey® + dioy® + Q122 + i15YZ + Qig1sy 2 + ai21y°2]
i=1

and

3 3 3 3
Pa D By +Y Biray’z | =D By + > Biray’z
=0 j=0 i=0 §=0

where «;, 3; € Fgr. Then 04104 = 1 and 0514 = 1. Therefore U(F3r(C3 x Dg)) =
L4 X Z/{(Fg)kDg) where L4 = {O( S U(ng(C?, A Dg)) 2974(01) = 1} Thus ‘L4| = 316k.

Lemma 3.15. L4 has exponent 3.

Proof. By Theorem 2.1, J(F3:(C3 x Dg)) = {a € F3x(C3 x Dg) | o = 0}. It can
easily be shown that Ly = 1+ J(F3:(C3 x Dg)). O

Lemma 3.16. Let My be the abelian subgroup of Ly, where the elements of My
take the form
2 2
1- Z(ai + oy + @iy’ + aigey’) + Z (i + Qigoy + Qiay’ + ditey’)
i=1 i=1
2
+ Zﬂﬁi(agz +aioyz + any’z + aizy’z)
i=0

where o; € Far. Then My = C510% 54 0328

Proof. Let N; and P; be two abelian subgroups of M; where the elements of N;

take the form ,

L+ @' [B1+ Boy® + i(r1y + ray®)]
i=0
and the elements of P; take the form
2 2 2

1- Z(ai + ais3y?) + Z o (i + airsy?) + Z 2 (agy + ey’ + arz + agyz
i=1 i=1 i=0

+ agy?z + a10y3z)

where oy, 8; € Far. It can easily be shown that N; = Cs** and P, = C5'%. Let
n € N7 and p € P, then
2 2

2
pr=1- Z(ai +aipay®) + in(ai + aipay?) + in((% +01)y + (a6 + 02)y°

i=1 i=1 =0

+ arz + agyz + agy?z + a10y3z)
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where §; = rl(al—ag)+r2(a4—a5), 0o = 7“1(0(4—045)4-7“2(0&1—0(2) and Q;, Ty € Fs.
Clearly p™ € P; and N; normalizes P;. Let

2
A: N1 ﬂPl = {1+Zl’z[ﬂl +52y2]}
i=0
where 3; € F3r. Now Ny = A x B = C3?* x 5%, Clearly PN B = {1} and B
normalizes P;. Therefore M; = P} x B = CglOk X C32k. O

Lemma 3.17. Let My be the abelian subgroup of L4, where the elements of Mo
take the form
2 2
1- Z(ai + Qigoy + Qipay® + Qipey’ + @ipsz) + Z (i + Qipoy + Qitay” + aivey’
i=1 i=1
2
+ aits2) + Z #'(anyz + anoy’z + arzy’z)
i=0

where a; € Fagr. Then My = (CglOk X ngk) x O3k,

Proof. Let Ny be an abelian subgroup of M, where the elements of Ny take the
form
2
1+ Z z[By + irz]
i=0

and let

2 2
m=1- Z(Oéi + Qo + iay® + aigey’) + Z o (0 + iy + iay® + aigey’)

i=1 i=1
2
+ Zmi(agz + aqoyz + ony’z + a12y3z) € M,
i=0
where ;, 7 € Far. It can easily be shown that Ny = C32* Let n € N, and m € My,
then
2 2

m"=1-> (e + aipoy + oigat’ + aigey’®) + Y2t (0 + digoy + aipay® + igey’)

i=1 i=1

2
+ Z z'(gz + (10 + 8)yz + any’z + (a12 + 8)y’2)
i=0

where 6 = r[(a3 — a4) + (a7 — ag)]. Clearly m™ € M; and Ny normalizes M;. Let

2
A =NonNM; = {1+Z$i51}
i=0

where f; € Fge. Now Ny = Ay x By = Cs® x 5%, Clearly My N By = {1} and B,
normalizes M7. Therefore My =2 M7 x By &2 (0310k X Cng) x Cs*. O
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Lemma 3.18. Let M3 be the abelian subgroup of Ly, where the elements of Ms
take the form
2 2
1- Z(ai + Qigol + Xigaly® + Qigey’ + Qigsz + Qig10y2) + Z a* (0 + aigoy
i=1 1=1
2
+oigat® + aipey® + digsz + ipi0yz) + Y2t (3y’z + aay®z)
i=0

where o € Fyi. Then Ms = ((C3'F x C5%%) x C5®) x C5*.

Proof. Let N3 be an abelian subgroup of M3 where the elements of N3 take the

form

2
1+ Z z'[By + iryz]
i=0
and let
2 2

m=1-> (o + aipoy + aipay® + qirey’ + cigsz) + Y o' (@i + Qigoy + diay’®
i=1 i=1
2
+ a6y’ + iys?) + Z z'(a11yz + a12y’z + a13y°2) € My
i=0
where ;, 7 € Far. It can easily be shown that N3 = C32* Let n € N3 and m € Mo,
then
2

m" =1—=3 (i + (2 + 01)y + Qigay® + (@ige + 01)y° + (irs +62)2)
i=1

2
+) a2t (o + (ige + 61)y + @ivay® + (g + 01)y° + (digs + 62)2)
=1

2
+ Zﬂfi((@u +03)yz + (12 — 62)y° 2 + (o3 + 64)y°2)
i=0
where 01 = aqor, 62 = r[(ar —as) — (s —ay)], 63 = (a1 —ag) and §4 = r(as — ag).
Clearly m™ € M, and N3 normalizes Ms. Now N3 = A; X By = Cs* x O5F.
Clearly M> N By = {1} and By normalizes My. Therefore M3z = My x By =
((C310k X 032k) A C3k) X Cgk. |

Lemma 3.19. Let My be the abelian subgroup of Ly, where the elements of My
take the form
2 2
1= (i + igoy + aipay”® + Qigey® + aipsz + qigroyz + cig2y’z) + Y2t (o
i=1 i=1
2
+ Qipoy + aipay® + Qipey’ + dirsz + ip10yz + ip12y°2) + Z ' (5y°2)
i=0
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where o € Fyr. Then My = (((C5'%% x C52%) 3 C3%) 3 C3F) % C5F.

Proof. Let N4 be an abelian subgroup of M, where the elements of N, take the

form

2

1+ Z ' [By + iry?z]

i=0
and let
2 2
m=1- Z(ai + a2y + Oéi+4y2 + ai+6y3 + Q82 + aip10y2) + Z l’i(Oéi + qi2y
i=1 i=1
2
+ aipay® + ivey® + airsz + Qiy10Y%) + Zﬂﬂi(awy%’ + a14y3z) € Ms
i=0
where o, 7 € Far. It can easily be shown that Ny = C32* Let n € Ny and m € Mg,
then
2

m"'=1-— Z(ai + (g2 +61)y + airay® + (@ire + 01)y> + qivsz + (aip10 + 62)y2)
i—1
2

+ )i+ (Qige + 00y + airay’ + (Qive + 01)y* + airsz + (Qip1o + 52)yz)
i=1
2 .
+ Z o' (13”2 + (14 + 62)y°2)
i=0
where 0; = (a1 — a12), 02 = r[(ar — ag) + (ag — ay)]. Clearly m™ € M3 and Ny
normalizes M. Now Ny & Ay x By = C3% x C3F. Clearly M3 N By = {1} and Bs;
normalizes Ms. Therefore My = M3 x B3 = (((C310k ><1C'32k) ><103k) ><lC3k) xCsk. O

Lemma 3.20. L4 = ((((CglOk A 032k) X Cgk) X Cgk) X C3k) X Cgk.

Proof. Let N5 be an abelian subgroup of L, where the elements of N5 take the
form

2
1+ Z 2 (B + iry®2]
i=0
and let
2
m=1- Z(ai + Qipoy + @iray® + Qirey’ + Qirsz + Qigr0yz + Qip12y’z2)

i=1

2
+ Z o' (i + oy + aipay® + Qigey’ + Qirsz + dip10yz + Qig12y° %)
i=1
2
+ Z r'(a15y°2) € My
i=0
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where «;,r € Far. It can easily be shown that N5 & C3% Let n € Ny and m € My,
then
2
m"'=1- Z(ai + (qig2 + 61)Y + airay® + (it + 01)y> + (@its + 02)2 + (@it10
i=1
2 .
+63)yz + (Qiv12 — 02)y°2) + Y &' (i + (g + 01)y + igay® + (aige + 61)y°
i=1
2 .
+ (ai+8 + 52)2 + (OéiJrlO + 53):(]2: + (ai+12 - 62)y2z) + Z.TZ(OQS + 54):1/32:
i=0

where 01 = 2r[(ag — a19) + (13 — @14)], d2 = 7[2(a7 — ag) + (a3 — ay)], I3 =
r(as — ag), 02 = r(ag — ag). Clearly m™ € My and N5 normalizes My. Now
Ns = Ay x By = C3* x C3%. Clearly My N B, = {1} and By normalizes M.
Therefore L4 = M4 X 84 = ((((CglOk X Cng) X Cgk) X Cgk) X Cgk) X Cgk. O

Recall that U(F3x(C5 x Dg)) = Ly x U(F3r Dg). Therefore

U(F?)k (03 X Dg))
= [((((C5"% % C37%) x C5F) % C5%) x C3%) % O3] % Can 1" x GLo(Far)
> [((((C3% 31 C52%) % C5%) 3 C5%) %1 C5%) % C5%] % Cqi_13 x GLy(Far )] x U(Fse ).

Case (vi) Let G = C3xQs. The natural group homomorphism 65 : G = C3x Qs —
G/{z) 2 A = (y,z) and the inclusion map 5 : (y,z) — G induces the ring
homomorphism 05 : F3: G — Fqx A and 5 : Fsx A — F3: G where

3
05 (Z 2 g + qigsy + Qivey’ + Qigoy” + aig12z + Qiisyz + inisy®z + ai+21932]>
i=1

3
= Z [0 + Qigsy + Qivey® + digoy® + Qig122 + Air15Y2 + Qi1 2 + aig21y°2]
i=1

and

3 3 3 3
Os | D B+ Biway'z | = B+ Biray’z
i=0 §=0 i=0 §=0
where o, 8; € Fax. Then 0515 = 1 and 055 = 1. Therefore U(F3x(C3 x Qg)) =
L5 X U(ngQg) where L5 = {a S L{(]F?)k (Cg X Qg)) :975(oz) = 1} Thus |L5| = 316k.
Lemma 3.21. L5 has exponent 3.

Proof. By Theorem 2.1, J(F3:(C3 x Qg)) = {a € F3:(C3 X Q) | aZ = 0}. It can
easily be shown that Ly = 1+ J(F3: (C3 X Qs)). O
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Lemma 3.22. Let M; be the abelian subgroup of Ls, where the elements of M,
take the form

2 2
1= (0 + aigoy + cisay® + diey® + cigsz + 0iny’z) + 3 a'(a + cigay
i=1 i=1
2
+ gy’ + divey’ + igsz + ainy’z) + 2t (an1yz + a1ay®z)
i=0

where o; € Far. Then My = C312k X Cg2k.

Proof. Let N7 and P; be two abelian subgroups of M; where the elements of Ny

take the form
2

1+ ' [B1 + Bay® + i(r1y + ray®)]
i=0
and the elements of P; take the form
2 2

1- Z(Ozi + iray® + Qigez + aipoy’z) + Z ' (i + Qigay® + Qigez + Qitoy’2)
i=1 i=1
2
+ Z 2" (a3y + asy® + agyz + a12y°z)
i=0
where a;, 3; € Far. It can easily be shown that N; = Cs** and Py = C3'2%. Let
n € Ny and p € Py, then
2 2
PP =1 (0 + sy’ + direr + igoy’z) + Y ' (qs + aigsy® + aigez + aigoy’z)
i=1 i=1
2
+ Zwl(a;;y + agy® + (g + 0)yz + (12 — 0)y32)
=0
where 61 = (a; — ag)(r1 —r2) + (a0 — a11)(r2 — r1)and a;,7; € Fae.

Clearly p™ € P; and N; normalizes P;. Let

2
A=N NP = {1+in[ﬁl +62y2]}
i=0
where 8; € F3r. Now Ny = A x B = C3?* x 5%, Clearly PN B = {1} and B
normalizes P;. Therefore M7 = P x B = C’312k X 032k. [l

Lemma 3.23. L5 = (0312k X ngk) X ngk.

Proof. Let Ny be an abelian subgroup of Ls where the elements of Ny take the

form
2

L+ @By + Boy® 4 i(riyz + ray’2)]
=0
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and let
2 2
m=1-> (o + aipoy + cigay® + Qirey’ + ciysz + 0iyny’z) + > a' (it
=1 i=1
2
Qigoy + ipay” + Qirey’ + qipsz + ainy’2) + Y2 (on1yz + a1ay’z) € My
i=0
where oy, 3,7 € F3r. It can easily be shown that Ny = C3* Let n € N, and
m € My, then

2
m"=1- Z(ai + (2 + 01)y + qiray® + (aips — 01)y° + (qigs + 62)2 + (Qit11
i=1
2
—0a)y’z) + Z ' (ai + (Qiga + 1)y + aipay® + (cige — 61)y° + (aigs + 62)2
i=1
2
+ (@ipa1 — 82)y%2) + Y a*(anyz + a1ay’z)
i=0

Where 51 = (Ozlg - 0413)(7”1 — T‘g) + (049 — 0410)(7"2 — ’/’1), 52 = (057 — 058)(7"1 — ’/’2) +
(as — ayq)(re — 7r1). Clearly m™ € M; and N normalizes M;. Now Ny = A X
B = C5%% x 5%, Clearly My N By = {1} and B; normalizes M;. Therefore

L5 = M1 X Bl = (0312k X C32k) A Cng. ([l

Recall that U(F3x (C3x Qs)) = Ly xU(F3:Qg). Now by Proposition 2.4, F3r Qg =
F3,. @& My(Fx). Therefore

U(F3.(Cs % Qs)) = ((C5"* x C57%) x C5*%) % (Cae_y* x GLy(Far))
= [((Cngk A Ong) X ngk) X (C3k_13 X GLQ(F3k)) X ng_l

Case (vii) Let G = Dicg. The natural group homomorphism g : G = Dicg —
G/(z*) =2 A = (22,y) and the inclusion map s : (z%,y) — G induces the ring
homomorphism 0 : F5: G — Fgx A and g : Fgx A — F31. G where

2

n_ 47 3 6 9 3 6 9

06 ( > 2% i1 + qigat® + 0iara® + aip102” + (Qigas + aiser® + aip102® + oo )y})
1=0

2
_ 3 6 9 3 6 9
=3 [oisr + iga® + 0728 + cig100” + (i3 + ig167” + 0ig10° + qiy0a”)y]
i=0

and

3 3 3 3
Po | D Bir® + ) Bipar®ly | = Bie® +> Birax¥y
=0 =0 i=0 i=0



152 FAYE MONAGHAN

where a;,3; € Far. Then 6s1ps = 1 and Os1pg = 1. Therefore U (Fgx Dicg) =
L x U(F3:Qg) where Lg = {a € U(F3x Dicg) : 0(c) = 1}. Thus |Lg| = 316*.

Lemma 3.24. Lg has exponent 3.

Proof. By Theorem 2.1, J(F3x Dicg) = {« € Far Doy | azt = 0}. It can easily be
shown that Lg = 1 + J(IF3x Dicg). O

Lemma 3.25. Let My be the abelian subgroup of Lg, where the elements of M,
take the form

2 2
1- Z(ai + @ip32° + Qivey + Qiroz’y) + Z o (0 + ips2® + Qivey + Qiroz’y)
i=1 =1
2
+ Z oY (az3x® 4+ agx® + agrPy + a12’y)
=0

where o; € Fax. Then My = C5'0% s 052k,

Proof. Let N; and P; be two abelian subgroups of M; where the elements of Ny

take the form
2

LY a®[By + Boa® +i(ry + raa®)y]
=0

and the elements of P; take the form
2 2 2

1— Z(ai + i 32%) + Z oY (a; + iy 32%) + Z Y (azx® + aga® + ary + agzdy
i=1 i=1 i=0

+ agzly + CY109739y)

where a;, 3; € Far. It can easily be shown that N; = Cs* and P = O3, Let
n € N1 and p € Py, then

2 2 2
pt=1-— Z(ai + aip32®) + Z oY (o + igzx®) + Z Y (oz2® + aga® + (a7 +61)y

i=1 i=1 i=0
+ agz®y + (g + 02)2%y + a102”y)

where §1 = r1(aq —aa)+ro(cu—as), 62 = r1 (s —as)+ra(ar —ag) and o, r; € Fae.
Clearly p™ € P, and Ny normalizes P;. Let

2
A: N1 ﬂPl = {1+Zl‘l[ﬂ1 +ﬂ21’6]}
i=0
where 8; € Far. Now Ny 2 A x B = C32% x C3%*. Clearly P, N B = {1} and B
normalizes P;. Therefore My = P, x B = O30 x 032F. O
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Lemma 3.26. Let My be the abelian subgroup of Lg, where the elements of Mo
take the form
2 2
1-— Z(ai + @ipox® + aipax® + aiper® + airsy + aH_uxGy) + Z x‘“(ai + ajpox®
i=1 1=1
2
+iraz® + aier” + aipsy + aipna®y) + 2t (ana®y + ana’y)
i=0
where a; € Fgr. Then My = (CglOk X Cng) x O3k,

Proof. Let Ny be an abelian subgroup of M; where the elements of Ny take the

form
2

1+ Zfﬁ [Br + Boa® +i(r12® + r2a)]
i=0
and let
2 2
m=1- Z(ai + ip37® + ipey + dipox’y) + 23547'(041' + ir37° + aitey
i=1 i=1
2
+ ai+9x6y) + Z x4l(a3x3 + agl‘g + Oég.’ll‘gy + algxgy) e M,
i=0
where «a;, 7 € Far. It can easily be shown that Ny & ngk Let n € Ny and m € My,
then
2 2
mt=1-— Z(ai + i32® + aipay + aiex®y) + Z (o + 328 + aiyay
i=1 i=1
2
+ ai62%y) + Z Y (azx® + agx® 4 (ag + 0)x3y + (cnz + 0)x y)
i=0

where § = [(r1 + 72)(a7 — ag) + (11 + r2)(a1p — a11)]. Clearly m™ € M; and N
normalizes M;. Now Ny & A x By = C32% x €32, Clearly My N By = {1} and B,
normalizes M;. Therefore My = My X By & (CglOk X Cng) x1 O3k, O

Lemma 3.27. LG = ((C310k X C32k) bl Cng) X Cng.

Proof. Let N3 be an abelian subgroup of Lg where the elements of N3 take the

form
2

L+ Z$4i[51 + Baa® +i(r1a® 4 r2a”)y]
i=0
and let
2 2
m=1-> (o + aip22® + aipaz® + aiper” + airsy + aipna®y) + > 2" (q; + aiyoa”
i=1 i=1
2
+ ipax® + aiper® + aipsy + aip12%y) + Z s (a1 2y + a142’y) € My
i=0
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where «;,r € Far. It can easily be shown that N3 & C3* Let n € Ny and m € Mo,
then

2
m" =1- Z(al + (ai+2 + 61)%3 + Cki+4l'6 + (ai+6 — (51)%9 + (Cvi+8 + 52)]/ =+ (Oli+11
i=1
2
+82)a’y) + D 2" (s + (iya +01)2° + aian® + (ige — 01)2° + (aigs + 2)y
i=1

2
+ (@ignn +62)2%) + > 2" (a1 + 05)a®y + (c1a + 64)2"y)
i=0

where 01 = [(re—r1) (a9 —ang)+ (r2—71) (12 —13)], 02 = [(r1+72)(a —az) + (r1 +
’I"Q)(Oég — 017)], (53 = 7‘1(0[1 — Oég) + 7’2(045 — Oé(;) and (54 = 7'1(0[5 — OZG) + 7’2(0&1 — OLQ).
Clearly m™ € Ms and N3 normalizes My. Now N3 22 Ax By = C3%F x C3%F. Clearly
MyN By = {1} and B normalizes My. Therefore Lg 22 My x By 22 ((6’31% X C32k) X
C5*") » C5°". O

Recall that U(Fsx Dicg) = Lg X U(F3:Qg). Therefore
U(F3: Dicg) = (((C5™ 1 C57%) x C5**) % C5%%) %0 (Cye_y* x GLy(F3r))
= [(((031% X C5") 31 C5°F) 3 C5°7) %1 (Cae 4 x GLz(Fz%k))} X O3 1

Case (viii) Let G = Cg x Cy. The natural group homomorphism 6; : G =
Ce x Cy — G/{y?) =2 A = (z,y3) and the inclusion map 7 : (x,y3) — G induces
the ring homomorphism 67 : F3xG — Fsx A and 7 : Fgx A — F4x G where

2

a 2 3 3 3 2.3 3,31, 2i

07 ( E [ai+1 + Q4T + Q727 + Q102”7 F Q413Y° + Qi162Y° + Q19T7YT + Qi 222”Y ] Y l)
i=0

2
_ 2 3 3 3 23 3,3
= E [ai+1+ai+4x+ai+7x + 41027 + ®i413Y" + Qip16TY” + Qi4192T7Y" + Q22T y]
i=0
and

3 3 3 3
P | Y Bir' + ) Birarly | = Bt + > Bjran’y’
i=0 =0 =0 i=0

where «;, 3; € Far. Then 0747 = 1 and ;17 = 1. Therefore U(F3x(Cg x Cy)) =
L7 x U(F3x(Cy x Cy)) where Ly = {a € U(F3x(Cs x Cy)) : O7(a) = 1}. Thus
|L7| = 316k,

Lemma 3.28. L3 has exponent 3.

Proof. By Theorem 2.1, J(Fsx(Cg x C4)) = {F3:(Cs x C4) | ay/\Q = 0}. It can
easily be shown that L7 = 1 + J(IF3: (Cs x Cy)). O
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Lemma 3.29. Cp.(y?) = C5'%.

Proof. Cp,(y?) = {l € L7 |ly* = y*I}. Let

2
P N N L SUEp Y STEDN. SIDN i
= (i1 + Qiga + Qip72” + Q102 + Qig13Y° + Qip16TY° + Qigp190T7Y
i=1
2
33 2 3 3 3
+ 20z Y + Y (01 + Qipa® + 01727 + Q102 + Qip13Y° + Qig16TY
i=0

2 3 3.3 21
+ Qip1977Y” + ipo2xy” Yy

where [ € Ls. Then

2
ly? — %l = Z [(as — a3)z + (o — a7)a® + (12 — on1)zy® + (a16 — ars)2’y’] v
i=0

Therefore | € Cf,, (yQ) if and only if g = a4, a7 = ag, @11 = a1z and @15 = agg-
Thus every element of Cp,,(y?) is of the form

2 2
1- Z [ + vigsa® + aigey® + aipor®y’] + Z(ai + i3a® + ey’ + aipory’)y®
i=1 i=1
3
+ Z(agx + a2 + gy + appay?)y*
i=1

where o; € Fge. It can easily be shown that Cp,(y?) is abelian. Therefore
Cr, (%) = G5 O

Let T7 be the subset of L7 consisting of elements of the form

2
1+ Z [al + az? + asy® + auxy® + i(rz+ rox® + rexy® + r4x3y3)] y%

=0

where a;,r; € Fgr. It can easily be shown that T is a group and 157 = 5Bk,
Lemma 3.30. L3 = C5'%F x 03,

Proof. Let
2

t=1+ Z [61 + Box? + B3y® + Baxy® 4+ i(rix 4 rox® + r3xy® + 7"4333:1/3)] v e Ty

i=0
and

2 2
c=1- Z [ai + aip3z® + airey® + ai+9$2y3] + Z(ai + ir3r® + aigey”
i=1 i=1
3
+ aipox®yP)y* + Z(Oég.’L‘ + agz® + agry® + a2y y* € Op, (y?)

=1
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where o, 85,7 € Far. Then

2 2

d=1- Z [Oél' + a¢+3x2 + Oti+6y3 + ozi+ga:2y3] + Z(O&Z + ai+3:z:2 + a¢+6y3
i=1 i=1
+ oy’ )y* + Z((as +01)z + (a6 + 02)7° + (o9 + 03)zy” + (ar2 + 64)a”y*)y™
i=1

where

01 =ri(oe — ) +ra(as — ag) +r3(ag — ar) + ra(on — oo

(52 =T

d3 = ri(ag — ar) + re(arr — aqo) +ra3(as —ar) + ra(os — au

( + )
1(as — ayg) +ra(ag — ay) +r3(ain — o) +ra(as — ar)
( + )
64 = r1(a11 — aio) +r2(ag — ar) + r3(as — aq) + ra(ae — aq).

Clearly ¢! € Cp,(y?) and Ty normalizes Cp,(y?). Let

2
Ry =Cr,(y*)NTy =1+ Z (o1 + aza® + asy® + agzy®] y*

i=0
where ; € Fgi. Let T7 &2 Ry X S7 & C3** x 5% Clearly Sqn Cr,(y?) = {1} and
S7 normalizes C,(y?). Thus Ly & C5'2F 5 034k, O

Recall that U(F3x(Cs x C4)) = L7 x U(F3x(Cy x Cg)). Now
Therefore
C3'%F 5 C5"%) % O] x U(Fyn when4 | (38 —1
U (Concy o { (O™ O 2 Co T x UGB JEY
[(03 X 03 ) X (Cgk,l X 03219,1 )] X U(Fsk) When4)[ (3k - 1)

Case (ix) Let G = C3x Dg. The natural group homomorphism g : G = C5x Dg —
G/(z) 2 A = (y,z) and the inclusion map s : (y,z) — G induces the ring
homomorphism g : F5 G — Fqx A and 1)g : Fgx A — F31. G where

3
Os (Z @ o+ @igay + Qipey’ + Qipoy’ + Qip1az + Qig1syz + aigisy’z + ai+21y32]>
i=1

[ai + @ity + Qitey® + Qitoy® + Qit122 + Qip15Yz + Qip1sYE + ai+21y32]

3
—1

K2

and

3 3 3 3
Os | D By +> Biva'z | =D B+ Biay’z
i=0 j=0 i=0 j=0

where o, 3; € Fgx. Then fg1ps = 1 and Og g = 1. Therefore U(F4x (Cy x Dg)) =
Lg X U(ngDg) where Lg = {Oé S U(ng (03 X Dg)) 2978(0() = 1} Thus ‘L4| = 316k.
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Lemma 3.31. Lg has exponent 3.

Proof. By Theorem 2.1, J(F3:(C3 X Dg)) = {a € F3:(C3 x Dg) | aZ = 0}. It can
easily be shown that Lg = 1+ J(F3x(C3 x Dg)). O

Lemma 3.32. Let My be the abelian subgroup of Ls, where the elements of My
take the form

2 2

1= (0 + aigoy + aipay® + aigey’ + cigsz) + Y 2 (0 + Qipoy + aigay’
P i=1
2

+ airey® + Qit82) + Zmi(auyz + apy?z + a13y3z)
i=0

where o; € Fax. Then My = C5'2k 5 5%,

Proof. Let N7 and P; be abelian subgroups of M; where the elements of V| take

the form

2
1+ Z 2 [B1 +irz]

i=0
and the elements of P; take the form

2 2
1- Z(ai + aipoy + Qiray’ + aiey’) + Z o' (@i + Qioy + Qiray® + Qirey’)
i=1 i=1
2
+ ZIZ(O@Z + onoyz + 011y 2 + a2y’ 2)
i=0
where oy, 34,7 € F3x. Let n € Ny and p € P, then

2 2
pr=1- Z(ai + @iy + iy’ + irey’) + Z ' (o + Qigay + aiyay’ + aigey®)
i=1 i=1
2
+ Z 2 (agz + (a1 + 0)yz + 119’z + (a12 — 6)y>2)
i=0

where § = r[(aqg — a3) + (a7 — ag)]. Clearly p™ € Py and Ny normalizes P;. Let

2
A=N NP = {1+leﬂl}
=0

where 3; € Far. Now N; =2 A x By = CsF x C5”. Clearly P, N By = {1} and B;
normalizes P;. Therefore My = Py x By & C5'2F x O5F. O
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Lemma 3.33. Let My be the subgroup of Lg, where the elements of Ms take the
form

2 2

1= (0 + igoy + aipay® + aigey’ + qigsz + cigproyz) + Y a* (0 + gy
=1 1=1
2

+ Qipay’ + Qigey’ + Qiysz + @ipi0yz) + Z o' (en3y®z + 1ay®z)
i=0

where a; € Fgr. Then My = (C’guk X Cgk) x 3",

Proof. Let Ny be an abelian subgroup of My where the elements of Ny take the

form
2
1+ Z ' [f1 + iryz]
1=0
and let
2 2
m=1-> (o + aipoy + airay’® + qirey’ + igsz) + Y 2 (i + Qipoy + diay’®
i=1 =1

2
+aipey® + airsz) + > a'(ayz + anay’z + aasy’z) € My
i=0
where ay,r € F3r. Let n € Ny and m € My, then
2
m" =1~ Z(ai + (o + 01)y + Qiray® + (aire — 61)Y° + (Qigs + 62)2)
i=1

2
+ ) a' (@ + (Qivz + 00y + ivay® + (Qive — 01)y” + (Qivs +02)2)
=1

2
+ ) a2t (anyz + (12 — 82)y°z + ansy®z)
i=0
where ;1 = r(ag — a10), 02 = r[(ag — aq) + (ag — a7)]. Clearly m™ € M; and N
normalizes M;. Now No & A x By = C3% x C5%. Clearly My N By = {1} and Bs
normalizes M;. Therefore My =2 M7 X By &2 (031% X Cgk) x C5F. O

Lemma 3.34. Let M3 be the abelian subgroup of Lg, where the elements of Ms
take the form

2 2
1= (i + aipoy + dipay® + qigey” + aigsz + qiproyz + cip12y®z) + 3 2 (o
i=1 i=1
2
+ gy + Qigay® + iy + Qigsz + Qip10yz + aip12y?z) + Y 2t (ansy®2)
i=0

where «; € Fgr. Then M3z = (031% X Cgk) X C3k) x 3",
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Proof. Let N3 be an abelian subgroup of M3 where the elements of N3 take the
form 1+ 7, 281 + iry?z] and let
2 2
m=1-> (o + aipoy + qipay’® + qirey’ + ciysz + ciproyz) + Y at (i + aigay
i=1 i=1
2
+ aipay® + Qirey® + aipsz + @ip10y2) + le(oémyQZ + a14y°2) € Mo
i=0
where o, 85,7 € F3r. Let n € N3 and m € M, then
2

m" =1=Y (i + (@ita +61)y + airay’ + (@irs — 61)y" + qipsz + (@ir1o + 82)yz)
=1
2

+ Z zi(ai + (Oéz'+2 + 51)y + ()éi+4y2 + (ai+6 — 61)1]3 + Q482 + (ai+10 + 52)y2)

i=1
2
+ Z z'(a13y?2 + (14 — 02)y>2)
i=0
where §; = (a1 — aq2), 02 = r[(ag — ay) + (ag — ay)]. Clearly m™ € My and Nj
normalizes My. Now N3 = A x Bz = C3* x C3". Clearly My N Bz = {1} and Bs
normalizes My. Therefore M3 = My x Bs = ((0312k X Cgk) X Cgk) x Cs*. a

Lemma 3.35. LS = (((C312k X Cgk) D! C3k) X Cgk) A C3k.

Proof. Let N4 be an abelian subgroup of Lg where the elements of N, takes the
form 1+ E?:o 2B + iry3z] and let
2
m=1-> (o + ity + isay® + direy’ + qiysz + 109z + ig129°2)
i=1
2

+ Z o' (i + oy + qiray® + Qigey” + Qirsz + dip107 + Qig12y° %)
i=1

2
+ Z xi(a15y3z) € M;
i=0

where o, 3,7 € Fgr. Let n € Ny and m € M3, then

2
m"=1- Z(ai + (g2 + 01)y + @igay® + (aire — 61)y° + (qigs + 02)2

i=1

2
+ (ig10)yz + (Qig2 — 02)y%2) + Y 2' (o + (ig2 + 61)y + igay®
=1
2
+ (aire — 01)y° + (it + 02)z + (@it10)yz + (Qip1z — 82)y*2) + Z o' (ons)y’z
=0
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where §; = r[(a13 — a14) + (@10 — ag)] and d3 = r[(a7 — as) + (a4 — a3)]. Clearly
m" € Ms and N, normalizes Ms. Now Ny = A x By = C3* x C3F. Clearly
Ms N By = {1} and B, normalizes Ms. Therefore Lg = My x By = (((C3'?* x
Cgk) 3 C3F) % Cgk) x Cs*. O

Recall that U(F3x(C3 x Dg)) = Lg x U(Fsx Dg). Therefore

> [(((C5'%F 3 C5%) % C5%) % C3%) % C5*] % Oy x GLy(Fy)
C3%) % C3%] % Cai_1® x GLay(Fgr)] x U(Fyr). O
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