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1. Introduction

Maltsev algebras were introduced by Maltsev [20], who called these objects
Moufang-Lie algebras. A Maltsev algebra is a non-associative algebra A with an
anti-symmetric multiplication [—, —] that satisfies the Maltsev identity

J(z,y, v, 2]) = [J(2,y,2), 7] (1)
for all z,y, z € A, where J(x,y, z) = [[z,y], 2] + [[2, z], y] + [[y, 2], ] is the Jacobian.
In particular, Lie algebras are examples of Maltsev algebras. Maltsev algebras play
an important role in the geometry of smooth loops. Just as the tangent algebra of a
Lie group is a Lie algebra, the tangent algebra of a locally analytic Moufang loop is a
Maltsev algebra [14,15,20,23,26]. The reader is referred to [10,22,24] for discussions
about the relationships between Maltsev algebras, exceptional Lie algebras, and
physics.

Closely related to Maltsev algebras are alternative algebras. An alternative al-
gebra is an algebra whose associator is an alternating function. In particular, all
associative algebras are alternative, but there are plenty of non-associative alter-
native algebras, such as the octonions. Roughly speaking, alternative algebras are
related to Maltsev algebras as associative algebras are related to Lie algebras. In-
deed, as Maltsev observed in [20], every alternative algebra A is Maltsev-admissible,
i.e., the commutator algebra A~ is a Maltsev algebra. There are many Maltsev-
admissible algebras that are not alternative; see, e.g., [22]. The reader is referred to
[30] for applications of alternative algebras to projective geometry, buildings, and
algebraic groups.
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Instead of the commutator, the anti-commutator also gives rise to interesting
structures. A Jordan algebra is a commutative algebra that satisfies the Jordan
identity

(a*y)z = 2*(yz). (2)
Starting with an alternative algebra A, it is known that the Jordan product
1
zxy =52y +yz)
gives a Jordan algebra A™ = (A, x). In other words, alternative algebras are Jordan-
admissible. The reader is referred to [10,13,24,29] for discussions about the impor-
tant roles of Jordan algebras in physics, especially quantum mechanics.

The purpose of this paper is to study Hom-type generalizations of Maltsev(-
admissible) algebras, alternative algebras, and Jordan(-admissible) algebras. The
reader is referred to the survey article [17] for discussions about other Hom-type
algebras and to [33]-[42] for Hom-type analogues of Novikov algebras, quantum
groups, and the Yang-Baxter equations. Roughly speaking, a Hom-type generaliza-
tion of a kind of algebras is defined by twisting the defining identities by a self-map,
called the twisting map. When the twisting map is the identity map, one recovers
the original kind of algebras.

Below is a description of the rest of this paper.

In section 2 we define Hom-Maltsev algebras and prove two construction results,
Theorems 2.10 and 2.12. Hom-Maltsev algebras include Maltsev algebras and Hom-
Lie algebras as examples. Theorem 2.10 says that the class of Hom-Maltsev algebras
is closed under the process of taking derived Hom-algebras (Definition 2.8), in
which the structure maps are suitably twisted by the twisting map. Theorem 2.12
says that a Maltsev algebra (A, [—, —]) can be twisted into a Hom-Maltsev algebra
Ay = (A, [-,—]a = a0 [—,—],a) along any algebra self-map « of A. In Examples
2.13 and 2.14, we show that, using Theorem 2.12 with different algebra self-maps,
it is possible to twist a Maltsev algebra into a non-Hom-Lie Hom-Maltsev algebra,
a Hom-Lie algebra, or a Lie algebra.

The Hom-type analogue of an alternative algebra is called a Hom-alternative
algebra, in which the Hom-associator (3) is alternating. Hom-alternative algebras
were introduced by Makhlouf in [16]. In section 3 we show that Hom-alternative
algebras are Hom-Maltsev admissible (Theorem 3.8). That is, the commutator
Hom-algebra (Definition 3.5) of a Hom-alternative algebra is a Hom-Maltsev alge-
bra, generalizing the fact that alternative algebras are Maltsev-admissible. Hom-
Lie admissible algebras [18] and Maltsev-admissible algebras are obvious examples
of Hom-Maltsev admissible algebras. The proof of the Hom-Maltsev-admissibility
of Hom-alternative algebras involves the Hom-type analogues of certain identities
that hold in alternative algebras and of the Bruck-Kleinfeld function (Definition
3.11). In Example 3.19, starting with the octonions, we construct (non-Hom-Lie)
Hom-Maltsev algebras using Theorem 3.8.

In section 4 we consider the class of Hom-Maltsev admissible algebras. In Propo-
sition 4.3 we give several characterizations of Hom-Maltsev admissible algebras that
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are also Hom-flexible [18]. In Theorems 4.4 and 4.5 we prove construction results
for Hom-flexible and Hom-Maltsev admissible algebras. Hom-alternative algebras
are Hom-flexible [16], so by Theorem 3.8 Hom-alternative algebras are both Hom-
flexible and Hom-Maltsev admissible. In Examples 4.6, 4.7, and 4.8, we construct
Hom-flexible, Hom-Maltsev admissible algebras that are not Hom-alternative, not
Hom-Lie admissible, and not Maltsev-admissible.

In section 5 we study Hom-Jordan(-admissible) algebras, which are the Hom-
type generalizations of Jordan(-admissible) algebras. The first definition of a Hom-
Jordan algebra was given by Makhlouf in [16]. Hom-alternative algebras are not
Hom-Jordan-admissible under that definition. We introduce a different definition
of a Hom-Jordan algebra and show that Hom-alternative algebras are Hom-Jordan-
admissible under this new definition (Theorem 5.6). In other words, the plus Hom-
algebra (Definition 5.1) of any Hom-alternative algebra is a Hom-Jordan algebra,
generalizing the Jordan-admissibility of alternative algebras. Construction results
analogous to Theorems 2.10 and 2.12 are proved for Hom-Jordan(-admissible) al-
gebras (Theorems 5.8 and 5.9). In Example 5.10, we construct (non-Jordan) Hom-
Jordan algebras using the 27-dimensional exceptional simple Jordan algebra of 3 x 3
Hermitian octonionic matrices.

In section 6 we provide further properties for Hom-alternative algebras. First
we observe that a Hom-algebra is Hom-associative if and only if it is both Hom-
alternative and Hom-Lie admissible (Proposition 6.1). Then we show that the class
of Hom-alternative algebras is closed under taking derived Hom-algebras (Propo-
sition 6.2). In Propositions 6.3 and 6.5 we provide further properties of the Hom-
Bruck-Kleinfeld function in Hom-alternative algebras. It is well-known that the
Moufang identities (72) hold in alternative algebras. In Theorem 6.8 we show that
there are Hom-type generalizations of the Moufang identities in Hom-alternative
algebras.

2. Hom-Maltsev algebras

In this section we define Hom-Maltsev algebras and study their general proper-
ties. Other characterizations of the Hom-Maltsev identity are given (Proposition
2.7). We prove some construction results for Hom-Maltsev algebras (Theorems 2.10
and 2.12). Using Theorem 2.12, we demonstrate in Examples 2.13 and 2.14 that it
is possible to twist a Maltsev algebra into a non-Hom-Lie Hom-Maltsev algebra or
a Hom-Lie (or even Lie) algebra using different algebra morphisms.

2.1. Conventions. Throughout the rest of this paper, we work over a fixed field k
of characteristic 0. Modules, tensor products, linearity, and Hom are all meant over
k. If f: V — V is a linear self-map on a vector space V', then f: V — V denotes
the composition fo---o f of n copies of f, with fO = Id. For amap p: V2 =V,
we sometimes write p(a,b) as ab for a,b € V. If W is another vector space, then
7: VW =2 WV denotes the twist isomorphism, 7(v®w) = w®v. More generally,



180 DONALD YAU

we do not distinguish between a permutation 6 on n letters and its induced linear
isomorphism §: VE™ — V" given by 0(vy @ -+~ @ v,) = vg(1) @ - - - @ Vg(n)-
Let us give the definitions regarding Hom-algebras.

Definition 2.1. By a Hom-algebra we mean a triple (A, u, ) in which A is a
k-module, p: A®? — A is a bilinear map (the multiplication), and a: A — A is a
linear map (the twisting map) such that aop = poa®? (multiplicativity). A Hom-
algebra (A, u, @) is usually denoted simply by A. A morphism f: A — B of Hom-
algebras is a linear map f of the underlying k-modules such that foas = apgo f
and pp o f®2 = fopugu.

Remark 2.2. If (A, ) is a not-necessarily associative algebra in the usual sense, we
also regard it as the Hom-algebra (A, p, Id) with identity twisting map. This defines
a fully faithful embedding from the category of algebras into the category of Hom-
algebras. With this convention, the notion of a morphism between Hom-algebras
with identity twisting maps reduces to the usual notion of an algebra morphism.

Remark 2.3. The multiplicativity of the twisting map « is built into our definition
of a Hom-algebra. Some authors (see, e.g., [16,17,18]) do not make this assumption.
We chose to impose multiplicativity because many of our results depend on it and
all of our concrete examples of Hom-Maltsev(-admissible), Hom-alternative, and
Hom-Jordan(-admissible) algebras have this property.

The algebraic structures studied in this paper are all defined using the Hom-
versions of the associator and the Jacobian, which we now define.

Definition 2.4. Let (A, 4, a) be a Hom-algebra.

(1) The Hom-associator of A [18] is the trilinear map ass: A®3 — A defined

as

asa=po (@ a—aspu). (3)

(2) The Hom-Jacobian of A [18] is the trilinear map J4: A®3 — A defined
as

Ja=po(p®a)o(Ild+o+a?), (4)

where 0: A®3 — A®3 is the cyclic permutation (2 @y ® 2) =2 Q@1 ® Y.

If there is only one Hom-algebra under consideration, we will sometimes omit the
subscript in the Hom-associator and the Hom-Jacobian

Note that when (A, p) is an algebra (with o = Id), its Hom-associator and
Hom-Jacobian coincide with its usual associator and Jacobian, respectively.

Since Hom-Maltsev algebras generalize Hom-Lie algebras (as we will see shortly),
which in turn generalize Lie algebras, we use the bracket notation [—, —] to denote
their multiplications.
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Definition 2.5. (1) A Hom-Lie algebra is a Hom-algebra (A, [—, —], &) such
that [—, —] is anti-symmetric (i.e., [—, —]o(Id+7) = 0) and that the Hom-
Jacobi identity

Ja=0 (5)
is satisfied, where J4 is the Hom-Jacobian of A (4) [11,18].
(2) A Hom-Maltsev algebra is a Hom-algebra (A, [—, —], @) such that [—, —]
is anti-symmetric and that the Hom-Maltsev identity
JA(Oé(JJ),Oé(y),[$7Z]) = [JA(x7y,z)7a2(x)] (6)

is satisfied for all z,y,z € A.
Observe that when a = I'd, the Hom-Jacobi identity reduces to the usual Jacobi
identity
[z, y], 2] + [[z, 2], y] + [ly, 2], 2] = 0

for all x,y,z € A. Likewise, when o = Id, by the anti-symmetry of [—, —], the
Hom-Maltsev identity reduces to the Maltsev identity (1) or equivalently,

[z, 9l [, 2]) = [[[=, 9], 2], 2] + [[ly, 2], 2], 2] + [[[2, 2], 2], ] (7)

for all z,y,z € A.

Example 2.6. A Lie (resp., Maltsev [20]) algebra (A,[—, —]) is a Hom-Lie (resp.,
Hom-Maltsev) algebra with o = Id, since the Hom-Jacobi identity (5) (resp., the
Hom-Maltsev identity (6)) reduces to the usual Jacobi (resp., Maltsev) identity when
a = Id. Moreover, every Hom-Lie algebra is also a Hom-Maltsev algebra because
the Hom-Jacobi identity Jo = 0 clearly implies the Hom-Maltsev identity. O

Before we give more examples of Hom-Maltsev algebras, let us give some other
characterizations of the Hom-Maltsev identity.

Proposition 2.7. Let (A, [—, —], @) be a Hom-algebra with [—,—] anti-symmetric.
Then the following statements are equivalent.

(1) A is a Hom-Maltsev algebra, i.e., the Hom-Maltsev identity (6) holds.
(2) The condition

J(a(w),aly), [z, 2]) + J(a(z), a(y), [w, 2]) ®
= [J(w,y,2),0*(@)] + [J (2,9, 2), a*(w)]

holds for all w,z,y,z € A.
(3) The condition

a(([z,y), [, 2))) = [[[, 4], a(2)], ®(@)] + [[[y, 2], a(x)], @*(2)]
+ H[zv'x]va(x)]a‘j‘Z(y)]
holds for all x,y,z € A.
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(4) The condition

a(([w,y], [z, 2]]) + a(([z, y], [w, z]])
= [[[w, ), a(2)], @*(2)] + [[[z, 4], a(2)], &* (w)]
+ [y, 2, a(w)], o (@
+[[[2, w], a(2)], o (y
holds for all w,z,y,z € A.
Proof. The equivalence between the Hom-Maltsev identity (6) and (8) follows from
linearization: To get the latter, replace x with w 4 x in the former. Conversely, (8)
yields (6) by setting w = z. Similarly, linearization implies the equivalence between
(9) and (10).

To prove the equivalence between the Hom-Maltsev identity and (9), observe

that the left-hand side of the Hom-Maltsev identity (6) is:

J(a(@), ay), [z, 2]) = ([o(@), a@)], o[z, 2])] + [[[z, ], a(2)], o* ()]
+lla(y), [, 2]], o (2)]
= o[z, y), [#,2]]) = [llz, 2], a(2)], o*(y)] + [[[z, 2], a(y)], o* (2)].

In the last equality above, we used the multiplicativity of o and the anti-symmetry
of [-, —]. Likewise, the right-hand side of the Hom-Maltsev identity (6) is:

(@, y,2), 0®(@)] = [[lo,y], a(2)], o (@) +[[[z, 2], ()], o ()] +[[[y, 2], ()], o ().

Since the summand [[[z, 7], a(y)],a?(x)] appears on both sides of (6), the above
calculation and a rearrangement of terms imply the equivalence between the Hom-
Maltsev identity and (9). O

To state our next result, we need the following definition.

Definition 2.8. Let (A, i, o) be a Hom-algebra and n > 0. Define the nth derived
Hom-algebra of A by
A" = (A, ™ =¥ "Top,a?").

Note that A = A, A' = (A, uM) = a o p,a?), and A" = (AL,

The following elementary observations are used in the next result.
Lemma 2.9. Let (A, p, ) be a Hom-algebra. Then we have

Jaoa® =aoJy (11)

and

Jan = 2@V 5 g, (12)

foralln >0
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Proof. The condition (11) holds because a®® commutes with the cyclic permuta-
tion o and « is multiplicative. For (12), observe that:

1™ o (u™ @a)=a2""lopo((a®topu ®a®)

— 0o o (a0 (1@ a) (13)
— 022"V oy (43 a),
where the last equality follows from the multiplicativity of a with respect to u.
Pre-composing (13) with the cyclic sum (Id + o + 02), we obtain (12). O

The following result shows that the category of Hom-Maltsev algebras is closed
under taking derived Hom-algebras.

Theorem 2.10. Let (A, [—, —], ) be a Hom-Maltsev algebra. Then the nth derived
Hom-algebra
A" = (A, [, _](n) =a*""to [— -], O‘QH)

is also a Hom-Maltsev algebra for each n > 0.
Proof. Since A° = A, A' = (A, [, -]V = a o[-, —],a?), and A"t = (A™)!, by
an induction argument it suffices to prove the case n = 1.

To show that A' is a Hom-Maltsev algebra, first note that [—,—]™) is anti-
symmetric because [—, —] is anti-symmetric and « is linear. Since o is multiplica-
tive with respect to [—, —]("), it remains to show the Hom-Maltsev identity (6) for

Al. For z,y,z € A, we compute as follows:
Jar(@®(2),a*(y), [z, 2] V) = Jai (a*(2 ),aQ(y) 04([93 Z]))

=a” (Ja(a z])))  (by (12))
? (Jala(z ) ()[mz])) (by (11))
a® ([Ja(z,y,2),0%()])  (by (6) in A)
[0 (Ja(z,y,2)), (@) (@) (

= [Jar(z,y,2), (@2)(@)] D (by (12)).
This establishes the Hom-Maltsev identity in A' and finishes the proof. (|

|
Q

by multiplicativity of «)

To state our next result, we need the following definition.

Definition 2.11. Let (A, ) be any algebra and o: A — A be an algebra morphism.
Define the Hom-algebra induced by « as

AOC = (Avuoma)7
where p, = ao p.

The next result shows that given a Maltsev algebra and an algebra morphism,
the induced Hom-algebra is a Hom-Maltsev algebra. The Hom-Maltsev algebras
constructed using this twisting result are generally not Maltsev algebras, as we
will see in the examples later. Such a twisting result was first used by the author
n [32] (Theorem 2.3) on G-associative algebras (where G is a subgroup of the
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symmetric group on three letters), which include associative, Lie, pre-Lie, and Lie-
admissible algebras as examples. That result has since been employed and extended
by various authors; see [3] (Theorem 2.7), [4] (Theorems 1.7 and 2.6), [8] (Section
2), [9] (Proposition 1), [16] (Theorems 2.1 and 3.5), [17], and [19].

Theorem 2.12. Let (A,[—,—]) be a Maltsev algebra and a.: A — A be an algebra
morphism. Then the Hom-algebra A, = (A, [—, —]a = a0 [—, =], @) induced by «
is a Hom-Maltsev algebra.
Proof. Since [—,—], is clearly anti-symmetric, it remains to prove the Hom-
Maltsev identity (6) for A,. Here we regard A as the Hom-Maltsev algebra with
identity twisting map. For any algebra (A, [—, —]) (Maltsev or otherwise), by the
multiplicativity of « with respect to [—, —], we have
[_a _]a © ([_a _}Oz & Ol) = Ot2 © [_7 _] © ([_7 _] ® Id)

and

[~ ~lo([-~]®Id)oa® =aol- ~]o([-,~]®Id).

Pre-composing these identities with the cyclic sum (Id+o+0?) (4) (which commutes
with a®?), we obtain

JAQZCYQOJA (14)
and

®3

Jaoa®’ =aolJy. (15)

To prove the Hom-Maltsev identity for A, we compute as follows:
Ja.(a(2),a(y), [z, 2]a) = o® (Ja(a(z), a(y), [a(z), a(2)]))  (by (14))
= o’ ([Ja(a(z), a(y),a(2)),a(z)])  (by (6) in A)
= [a(Ja(a(z), ay), a(2)),a*(z)]o  (multiplicativity of )
= [0*(Ja(w,y,2)), 0 (@)]a  (by (15))
= [Ja.(@,y,2),0*(@)]la  (by (14)).
This shows that the Hom-Maltsev identity holds in A,. (I

We now discuss examples of Hom-Maltsev algebras that can be constructed using
Theorem 2.12.

Example 2.13. There is a four-dimensional non-Lie Maltsev algebra (A, [—, —])
[27]) (Example 3.1) with basis {ey, ea, e3,e4} and multiplication table:

-1 e1 e e3s e
el 0 —ey  —e3 €4
€2 €9 0 264

0
€3 €3 —264 0 0
€4 —€4 0 O 0
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We want to apply Theorem 2.12 to this Maltsev algebra. Using suitable algebra
morphisms, we can twist the Maltsev algebra A into mon-Hom-Lie, non-Maltsev
Hom-Maltsev algebras or (Hom-)Lie algebras.

With a bit of computation, one can check that one class of algebra morphisms
ay: A — A is given by

ai(er) = e1 + azez + ageq,
ai(ez) = baeg + bzes + azbaey,
aq(es) = ces,

aq(eq) = bacey,

where ag,aq,bs,bs, and ¢ are arbitrary scalars in k. By Theorem 2.12 there is a
Hom-Maltsev algebra

AOq = (A7 [_7_}041 =10 [_’ —],Oq)

with multiplication table:

[— —lou ‘ €1 €2 es [
el 0 —ai(ea) —cez bacey
€9 041(62) 0 2b2064 0
es ces —2bycey 0 0
€4 —b2064 0 0 0

Note that Aq, is in general not a Hom-Lie algebra, i.e., Ja, # 0. Indeed, we have
Ja(e1,e2,e3) = —6ey.
Combining this with (14) we obtain

Ja,, (e1,e2,e3) = aj(Ja(er, e2,e3))

2
1
= a%(—664)

= —6(b20)264,
which is not equal to 0 in general.
Also, (A,[—, —]a,) is not a Maltsev algebra in general. Indeed, let J' denote the
usual Jacobian of (A, [—, —]a,), i-€.,

Jl(xa Y, 2) = [[2,Ylas 2o + [[2; oy Yo + [[Us 2]as Tlas (16)
where & = 1. To see that the Maltsev identity (1) does not hold in (A, [—, —]a,),
it suffices to show that

J'(e1, €2, [er, esla) # [J'(e1, €2, €3), e1]a- (17)
Indeed, we have
J'(e1, e, e3) = [[e1, €2]as €3]a + [[€3; €1]as €2]a + [[€2; €3]as €1]a

= *2[)26(()2 +c+ b20)64-
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This implies that, on the one hand,

Jl(ela €2, [61763](1) = 7CJ/(61,627 63)

= 2b262(b2 “+c+ b26)64.
On the other hand, we have

[J'(e1,e2,e3),e1]a = —2bac(ba + ¢ + bac)|es, €1]a
= 2(bac)*(by + ¢ + bac)ey.
This proves that (17) holds whenever by # 1 and bac(bs + ¢ 4+ bec) # 0. So
(A, [—, —])a,) is not a Maltsev algebra in general.

Using Theorem 2.12 it is also possible to twist the Maltsev algebra A into a
(Hom-)Lie algebra. For example, consider the following class of algebra morphisms
Q9 A— A:

as(e1) = —e1 + azez + ages + aseq,

[6%) (62) = b€47

012(63) =0= 0[2(64),
where as,as,aq, and b are arbitrary scalars in k. By Theorem 2.12 there is a
Hom-Maltsev algebra

Aa2 = (Aa [_7 _}CEQ = 2 0 [_a _]7 042)

with multiplication table:

[—, _]CKQ ‘ €1 €2 €3 €4
€1 0 —b€4 0 0
€9 b€4 0 0 0
es 0 0 0 0
n 0 0 0 0
From this multiplication table, it is easy to check that Ja,, =0, i.e., Aq, is actually
a Hom-Lie algebra. Likewise, one can check that (A,[—, —|a,) is a Lie algebra. O
Example 2.14. There is a five-dimensional non-Lie Maltsev algebra (A, [—,—])
[27]) (Example 3.4) with basis {e1, ea,e3,eq,e5} and multiplication table:
- -] e €2 €3 €4 €5
el 0 0 0 e O
€9 0 0 0 0 €3
es3 0 0 0 0 O
€4 —€9 0 0 0 0
€5 0 —E€3 0 0 0

Let us classify all the algebra morphisms a: A — A. From the multiplication table
of A, it follows that « is determined by its values at e1, eq, and es. With a bit of
computation, one can show that a: A — A is an algebra morphism if and only if it
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has the form

ale1) = arer + azes + azes + aseq + ases,
a(ez) = (a1by — agby)es + (azbs — asby)es,
a(ez) = (a1by — asby)cses,

afes) = biey + boeg + bses + byey + bses,

ales) = c1eq + coes + czes + caeq + cxes
with a;, by, ¢, € k, such that
as(asby — a1by) = 0 = bs(asby — arby),
a1cq = aqcy, A9C5 = ascz, bicg =bgcy, bacs = bsco.

For each such algebra morphism a: A — A, by Theorem 2.12 there is a Hom-
Maltsev algebra

Ao = (A7 [_7 _]a =0 [_7 _]7 a)
whose multiplication table is:

[—, _]a €1 €2 €3 €4 €5
el 0 0 0 aler) 0
€2 0 0 0 0 ales)
es 0 0 0 0 0
€4 —a(es) 0 0 0 0
es 0 —afes) 0 0 0

The Hom-Maltsev algebra A, is in general not Hom-Lie, since
Ja,(e1,ea,e5) = a®(Jaler, e e5))  (by (14))
= a®(e3)
= (a1by — asby)*cZes,
which is not equal to 0 whenever (a1by — agby)cs # 0.

In strong contrast with Ezample 2.13, we claim that (A,[—, —]a) is always a
Maltsev algebra, regardless of what algebra morphism a: A — A we choose. Since
[—, —]a is anti-symmetric, we only need to see that the Maltsev identity (1) holds.
Indeed, the images of [—,—] and [—, —]o are both contained in span{es,es}, and
afes) lies in span{es}. It follows that

[[1'7 y}ow Z]a - Span{63}7

which implies that

[, ¥]a; z]a, wla =0 (18)
for all w,x,y,z € A. Thus, if J' denotes the usual Jacobian of (A,[—,—]a) as in
(16), then

[T (2,y,2),w]o =0, (19)

which is in particular true when w = x. On the other hand, we have
J'(@,y,[7,2la) = [[,4]a; [2, Zala + [[[2, 2]a; Tlas Yla + [y [2, 2la]as 2la
= *([[x,y], [z, 2]])  (by (18) and multiplicativity of a).
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Since both [z,y] and [z, 2] lie in span{es, es}, it follows from the multiplication table
of A that [[x,y], [z, z]] = 0. Thus, we have
J'(z,y,[r,2]a) =0 (20)

for all x,y,z € A. It follows from (19) and (20) that the Maltsev identity (1) holds
in (A |-, —]a)-

Moreover, certain choices of algebra morphisms 5: A — A make Ag into a Hom-
Lie algebra and (A, [—,—]g) into a Lie algebra. For example, consider the algebra
morphism B on A given by

ﬁ(el) = aey, 6(62) = ab€2, ﬂ(€4) = 664, 6(63) =0= 5(65)3
where a,b € k are arbitrary scalars. The only non-zero brackets in Ag involving
the basis elements are

[e1, ea]p = abea = —[eq, 1] 5.
This implies that Ja, and J' (the usual Jacobian in (A,[—,—]g)) are both equal to
0, so Ag is a Hom-Lie algebra and (A,[—,—]g) is a Lie algebra. O

3. Hom-alternative algebras are Hom-Maltsev admissible

The main purpose of this section is to show that every Hom-alternative algebra
[16] gives rise to a Hom-Maltsev algebra via the commutator bracket (Theorem
3.8). This means that Hom-alternative algebras are all Hom-Maltsev admissible
algebras, generalizing the well-known fact that alternative algebras are Maltsev-
admissible. More properties of Hom-alternative algebras are considered in sections
5 and 6. At the end of this section, we consider an eight-dimensional, non-Hom-Lie
Hom-Maltsev algebra arising from the octonions (Example 3.19).

Let us begin with some relevant definitions.

Definition 3.1. Let V be a k-module and f: V®"® — V be an n-linear map for
some n > 2. We say that f is alternating if

f=emfon
for each permutation 7 on n letters, where e(m) € {£1} is the signature of .

Since we are working over a field k of characteristic 0, the following characteri-
zations of alternating maps are well-known facts in basic linear algebra and group
theory. We, therefore, omit the proof. We will use the following Lemma without
further comment.

Lemma 3.2. Let V be a k-module and f: V®* — V be an n-linear map. Then
the following statements are equivalent:

(1) f is alternating.

(2) f(z1,...,2n) =0 whenever x; = x; for some i # j.

(3) f = —fou for each transposition v on n letters.

(4) f=(=1)""Lfo& and f = —fon, where £ is the cyclic permutation (12 ---n)
and n is the adjacent transposition (n — 1,n).
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Definition 3.3. Let (A, i, @) be a Hom-algebra (Definition 2.1). Then A is called
a:
(1) Hom-associative algebra [18] if as4 = 0, where as 4 is the Hom-associator
(3);
(2) Hom-alternative algebra [16] if as, is alternating;
(3) Hom-flexible algebra [18] if asa(z,y,2z) =0 for all z,y € A.

It follows from the above definitions that a Hom-associative algebra is also a
Hom-alternative algebra and that a Hom-alternative algebra is also a Hom-flexible
algebra. Also, when o = Id in Definition 3.3, we recover the usual notions of
associative, alternative, and flexible algebras, respectively.

Remark 3.4. In [16] a Hom-alternative algebra was actually defined as a Hom-
algebra (A, u, «) that satisfies both

asa(z,z,y) =0 (left Hom-alternativity) (21)

and
asa(z,y,y) =0 (right Hom-alternativity) (22)

for all x,y € A. It is shown in [16] that this definition is equivalent to the one in
Definition 8.3. Indeed, if asa is alternating, then it is clearly also left and right
Hom-alternative. Conversely, left (right) Hom-alternativity is equivalent to asa
being alternating in the first (last) two variables. Since the transpositions (1 2) and
(2 3) generate the symmetric group on three letters, one infers that left and right
Hom-alternativity together imply that as is alternating.

To state the main result of this section, we need the following definition. Recall
that 7: V@ W =2 W ® V denotes the twist isomorphism, 7(v ® w) = w ® v.

Definition 3.5. Let (A, i, @) be a Hom-algebra. Define its commutator Hom-
algebra as the Hom-algebra

AT =(A[—,-]|=po(Id—1),a).

The multiplication [—, —] = po(Id—7) is called the commutator bracket of . We
call a Hom-algebra A Hom-Maltsev admissible (resp. Hom-Lie admissible
[18]) if A~ is a Hom-Maltsev (resp. Hom-Lie) algebra (Definition 2.5).

Example 3.6. Since Hom-Lie algebras are all Hom-Maltsev algebras (Ezample
2.6), every Hom-Lie admissible algebra is also Hom-Maltsev admissible. In partic-
ular, since every G-Hom-associative algebra (e.g., Hom-associative, Hom-Lie, or
Hom-pre-Lie algebra) is Hom-Lie admissible [18] (Proposition 2.7), it is also Hom-
Maltsev admissible. In section 4, we will give examples of Hom-Maltsev admissible
algebras that are not Hom-Lie admissible. (|

Example 3.7. A Maltsev-admissible algebra is defined as an algebra (A, p) for
which the commutator algebra A~ = (A,[—,—] = po (Id—17)) is a Maltsev algebra,
i.e., A” satisfies the Maltsev identity (1) (or equivalently (7)). Identifying algebras
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as Hom-algebras with identity twisting maps (Remark 2.2), a Maltsev-admissible
algebra is equivalent to a Hom-Maltsev admissible algebra with o = Id. O

It is proved in [18] that, given a Hom-associative algebra A, its commutator Hom-
algebra A~ is a Hom-Lie algebra. Also, the commutator algebra of any alternative
algebra is a Maltsev algebra. The following main result of this section generalizes
both of these facts. It gives us a large class of Hom-Maltsev admissible algebras
that are in general not Hom-Lie admissible.

Theorem 3.8. Fvery Hom-alternative algebra is Hom-Maltsev admissible.

In particular, Hom-alternative algebras are all Hom-flexible, Hom-Maltsev ad-
missible algebras. Examples of Hom-flexible, Hom-Maltsev admissible algebras that
are not Hom-alternative are considered in section 4.

The proof of Theorem 3.8 depends on the Hom-type analogues of some identities
in alternative algebras, most of which are from [6]. We will first establish some
identities about the Hom-associator and the Hom-Jacobian. Then we will go back
to the proof of Theorem 3.8. In what follows, we often write p(a,b) as ab and omit
the subscript in the Hom-associator asa (3) when there is no danger of confusion.

The following result is a sort of cocycle condition for the Hom-associator of a
Home-alternative algebra.

Lemma 3.9. Let (A, p, ) be a Hom-alternative algebra. Then the identity
as(wz, ay), a(z)) — as(zy, a(z), o(w)) + as(yz, a(w), a(x)) 03
= a?(w)as(a,y, 2) + as(u, 7, y)o (2 )

holds for all w,x,y,z € A.

Proof. First we claim that for any Hom-algebra (A, i, a) (Hom-alternative or oth-
erwise), we have

as(wz, a(y), a(z)) — as(e(w), vy, a(2)) + as(a(w), a(x), y2)
) 5 (24)
= a“(w)as(z,y, z) + as(w, z,y)a(2)

for all w,z,y, 2z € A. Indeed, starting from the left-hand side of (24), we have:
as(wz, a(y), a(z)) — as(a(w), zy, a(z)) + as((w), a(z), y2)
(( z)a(y))a’(z) — a(wz)(a(y)a(z)) — (a(w)(zy))a®(2)
a®(w)((zy)a(2)) + (a(w)a(z)alyz) — a*(w)(a(z)(yz))
—{(ww) (y) — a(w)(zy)} o®(2) + o®(w) {(zy)a(z) — a(z)(y2)}
Ja(yz) + a(wz)a(yz)
= o*(w)as(z,y, 2) + as(w, z,y)o?(2).

— a(wz

In the second equality above, we used the multiplicativity of a twice. We have
established (24). Now for a Hom-alternative algebra A, its Hom-associator as is
alternating, so (24) implies (23). O
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Remark 3.10. Note that when o = Id, the condition (24) says that the (Hom-)
associator as € Hom(A®3, A) is a Hochschild 3-cocycle.

In a Hom-alternative algebra, the Hom-associator is an alternating map on three
variables. We now build a map on four variables using the Hom-associator that, as
we will prove shortly, is alternating in a Hom-alternative algebra.

Definition 3.11. For a Hom-algebra (A, u, @), define the Hom-Bruck-Kleinfeld
function f: A®* — A as the multi-linear map
flw,z,y,2) = as(wz, a(y), a(z)) — as(z,y, 2)a?(w) — o?(z)as(w, y, 2) (25)
for w, x,y,z € A. Define another multi-linear map F': A%* — A as
F=[-,-]o(a®®as)o(Id—¢+& - &%), (26)

where [—,—] = po (Id — 7) is the commutator bracket of u and ¢ is the cyclic
permutation

E(wRrRYR2)=2WRITRY.
In terms of elements, the map F' is given by
F(w,z,y,2) = [o®(w),as(z,y, 2)] — [a*(2), as(w, 2, y)]
+ [0?(y), as(z,w, x)] — [@?(x),as(y, z,w)]. @7)

The Hom-Bruck-Kleinfeld function f is the Hom-type analogue of a map studied
by Bruck and Kleinfeld ([6] (2.7)). It is closely related to the map F', as we now
show.

Lemma 3.12. In a Hom-alternative algebra (A, p, o), we have
F=fo(Id—p+p?),
where p = &3 is the cyclic permutation p(w R TR YR 2) =T R YR 2 @ w.
Proof. By Lemma 3.9 and (25), we have
o (w)as(z,y, 2) + as(w, z,y)a?(2)
= as(wz, a(y),a(z)) — as(zy, a(z), a(w)) + as(yz, a(w), a(x))
2

= f(w,z,y,2) + as(z,y, z)a’(w) + a*(z)as(w, y, 2)

)
— f(z,y,z,w) — as(y, z, w)a?( y)as(z, z,w)

+ [y, 2w, ) + as(z,w, )’ (y) + o

)
r) — a(
+a*(

) )
) z)as(y, w, ).
Since the Hom-associator as is alternating, we have
as(y,w,x) = as(w, z,y), as(z,z,w)=as(z,w,x), as(w,y,z)=as(y,z,w).

Therefore, rearranging terms in the above equality, we obtain F' = fo (Id— p+ p?)
in the explicit form (27). O

The following result is the Hom-type analogue of part of [6] (Lemma 2.1).
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Proposition 3.13. Let (A, u,«) be a Hom-alternative algebra. Then the Hom-
Bruck-Kleinfeld function f is alternating.

Proof. First observe that —F = F o &, which follows immediately from the defini-
tion (26) of F. This implies —F = F o p, where p = £3. Note that p® = £&. Thus,
we have:

0=Fo(Id+p)
=fo(Id—p+p*)o(Id+p) (by Lemma 3.12)
= fo(Id+p®)
=fo(Id+¢).
Equivalently, we have
f=—Ff0¢, (28)

so f changes sign under the cyclic permutation £. From the definition (25) of f and
the fact that the Hom-associator as is alternating in a Hom-alternative algebra, we
infer also that

f=—fon, (29)

where 7 is the adjacent transposition (W rRYR2z) = wWRr®2z®y. So f changes
sign under the transposition 7. Since the cyclic permutation ¢ and the adjacent
transposition 1 generate the symmetric group on four letters, we infer from (28)
and (29) that f is alternating. O

The following identities are consequences of Proposition 3.13 and are the Hom-
type analogues of part of [6] (Lemma 2.2). In what follows, we write u(z,z) as

x2.

Corollary 3.14. Let (A, p, ) be a Hom-alternative algebra. Then:

as(z?, a(y), a(2)) = a*(z)as(z,y, 2) + as(z,y, z)a*(z), (30)
as(a(x), vy, a(2)) = as(z,y, 2)a’(x) = as(alx), aly), 22), (31)

and
as(a(z),yz, a(2)) = o*(z)as(z,y, 2) = as((x), a(y), zz) (32)

for all x,y,z € A.

Proof. To obtain (30), set w = z in the definition (25) of f and use the fact that
f is alternating (Proposition 3.13).
For (31) we compute as follows:

as(a(x), zy, a(z)) = as(zy, a(z),a(x)) (by alternativity of as)
= f(z,y,2,2) + as(y, z,2)0’ () + a*(y)as(z, z,z)  (by (25))
= as(z,y,2)a*(z) (by alternativity of f and as).
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This proves half of (31). For the other half of (31), we compute similarly as follows:
as(a(z), ay),xz) = as(zz,a(x),a(y)) (by alternativity of as)
= f(z,z,2,y) + as(z, x,y)a’ (x) + o®(z)as(z,x,y)  (by (25))
= as(x,y,2)a’(z) (by alternativity of f and as).

This finishes the proof of (31).
For (32) we compute as follows:

as(a(x),yz,a(z)) = as(yz, a(z),a(x)) (by alternativity of as)
= f(y.2,2,2) +as(z, z,x)a’(y) + o®(x)as(y, 2,2)  (by (25))
= a?(z)as(z,y,z) (by alternativity of f and as).
This proves half of (32). For the other half of (32), we compute similarly as follows:
as(a(z), a(y), zz) = as(zx, a(x),a(y)) (by alternativity of as)
= f(z,2,2,y) + as(z,2,y)a’(2) + o (x)as(z, z,y)  (by (25))
= a?(z)as(x,y,2) (by alternativity of f and as).
This finishes the proof. O

The following result says that every Hom-alternative algebra satisfies a variation
of the Hom-Maltsev identity (6) in which the Hom-Jacobian is replaced by the
Hom-associator.

Corollary 3.15. Let (A, p, «) be a Hom-alternative algebra. Then
as(a(z), a(y), [z, 2]) = [as(z,y, 2), a* ()]
for all z,y,z € A, where [—,—] = po (Id — 7) is the commutator bracket.

Proof. Indeed, we have
as(a(z), a(y), [z, 2]) = as(a(z), a(y), z2) — as(a(z), a(y), z2)
=as(z,y, 2)a’(z) — o®(z)as(z,y,z) (by (31) and (32))
= [as(x,y, 2),a*(z)],
as desired. O

Next we consider the relationship between the Hom-associator (3) in a Hom-
algebra A and the Hom-Jacobian (4) in its commutator Hom-algebra A~ (Definition
3.5).

Lemma 3.16. Let (A, u, ) be any Hom-algebra. Then
Ja- =asao(Id+o+ad%)o(Id—9),

where c(rRYRz2)=2QxQy and S(z QYR 2) =R 2R Y.
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Proof. For z,y,z € A, we have:

Ja-(z,y,2) = [[z,y], a(2)] + [[2, 7], a(y)] + [[y, 2], a ()]
= (zy)a(z) — (yz)a(2)

+ (zz)a(y) — (zz)aly) —
+ (yz)a(z) — (zy)a(

= aSA(xvya Z) + (ISA(Z, $7y) + aSA(ya Z, T

o

~

- GSA(I', 2711) - aSA(ya $7Z) - GSA(Z,y,iU)
=asyo(Id+ o +0%) o (Id—6)(z,y, 2).
This proves the Lemma. O

Proposition 3.17. Let (A,p,«) be a Hom-alternative algebra. Then we have
JA— = 6asA.

Proof. Since the Hom-associator as 4 is alternating, with the notations in Lemma
3.16 we have

aASpA 00 =asy = —asy 00.

The result now follows from Lemma 3.16. (]
We are now ready to prove Theorem 3.8.

Proof of Theorem 3.8. Let (A, u, ) be a Hom-alternative algebra and A~ be its
commutator Hom-algebra. The commutator bracket [—, —] = po (Id — 7) is anti-
symmetric. Thus, it remains to show that the Hom-Maltsev identity (6) holds in
A~ e,
JA* (a(l‘)7 a(:’/)a [.’1?, Z]) = [JA* (Z‘, Y, Z)) a2($)]-
To prove this, we compute as follows:
Ja-(a(z), a(y), [z, 2]) = 6asa(a(x), aly),[z,z]) (by Proposition 3.17)
= [6asa(z,vy,2),a*(x)] (by Corollary 3.15)
= [Ja-(z,y,2),0*(z)] (by Proposition 3.17).

We have shown that A~ is a Hom-Maltsev algebra, so A is Hom-Maltsev admissible.
O

Remark 3.18. By Theorem 3.8 the map A — A~ defines a functor from the cat-
egory of Hom-alternative algebras to the category of Hom-Maltsev algebras. Using
the combinatorial objects of weighted trees and an argument similar to that in [31],
one can show that this functor has a left adjoint M — U(M). However, we do not
know whether there is an analogue of the Poincaré-Birkhoff-Witt (PBW) Theorem,
i.e., whether the canonical map M — U (M) is injective. In fact, even in the non-
Hom case of Maltsev algebras, it is not known whether there is a PBW Theorem
with alternative algebras in place of associative algebras. Probably the closest result
to a PBW Theorem for Maltsev algebras is in [25].
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Example 3.19. In this example, we describe a Hom-alternative algebra (hence
Hom-Maltsev admissible by Theorem 3.8) that is not Hom-Lie admissible and not
alternative. Recall that the octonions is an eight-dimensional alternative (but not
associative) algebra O with basis {eq, ..., er} and the following multiplication table,
where p denotes the multiplication in O.

H | € | €1 €2 €3 €4 €5 €6 er
€0 | €0 €1 €2 €3 €4 €5 €6 €7
€1 | €1 | € | €4 €7 | —€2 | € | —€5 | —€3
€2 | €2 | —€4 | —€Q €5 €1 —€3 €7 —€6
€3 | €3 | —€r | —€5 | —€p €6 €2 —€4 €1
€4 | €4 €2 —€1 | —€6 | —€o €7 €3 —€5
€5 | €5 | —€6 €3 —€2 | —€7 | —€o €1 €4
€6 | €6 | €5 —€7 | €4 | —€3 | —€1 | =€ | €2
er | ey €3 €g —€1 €5 —€4 | —€9 —€p

The reader is referred to [5,10,24,29] for discussion about the roles of the octonions
in exceptional Lie groups, projective geometry, physics, and other applications.
One can check that there is an algebra automorphism a: O — O given by

aleg) =eo, aler) =es5, afez) =es, afez) =er,

aleg) =e1, ales) =e2, aleg) =e3, aler) =ey. (33)

There is a more conceptual description of this algebra automorphism on O. Note
that e; and ey anti-commute, and ez anti-commutes with ey, ey, and ejes = ey.
Such a triple (e1,eq,e3) is called a basic triple in [5]. Another basic triple is
(e5,e6,€7). Then a is the unique automorphism on O that sends the basic triple
(e1,e2,€3) to the basic triple (es,eq,er).

Using [16] (Theorem 2.1), which is the analogue of Theorem 2.12 for Hom-
alternative algebras, we obtain a Hom-alternative (hence Hom-Maltsev admissible)
algebra

0. = (0.0 = ao p,a)

with the following multiplication table.

Ha | €0 | €1 €2 €3 €4 €5 €6 €7
€o | €0 €5 €6 €7 €1 €2 €3 €4
€1 | € | =€y | €1 €4 —€6 | €3 —€ | —€7
€2 | €6 | —€1 | —€o €2 €5 —e7 €4 —€3
€3 €7 | —€4 | —€2 | —€p €3 [ —€1 €5
€4 | €1 €6 —€5 | —€3 | —€p | €4 €7 —€2
€5 | €2 | —€3 | €7 —€6 | —€4 | —€0 | €5 €1
€6 | €3 | €2 —€4 | €1 —€7 | —€5 | =€ | €Ep
€7 | €4 | €7 €3 —€5 | €2 —€1 | —€6 | —€o

Note that O, is not alternative because

ta(fa(€o,€0),€1) = €5 # €2 = fia(€o, ta(eo, €1)).
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Since O, is Hom-alternative, by Theorem 3.8 it is also Hom-Maltsev admissible,
i.e., its commutator Hom-algebra

O; = (07 [_7 _]Cwa)v

where [—, —]o = po 0 (Id —7) = o po (Id — 1), is a Hom-Maltsev algebra.
Observe that O, is not Hom-Lie admissible, i.e., O, is not a Hom-Lie algebra.
Indeed, with O~ denoting the Maltsev algebra (O,[—,—] = po (Id — 7)), we have
JOZ = [_7 _]a ° ([_u _]a ® a) o (Id+ o+ 02)
=a’o[— o ([~,~]@Id)o(Id+o+0?)
9 (34)
= a‘o JO*
=6a’o aso

by Proposition 3.17. Here we are regarding O as the Hom-alternative algebra
(O, p, Id) with identity twisting map. Since aso # 0 (because O is not associa-
tive) and « is an automorphism, it follows that Jo; # 0. For example, we have
aso(es, €6, €7) = —2€3 # 0
and
Jo- (€5, €6, €7) = —120%(e3) = —12e4 # 0.

Therefore, O, is a Hom-alternative (and hence Hom-Maltsev admissible) algebra
that is neither alternative nor Hom-Lie admissible.

Also, (O,[—, —]a) is not a Maltsev algebra. Indeed, let J' denote the usual Ja-
cobian in (O, [—, —]a) as in (16). Then we have
[J'(e5, €6, €7), es]a = [[[€5, €6]as €7las €5)a + [[[€7, €5]as €6las €5]a

+ [[[667 67]047 65]a7 65}04

= 8(e3 —e7)
and
J' (es, €6, €5, €7]a) = 2J (€5, €6, €1)
= —8(e1 +e3 +e7).
So (0, [—, —]a) does not satisfy the Maltsev identity (1).

Finally, observe that as long as : O — O is an algebra automorphism, (34)
implies that O is a Hom-Maltsev algebra that is not Hom-Lie. There are plenty of
algebra automorphisms on O other than the one in (33). In fact, the automorphism
group of O is the 14-dimensional exceptional Lie group Go [5,7]. (]
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4. Hom-Maltsev admissible algebras

In Theorem 3.8 we showed that every Hom-alternative algebra is Hom-Maltsev
admissible, i.e., its commutator Hom-algebra is a Hom-Maltsev algebra. Since
Hom-alternative algebras are always Hom-flexible (Definition 3.3), we know that
Home-alternative algebras are Hom-flexible, Hom-Maltsev admissible algebras. The
purpose of this section is to study the (strictly larger) class of Hom-flexible, Hom-
Maltsev admissible algebras. We give several characterizations of Hom-flexible alge-
bras that are Hom-Maltsev admissible in terms of the cyclic Hom-associator (Propo-
sition 4.3). Then we prove the analogues of the construction results, Theorems 2.10
and 2.12, for Hom-flexible and Hom-Maltsev admissible algebras (Theorems 4.4 and
4.5). We then consider examples of Hom-flexible, Hom-Maltsev admissible algebras
that are neither Hom-alternative nor Hom-Lie admissible.

To state our characterizations of Hom-flexible algebras that are Hom-Maltsev
admissible, we need the following definition.

Definition 4.1. For a Hom-algebra (A, i, «), define the cyclic Hom-associator
Sa: A®3 — A as the multi-linear map

Sy =asyo(Id+ o+ d?),
where asy4 is the Hom-associator (3) and (2 @ y®2) =2 Qx ®y.

We will use the following preliminary observations about the relationship be-
tween the cyclic Hom-associator and the Hom-Jacobian (4) of the commutator
Hom-algebra (Definition 3.5).

Lemma 4.2. Let (A, p,«) be a Hom-flexible algebra. Then we have
254 = Jy-, (35)
where A~ = (A, [—, —], ) is the commutator Hom-algebra.

Proof. Let O denote the cyclic sum (Id + o + 2). We have:
Sa(x,y,z) = Oasa(x,y, z)
=—0asa(z,y,z) (by Hom-flexibility)
=—0Oasa(z,z,y) (36)
= —Sa(z,z,y).
Let ¢ denote the permutation 6(z ® y ® z) = ¢ ® 2 ® y. Then (36) is equivalent to
Sa=—8400.
This implies that
9254 = S o (Id — &)
=asso(Ild+o+0%)o(Id—96)
=Ja-,
where the last equality is by Lemma 3.16. (]
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The following result gives characterizations of Hom-Maltsev admissible algebras
in terms of the cyclic Hom-associator, assuming Hom-flexibility. The condition (38)
below is the Hom-type analogue of [22] (Lemma 1.2(ii)).

Proposition 4.3. Let (A, p, @) be a Hom-flexible algebra and A~ = (A, [—, -], @)
be its commutator Hom-algebra. Then the following statements are equivalent:

(1) A is Hom-Maltsev admissible (Definition 3.5).
(2) The equality
Ja-(a(@),a(y), [z, 2]) = [Ja- (2,9, 2),0*(@)] (37)
holds for all z,y,z € A.
(3) The equality
Sa(a(@), a(y), [z,2]) = [Sa(z.y, 2),a*(2)] (38)
holds for all x,y,z € A.
(4) The equality

SA(a(w>7 a(y)v [xv Z]) + SA(Oé(.%'), a(y)7 [w7 ZD
= [SA(wayv Z)aOZQ(x)] + [SA(x’yv Z),QQ(w)]
holds for all w,x,y,z € A.

(39)

Proof. The equivalence of the first two statements is immediate, since the commu-
tator bracket [—,—] = po (Id — 7) is anti-symmetric and (37) is the Hom-Maltsev
identity (6) for A~. The equivalence of (37) and (38) follows from (35), which
uses the Hom-flexibility of A. Finally, that (38) is equivalent to (39) follows from
linearization. In other words, starting from (38), one replaces « by w + = to obtain
(39). Conversely, starting from (39), one sets w = z to obtain (38). O

The following construction results for Hom-flexible and Hom-Maltsev admissible
algebras are the analogues of Theorems 2.10 and 2.12.

Theorem 4.4. (1) Let (A, pn) be a flexible algebra (i.e., (xy)x = x(yx) for
all z,y € A) and a: A — A be an algebra morphism. Then the induced
Hom-algebra Ay = (A, po, = @0 p, ) is a Hom-flexible algebra.

(2) Let (A, p, ) be a Hom-flexible algebra. Then the derived Hom-algebra A™ =
(A, 1™, 02" is also a Hom-flexible algebra for each n > 0, where p(™ =

n
a?"lo .

Proof. For the first assertion, for any algebra (A, ), we regard it as the Hom-
algebra (A, p, Id) with identity twisting map. Then we have:
asa, = fa © (Ho @ @ — A fiq)
=a’opo(p®Id—1Id®u) (by multiplicativity of «) (40)
=a’oasy.

Now for a flexible algebra (A, i), this implies that

asa, (xvya Cﬂ) = az(asA(m,y,x)) = O,
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so A, is Hom-flexible.
For the second assertion, we have that for any Hom-algebra (A, u, a):
asn = M(n) o (’u(n) ® Oan - a2n ® M(n))

=@ Vopo(n@a—a®u) (by multiplicativity of ) (41)

=a?@" Do as.
Now for a Hom-flexible algebra (A, p, ), this implies that
asan(z,y,7) = *@" "V(asa(z,y,z)) =0,

so A™ is Hom-flexible. |

Theorem 4.5. (1) Let (A, pn) be a Maltsev-admissible algebra and a: A — A
be an algebra morphism. Then the induced Hom-algebra A, = (A, o =
a o u,«) is a Hom-Maltsev admissible algebra.

(2) Let (A, pu, ) be a Hom-Maltsev admissible algebra. Then the derived Hom-

algebra A™ = (A, ™, a?") is also a Hom-Maltsev admissible algebra for
each n > 0, where p™ = a?" 1o p.

Proof. For the first assertion, the commutator algebra of (4, u)is A~ = (A, [—,—] =
o (Id—7)), which is a Maltsev algebra by assumption. In particular, the Maltsev
identity

JA*(‘%ZJ? [:E,Z]) = [JAf(JC,y,Z),I] (42)
holds. The commutator Hom-algebra of the induced Hom-algebra A, is A =
(A, [—, —]a, @), where

[77*](1:#(10(1(177—):ao[fai]v (43)

which is anti-symmetric. We must show that A satisfies the Hom-Maltsev identity
(6). We have:

Jaz == —lao (- -la®@a)o (Id+ 0 +0?)
=a?o[—,~]o([-,—]|®Id)o(Id+c+0c* (by (43)) (44)
=a’o0J,.

Therefore, we have:
Iz (), ay), [2,2]a) = [T4 (2,9, 2), 0% (2)]a
= a*{Ja-(a(z),a(y), oz, 2])} — alo®(Ja- (2,y,2)),0*(2)]  (by (44))
=a’ {Ja-(2,y,[2.2]) = [Ja- (2,9, 2), 2]} (by (15))
=0 (by (42)).
This shows that the Hom-Maltsev identity holds in A7, proving the first assertion.
For the second assertion, assume that (A, u,«) is a Hom-Maltsev admissible

algebra. Note that the commutator Hom-algebra of the nth derived Hom-algebra
A™is (A™")” = (A, [—, =™, a?"), where

[f’ 7](") = M(n) o (Id* T) =ao?""1o [7’7]'
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Thus, we have

(A")” = (A7)", (45)
where A~ = (A,[—, —],«) is the commutator Hom-algebra of A and (A7)" is its
nth derived Hom-algebra (Definition 2.8). Since [, —](™ is anti-symmetric, we

must show that (A™)~ satisfies the Hom-Maltsev identity (6). To do that, observe
that

Jiany- = Ja-yn  (by (45))
=a?®" Vo, (by (12).

In the computation below, we write k = 3(2™ —1). Using (11) and (46) we compute
as follows:

Joam- (02" (@)% (), [2,2)) = Pgany- (,9,2), (@) (@)
= 0?4 (07 (@), 07 (5),0”" e, 2) }
B Oé2"71 [a2(2"*1) oJy- (:L‘, Y, 2)7 012n+1 (JE)]

= ak {JA— (Oz(.%‘), a(y)7 [xv Z]) - [JA— (x7y7 Z)7 O‘Q(x)]}
=0.

(46)

This last equality follows from the Hom-Maltsev identity (6) in A~. We have shown
that (A™)~ satisfies the Hom-Maltsev identity, so A™ is Hom-Maltsev admissible.
O

Below we consider examples of Hom-flexible, Hom-Maltsev admissible algebras
that are not Hom-alternative, not Hom-Lie admissible, and not Maltsev-admissible.
In particular, these Hom-Maltsev admissible algebras cannot be obtained from The-
orem 3.8. Therefore, the class of Hom-flexible, Hom-Maltsev admissible algebras is
strictly larger than the class of Hom-alternative algebras.

Example 4.6. There is a five-dimensional flexible, Maltsev-admissible algebra
(A, 1) (122] Ezample 1.5, p.29) with basis {e1,...,es} and multiplication table:

12 €1 () €3 €4 €5

e1 0 es + %64 0 %61 0

€9 | €5 — %64 0 0 —%62 0

es 0 0 0 les 0
1 1 1 0

€4 7561 562 7563 —€5

es 0 0 0 0 0

This Maltsev-admissible algebra A is neither alternative nor Lie-admissible.
Let A\, € € k be arbitrary scalars with A & {0,+1}. There is an algebra morphism
a: A— A given by

aler) = Xey, afes) = A les, ales) = Ees,
ales) = es, afes) = es.

By Theorems 4.4 and 4.5 the induced Hom-algebra A, = (A, pio = @ o p, @) is a
Hom-flexible, Hom-Maltsev admissible algebra. Its multiplication table is:
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Mo €1 €2 €3 €4 €5
€1 0 es + %64 0 %el 0
ey | es — %64 0 0 — )‘;1 es 0
es 0 0 0 Ses 0
eq f%el )‘771@2 7%63 —es 0
es 0 0 0 0 0

Note that A, is not Hom-alternative because
-2
asa, (e1,e2,e3) = Teg #0.

Also, A, is not Hom-Lie admissible because

J(Aa)*(elaezaezz) = —b263 # 0.

Finally, (A, pa) is not Maltsev-admissible, i.e., (A,[—, —]a) is not a Maltsev alge-
bra, where [—, —]q = po © (Id — 7) = a o [—,—]. Indeed, let J' denote the usual
Jacobian of (A,[—,—]a) as in (16). Then, on the one hand, we have
J/(ela €2, [617 e4]a) = [[617 62}043 [617 64](1]& + [Hel; 64]a, el]ow e2]a
+ [[627 [617 64](,!](17 el](x

= [eq, Ae1]a + [[Ae1, €1]as €2]a + [[e2, Ae1]as €1]a

= 7)\261 + 0 —+ )\261

=0.

On the other hand, we have

[J'(e1,e2,€e4),e1]a = [O][e1, €2)a, €4]a, €1]a

= [(A_l - )\)647 el}oz

= ()\2 — 1)61,
which is not equal to 0 because X\ # £1. So (A,[—, —]a) does not satisfy the Maltsev
identity (7) and, therefore, is not a Maltsev algebra. (I

Example 4.7. There is a siz-dimensional flexible, Maltsev-admissible algebra (A, p)
(122] Table 5.10, p.301) with basis {e, h, f,u,v,w} and multiplication table:

I e h f u v w
e 0 —e sh+M 0 w 0
h e 2\u —f 0 v —w
fl=3h+Xu f 0 0 0 v
u 0 0 0 0 0 0
v —w —v 0 0 0 %u
w 0 w —v 0 —%u 0

In the table above, A € k is an arbitrary but fived scalar. This Maltsev-admissible
algebra A is neither alternative nor Lie-admissible.
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Let v € k be a scalar with v # 0 and v® # 1. Then there is an algebra morphism
a: A— A given by

ale) =77%¢, a(h)=h, a(f) ="/,

aw) =u, al)=y, alw)=~"

By Theorems 4.4 and 4.5 the induced Hom-algebra A, = (A, pio = @0 p, ) is a
Hom-flexible, Hom-Maltsev admissible algebra. Its multiplication table is:

Lo e h f U v w
e 0 —v2e %h +x 0 ylw 0
h 72 2\u —2f 0 w  —ylw
f|—3h+X  2f 0 0 0 o
u 0 0 0 0 0 0
v —y —yv 0 0 0 %u
w 0 v~ tw —yv 0 —%u 0

Note that A, is not Hom-alternative because

asa, (h’ h, f) = _'74f # 0.

Also, A, is not Hom-Lie admissible because

Jiay)- (h, fw) = =127%0 #£ 0.

Finally, (A, pa) is not Maltsev-admissible, i.e., (A,[—, —]a) is not a Maltsev alge-
bra, where [—, —]o = pra © (Id —7) = o [—, —]. Indeed, with J' denoting the usual
Jacobian of (Aa)” = (A, [—, —]a) as in (16), we have
Jl(ev h7 [6, f]a) - [J/(67 hv f)v e]a = 4(7_4 - 1)6 - 4(74 - 1)6
=40y = e
This is not equal to 0 because v8 # 1. So (A, [—, —]a) does not satisfy the Maltsev
identity (7) and, therefore, is not a Maltsev algebra. (I

Example 4.8. There is an eight-dimensional flexible, Maltsev-admissible algebra
(A, ) [22] (Theorems 4.11 and 5.7) with basis {a,eg,ex;: i = 1,2,3}, whose mul-
tiplication is determined by:

epet; = —ereg = tey; fori=1,2 3,
erier; = —exjey; = fexy for (ijk) = (123),(312), (231),
1 1
€i€—i = 5€0 +ya, e_je; = —5¢0 +~a fori=1,2,3,
eg =2va, a®=da,
ax = xza =¢ex for x € {ep, €x;}i=1,23.

The unspecified products of the basis elements are 0, and ~y, §, € are arbitrary but
fized scalars. This Maltsev-admissible algebra A is neither alternative nor Lie-
admissible.
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Let \, & € k be non-zero scalars. Then there is an algebra morphism a: A — A
given by

a(a) = a, a(eO) = €0,
aler1) =X lesr, alers) =& ers,  alers) = (A)Fleys.

By Theorems 4.4 and 4.5 the induced Hom-algebra A, = (A, pio = @ o p, ) is a
Hom-flexible, Hom-Maltsev admissible algebra. Note that A, is not Hom-alternative
because

asa, (eo,€0,a) =2v(6 — €)a,

which is not equal to 0 in general. Also, A, is not Hom-Lie admissible because

Jiaa)- (o, e1,e2) = 12(A)%e_3 # 0.

Finally, (A, pa) is not Maltsev-admissible, i.e., (A,[—, —]a) is not a Maltsev alge-
bra, where [—, —]o = pro © (Id —7) = o [—, —]. Indeed, with J' denoting the usual
Jacobian of (A,[—, —]a) as in (16), we have

J'(eo, €1, €0, e2]la) — [J' (€0, €1,€2), €0]la = 87e_3,
where
=AM+ € — 206 — A2 + %),

which is not equal to 0 in general. (|

5. Hom-alternative algebras are Hom-Jordan-admissible

In this section, we define Hom-Jordan(-admissible) algebras. Some alternative
characterizations of the Hom-Jordan identity (48) are given in Proposition 5.5. The
main result of this section is Theorem 5.6, which says that Hom-alternative alge-
bras are Hom-Jordan-admissible. Then we prove Theorems 5.8 and 5.9, which are
construction results for Hom-Jordan and Hom-Jordan-admissible algebras. In Ex-
ample 5.10 we construct Hom-Jordan algebras from the 27-dimensional exceptional
simple Jordan algebra of 3 x 3 Hermitian octonionic matrices.

Let us begin with some relevant definitions.

Definition 5.1. Let (A, u, @) be a Hom-algebra. Define its plus Hom-algebra
as the Hom-algebra AT = (A4, x, ), where * = (4 po1)/2.

With p(z,y) = zy, the product * is given by

1 1
zxy =5 (pla,y) + uly,z)) = 5 (zy +yz),
which is commutative. Also, we have
rxx = p(r,r) =x? (47)

for x € A. In other words, p and * have the same squares. In what follows, we will
often abbreviate z * x to z2.
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Definition 5.2. (1) A Hom-Jordan algebra is a Hom-algebra (A, u, &) such
that 4 = p o7 (commutativity) and the Hom-Jordan identity

asa(z?, a(y),a(z)) =0 (48)

is satisfied for all z,y € A, where as4 is the Hom-associator (3).
(2) A Hom-Jordan-admissible algebra is a Hom-algebra (A, i, «) whose
plus Hom-algebra AT = (A, x, ) is a Hom-Jordan algebra.

The Hom-Jordan identity (48) can be rewritten as

p(p(a®, aly)), o () = p(a(@?), plaly), a(z))).

Since the product * is commutative, using (47) a Hom-algebra A is Hom-Jordan-
admissible if and only if AT satisfies the Hom-Jordan identity

asa+ (2%, ay), a(z)) =0, (49)

or equivalently
(2% * a(y)) x a*(z) = a(a?) * (a(y) * a()),

for all z,y € A.

Example 5.3. A Jordan(-admissible) algebra is a Hom-Jordan(-admissible) alge-
bra with o = Id, since the Hom-Jordan identity (48) with o = Id is the Jordan
identity (2). The reader is referred to [1,12,28] for discussions about structures of
Jordan algebras. Other ways of constructing Hom-Jordan(-admissible) algebras are
given below. O

Remark 5.4. In [16] Makhlouf defined a Hom-Jordan algebra as a commutative
Hom-algebra satisfying asa(x?,y,a(x)) = 0, which becomes our Hom-Jordan iden-
tity (48) if y is replaced by a(y). This seemingly minor difference is, in fact, very
significant with respect to Hom-Jordan-admissibility of Hom-alternative algebras.
Using Makhlouf’s definition of a Hom-Jordan algebra, Hom-alternative algebras
are not Hom-Jordan-admissible, although Hom-associative algebras are still Hom-
Jordan-admissible.

Let us give some alternative characterizations of the Hom-Jordan identity (48),
including a linearized version of it (51). The ordinary (non-Hom) version of the
following result can be found in, e.g., [28] (Chapter IV).

Proposition 5.5. Let (A, p, o) be a Hom-algebra with i commutative, i.e., p =
pworT. Then the following statements are equivalent:

(1) A is a Hom-Jordan algebra, i.e., A satisfies the Hom-Jordan identity (48).
(2) A satisfies

2as4(x2, a(y), a(2)) + asa(z?, aly), a(z)) = 0 (50)

for all x,y,z € A.
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(3) A satisfies
asa(zz, a(y), a(w)) + asa(wz, a(y), a(z)) + asa(zw, a(y), a(z)) =0 (51)
for all w,z,y,z € A.

Proof. We will show the implications (1) = (2) = (3) = (1).

First assume that A is a Hom-Jordan algebra. Replace x with « + Az for A € k
in the Hom-Jordan identity (48). Using the commutativity of p and (48), the result
is

0= A{2asa(zz,a(y), (x)) + asa(2®, a(y), a(z)) }

52
+ )2 {2asA(:1:z, aly), a(2)) + asa (2%, aly), a(x))} . 52

Since (52) holds for both A = 1 and A = —1, it follows that the coefficient of X in
(52) is equal to 0, which is exactly the condition (50). So statement (1) implies
statement (2).

Next assume that A satisfies (50). Replace x with = 4+ yw for v € k in (50). By
the same reasoning as in the previous paragraph, in the resulting expression the
coeflicient of v must be equal to 0. A simple computation shows that this coefficient
of v is twice the left-hand side of (51). Therefore, statement (2) implies statement

(3).
Finally, starting from (51), one sets w = z = z to obtain the Hom-Jordan identity
(48). O

Note that the linearized Hom-Jordan identity (51) can be written as

O T,Ww,z aSA(wa, a(y), a(z)) = 07

where O .., is the cyclic sum over (z,w, 2).
Here is the main result of this section.

Theorem 5.6. Every Hom-alternative algebra is Hom-Jordan-admissible.
To prove Theorem 5.6, we will use the following preliminary observation.

Lemma 5.7. Let (A, p,«) be any Hom-algebra and AT = (A, *,«a) be its plus
Hom-algebra. Then we have

das 4+ (2%, a(y), a(2)) = asa(2®, aly), a(z)) — asa(a(z), aly), *)
aly),a?,

( a(z)) — asa(a(r)
+asa(2?, a(z),a(y)) — asa(a(y), a(2), 2?)

+asa

+ [a2(y),asA(m,x,x)]

for all z,y € A, where [—,—] = po (Id — ) is the commutator bracket.
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Proof. As usual we write u(a,b) as the juxtaposition ab, and p(x,r) = 22 = z* .

Starting from the left-hand side of (53), we have:

das 4+ (2%, a(y), a(z))

= 4(a” * ay)) * o*(z) — da(z?) * (a(y) * o(z))
= (e%a(y))o’ (@) + (a(y)2?)a?(z) + o () (z°a(y)) + o (z)(a(y)z?)
—a(@?)(a(y)a(r) - a(@®)(a(@)aly)) — (a(y)a(@))a(z?) - (a(z)a(y))o(=?)

= asa(a?,a(y), a(z)) — asa(a(z), aly), 2%)
+(aly)a?)a? (z) + o (2)(a%a(y) — a(a?) (a(@)aly)) — (a(y)a(z))a(a?).

(54)
Using the definition of the Hom-associator (3) the last four terms in (54) are:
(@)e)0%(0) = asa(als) o ale) +o*()(a%ala))
(P s) = —as (o) )+ (N
) ) (55)
—a(z?)(a(z)a(y)) = asa(z?, a(z), aly)) — (z%a(z))a’(y),
~(a(y)a(z)a(z?) = *GSA( (y),a(x)’f) - a?(y)(a(z)z?).
Note that
[0?(y), asalw, z,2)] = [a*(y), (2*)a(z) — a(z)2’]
= o’(y)(2*a(z)) — a?(y)(a(z)a?) (56)
— (2%a(x))o’(y) + (a(z)2?)a’(y)
The desired condition (53) now follows from (54), (55), and (56). O

Proof of Theorem 5.6. Let (A, u, ) be a Hom-alternative algebra. To show that
it is Hom-Jordan-admissible, it suffices to prove the Hom-Jordan identity for its
plus Hom-algebra A™ (49). To do this, first observe that A itself satisfies the
Hom-Jordan identity:

asa(2?,a(y), a(z)) = a*(z)asa(z,y, x) + asa(z,y,x)a’(z) (by (30))
=0 (by alternativity of as4).
Using again the alternativity of as 4, this implies that
0= (asa o 0)(a? aly),a(z))

for every permutation 6 on three letters. Since asa(x,z,z) = 0 as well, it follows
from Lemma 5.7 that

das 4+ (2*, a(y), a(z)) = 0,
from which the desired Hom-Jordan identity for At (49) follows. O

The following construction results are the analogues of Theorems 2.10 and 2.12
for Hom-Jordan and Hom-Jordan-admissible algebras.
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Theorem 5.8. (1) Let (A, p) be a Jordan algebra and ac: A — A be an algebra
morphism. Then the induced Hom-algebra A, = (A, po = a o p, ) is a
Hom-Jordan algebra.

(2) Let (A, pu, ) be a Hom-Jordan algebra. Then the derived Hom-algebra A™ =
(A, 1M = a? "V opu,a?") is also a Hom-Jordan algebra for each n > 0.

Proof. For the first assertion, first note that ., = a o u is commutative. To prove
the Hom-Jordan identity (48) in A,, regard (A, u) as the Hom-algebra (A4, p, Id).
Then we have:

asa, (fta(,7), a(y), a(z)) = asa, (a(@?), a(y), o(z))
a(a?),a(y), a(x)))  (by (40))
2 ))

2) in A)

o” (asa(
= ( sa(w
=0 (by (

This shows that A, is a Hom-Jordan algebra.

For the second assertion, first note that pu(™ = o2"~!

o p is commutative. To
prove the Hom-Jordan identity (48) in A™, we compute as follows:

asan (™ (2, 2), 0% (y), 0*" (z))
22" 271 (@?), 0% (y), 0 (z)) (by (41))

oasa(x?, a(y), a(z))
=0 (by (48) in A).

=« Doasy(a

— 32"

This shows that A™ is a Hom-Jordan algebra. O

Theorem 5.9. (1) Let (A,pn) be a Jordan-admissible algebra and a: A — A
be an algebra morphism. Then the induced Hom-algebra A, = (A, o =
a o u,«) is a Hom-Jordan-admissible algebra.
(2) Let (A, u,a) be a Hom-Jordan-admissible algebra. Then the derived Hom-
algebra A™ = (A,u(") =a?""1o u,azn) is also a Hom-Jordan-admissible
algebra for each n > 0.

Proof. For the first assertion, first note that the plus Hom-algebra (A,)T =
(A, *q, a) satisfies
1 1
*a = 5(/1'04 +MaOT) :aoi(ﬂ+ﬂ07) = Qo

Therefore, we have (A,)T = (AT),, where AT is the Jordan-algebra (A4, x). Since
% 1S commutative, it remains to prove the Hom-Jordan identity in (4,)" = (A™),.
We compute as follows:

as(aty, (e (@, 7), a(y), a(z)) = a® 0 asa+ (a(z?), a(y), a(z)) (by (40) in AT)
o’ (asA+ (x2,y, x))
0 (by (2)in A™).
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This shows that (A,)" satisfies the Hom-Jordan identity, so A4, is Hom-Jordan-
admissible.
For the second assertion, first note that the plus Hom-algebra

(An)+ _ (A, *(n)’ a2")
satisfies

1 n n
M = (™ 4 Moy =0a?""1o 2l

2

Therefore, we have (A")* = (A1)", where AT is the Hom-Jordan algebra (A, *, «)
and (AT)™ is its nth derived Hom-algebra. Since #(") is commutative, it remains
to prove the Hom-Jordan identity in (A")* = (A1)". We compute as follows:

(utpor)=a

N

as(a+yn (N(n) (.’E, (E), az” (y)v a2" (SL’))
= 022 Do asy (077 (?),0” (1), 0% () (by (41) in A*)

=a®®" Y oas i (2%, a(y), a(z))

=0 (by (48) in A™).

This shows that (A™)* is a Hom-Jordan algebra, so A" is Hom-Jordan-admissible.
O

Example 5.10. In this example, we discuss how (non-Jordan) Hom-Jordan alge-
bras can be constructed from the 27-dimensional exceptional simple Jordan algebra
M§$. First recall from Example 3.19 the octonions O, which is an eight-dimensional
alternative (but not associative) algebra with basis {eq,...,er}, where ey is a two-
stded multiplicative unit. For an octonion x = Z;O b;e; with each b; € k, its
conjugate is defined as the octonion T = byeg — ZZ:1 bie;.

The elements of M§ are 3 x 3 Hermitian octonionic matrices, i.e., matrices of
the form

ap T Yy
X=17 ay =z
Yy z a3

with each a; € k and x,y,z € O. Here we are using the convention a; = a;eq
for the diagonal elements. This k-module M§ becomes a Jordan algebra with the
multiplication

X*Y:%MY+YX%

where XY and Y X are the usual matriz multiplication. The reader is referred to
[10,13,24,28] for discussions about the Jordan algebra M§ and its relationship with
the exceptional Lie algebra Fy.

Let a: O — O be any unit-preserving and conjugate-preserving algebra mor-

phism, i.e., a(eg) = eg and a(T) = a(x) for all x € O. Then it extends entrywise
to a linear map o: M§ — MS. It is easy to see that this extended map o respects
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matriz multiplication and hence also the Jordan product *, i.e., « is an algebra
morphism on (M$,x). By the first part of Theorem 5.8, the induced Hom-algebra

(M5)o = (M5, %o = a0 %, )

is a Hom-Jordan algebra.

Note that (M$,*, = « o %) is in general not a Jordan algebra. For instance,
consider the algebra automorphism a: O — O defined in (33), which is both unit-
preserving and conjugate-preserving. We claim that (M5, x4) is not a Jordan alge-
bra, i.e., the Jordan identity

(X %0 X) #0 Y) xq X = (X %4 X) %4 (Y %4 X) (57)

is not satisfied for some X,Y € MS§. Indeed, using the multiplicativity of a with
respect to x, the left-hand side in (57) is

ala(a(X?) *Y) x X),
where X2 = X * X, and its right-hand side is
(X% % (Y % X)).

Since « is invertible, to show that (MS§,*,) is not a Jordan algebra, it suffices to
exhibit two elements X, Y € M$ such that

ala(X?) *Y)* X # a(X?* (Y * X)). (58)
Now we pick
1 O €1 1 €2 €3
X = 0 1 0 and Y =|—-e 0 O
—€1 0 1 —€3 0 0

in M$. With a little bit of computation, we obtain

2 %(23 + %66 e1 + ex + 2er
Oé(Oé(XQ)*Y>*X: —%63— %66 0 —%654—67
—e1 — ey — 2ey %eg, —er 0
and
3 2e¢  2es5 + 2er
a(X?x (Y X)) = —2e4 0 Tey
—265 — 267 —%el 1

Therefore, we have proved (58), so (M, *,) is not a Jordan algebra. a
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6. Further properties of Hom-alternative algebras

In this section, we consider further properties of Hom-alternative algebras, in-
cluding Hom-type analogues of the Moufang identities [21] (Theorem 6.8) and more
identities concerning the Hom-Bruck-Kleinfeld function (25) (Propositions 6.3 and
6.5).

By Theorem 3.8 every Hom-alternative algebra is Hom-Maltsev admissible. As
we saw in Example 3.19, there are Hom-alternative algebras that are not Hom-
Lie admissible. It is, therefore, natural to ask which Hom-alternative algebras are
Hom-Lie admissible. The following result says that the intersection of the classes of
Hom-alternative algebras and of Hom-Lie admissible algebras (within the class of
Hom-algebras) is precisely the class of Hom-associative algebras. It is the Hom-type
generalization of [2] (Theorem 3).

Proposition 6.1. Let (A, u,«) be a Hom-algebra. Then A is a Hom-associative
algebra if and only if it is both a Hom-alternative algebra and a Hom-Lie admissible
algebra.

Proof. If A is Hom-associative, then by definition as4 = 0, which is alternating,
so A is Hom-alternative [16]. It is observed in [18] that Hom-associative algebras
are always Hom-Lie admissible. Conversely, if A is Hom-alternative and Hom-Lie
admissible, then

1
asa = EJA_ (by Proposition 3.17)
=0 (A is Hom-Lie).

So A is Hom-associative. O

It is proved in [16] that there is an analogue of Theorem 2.12 for Hom-alternative
algebras. It is a variation of [32] (Theorem 2.3), which deals with G-Hom-associative
algebras. More precisely, if (A, p) is an alternative algebra and a: A — A is an
algebra morphism, then the induced Hom-algebra A, = (A4, o = @ o pu,a) is a
Hom-alternative algebra.

The following result is the analogue of Theorem 2.10 for Hom-alternative alge-
bras. It says that the category of Hom-alternative algebras is closed under taking
derived Hom-algebras (Definition 2.8).

Proposition 6.2. Let (A, p, ) be a Hom-alternative algebra. Then the nth derived
Hom-algebra A" = (A, n™ = o®" ' o p,a®") is also a Hom-alternative algebra for
each n > 0.

Proof. Indeed, asa~ is alternating because

2(2"—1)

asSpn = Q oasp

by (41) and as4 is alternating. O
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Next we provide further properties of the Hom-Bruck-Kleinfeld function f (25).
The following result gives two characterizations of the Hom-Bruck-Kleinfeld func-

tion in a Hom-alternative algebra. It is the Hom-type analogue of part of [6] (Lemma
2.1).

Proposition 6.3. Let (A, u,«) be a Hom-alternative algebra. Then the Hom-
Bruck-Kleinfeld function f satisfies

f= %F:aso([—,—]®a®2)o(1d+ﬁ), (59)

where F' is defined in (26) and ¢ is the permutation ((WRTRYR2) = YR zQuWR
Proof. First note that

f=—fop=fop?
because f is alternating (Proposition 3.13), where p = &3 is the cyclic permutation
pPlwRrRY®z) =2 Yy®zQw. Therefore, we have

F=fo(Id—p+p®) (byLemma 3.12)
=3/,

which proves the first equality in (59). It remains to prove that f is equal to the
last entry in (59).
Since f is alternating, from its definition (25) we have

2f(w,@,y,2) = f(w,z,y,2) - f(z,0,y,2)
= as(wz, ay), a(z)) — as(z,y, 2)a*(w) — o (x)as(w, y, 2)
— as(zw, a(y), a(z)) + as(w, y, 2)o?(x) + o (w)as(z,y, 2).
Rearranging terms we obtain
as([w, ), a(y), a(2)) = [03(z), as(w, y, 2)] — [3(w), as(z,y, 2)] + 2f (w, 3,3, 2)

= [o*(2), as(y, z,w)] — [0®(w), as(x,y, 2)] + 2f (w, 2y, 2),
(60)

in which as(w,y,z) = as(y, z,w) because as is alternating. Interchanging (w,x)
with (y, z) in (60) and using the alternativity of f, we obtain

as(ly, 2], a(w), a(2)) = [0*(2), as(w, 2,y)] — [*(y), as(z, w, 2)] + 2f (y, z,w, z)

= [0?(2), as(w, z,y)] = [0®(y), as(z, w, 2)] + 2f (w, 2y, 2).
(61)

Adding (60) and (61) we have
aso([=,-]©@a®) o (Id+ Hwer©y®2)
= as([w, ], a(y), a(z)) + as([y, 2], «(w), ()
=Af - F)(w,z,y,2) (by (27))
= f(w,z,y,2),
since F' = 3f. This proves that f is equal to the last entry in (59). O
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In Proposition 3.13 we showed that the Hom-Bruck-Kleinfeld function f (25)
in a Hom-alternative algebra is an alternating function on four variables. We now
discuss a closely related function on five variables in a Hom-alternative algebra.

Definition 6.4. Let (A, u,a) be a Hom-algebra. Define the multi-linear map
g: A®5 — A by
g(ua v, W, T, y) = f(’LL’U, CY(U}), Oé(l'), a(y)) - ozg(u)f(v, w, T, y)
- f(u,w,m,y)a?’(v) - a(as(uvxvy)a[vvw]) (62)
—a((afu, w)as(v, z,y))
for u,v,w,z,y € A, where f is the Hom-Bruck-Kleinfeld function (25) and [—, —] =
wo (Id —7) is the commutator bracket of .

The following result says that the map g is almost alternating in a Hom-alternative
algebra and is the Hom-type analogue of [6] (Lemma 2.3). Since g is constructed
using «, p, [—,—], as, and f (which is defined using «, u, and as), the following
result is ultimately about identities in a Hom-alternative algebra.

Proposition 6.5. In a Hom-alternative algebra (A, u, &), the map g (62) is alter-
nating in {u,v,w} and also in {x,y}. That is, g changes sign when two of {u,v,w}
(or x and y) are interchanged.

Proof. The map g is alternating in {z,y} because f and as are both alternating
(the former by Proposition 3.13).

To show that ¢ is alternating in {u,v,w}, first note that it is enough to show
that ¢ is alternating in {u,w} and in {v,w}. The map g is alternating in {u, w} if
and only if

9(u, v, u,z,y) = 0. (63)
Since f is alternating and [u, u] = 0, (63) is equivalent to
fuv, a(u), (), a(y)) = o’ (u) f (v, u, 2,y) + a (as(u, z,y)afv,u]) . (64)
Likewise, g is alternating in {v,w} if and only if
9(u,v,v,2,y) =0,
which is equivalent to
fuv, a(v), a(x), aly)) = f(u,v,2,y)a’(0) + a ((afu, v])as(v, 2,y)) . (65)
It remains to prove (64) and (65), which we do in the following two Lemmas. O
Lemma 6.6. In a Hom-alternative algebra (A, p, «), (64) holds.
Proof. To prove (64), we start with

Flou, afu), a(z), aly)) = as(fvu, a(u)], o (2), o (y)+as([a(@), a(y)], a(ve), o* (v),
(66)
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which follows from Proposition 6.3. We have
[vu, a(u)] = (vu)a(u) — a(u)(vu)
= (vu)a(u) — (wv)a(u)
= [v, u]a(u).
Therefore, using the definition (25) of f, the first summand on the right-hand side
of (66) is
as([vu, a(u)], 0*(z), 0*(y)) = as([v, ula(u), a®(z), a*(y))
= f(lv,u], au), a(z), a(y)) + as(a(u), a(z), ay))o® (v, u])
+a?(a(w))as([v, u], a(), a(y))
= [(vu, a(u), a(z), a(y)) — f(w, a(u), a(z), aly))
+ afas(u, z,y)afv, u]) + o (u)a

»
fam
<
£
2
=
2
<
~—
~—

In the last equality above, we used the multiplicativity of . On the other hand,
the second summand on the right-hand side of (66) is:

as(a(z), a(y)], a(vu), o®(u) = as(alz, y], a(v)a(u), o (u)

) (by multiplicativity of a)
y]) (by alternativity of as)

= —as(a®(u), a(v)a(u), ofz,
— —aX(a(w)as(a(u), a(v),[s,y]) (by (32))
— as(u)as([x,y], a(v),a(u)) (by alternativity of as).

(68)
Using (67) and (68) in (66), we obtain:
fluv, a(u), a(z), a(y)) = alas(u, z, y)afv, u])

+a’(u){as([v, ul, (@), ay)) + as([z, y], a(v), a(u) }

= a(as(u, z,y)afv,u]) + () f(v,u, z,y),
where the last equality follows from Proposition 6.3 again. This finishes the proof.
(Il
Lemma 6.7. In a Hom-alternative algebra (A, p, &), (65) holds.

Proof. To prove (65), we start with

fou, a(v), a(x), aly)) = as([vu, a(v)], o®(z), o (y))+as([a(z), a(y)], a(vu), o* (v)),
(69)
which follows from Proposition 6.3. We have
[vu, a(v)] = (vu)a(v) — a(v)(vu)
= a(v)(uv) — a(v)(vu)

= a(v)[u, v].
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Therefore, using the definition (25) of f, the first summand on the right-hand side
of (69) is:
as([vu, a(v)], a*(z), o*(y)) = as(a(v)[u,v], o*(z), a*(y)
= f(a(v), [u,v], a(z), a(y)) + as([u, v], a(z), a(y))a® (v)
+a®([u, v])as(a(v), a(z), a(y))
= f(ou, a(v), a(z), a(y)) = f(uv, a(v), a(z), a(y))
] y))

+ as([u, v], a(z), a(y))a® () + a ((afu, v])as(v, z,y)) .
(70)

,
,

In the last equality above, we used the alternativity of f (Proposition 3.13) and the
multiplicativity of a. On the other hand, the second summand on the right-hand
side of (69) is:
as([a(z), a(y)], a(vu), a?(v) = as(afz, y], a(v)a(u),a?(v))
= —as(a?(v), a(v)a(u),afz,y]) (by alternativity of as)
= —as(a(v),a(u), [z,y])a’(v) (by (31))
= as([z,y], a(u),a(v))a®(v) (by alternativity of as).
(71)
Using (70) and (71) in (69), we obtain:
F(uv, a(v), a(@),a(y)) = a ((afu, v])as(v, 2, 1))
+{as([u, ], a(z), a(y)) + as([z, y], a(u), a(v)) }a? (v)
= a((afu,v])as(v, z,y)) + flu,v,z,y)a>(v),
where the last equality follows from Proposition 6.3 again. This finishes the proof.

O

In any alternative algebra, the following Moufang identities [21] hold:
(zyr)z = z(y(x2)),
((zz)y)a = z(zyx), (72)
(zy)(z7) = 2(y2)=.

Here zyz = (xy)x = z(yz) is unambiguous in an alternative algebra. Now we prove
analogues of the Moufang identities in a Hom-alternative algebra. The proof below
is the Hom version of that of [6] (Lemma 2.2).

Theorem 6.8 (Hom-Moufang identities). Let (A4, u,a) be a Hom-alternative
algebra. Then the following Hom-Moufang identities hold for all x,y,z € A:

(zy)a(z))a®(z) = a®(z)(aly)(22)), (73a)
((z2)a(y))a®(z) = o®(2)(a(z)(yz)), (73b)
a((zy)(2z)) = o*(z)((y2)a(x)). (73¢)

(by multiplicativity of «)



HOM-MALTSEV, HOM-ALTERNATIVE, AND HOM-JORDAN ALGEBRAS 215

Proof. For (73a) we compute as follows:
((zy)a(z))a’(2)
— as(zy, alz), a(2)) + alzy)(a(@)a(z)) (b (3))
= as(zy, a(z),a(z)) + (a(z)a(y))a(zz) (by multiplicativity of «)
= as(zy, a(z), a(2) + as(a(z), a(y), 22) + o®(z)(a(y)(z2)) (by (3))
= —as(a(2), aly), zz) + as(a(z), aly), z2) + o*(z)(a(y)(z2)) (by (31))
= o*(z)(a(y)(22)).
For (73b) we compute as follows:
((z2)a(y))a®(z)
a(zr)(e(y)a(z))  (by (3))
(a(z)a(z))a(yz) (by multiplicativity of «)
), a(z),yz) + o (2)(a(z)(yz))  (by (3))
= —as(a(z),a(z), yr)) +08(0l 2),a(x),yz) + o (2)(a(z)(yz))  (by (32))
= a?(2)(a(z)(y)).
For (73c) we compute as follows:
a((zy)(zz)) = (a(z)a(y))a(zz)  (by multiplicativity of «)
— asal@), aly), 22) + 0*(@)(a(y) (z2)) (by (3))
— a2 (@)as(e,y, 2) + a2(@) (aly) (=) (by (32))
=a?(2) {as(y, z,7) + a(y)(zx)}  (by alternativity of as)

a®(2)((yz)a(2)).

This completes the proof. O

(z
)
)
)
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