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ABSTRACT. Let w be a discrete group. We shall introduce the more general
concept of an integral of a weak Doi-Hopf m-datum (H, A,C), where H is a
weak Hopf m-coalgebra coacting on an algebra A and acting on a w-coalgebra
C = {Ca}aer. We prove that there exists a total integral § = {0n : Co —
Hom(C, -1, A)}aen, then any representation of (H, A, C) is injective in a func-
torial way, as a corepresentation of C' and vice versa. As the application of
the existence of a total integral, we prove the Maschke-type Theorem for weak

Doi-Hopf m-modules.
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1. Introduction

The category “U(H) 4 of Doi-Hopf modules over the bialgebra H was intro-
duced in [9]. Tt is the category of the modules over the algebra A which are also
comodules over the coalgebra C' and satisfy certain compatibility condition involv-
ing H. The study of “U(H) 4 turned out to be very useful: it was shown in [3, 9]
that many categories such as the module and comodule categories over bialgebras,
the Hopf modules category [13], and the Yetter-Drinfeld category [11, 25] are spe-
cial cases of “U(H) 4. Many results known for module categories over bialgebras
or Hopf algebras were generalized to Hopf group-coalgebra [21].

Hopf group-algebras appeared in the work of Turaev [14] on homotopy quantum
field theories as a generalization of ordinary Hopf algebras. Let us note that there
exists a symmetric monoidal category, the so-called Turaev category, constructed
by Caenepeel and De Lombaerde [4] the Hopf algebras which are the same as Hopf
group-coalgebras. A purely algebraic study of Hopf group-coalgebras can be found
in the references Virelizier ([19, 20]), Wang ([21-24]) and Zunino ([26-27]).

The work was partially supported by the NNSF of China (No.10871042) and the NNSF of Jiangsu
Province (No.BK2009258).
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As a generalization of ordinary Hopf group-coalgebras and weak Hopf algebras
[1], weak Hopf group-coalgebras were studied in the work of Van Daele and Wang
[18]. Weak Hopf group-coalgebras not only provide examples of weak multiplier
Hopf algebras ([17, 18]) , but also provide an approach to construct a class of
new braided crossed categories in the sense of Turaev. A purely algebraic study
of weak Hopf group-coalgebras can be found in [17]. Many results in Hopf group-
coalgebra had been generalized to weak Hopf group-coalgebra. For example, the
Fundamental Theorem of weak Hopf group-comodules was given in [17]. In the
sequel, the fundamental theorem had been generalized to weak relative Hopf group-
comodules in [12].

In this paper, we generalize the definition of Doi-Hopf m-modules to the case
when H is a weak Hopf group-coalgebra and develop the theory of weak Doi-Hopf
- modules.

This article is organized as follows:

In Section 2, we recall defintions and basic results related to separable func-
tors and (weak) Hopf group-coalgebras and in Section 3, we recall some important
adjoint functors and introduce some weak Doi-Hopf m-modules.

In Section 4, inspired by the idea adopted by Menini and Militaru ([10]) or
Caenepeel et al.([5]), we introduce the notion of integral for weak Doi-Hopf -
datums and prove that if there exists § = {0, : Co, = Hom(C\y-1, A)}oer a total
integral, then the natural transformation p : Fia 0 lr—cyypy, — FaoGo F¢ splits.
Conversely, if the natural transformation p : Fa o lr—cyyg), — FaoGo FC splits,
then there exists 0 = {6, : Co, & Hom(Cy-1, A)}ner a total integral(see Theorem
4.4). The application of the integral is also considered (see Theorem 4.7).

In Section 5, we prove the Maschke-type theorem for weak Doi-Hopf m-modules
(see Theorem 5.2).

2. Preliminaries

Throughout this paper, we always let m be a discrete group with a neutral
element e and k a field. If U and V are k-spaces, Ty,v : U®V — V ®U will denote
the flip map defined by Ty y (u ® v) > vQu, for allu € U and v € V.

2.1. Separable Functors. Separable functors were introduced in [8]: futher ap-
plications and properties have been discussed in [28]and [6]. Separable functors of
the second kind were introduced in [7]. Let F': C — D and H : C — £ be covariant

functors. We then have functors

Homg (e, ®), Homyp (F(e), F(e)), Homg (H (o), H(e)) : C°? x C — Sets
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and natural transformations
F : Homc (e, 8) — Homp(F(e), F(e)),$ : Homc(e,e) — Homg (H (o), H(e))

given by
]:C,C’(f) = F(f)vﬁc,c’(f) = H(f)
for f: C — C" in C. The functor F is called ‘H-separable if there exsits a natural

transformation
P : Homp(F(e), F(e)) — Homg(H (o), H(e))
such that Po F = §).

We recall two properties: The first is Maschke's Theorem for H-separable func-
tors(see [7, Prop. 2.4]): Let F be an #H-separable functor. If f : ¢ — C in C
is such that F'(f) has a left , right, or two-sided inverse in D, then H(f) has a
left, right, or two-sided inverse in £. The second one is called Rafael 's Theorem
for H-separability(see [7, Theorem 2.7]). If F has a right adjoint G, then F is
‘H-separable if and only if there exists a natural transformation £ : HGF — ‘H such
that {c o H(ne) = Iy ) for any C € C.

2.2. The m-Coalgebras. Recall from Turaev ([14]) and Virelizier ([19]) that a 7-
coalgebra is a family of k-spaces C' = {Cfy}acr together with a family of k-linear
maps A = {Ay 5: Apg = Aa®Ag}a ger (called a comultiplication) and a k-linear

map ¢ : Ce — k (called a counit) such that A is coassociative in the sense that
(Aa,,ﬁ’ (%9 ’L'dc,y) o Aag,,y = (idca ® Agﬂ) o Aaﬁfy, (2 1)

(idc, ®€) oAy, =ide, = (e®idc,) 0 A¢,q, (2. 2)

for any o, 8,y € .

Remark 2.1. (C.,A.,¢) is an ordinary coalgebra in the sense of Sweedler. Fol-
lowing the Sweedler's notation for m-coalgebras, for any «, 8 € w and ¢ € Cup, one

write
A plc) = c1,a) ® c2,8)- (2. 3)

The coassociativity axiom (2.1) gives that, for any «, 8,7 € 7 and ¢ € Cap,

C(1,a8)(1,0) @ €(1,a8)(2,8) ® C(2,y) = C(1,0) @ €(2,67)(1,8) @ C(1,67)(27)> (2. 4)

which is written as c(1,q) @ ¢(2,5) ®¢(3,,)- Inductively, we can define c(; ,)®¢(2,0,) @
“ Clnyan), for any ¢ € Cy,ay--a,- The axiom (2.2) gives that, for any a € 7 and

c € Cl,,
e(ca,e))C2,a) = € = c(1,0)E(C(2,e))- (2. 5)
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2.3. The n-C-Comodules. Let C be a m-coalgebra. A left w-C-comodule is a k-
vector space V endowed with a family of k-linear maps p” = {p¥ : V — Co®@V }oer
such that for all a, 8 € T and v € V,

V<—1,0> & V<0,0><—1,8> @ V<0,0><0,0> = V<—1,a8>(1,0) @ V<—1,a8>(2,8) ® V<0,0>
(2. 6)
£(v<—1,e>)V<0,0> =0, (2.7

where we use the the standard notation pY (v) = v<_1 4> ® V<005

2.4. Weak Hopf m-Coalgebras. We recall from Van Daele and Wang ([18]) that
a weak semi-Hopf m-coalgebra H = {Hy, Mo, 1o, A, e}aer is a family of algebras
{Ha, Ma, 1o} acr and at the same time a 7m-coalgebra {Hy, A = {Aq g}, €}ta,gen
such that

(i) The comultiplication A, g : Hyg — H, ® Hp is a homomorphism of algebras

(not necessary unit-preserving) such that
(Aa,ﬂ X idHQ)Aaﬂ7'y(1aﬂ'y) = (Aa”g X 17)(1(1 ® A/g),y(lﬁ,y)), (2. 8)

(Aap ®@idu,) Ao (Lagy) = (1a @ Ap 4 (157))(Aa5(la,s) @ 1), (2.9)

for all o, 8,7 € m.
(ii) The counit € : H, — k is a k-linear map satisfying the identity

e(gzh) = e(97(2,e))e(T(1,6)h) = €(92(1,¢))e(T(2,)h): (2. 10)
for all g, h,x € He.
A weak Hopf m-coalgebra is a weak semi-Hopf -coalgebra H = {H, ma, 1a,A, €} aen

endowed with a family of k-linear maps S = {S, : Hy, — H,-1} (called antipode)
such that the following data hold:

ma(SaA ® Z'dHu)Aaflﬂ(h) = 1(1,a)€(h1(2,e))7 (2 11)
me (idy, ® Sa—l)Aa’a—l(h) = 5(1(1,e)h)1(2,a)7 (2. 12)
Sa(9(1,0))92,0-1)5a(9(3,0)) = Sal(9), (2. 13)

forall h € H., g € H, and « € 7.

Remark 2.2. H = {H,,mqy, 1o, A, e}aer is an ordinary weak Hopf algebra. The
set of axioms of the above definition is not self-dual. A weak Hopf m-coalgebra H is
said to be of finite type if, for all « € 7, H, is finite-dimensional as a k-vector space.

Note that it does not mean that @ . H, is finite-dimensional (unless H, = 0 for

aEem
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all but a finite number of a € 7). The antipode S = {S,}acr of the weak Hopf

m-coalgebra H is said to be bijective if each S, is bijective.

Let H be a weak hopf m-coalgebra. Define the family of linear maps et = {&f, :
H, — Hy}oer and €° = {ef : H. = Hy }aer by the formulars
Ei(h) = ma(Sa—l ®idHa)Aoz—1,oz(h) = 1(1,@)5(h1(2,e))7 (2 14)

et (h) = ma(idi, ® So-1)Ana-1(h) = (11,e)h)12,0), (2. 15)
for any h € H, and a € 7, where ¢, ¢® are called the 7-target and 7-source counital
maps. Introduce the notations H' = ¢'(H) = {e!,(H.)}aer and H® = &5(H) =
{€5(H¢) }aen for their images.

Let H be a weak hopf 7-coalgebra. Then we have the following properties, we
refer to [18] for full detail.

(W1) Ay s(lapg) € HE @ HL, for all o, B € ;

(W2) i, (gh) = el (gec(h)), e4(e(g)h) = eq(g9)et.(h), for all g, h € He;

(W3) Aa,B(Héﬁ) CHy® Hfiv Aa,ﬂ(HZﬁ) C Hi © Hg;

(W4) 2(1,0) ® €5(2(2,)) = L(1,0)7 @ L(2,), for all o, f € 7 and x € H,;

(W5) e53(2(1,¢)) ® T(2.0) = L(1,8) ® T1(2,a), for all a, 8 € m and x € H.;

(W6) <&, (h)z3 (9) = 28 (9)eh (R), for all g, € H,;

(WT7) Sq(zy) = Sa(y)Sa(z), for all @ € m and z,y € Hy;

(W8) S4(1a) = 141, for all o €

(W9) Ag-14-108ap =TH__, 1, , ©(Sa ®5p) 0 Aqp, forall a, 8 €

(W10) e, 0 S = ¢, 0l = Sq-10e° _1;

(W11) 2(1,0) @ €5(2(2,e)) = T1(1,0) ® Sp-1(1(2,5-1)), for all a, B € ™ and = € Hy;
(W12) eh(2(1,0)) ® T(2,0) = Sp-1(L1,8-1)) ® L2y, for all o, f € 7w and x € Hy;
(W13) If H is of finite type, then the antipode S is bijective.

Definition 2.3. Let H be a weak Hopf m-coalgebra over the field k. A k-algebra
A is called a weak left w7-H-comodule algebra if there exists a family of maps p4 =
{p2: A— H, ® A} such that

(idn, © pj) o plt = (Dap @ida) o pag, (2. 16)
(eoidy) o pd =ida, (2. 17)

Pa(La) = (€5 oida) 0 pfi (L), (2. 18)
pa(ab) = p(a)pl (b), (2. 19)

for all @, 8 € 7 and a,b € A. We use the standard notation pZ(a) = a<_1,4> ®

a<0,0>-
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Lemma 2.4. Let A be a weak left w-H-comodule algebra. Then, for all o € 7 and
a € A,

lec1,0>®1<0,0><—1,e> ®1<0,05<0,0> = la(1,0) @ Lla@e)la—1,e> ®L1g 0y (2. 20)

Eo(c1,e5) ®aco,0> = le_1.a> ®alcgps, (2. 21)
eb(ac1es) ®acoos = Sa-1(1c_10-15) ® lego>a. (2. 22)
Proof. The proof is straightforward. O

Definition 2.5. A 7w-coalgebra C' is called a weak right m-H-module coalgebra if
there exists a family of maps - : C, ® H, — C, such that

(c-h)-h =c-hh, (2. 23)

c-ly =c, (2. 24)

c-en(9) =ec(cae) - 9)C@,a), (2. 25)
Aaﬁ(c, g) = c/(17a) '921,04) ® C/(z,/a) '9E27B)a (2. 26)

for all ¢ € C,, ¢ € Cags, h,hl € H,, g/ € Hyp,9g€ Ho and o, B € 7.
Lemma 2.6. E.q (2. 25) is equivalent to

ec(c-h) =ec(c-e(h)), (2. 27)
forallce C. and h € H,.

Proof. Assume E.q (2.27) holds. For all ¢ € C,, and g € H,, we have

2.27
EC(C(LE) : 9)0(2,(1) ( = ) EC(C(l,e) . 52(9))0(2@)
2.26
P29 coletne  1a0et9)ea - Lo
(W3)
= ec(Ce) - €a(9)(1,e))C20) - €0(9) 2,0)
(2.26,2.5) .

c-e.(9).
Thus E.q (2. 25) holds.
Conversely, assume E.q (2. 25) holds. Taking a = e, ¢ € C, and g € H,, we
have
¢ ee(9) = eclee) - 9)e@,e)-
So

(2.25) 2.5

ec(c-e(g)) ec(c(re) " 9)ec(c2,e)) =2 ec(c-g).

The proof of the Lemma is completed. O
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3. Weak Doi-Hopf m-Module: Functors And Structure

Let H be a weak Hopf m-coalgebra. A weak Doi-Hopf w-datum is a triple
(H, A,C), where A is a weak left m-H-comodule algebra and C' a weak right - H-

module coalgebra.

A weak Doi-Hopf m-module M is a right A-module which is also a left n-C-
comodule with the coaction structure p™ = {pﬁ\\/[ : M — C\ ® M}er such that

the following compatible condition holds:

paM(m : a) =M<c—_1,a> " O<—1,a> & M<0,0> * A<0,0>, (3- 1)

forall « € m and m € M,a € A.

The set of weak Doi-Hopf m-modules together with both an A-module maps and
a m-C-comodule maps will form a category of weak Doi-Hopf m-modules and will
be denoted by "~CU(H) 4 (called a weak Doi-Hopf w-modules category).

Let F¢ :™=C U(H)4 — Ua be the forgetful functor which forgets the 7-C-

coaction and
G:Usr—""CUH) A, M—GM)=@CawM
aeT
its right adjoint, where Co, ® M = {c-1<c_1.4> ® m-1g0s|m € M, c € C,} and
the weak Doi-Hopf m-module structures on C, ® M are given by

(c-lecta>®@m-1c00>) @ =Cac10>@M" 0,0, (3. 2)

(M)(

e
lﬂg cle1,a>@m-1c0,0>) = €18 @C2,8-1a) le1,8-1a> @M 100>, (3. 3)

forallc € Cy,a € A, m € M and o, 3 € 7. The unit of the adjoint pair (F,G) is
pll-rr—cu(H)A —>GOFC

defined by prs : M — G(M), py(m) = @ er M<—1,0> @ M<o0>, for all m € M.

Since A is a right A—module, one has that P ., Ca ® A is a weak Doi-Hopf -

module via,
(c-lccta>®alcgos) b=c-be1,a> ®abooos, (3. 4)

G(A
lpg( (e 1ett0s ®alcgos) = c1,8) @ C2,8-1a) * le1,8-1a> @alcoo> (3. 5)

forallae€ A, ce C, and 5 € 7.
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Lemma 3.1. The vector space @, Ca ® A is a right m- C-comodule via

r G(A
Pg( (e 1 10> ® algos)

= Capt) letap-1> @ a<0,051<0,0> © (2,891 (0<1,8-15);

for any B,aem, ce Cy, and a € A.

Proof. First, we can prove that (idg) ® ec) o" pf(A) = idg(ay. In fact, for all

ce Cy, and a € A, we have

(idgay @ec) o pSM(c 1< 14> ®alcgos)
e(c,e)Se(a<—1,e>))C(1,0) " 1<—1,0> ® a<0,0>1<0,0>

e(c2,e)0(Se(ae—1,65)))C(1,0) - Le—1,a> ® a<0,051<0,0>

(L)

@, e)€e€e(a< Le>))C(1,a) " L<—1,a> ® a<0,0>1<0,0>

et (1e102))0(10) * Lemtas ® alggslc00>

o

g(
(
(
(2.21)
= (
= 5(6(2 e)€e ( <—1 e>))c(1 )’ ]-< 1,a> by CLl<0 0>]-<0 0>
e((c- sy o)) (e ea(le 1 o)) (ta) - Le—tia> ® alg s 1o 0>

(2.5) s ’ ,
= c'ga(1<—17e>)1<—170¢> ®algp>1<0,0>

(2.18) / ,
= c 1o qaslctas>®algoslcoo>

(2.19)
= c-le_1a>®alcgos-

For all c € C,, and a € A, we have

. G(A
(TPS(A) ® lng) o" pﬁ( )(C~ le10>® al<0,0>)
= C(1,aB8-1)(1,aB~1y=1) " 1<71,aﬁ’1”f’1> ® a<0,0><0,0>1<0,0>

®C(1,08-1)(2,7)9-1(0<0,05><—1,4-1>) ® c2,8)Sp-1(A<—1,5-15)

(2.4)
=" C,a8-17-1) " le1,a8-17-1> ® 4<0,0><0,0> 1 <0,0>
®C(2,48)(1,7) 71 (A<0,05><~1,4-1>) ® C2,48)(2,8)5-1 (A< —1,5-15)
(2.16)
=" C,a8-17-1) " le1,a8-17-1> @ a<0,0>1<0,0>
®C(2,78)(1,9) -1 (A<—1,8-15-15(2711)) ® €(2,46)(2,8)98-1 (A< —1,8-1y-1>(1,6-1))
(W9)

C1,aB—1y—1) * 1<71,o¢ﬁ*1'\/*1> & a<0,0>1<0,0> &

C2AB) (1708 17-1(A<—1,8-17-15)(1,7) ® €278)(2,8)98-17-1 (A< —1,8-14-1>)(2,8)
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and also

. r G(A
(tdg(a)y ® Ay ) 0 Pyé )(C' le_ta> ®alcoos)

= (idaa) ® Ay p)(cr,ap-19-1) - Lcm1,a8-17-1>

®a<0,0>1<0,0> © C(248)S(38)-1 (A< -1,8-15-15))
= C1,a8-'y1)  le—t,ap-1y-1> ® G<0,0>1<0,0>

®C248)(17)S(18) 1 (A< -1,8-17715) (1) ® C2:48)(2.8)5(v8) 1 (A< -1,8-17-15) (2.8)-
G(A)

B
The proof is completed. O

Thus we prove that (’“pg(A) ®idg,) o" pg(A) = (idga) ® Ay ) 0" p

The vector space

PPCsaCied=GoF(EPT, @A) =GFOG(A) = G*(A)

BeT yET YET

is also an object in ""CU(H) 4, i.e.,

GoFY (T, @A)

YyETT
= {@(Cﬁ e 15 ® (@ dy 114> ®alcgos) 1ogos)|Va € A}
gem yeE™T
= {ED @(Cﬁ dec1p> @dy - 1co,05<—1,9> ® alco,05<0,0>)|Va € A}
BETYET

and also have

(c-le_ta>®d-1c05<—1,4> ®alcpo><0,0>) b

=cCbe10>®d bepo><—1,7> @ abco,0><0,0>;
1,G*(A)
pg (e letas> @d- 1o 05<—1,9> ® alco,0><0,0>)

=c(1,8) @C2,8-1a) " lec1,-1a> @d - 1200><—1,4> @ al<0,0><0,0>;
G2 (A
"pg ( )(C‘ leta>®d-1c00><—1,4> ® alco0><0,0>)

=c-leia> ®daqa-1) - leoomc—1,98-1>

®a<0,0>1<0,05<0,0> @ d2,8)S5-1(ac_1,5-15),

forallce Cy, de Cy, a,b€ Aand B,a,v € 7.

Now, let Fy :™ ¢ U(H), —""¢ U be the other forgetful functor, which forgets
the A-action and

G CU-""CUH) s, G(N) = {n@a=cc(nct,es lc1es)co0s>@1cposa}
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its left adjoint, where for N €™C i, G(N) €™ U(H)4 via the structures: for
allpem, ne N and a,b € A,

(n®a) - b = n®ab, (3. 6)
PS(N)(TL@a) =Nc_1,8> " A<—1,8> @ N<0,0> @ A<0,0>- (3.7)
Since C = P, Ca is a left m-C-comodule via lp‘é(c) = ¢(1,8) ® €(2,8-1a), for all
ceC, and B € . We have G(C) = Docr G(C,), where
G(Ca) = {50(6(176) : 1<—1,e>)c(2,oz) X 1<0,0>a}
(2.25)

{e-eh(leies) @ 1coos}
{C ’ Sa’1(52*1(1<—1,e>)) ® 1<070>a}

{C : Sa_1(1<—1,oz_1>) & ]-<0A,O>a}‘

(2.18,W10)

(2.18)

We can view G(C) as a weak Doi-Hopf 7- module via

(C ! Sa*1(1<71,a*1>) ® 1<0,0>a) b=c- Sa*1(1<71,a*1>) oY 1<0,0>aba (3- 8)

G(C
lﬂﬁ( )(C “Sa-1(lc,a-15) ® 1<0,0>0)
= Cc1.B) 0<-1,6> @ C2p-1a) Op-1a(lccig-1a>) ® 1<0,0>0<0,0>, (3. 9)

for all c € Cy, a,b € A and o, 8 € 7.

From the discussion above, we have two types of weak Doi-Hopf m-modules, i.e.,
weak Doi-Hopf m-module @ . C, ® A via (3.4) and (3.5) and weak Doi-Hopf -
module G(C) via (3.8) and (3.9). The following proposition will reveal the relation

aeT

between them.

Proposition 3.2. two types of weak Doi-Hopf m-modules @, . Ca ® A and G(C)

aecTm

are isomorphic in the category "~CU(H) 4.

Proof. We construct the maps as follows: for all c € Cy, a € A and a € 7,

w: DT oA PEC).

aEem aem
u(c-la10> ®alcoos) = ¢+ Sa-1(ac_10-15) ® a<0,0>, (3. 10)
(OB @G(Ca) — @COL®A7
aEem acT

v(c-Sa-1(1c_q,a-15) ®1c0,050) = C- 10> @ A<0,0>- (3. 11)
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For all ce C,, a € A and « € T, since

vou(c-le_i o> ®alegps)
= U(C : Safl (a<71,o¢*1>) & a<0,0>)
= ¢ Sa-1(c1,04-15)0<0,05><—1,0> @ 0<0,05><0,0>

¢ Sy (a<—1,e>(1,a*1))a<—1,e>(2,a) & a<0,0>
(2.21)

= 063(a<—17e>) ®a<0,0> = C-lcqa>®alcoo>-
So we have v ou = idg(4). On the other hand, for all c € Cy, a € A and a € T,

since

uov(c- Syt (1<71,a*1>) ® lcp0>a)

= € 0c 1,055 -1(0c005<—1,a-1>) ® €<0,0><0,0>

(2.16)
= C'a<—1,e>(1,a)5a—1(a<—1,e>(2,a—1)) & a<0,0>

(2.22)

(2.15) .
=7 cgglacotes) ®acoos = ¢ Sp-1(lc_q1a-15) ® logosa.

Thus we have uov = idé(c). The proof that u is both an A-module map and a

m-C-comoodule map is straightforward. (I

4. Integral of a weak Doi-Hopf m-Datum

Definition 4.1. Let (H, A, C) be a weak Doi-Hopf 7 -datum. A family of k-linear
maps 0 = {0, : Cp, & Hom(Cyp-1, A)}oer are called an integral of (H, A, C) if

c(1,0)®05(c(2,8))(d) = d(2,0) (0ap(c)(d(1,(ap)-1))) <—1,0> B (Oap(c)(d,(ap)-1))) <0,0>

(4. 1)
foralla, B € mand ¢ € Cyp,d € Cg-1. Anintegral @ = {0, : Co, — Hom(C\-1, A)}aen
is called total if

D balca)(Cea) =cc(c- 1e 1es)1<005, (4. 2)
aem

forall o € m,c € C,.

We shall now prove that the existence of an integral = {0, : C, — Hom(Cj,-1, A)}
permits the deformation of a k-linear map between two weak Doi-Hopf m-modules

until it becomes a 7w-C-colinear map.
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Proposition 4.2. Let (H, A, C) be a weak Doi-Hopfn-datum, N €™~ U, M €™—¢
UH)a and u: N — M a k-linear map. Suppose that there exists 0 = {0y : Co —
Hom(Cy-1, A)}aen an integral. Then

(1) The map

@:N— M, u(n) = Z w(n.<0,0>)<0,0>0a(n<—1,05) (U(n<0,05)<—1,0-15),
aem

for all m € N, is left m-C-colinear,
(2) If 0 is a total integral and f : M — N is a morphism in "~ CU(H)a which is
a k-split injection (resp. a k-split surjection ), then f has a w-C-colinear retraction

(resp. a section ).
Proof. (1) For n € N, € 7, we have
pé\f ou(n)

= Z U(Tl<0,o>)<0,0><—1,5>9a(”<—1,a>)(U(n<o,o>)<71,a71>)<_1,3>’
aeTm
®U<n<0,0>)<0,0><0,0>9a (n<,1,a>)(u(n<o,o>)<_17a71>)<070>/

= Z U(”<0,O>)<—1,a715>(2,5)9a(”<—1,a>)

aeTm

(u(n<0,0>)<—1,a‘15>(17a_1))<_17ﬁ>’

®u(n<0,0>)<0,0>9Dt(n<*1,04>)(u(n<0,0>)<—1,0¢‘1B><—1,a_1>)<0,0>'
Z U(”<0,0>)<—1,u>(2,/3)95u*1 (n<—1,,8u*1>)
vem

(U(n<0,o>)<f1,u>(1,u571))<_1,,@>'
®U(TL<0,0>)<0,0>95r1 (n<71,BV*1>)(u(n<0,0>)<71,u><71,,811*1>)<070>’

Z N<—1,80-1>(1,8) @ u(n<0,0>)<0,0>

vem

91/*1 (n<71,ﬁl/*1>(2,V*1))(u(n<0,0>)<—1,v>)

L) N1 gas1,8) ® u(nco,0>) <005
aem
0a(n<7l,ﬁa>(2,a))(u(n<0,0>)<71,o¢*1>)

= Z n<—1,8> ® U(N<0,0><0,0>)<0,0>

aeTm

0o (n<0,0><71,o¢>)(u(n<0,0><0,0>)<71,o¢*1>)

= (td®1u) o pjﬁv(n)

Hence @ is a left m-C-colinear.
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(2) Let w: N — M be a k-linear retraction (resp. section ) of f. Then @ : N —
M, is a left m-C-colinear retraction (resp.section) of f. Assume first that u is a
retraction of f. Then, for m € M, one has

(@o f)(m) = ZU(f(m)<o,o>)<0,0>9a(f(m)<—1,a>)(“(f(m)<o,o>)<—1,a71>>

aeTm

= Z U(f(m<0,o>))<o,o>9a(m<71,a>)(U(f(m<o7o>))<—1,afl>>

aeTm

= Z M<0,0><0,0>0a(M<—1,0>)(M<005<1,0-1>)

aEeT
(2.6)
= Zm<0,0>9a(m<—1,e>(1,a))(m<71,e>(2,a*1))
aem
(4.2)

M<0,0> - 1<0,0>(Mec_1e> - La_1es) =m.

Hence @ : N — M is a left m-C-colinear retraction of f.

On the other hand, if u is a section of f , then, for n € N, we have

(fou)(n) = Zf w(N<0,0>)<0,0>0a (n<71,a>)(u(n<0,0>)<—1,a_1>))
aem

= Zf n<oo> <0O>)0a(n<71,a>)(u(n<0,0>)<—1,0¢_1>)
aem

= Zf w(N<0,0>))<0,050a(Nc—1,05)(f(u(n<o,0>))<c—1,0-1>)
aem

Z N<0,0><0,0>0a (n<71¢a>)(n<0,0><—1,a—1>)

aem

(2.6)

= Zn<0,0>0a(n<—1,e>(17a))(n<71,e>(2,a*1))
aEeT

(4.2)

n<0,0> " 1<0,0>(M<—1e> lc1e5) =1,
ie, u: N — M is a left m-C-colinear section of f. Thus the proof is completed. [J

For weak Doi-Hopf m-modules @, Ca ® A and @ s, D,c, Cs © Cy ® A, we
define a map as follows:
PG(A) EBC(X@A% @@Cg ®Cy® A,
aEm BeETyET

paay(c 110> ®alcoos)

@C(l,v) lei1>® C2n—1la) " legos<—iy-1a>® a1<0,0><0,0>7(4- 3)
yET

forallce C,, a € A and o € 7.

Lemma 4.3. pg(a) is a morphism in the category T=Cyr=¢,
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Proof. It is sufficient to prove that for all A € 7, the following identities

1 G*(A)

px o paiay = (ide, ® pg(ay) o p

and

r G*(A . r G(A
o5 )OPG(A) = (pg(a) ®@idc,) o o

hold. Now we shall check the first. In fact, for all A\,« € 7 and ¢ € C,, we have

G?(A
lp)\ (4) OPG(A)(C- 1<71,a> ®a1<0,0>)

- @C(l,y)(l,A) @ C1y) (22 1y) 1<—17>\_17>
YET
®C2y-1a) " 1<0,05<—1,y-1a> ® al<0,0><0,0>
= Pear@cerimartyleiaigs
YyET
®C2,A-1a)(2,7-ta) * 1<0,0><—1,y-ta> ® al<0,0><0,0>
= @ ) ®Cea-ta)(lw) * l<—1,w>
weT
®C2,1-1a)(2,w-1A"1a) * 1<0,0><—1w-1x-1a> ® al<o,0><0,0>

(A)(

. G
= (idc, ® pg(a)) of Px c-le1a>®alcgps).

Similarly, we can check the other. Thus the proof of the Lemma is completed. [J

Theorem 4.4. Let (H, A,C) be a weak Doi-Hopf w-datum. The following condi-

tions are equivalent:
(1) There exists @ = {04 : Co = Hom(Cp-1,A)}oer a total integral,

(2) the natural transformation
p:Faolecym, —~ Fa0GoF¢

splits,
(8) The maps

pe)  PCa® AP CseCa @4,

aem BeET aET
paay(c 110> ®@alcops)

= @6(1,5) leo18> ®c@p-ta)  1<0,05<—1,8-1a> ® al<0,0><0,0>5(4. 4)
Bemw

forallce Cy,, a € A and a € 7, splits in "~ CU™C.

Proof. (1) = (2). Let 0 = {0, : Co, > Hom(C\y-1, A) }oer be a total integral. We
have to construct a natural transformation ¢ that splits p. Let M €™~¢ U(H) 4
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and ups : G(M) — M be the k- linear retraction of py; : M — G(M) given by

“M(@ Ca larta> @mg-logos) =€c(Ce lartes)Me - 1<,0>-
aEeT

In fact, for all m € M, we have
upr o pu(m) = UM(@ Me_1,a> @ Mc0,0>)

aem

= €c(m<—1,e>)m<0,0> =m.

We define
fM = Uy : G(M) %M,

§M(@ Cale_1a> @M -10,0>)

aeTm

= Z Ma<0,0> 1<070><0,0>0a(ca : 1<717a>)(m0¢<—1,a*1> ’ 1<0,0><—1,or1>)-
aem
It follows from Proposition 4.2 that the map &,y is a left m-C-colinear retraction of
PM-
It remains to prove that & = {£3/|M €™~ ¢ U(H)} is a natural transformation.
Let f: M — N be a morphism in "~“U(H) 4. We have to prove that the diagram

Em
G(M) - M
l G(f) f
Ex
G(N) ~N

is commutative. Using that f is right A-linear, we have

(fo fM)(@ Calart,a> @Ma - 1co,0>)

aem

= f( E Ma<0,0> * 1<0,0><0,0>
aem

Ha(ca ’ 1<—1,o¢>)(mo¢<—l,oﬁ1> ) 1<0,0><—1,orl>))

= f(z Ma<0,0>) - 1<0,0><0,0>

acm

Oa(ca : 1<71,O¢>)(m0¢<—1,o¢_1> : 1<07O><—17a_1>)

and using that f is left m- C-colinear

(§N o (G(f)))(@ Co - 1<—1,oz> & Me - 1<070>)

aecTm

= fN(@ Ca lect,a> @ f(Mma - 1c0,0>))

aeTm
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= Z f(ma)<0,0> : 1<0,0><0,0>9a(ca : 1<—1,a>)

aerT

(f(ma)<71,a—1> : 1<0,0><71,a_1>)

= > f(Mac00>) - L<0.0><0,0>
aem

Ha(ca ' 1<—1,o¢>)(moz<—1,oﬁ1> : 1<0,0><—1,of1>)-

Le., £ is a natural transformation that splits p.
(2) = (3).Assume that for any M €™~ U(H)a. prr : M — G(M) splits in the
category "~ CU of left m-C-comodules and the character of the splitting is functorial.

In particular,

pey  EPCa® A PEPTseCa A,

acT BET aET

paay(c-la 10> ®algpos)

= @ c,py lac1,8> ® 2,8 1a) - 1<0,05<—1,81a> @ al<0,0><0,0> (4. 5)
pern

splits in "~¢U and let

fG(A)Z@@CB®Ca®A—>EBCa®A

BET aET aEem

be the left 7-C-colinear retraction of pg(4). Using the naturality of £, we will prove
that £ is a right 7-C-colinear, where @ ., Co ® A and Dser Dacn Cs2C,®A
are right m- C-comodules in section 3.

First, let V be a vector space and M €™ ¢ U(H)a. Then M @ V €™ C U(H) 4

via the structures arising from the ones of M, i.e.,
(m@v)-a=ma®v, pMV = pM @ idy,

foralaer,me M,ac A,andveV. LetveVand g, : M > MRV, g,(m) =
m ®v. Then g, is a morphism in "~CU(H) 4 . From the naturality of £, we obtain

that g, o & = Emev © G(gy). Hence

Emevic lacta> ®@m-legos> ®v) = go(€m(c laota> @m-1cops))
= &ulc-leta>®@m-1legos) @,
for all « € m,c € Cp, and m € M,v € V. Thus we prove that gy = &y ® idy .

In particular, let us take M = G(A) and V = P4, Cp viewed only as a vector
space. Then G(A4) ® Pye, Cp = Doer Dper Co ® Co®A®Cs € C U(H) 4 via the
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structures:

(c-leqa>®alcgos®d)-b=c-be_14>®abeoo>@d, (4. 6)
G(A)@Dse, C
‘py P e 1etas ®alcgos ®d)

= C(1,y) ® C(2,y—1a) * 1<—1ﬂ_10¢> X a1<070> ®d, (4. 7)

for all a, B8,y € m,c € Cy,a € A and d € Cg. With these structures, the map

f="pN:GA) - GA)® @Cﬁ
Ber
"o (e 1o as ®algos)

= @C(Laﬂfl) . 1<_17aﬁ71> ® a<070>1<0,0> ® C(Q’Q)Sﬁfl(a<_17571>)’
BeT

foralla € A, @ € 7 and ¢ € C,, is a morphism in "~CU(H) . In fact, for all
a,be A, a € mand ¢ € C,, we have

TPG(A)((C' le1a>®alcoos) b)) =c be1a> @ abooo>

= @C(mﬂfl) “be_1a>1,08-1)1<o1,08-1> @ 0<0,0>0<0,0><0,0>1<0,0>
BeET
®c(2,6) *b<—1,a>(2,898-1(a<—1,8-15bc005><-1,5-15)

(2.16)
= @ C(1,a8-1) " b<1,ap-15>1,0)(1,08-1) L<—1,05-1> ® G<0,0>b<0,0>1<0,0>

BeT
®C(2,8) bc—1,05-1>(1,0)(2,8)98-1(A<—1,5-15b<_1,05-1>(2,6-1))

(2.1)
= @ C(1,a8-1) " bc1,08-15(1,ap- 1) lc—1,a8-1> ® a<0,0>b<0,0>1<0,0>

BeET
®c(2,8)  be—1,08-15(2,e)(1,8)98-1 (A< —1,8-150c_1,a8-15(2,)(2,8-1))

(2.15)
= @C(l,aﬁ—l) e ta8-151,a8- 1) lc—1,08-1> ® a<0,0>0<0,0>1<0,0>
BET

2,8) - €5 (b<—t.a8-1>2.0) 981 (A<-1,5-15)

= @0(1@&*1) : b<71,(1ﬁ*1> ® a<0,0>b<0,0> & C(27ﬂ)5ﬂ*1(a<—1,5*1>)
BET

(@ C(1,aB8-1) " lc 1,a8-1> ® G<0,0>1<0,0> ® 0(2,6)55*1(a<—1,ﬁ71>)) - b.
Bem

Thus f is A-linear. We are left to prove that f is m-C-colinear. It is sufficient to

check that for all v € , lpg;(A)@)EBHE" Ce of = (ide, ® f)o pg(A) holds. As a matter
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of fact, for ally € m,a € A, o € w and ¢ € C,, since

lPG(A)@)EBBe“ @ o fle-1e_i 0> ®alegps)

= 1) ® flc@y—ta) l<c15-1a> ®alcoo>)

@C(lﬂ') ®C2y-ta)1y-tap1) " lao1 101>
BeET

®a<0,0>1<0,0>) @ C(2,7-1a)(2,8) 581 (Ac_1,5-15)

and

G(A)®Dgse, C
l/)'y ser o f(C le10>® al<070>)

G(A)®B e, C
= ' ° B(@ C(1ap~1) " la—1,08-1>
BeET
®a<0,0>1<0,0> @ ¢2,8)5p-1(a<—1,5-15))
- @C(l,aﬁfl)(lw) ® C(1,a8-1)(2y tap1) T L1910 1>
Bem
®a<0,0>1<0,0> @ ¢(2,8)5p-1(a<—1,5-15))
= Pt ®nimantas ) leoiytap s
pem

®a<0,0>1<0,0> ® C2,y-10)(2,8)58-1(A<_1,5-15))-

Thus f is m-C-colinear. From the naturality of £, we gain the following commutative

diagram
Eaa)
G*(A) " G(A)
G(f)=id® f f (%)
Saa) @idg _ c,
G(G(A) @ Boer Ca) T G(A) @D Ca

Le., € is also a right 7-C-colinear.
(3) = (1). From (2), we have that

pa)  G(A) > PP s . @4,

BeET aET

paay(c 110> ®alcgps)

= @ cap) l<—1,8> ® C2,8-1a) - 1<0,05<—1,8-1a> ® al<o,0><0,0> (4. 8)
Be®™

splits in "~CU™ . Let

Co) PP Ca®CroA- @ Ca® A,

a€Em BET aEem
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be a split of pg(a) in "~CUT"C. In particular,
§G(A)(@ ca,p) - l<—1,8>®c@p-1a) l<o,0><—1,8-1a> ® al<0,0><0,0>)
pen

=c-leqa> ®alcoo>- (4. 9)

We define
0o : Co — Hom(Cy-1, A),

ba(c)(d) = (ec @id) o Porgzo8aa)(c-l<—1,a>®d - 1o005< 1,0-1> @ 1<0,0><0,0>)s

(4. 10)

for all @ € m,c € C,,d € C,-1, where Pe—zx is the natural projective map from

Pocr Ca ® Aonto C. ® A, we will prove that 6 is a total integral, i.e., E.q (4.1)and
(4.2) hold. For all ¢ € C,, we have
> balca)(C@a))

aeTm

= (ec®id)o Pegae fG(A)(@ C(l,a) " l<-1,a>

acm

®c(2,a-1) " Lco,05<—1,a-1> @ 1<0,0><0,0>)
(4.9) .
=" (ec®id)o Pm(c' le1a> ®1co0s) =cc(cr la1,a>)1<0,0>-

So E.q (4.2) holds.
Now, we are left to check the other E.q(4.1). For all a, 5 € m and ¢ € Cyp,d €
Cgs-1, the left hand side of E.q (4.1) is
c(1.0) ® Op(c(2,8))(d)
= Caa @ (e @id)Pogata (c@p) - 1<-1,6>
®d - 1c0,0><—1,-1> ® 1<0,0><0,0>)

= (ide, ® (e @id) o Pagz)pd ™ (€aay(c- 1<—1,a>

®d - 1c00><-1,8-1> ® 1<0,0><0,0>))

= (Pm) o EG(A) (C' lc1,08>®d- leo,05<—1,8-1> ® 1<070><0,0>),

where Pz— is the natural projective map from Docr Ca ® A onto Cy, @ A. In
order to compute the right hand side of E.q (4.1) , we adopt the temporary notation

Soay(c  lamta> ®da (ap)-1) - 1<0,05<—1,(ap)1> @ 1<0,0><0,0>) = @Pw ® Gry-
yemw

Now,

d2,0)005(c)(d1,(ap)-1))<—1,a> @ Oap(c)(d(1,(ap)-1))<0,0>

= d(2,o¢)qe<—l,o¢> & 50(pe)‘]e<0,0>~
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Hence (4.1) is equivalent to

(Pega) o €ay(c - lamta>®d - 1o 05<1,8-1> ® 1<0,0><0,0>)
= (®ida)(d@a @idy, @ida)(ec @ pd)(Paga) o) (e 1 1a>
®d(1,(ap)-1) * 1<0,0><—1,(ap)~1> ® 1<0,05<0,0>), (4. 11)

for all o, 8 € m and ¢ € Cog,d € Cg-1. Denoting

Say(c-le1a>®d-1ogosc1,515> @ 1c0,05<0,0>) = @Du ® A,

vem

and evaluating the diagram at(x) ,we obtain

@56‘@4) (clccia>® d(l,(v)_l) ' 1<0,0><_17(7)—1> ® 120,0><0,0>) @ d(2,+)
YyET - -

= @ @Dv(lwal) A1 uy-1> ® Avc0,0>1<0,0> @ Dy2,4) -1 (Avc14-15),

YET VET

for all o, 8 € m, c € Cy and d € Cg-1. Hence, for all o € 7, we have
(d(2,0) ®ida)(ec ®ida)(Pc,ea) 0 &aay(c - 1<—1,a>
®d(17(a)—1) : 1<07O><—1,(a,3)_1> ® 1<0,0><0,0>)

= Da(Q,a)Soﬁl(Aa<71,a*1>)5C(Doz(l,e) : 1<—1,e>) & Aa<0,0>1<0,0>

2.25

B2 Dyt (lem1e5)Sa 1 (Ane1.015) ® Aacoos <005

w12

( = ) D, - Safl(1<71,a*1>)5a*1(Aa<71,of1>) Y Aa<0,0>1<0,0>

Dy - So-1(Apc—1,a-15) ® Aaco,0>-
Now we apply pZ to the second factor of both sides, we have
(ide, ® p3) 0 (d(2,0) ®ida)(ec @ ida)(Po,ea) © faray (e 110>
®d(1,(ap)-1) " 1<0,05<—1,(ap)-1> ® 1<0,0><0,0>)
= Do - Sa-1(Aac—1,0-15) @ An<0,0><-1,a> @ Aa<0,0><0,0>-
Let the second factor act on the first one, we gain
(- ®ida) o (dz.e) ®idy, @ ida) o (ide, © pt) o (d.e) @ ida)
(ec ®ida)(Po,ea) 0 §aay(c-1<1a>
®d(1,(ap)-1) - L<0,05<—1,(a8)1> @ 1<0,0><0,0>)
= Da-So-1(Anctes(1,a-1))Aac—1,e52,0) ® Aa<o,0>

2.14 2.21
(21 Dy €} (Aac—1,e>) @ Aaco0> 221 D, ® Aa.
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Since
(- ®ida) o (de2,0) ®idp, ®ida)o (idc, @ py) o (da,a) @ ida)
=(® idA)(d(Q,a) ®idg, @ idA)p£7
we can gain E.q (4.11). To sum up, 6 is a total integral. a

From the proof of Theorem 4.4, if there exists
0 ={0,:Co > Hom(Cy-1,A) }aer

a total integral, then the natural transformation
€:Fy0GoF¢ = Faolrcym,

splits p, so we have
Em o Falpy) = Iry
for any M €™~ C U(H) 4, by Rafael's theorem, FC is Fy-separable. Conversely, if

FC is Fy-separable, then there exists a natural transformation
£:Fa0GoFY = Faolacym),

such that

&m0 Falpu) = Ip,
for any M €% U(H)4, we have that & splits p, by Theorem 4.4, there exists
0 = {0, : Co = Hom(Cy-1,A)}ner a total integral. Immediately, we have the

following conclusion.

Corollary 4.5. Let (H,A,C) be a weak Doi-Hopf w-datum. The following state-
ments are equivalent:

(1)F€ is Fa-separable,

(2) There exists @ = {04 : Co = Hom(Cp-1,A)}aen a total integral,

Let m = {e} be a trivial group, the weak Hopf w-coalgebras is just the weak Hopf

algebras. Combining Theorem 4.4 and Corollary 4.5, we have the following result.

Corollary 4.6. Let (H, A,C) be a weak Doi-Hopf datum. The following statements
are equivalent:

(1) FC is F4-separable,

(2) There exists 0 : C — Hom(C, A) a total integral,

(8) the natural transformation
p:FAolcu(H)A —>FAOGOFC

splits,
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(4) the map

%:C@A%C@C@A,

Pegalc: l<—1> ®alcos) =) ® @) - la1s> ®@alcos

splits in CUC | the category of C-bicomodules. Consequently, if one of the equivalent

conditions holds, any weak Doi-Hopf module is injective as a left C'-comodule.
We shall prove now the main applications of the existence of a total integral.

Theorem 4.7. Let (H, A,C) be a weak Doi-Hopf m-datum and suppose that there
exists 0 = {0, : Co — Hom(Cy-1,A)} a total integral. Then for any M €™—¢
U(H)a, the map

f:@Ca®A®M—>M7

aeT

f(@ Co * 1<—1,o¢> Qg - 1<0,0> ® m)

aeTm

= Z m<0,0>9a(ca5a*1 (a<—1,of1>))(m<—1,a*1>)a<0,0>>
aeTm

for allm € M is a k-split epimorphism in "~CU(H) 4. In particular, @, . Co @ A

aEm T

is a generator in the category "~CU(H) 4.

Proof. @, ., Co ® A®M is viewed as an object in "~ “U(H) 4 with the structures

as follows,
(c-lcta>®a-lcoos>®@m)-b=c-be_14>®abeoo> @m,

Doy Ca®ADM
Py < (el 1,0>®a-10,0>3M) = ¢(1,8)@C(2,8-1a) l<—1,8-1a>® 1 <0,0>OMm,

forall o, 5 € m, c € Cqy, a,b € A and m € M. First, we shall prove that f is a split

surjection. Let

g:M—>@C’a®A®M,

acm

g(m) = @m<—1,o¢> “le_t,a> ®1co,0> ® M<0,0>,
aem
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for all m € M. Then g is left - C-colinear (but is not right A-linear) and for

m € M, we have

(fog)(m) = f(@ Me—1,a>lao1a> ® lco,0> ® Mco0>)
acT
= Zm<0,0><0,0>904(m<71,a>)(m<0,0><71,a_1>)
acT
(2.6)
= Z m<0,0>9a(m<71,e>(1,o¢))(m<—1,e>(2,a*1>)
aecTm
(4.2)

mM<0,0> * 1<0,0>5?C(m<—1,e> : 1<—1,e>) =m.

Thus g is a left - C-colinear section of f. For a,b € A,c € Cy,m € M, we have

fllc-1ctas ®a-1cgos ®@m)-b)

= fle-be1,a> ® abepo> @ M)

= M<0,050a(C " be—1,0554-1(b<0,05><-1,0-15)5a-1(ac-1,0-1))
(M<_1,0-15)0<0,0>b<0,0><0,0>

(2.16,2.15)
= m<0,0>9a(0 : 5Z(b<—1,e>)5a*1 (a'<71,a*1>))(m<71,a*1>)a<0,0> b<o,0>

(2.22)
= M<0,050a(c8a-1(a<—1,0-1>))(M< 1 0-15)a<0,05b
= flelaeia>®a 10> ®@m) b,
i.e., f is right A-linear. It remains to prove that f is also left m- C-colinear. First,

forall B €m, cq € Co, a € Aand m € M, we compute

CQ®A®M(

(ide® f)o P;eae" ¢ lecta>®a-lego> @m)

= (c1,8) ®M<0,0508-14(c2,8-10)%0-18(0<_1,0-155)) (Mc_1,0a-185)0<0,0>)

and

P%(f(c' le 10> ®a 100> ®m))
= P%(m<0,0>0a(0a5a*1(a<71,a*1>))(m<—1,a*1>)a<0,0>)
= (m<070><—1,5>(0a(ca5’o¢*1(a<71,a*1>))(m<fl,a*1>))<—1,l3>
a<0,05<—1,8> @ M<0,05<0,0>(Oa(CaSa-1(ac_1,0-15))
(M<_1,0-15))<0,0>0<0,0><0,0>)
= (Mme_1a-18>@2.8)0a(CaSa-1(ac_1,0-1851,0-1)))

(Me_1,0-18>(1,a-1))<—1,65>0<—1,0-18>(2,8) @ M<0,0>



108 CHEN QUAN-GUO AND WANG SHUAN-HONG

(Ba(caSa—1 (a<71,a*1,3>(1,a*1)))(m<71,a*1>))<0,O>a<070>

(v=a7"p) (me—1,0>2,808-1(ca-1Syp-1(Ac—1,05(1,05-1)))

(M 10>108-1))<—1,8>0<—1,0>(2,8) @ M<0,0>
0p,-1(ca-1Su-1(0c_1.051.08-1))) (M< 115 (1.08-1))<0,0>0<0,0>)

S (1801 (0ctum (1051 (1)< 1o5 28) @
M<0,050,-1((cgy-1Su5-1 (A< 10> (1,05-1))) 2,0-1)) (M< 1,05 ) a<0,0>)

(W9) (egu-1(1,8)98-1(Ac—1,0>(1,08-1)(2,8-1))0<—1,0>(2,8) @
M<0,0>0,-1(cau-1(2,0-1)Su (A< 1,05 (1,08-1)(1,0))) (M<—1,0>)a<0,0>)

(1551 (a1 @) s eaes) ©
m<0,0>0,-1(cau-1(2,0-1)S0 (A< _1,0>(1,0))) (M< 10> )a<0,0>)

P (e 1,950 105 20)) @ <005
01 (cap-1(2,0-1)Su(Ac—1,0>(1,0))) (M< 10> )a<0,0>)

"2 emam S () @ meoos
0,-1(csp-1(20-1)Su(@<—1,051(1,))) (M<—1,0>)a<0,0>)

(W9)

= ((cau-1(1,8)) @ M<0,050,-1(Ca-1(2,0-1)Su(@<—1,0>)) (M<—1.0>)a<0,0>),

i.e., f is left 7 -C-colinear. Hence, we proved that f is an epimorphism in " ~CU(H) 4

and has a m-C-colinear section. O

Remark 4.8. The Theorem 4.7 can be followed in a new way as follows: From the
forgetful functors Fa ™€ U(H) a4 —""C U(H) and FC ™~ C U(H) 4 — U(H) 4, we
have the functor = F€ o Fs :"~¢ U(H)a — Vecty. the natural transformation
P is constructed as follows: for M, N €"~ U{(H), we define

Par,n - Home—cyg(gry (M, N) — Homyeer,, (M, N), Pasn (f) = FE(f).

Notice Po Fq = ), i.e., F4 is $)-separable functor. From the proof of Theorem 4.4,
we know that F4(f) has a right inverse in ™ C(H), by the Maschke's theorem for
$-separable functor(see[7,Prop.2.4]), $H(f) has a right inverse in Vect.

5. The Maschke-type Theorem For weak Doi-Hopf m-modules

In the section, we give the Maschke-type Theorem for weak Doi-Hopf -

modules. First, we need the following Lemma.
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Lemma 5.1. Let (H,A,C) be a weak Doi-Hopf m-datum, N,M €™~ U(H)A
and uw : N — M a A-linear map. Suppose that there exists 6 = {0, : Co, —
Hom(Cp-1, A)}aen an integral such that A-centralising condition, i.e., for alla € ,
a€AceCy andde Cy-1,

a<0,0><0,0>9a(0 : a<71,o¢>)(d ’ a<0,0><71,0¢_1>) = ba(c)(d)a. (5. 1)

Then the map

i: N = M, @(n) =Y uncoos)<0050a(nc1.05)((n<0,05)<—1,0-15),
aem

for all n € N, is left m-C-colinear and A-linear.

Proof. From the Proposition 4.2, 4 is a left m-C-colinear. We are left to check that
@ is right A-linear. In fact, for all » € N and a € A, Since

a(n-a) = Z U(n<0,0> " 0<0,0>)<0,0>0a(N<—1,0> " A<—1,0>)

acT

(U(n<0,0> : a<070>)<—1,a*1>)

= > u(nco.0>)<00> - 0<0,05<0,050a(Nc 1,05 A< 1.05)

aem
(“(”<0,0>)<717a—1> : ‘1<0,0><717a—1>)
= ZU(n<0,0>)<0,0>9a("<—1,a>)(u("<0,0>)<—1,a—1>)a-

acTm

So the proof of the lemma is completed. O

Theorem 5.2. Let (H, A, C) be a weak Doi-Hopf m-datum, and N, M €™~ U(H) 4,
and v : M — N a morphism in "~CU(H)a. Suppose that there exists 0 = {0, :
Co = Hom(Cy-1, A) }acr an integral such that A-centralising condition. If the map

v is a split injection in Uya, then u have a retraction in "~CU(H) 4.

Proof. Since v is a split injection in U 4, there exist a morphism u : N — M in Uy

such that uv = id,s. Define @ as follows

(n) = Z U(1.<0,0>)<0,0>0a(n<-1,05 ) (U(n<0,0>) <—1,0-1>)-
aem
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From Lemma 5.1, @ is a morphism in "~“U(H) 4. Next, we shall check v = idy;.
For m € M, one has

av(m)

= Z u(v(m)<0,0>)<0,0>04 (v(m)<,1’a>)(u(v(m)<070>)<_17a_1>)

= Z U(v(m<o,0>))<0,0>9a(m<—1,a>)(U(U(m<o,0>))<—1,a—1>)

= Z m<0,0><o,0>9a (m<—1,a>)(m<0,0><—1,a—1>)
aem

= Zm<0,0>6a(m<—1,e>(1,a))(m<—1,e>(2,a_1))
aem
= m.

So the theorem is proved. O
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