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1. Introduction

Let RG denote the group ring of the group G over the ring R and U(RG)
denote the unit group of RG. The homomorphism ¢ : KG — K given by

€ Z agg | = Z ag is called the augmentation mapping of KG. The normal-
9eG geqG
ized unit group of KG denoted by V(K G) consists of all the invertible elements of

KG of augmentation 1. It is a well known fact that U(KG) 2 U(K) x V(KG).

We are interested in establishing the structure of U(KG) when K is a field of
characteristic p and G is a finite group of order ap™ where (a,p) = 1 and p is a
prime. For further details on group rings, see [7].

The order of U(IF,x Da,m ) is determined in [2] and the structure of U(Fsx Dg) is
established in [1] where I« is the Galois field of p* elements and Dg is the dihedral
group of order 6. It is shown in [8] that V; and V;/Z (Vi) are elementary abelian
3-groups where Vi = 1+ J(F3rDg), J(FsrDg) is the Jacobson Radical of Fgx Dg
and Z(V7) is the center of Vi. Also it is shown that U (FsxD1g)/Va = Cse_12, Vs is
nilpotent of class 4 and Z(Vs) = Cs** where Vo = 14-J(F5: D1g) in [6]. Additionally
in [3,4], the structures of U (Fsx D1o) and U(F5k Dog) are established in terms of split

extensions of cyclic groups. Our main result is (see Theorem 2.9):

Theorem. V(F5x(CsxCy)) 2 [((C5'% % C5**) % C5%) x C5*] % (C56_1®)  where
Cs5 % Cy = (z,y|2* = y° = 1,yay = z).

Denote by g =3¢, h € RG. The next two results can be found in [5].
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Theorem 1.1. Let F' be an arbitrary field of characteristic p > 0, let G be a

p-solvable group and c be the sum of all p-elements of G including 1, then
J(FQG) = lann(c)

where J(FG) is the Jacobson radical of FG and lann(c) is the left annihilator of

C.

Theorem 1.2. Let N be a normal subgroup of G such that G/N is p-solvable. If
|G/N| = np® where (n,p) =1, then

J(FG)" C FG-J(FN) C J(FG)

where F' is a field of characteristic p > 0. In particular, if G is p-solvable of order
np® where (n,p) = 1, then J(FG)P" = 0.

The next result can be found in [7].

Proposition 1.3. Let G be an abelian group of order n and K a field such that the
characteristic of the field doesn’t divide n. If K contains a primitive root of unity
of order n, then

KG=Z=Ko - - K

n—times

2. Proof of Main Theorem
Let G = C5 x C4. Define the group epimorphism
0 : U(F5k (C5 X 04)) I Z/[(FSk 04)

by
5 5

2 3y, i—1 — -2 =3
E (0 + a5 + 0ip102” + ip152°)Y' " — E o + Qi1 5T + Q4107 + Q15T
i=1 i=1

where T generates C4. Define the group homomorphism
’L/) : u(]F5k 04) — U(Fg)k (05 X 04))

by
a+bT + 2’ +dz° — a+ba + cx® + da®
where a,b,c,d € Fse. Clearly 0 o ¢p = 1, therefore U(Fs:(C5 x Cy4)) is a split
extension of U (F5xCy) by ker(0).
Therefore U(Fsx (Cs x Cy)) =2 H X U(F5:Cy) where H = ker(0). Let
5

o= Z(OLZ + a5 + OLH_l()[Ez + ai+15x3)yi71 € Fxe (05 X 6’4)7
i=1
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5 5 5 5
then o € H if and only if » oy =1, Y aji5=0, > aryi0=0and »_ apmi15 =0

i=1 j=1 =1 m=1
where a; € Fy. Therefore |H| = (54k)4 = 510k,

Lemma 2.1. H has exponent 5.

Proof. C5 x Cy is solvable and hence p-solvable. Clearly |Cs x C4| = 4 x 5 and by
Theorem 1.2, J(F5x(Cs x Cy))® = 0 and 1+ J(Fs5x(C5 x Cy4)) has exponent 5. Now
by Theorem 1.1, J(F5x (C5 x Cy4)) = {a € F5x(C5 x Cy) | ay = 0}. Let

5
o= Z:(Ozz + ;457 + Oéi+10$2 + Oéi+15$3)yi_1 € Fxx (05 X 04),
=1
then

5 5 5 5
a € J(F5k(C5 X 04)) — Zai = Zaj+5 = ZO&[+10 = Z Qmt15 =0
j=1 =1 m=1

i=1
where «; € Fse. Therefore H 2 1+ J(Fsx ((C5 x Cy))). d

4

Lemma 2.2. Let V' be the set of elements H of the form 1 +Zism3yi where
i=0
s€Fy. Then V = C5*.

4 4
Proof. Let vy =1+ Zzsxdyl eVand v, =1+ erxdyl € V where r,;s € Fs.

1=0 =0
4

Then vivy =1+ Zz(s + )23y’ € V. Therefore V is closed under multiplication.
i=0
It can easily be shown that V is abelian. Therefore V = C5*. O

Lemma 2.3. |Ng (V)| = 5 where Ny (V) is the normalizer of V in H.

4
Proof. Ngy(V)={he H|V"=V}. Let v =1+ Zisxgyi €V and
=0
4 4

h=1- Z(Ozl + 04 aT + ai+8x2 + ai+12$3) + Z(O&Z + 04T + ()éi+8l'2 + O[i+121'3)yi €eH
i=1 i=1

where oy, s € Fr, then

4

V=14 e+ (2 +i)sz’lyt
=0
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4 4
where v1 = 3s (ZiaHg), vo = 3s <Ziai> and «;, s € Fsx. Then h € Ny (V)

i=1 =1

4 4
iff (Zz’ai+8> = 0 and (Ziai> = 0. Thus every element of Ny (V) has the

=1 i=1

form:
3 .
1+ Z[(4 —i)(a; + ip72®) + (o + a7y’ +i(a; + ipra®)y?]
i=1
4 4
- Z(Oéwrax + a¢+10$3) + Z(OéiJrB-T + ai+10$3)y1
i=1 i=1
where a; € Fyr. Therefore |[Ng (V)| = 514k, O

Let S be the subset of H consisting of elements of the form

3
1+ [(4 = i) (o + aipsa®) + (o + qigsa®)y' + il + aigs2®)y*] + 3(aur + sz
=1
+agr® + a102®) + (auz + aor®) (y + y*) + (asz + a102®) (v + °)

where «; € Fgr. It can be shown that S7 is a group and 57 = Cs'%  Also let S5

be the subset of H consisting of elements of the form

14+ 3(a1 + a2 + asz? + 0463:2) + (a1 + a5x2)(y + y4) + (a2 + 046:102)(342 +9°)
+ (aaz + azz®) (1 = y') + (auz + asz®) (y — y°)

where a; € Fsr. Again, it can be shown that S5 is a group and Sy = 5.
Lemma 2.4. Ny (V) 2 C5'0% x C5%F.

Proof. Clearly S; < Ny (V) and S2 < Ny (V). Let

3
s1=14 Z[(él — i) (o + aips2?) + (o + ipsz?)y’ +ila; + aipsr?)y?] + 3(aur
i=1
+ asr + agr® + a107?) + (uz + agx®) (y + y*) + (asz + a102?) (¥ + 3°) € S

and

so=1+43(B1 + B + Bs2® + Bez®) + (B1 + Bs2?)(y + y*) + (B2 + Bex?) (y* + ¥°)

+ (37 + a72®) (1 — y*) + (quz + agz®)(y — y*) € Ss
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where oy, 3; € F5:. Then
3
s12 =1+ Z[(él — i) (i + aiys2®) + ((ag +i01) + (qigs +63)2%)y" + iy + a5y
i=1

+ 4(6y + 0322)y* + 3(aur + asz 4 2021 + gr® 4 agor® + 20423)

+ ((aa + 02)x + (a9 + 04)7°) (y + y*) + (a5 + 62)x + (10 + 02)2°) (v + o/°)
where
307 +40s) (s — a5) + (383 + 464) (g — c10)
oy — a5)(3030s + G307 + 4BafBs + 30afr) + (2 — a3) (305 + 454)
(ar — s) (305 + 464) + (s — a5) (305" + 20,7 + 367" + 205™ + 30364 + 357/3s)
303 + 4B4) (s — a5) + (307 + 40s) (g — n10)
ay — a5) (3857 + 2847 + 3877 + 285> + 38584 + 3670s) + (a2 — a3) (357 + 45s)
+ (a7 — as) (305 + 484) + (qa — a5) (83087 + 3030s + 48455 + 38457)

and aj, 3; € F5i. Clearly 51°2 € S; and S normalizes S;. Let

81 = (
8y = (

_l_

3 = (
04 = (

M =51N8={1+3(B1 + B+ Bs2” + Baz®) + (61 + Bs2)(y + y*) + (B2 + B) (v + ¥*)}

where f3; € F5:. By the second Isomorphism Theorem S7.55/51 22 S5/51 N S3. Now
|S1 N Sy| = 5% . Therefore |S1 52| = 5% = Ny (V). Clearly S is an elementary
abelian 5-group and therefore S5 completely reduces. Let Sy =2 M x W = Cs** x
C5**. Clearly WNS; = {1} and W normalizes S;. Thus Ny (V) = C5'% xCs**. O

Lemma 2.5. Let S3 be the subset of H consisting of elements of the form

1+ 3(a1 + az) + ar(y +y") + o2y +9°) + asa®(y — ") + cua®(y* — o)
where a; € Fgr. Then Ss is a group and S3 = Cs**.
Proof. Let
a=1+3(a1 +ag) +ar(y +y*) + ao(y® + v°) + aza®(y — y*) + auz®(y* — y°) € S
and
b=1+3(81 + B2) + Buly +y') + Ba(y” +y°) + B3z (y — y") + Baz®(y* — y°) € S

where o, 3; € Fse. Then
ab=1+3(a1+az+ B+ B2+ +72) + (1 + B+ 1)y +y*)
+ (az + Lo+ 72) (W + ) + (a5 + B3 + v3)2% (y — y*) + (o + Ba + 293)2° (v — )
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where
Y1 = (1 — a2)(B1 — B2) + 4aufs + cufa + dazfs
Y2 = (a1 — 2)(B1 — B2) + azfa + asfs + cufs
Y3 = (a1 — a2) (305 + Ba) + (81 — B2)(Bas + )
and a;,3; € Fsu. Therefore S3 is closed under multiplication. It can easily be

shown that S5 is abelian. Therefore S5 = C5**. ([l

Lemma 2.6. Let Hy be the subset of H consisting of elements of the form

3 4
1+ Z[(él — o + iyt + iaiy4] — Z(ai_,_gzr + ai+7x2 + oei+111:3)+
i=1 i=1
4
Z(Oéi_;,_gl‘ + ai+7:1:2 + Oli_;,_HZL‘S)yZ
i=1

where o; € Fse. Then Hy is a group and Hy = (C’54k X 0510k) x Cs".

Proof. It can easily be shown that H; is closed under multiplication and clearly
S3 < Hy and NH(V) < H;. Let

s=1+3(B1 4 B2) + By + ") + Bo(y® + %) + B2 (y — y*) + Baz®(y* — %) € S5
and
3 .
n=1+ Z[(4 —i)(a; + airrz®) + (a; + aiprz®)y' + il + ipr®)y?]
i=1
4 4

= (igsr 4 ait107”) + > (igsr + aip102” )y € Nu(V),

i=1 i=1

where «;, 3 € F5e. Then

3
n®=1+ Z[(4 — i) (i + aip72?) + (i + air2?)y’ i + aprr?)y?]
i=1
4 4
=Y Oira +8i410) + D (Gi437 + dir02®)y’
i=1 i=1

where the ¢;’s are functions of the a;’s and the g;’s. Clearly n® € Ny (V) and
S35 normalizes Ny (V). Let T = {(1 + 31 + 3a2) + a1 (y + y*) + az(y? + 43) +
1 agiz?y’} where oy € Fse. Now Ny (V)S3/S3 2 S3/Nyr (V)N Ss and [Ny (V)N
S3| = 5%, Therefore [Ny (V)S3| = 5% = Hy and S3 = T x R = C5*F x Cs".
Clearly RN Ny (V) = {1} and R normalizes Ny (V). Thus H; & (C5'%% x C5*%) x
Cs". O
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Lemma 2.7. Let Sy be the subset of H consisting of elements of the form
L+ (r+re+ra? +r2®)(y+y° —y® —y?)
where r € Fsi. Then Sy is a group and Sy =2 Cs*.
Proof. Let
a=1++ret+ra®+ra®)y+v> —y* —y*) e S,
and
b=1+ (s+sz+ sz’ +s2®)(y+y> —y> —y*) €S,
where 7,5 € F5r. Then
ab=1+((r+s) + (r + s)z + (r + 5)z° + (r + 5)2°)(y + v* = v* = ¢*).

Therefore Sy is closed under multiplication. It can easily be shown that Sy is
abelian. Therefore Sy = Cs*. O

Lemma 2.8. H & ((054k X 0510k) X C'5k) x Cs”.

Proof. Let

3 4
h=1+ Z[(4 —i)a; + iy’ + iaiy4] — Z(O{i+3x + a7 + aip2®)
i=1 ;

i=1
4
+ Z(aHgm + Ozi+7l‘2 + Oéllel‘S)’yz € Hy
i=1
and s = 1+ (r +rx + ra? + ra3)(y + y* — vy — y*) € Sy where o;, 7 € F5x. Then
3 4
h=1 Z[(Zl — i) + (i + i)y +iagyt] + dyyt — Z(5¢+3x + 0iy 7w + Giy112°)
i=1 i=1
4

+ Z(5i+31‘ + 51‘4_71‘2 + 5i+11$3)yi
i=1

where
v =r[(as + a6 + a1z + ong) + 4o + ar + a2 + aas)] + 77 [( + a1 + ar2)
+ 2(as + a1 + a13) + 3(as + a1s + a15) + 4(ar + as + os)]
and the J;’s are functions of the «;’s and r.
Clearly h* € Hy and H; NSy = {1}. Therefore H 2 Hy xSy = ((C’g,w’C X C54k) X
Cs") x C5". 0

Theorem 2.9. V(Fs:(Cs x Cy) 2 [((C5'%% 3 C5%) 3 C5F) x C5F] » (Csn_13).
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Proof. Recall that U(F5«(Cs x Cy)) =2 H x U(F5:Cys). By Propostion 1.3
F5kC4 = F5k4 - U(F5k04) = C5k,14.

Thus
Z/[(F5k (C5 X 04))

IR

[((C51F 5 C5%%) 3 C5%) % C5F] % (Crr_y®)
[((C5'F 3 C5%) 5 C5%) % C5F] % (Crr_1®) x U(Fe).

I
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