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1. Introduction

Let D be an integral domain with quotient field K, and let F(D) be the set
of non-zero D-submodules of K. A mapping F(D) == F(D), E — E* is called
a semistar operation if, for every z € K \ {0} and E,H € F(D), (zE)* = zE*;
E C E*; (E*)* = E*; and E C H implies E* C H*. The set of semistar operations
on D is denoted by SStar(D). Let T be an overring of D, that is, T' C K. If we set
H**) = H* for every H € F(T), a(x) is a semistar operation on T', which is called
the ascent of x to 7. Let « be a semistar operation on T'. If we set E0*) = (ET)*
for every E € F(D), §(x') is a semistar operation on D, which is called the descent
of ¥ to D. In this paper, for any extension domain T of D, we define ascents
and descents of semistar operations and localizing systems, and study their basic
properties.

Let F be a non-empty set of ideals of D with F Z (0) which satisfies the following
two conditions for every ideals I, J of D: If I € F and I C J, then J € F;If I € F
and J :p iD € F for every i € I, then J € F. Then F is called a localizing
system of D (P. Gabriel [3]). The set of localizing systems of D is denoted by
LS(D). We refer to M. Fontana and J. Huckaba ([2]) for the following notions and
terminologies. Thus, let F(D) be the set of non-zero submodules G of K such that
dG C D for some d € D\ {0}, and let f(D) be the set of elements of F(D) which is
finitely generated over D. Let x be a semistar operation on D. Then F* = {I | I is
a non-zero ideal of D with I* 3 1} is a localizing system of D. Let F be a localizing
system of D. Then the mapping F +—— E** = U{(E :x I) | I € F} is a semistar
operation on D. The semistar operation E — U{F* | F' € {(D) with F' C E} is
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denoted by x¢. If * = %f, % is called finite type. A localizing system F is called
finite type if, for every I € F, F contains a finitely generated ideal J of D such
that J C I.

Let T be the polynomial ring D[X] of X over D. For every semistar operation
* on T, E. Houston, S. Malik and J. Mott [4] and A. Okabe and R. Matsuda [5]
defined the semistar operation £ — (ET)* N K on D, which we denote by J(x).
For every localizing system F of D, G. Picozza [8] defined the localizing system
{J | Jis an ideal of T' with J D I for some I € F} of T, which we denote by a(F).
For every localizing system F of T, A. Okabe [6] defined the localizing system
{I'| I is an ideal of D such that IT € F} of D, which we denote by §(F). In this
paper, for any extension domain 7" of D, we define ascents and descents of semistar
operations and localizing systems, and study their basic properties. This paper
consists of three sections. Section 1 is an introduction, Section 2 is definitions of

ascents and descents, and Section 3 is basic properties of ascents and descents.

2. Definitions of Ascents and Descents

Let D be a domain with q(D) = K, and let T' be any extension domain with
q(T) = L. In this section, we give definitions of ascents and descents of semistar

operations and localizing systems.

Proposition 2.1. (cf., [4, Proposition 2.1] and [5, Proposition 35]) Let * be a semi-
star operation on T. For every E € F(D), set E°*) = (ET)* N K. Then §(%) is a

semistar operation on D.

Proof. The only condition which is not trivial is 6(x)d(x) = §(x). For every E €
F(D), we have the following: (E°*))*) = ((ET)*nK)T)*NK C ((ET)*T)*NK =
(ET)T)*NK = (ET)"NK = E°*). O

d(x) is called the descent of x to D, and is also denoted by dp/p(*).

Remark 2.2. Let T be an overring of D, and let x be a semistar operation on T
Then, for every E € F(D), we have E°*) = (ET)*.

Proposition 2.3. (cf., [8, Proposition 3.1]) Let F be a localizing system of D. Set
a(F)=4{J | J is an ideal of T with J D I for some I € F}.

(1) o(F) is a localizing system of T

(2) a(F)={J | J is an ideal of T with JND € F}.

Proof. The only condition which needs a proof is: If J’ is a non-zero ideal of T,
and if J € a(F) such that (J' :p j) € a(F) for every j € J, then J' € a(F).
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Since J € a(F), we have JN D € F. Let jo € JN D. Since (J' :1 jo) € a(F),
we have (J' :p jo) € F, and ((J'ND) :p jo) € F. Therefore J'ND € F. It follows
that J' € o(F). O

a(F) is called the ascent of F to T', and is also denoted by ap/p(F).

Proposition 2.4. For every localizing system F of T, set 6(F) := FOCF) . Then
§(F)={I|1 is an ideal of D with IT € F}.

Proof. Let I € F°*#). Then I°*#) 5 1, and hence (IT)** > 1. Thereis J € F
such that J C IT, hence IT € F. The reverse inclusion is similar. O

d(F) is called the descent of F to D, and is also denoted by dr,/p(F).

Remark 2.5. (cf., [6, Lemma 32]) Let T'= D[X]. Then
5(F)={JnND | Jis anideal of T with (J N D)T € F}.

Let x1,%2 be semistar operations on D with E*1 C E*2 for every E € F(D).

Then we denote x; < xg.

Lemma 2.6. Let x be a semistar operation on D. Then there is an extension
domain T which satisfies the following two conditions:
(1) There is a semistar operation x' on T such that 6(x") > *.

(2) Every semistar operation ¥ on T satisfies 6(¥') > *.
Proof. Set T := K. Clearly, T satisfies the conditions (1) and (2). O

The mapping E — E from F(D) to F(D) is a semistar operation on D which
is calld the d-semistar operation, and is denoted by dp or by d. Similarly, we may
define the e-semistar operation ep on D: E° = K for every E € F(D). The
localizing system F¢P = {I | I is a non-zero ideal of D} of D is called the trivial

localizing system of D.

Proposition 2.7. Let x be a semistar operation on D. Then there is a semistar
operation x" on T such that §(x') > *. Let {x» | A € A} be the set of semistar
operations ' on T such that §(x') > %. Then the mapping F(T) — F(T), H —

NxH** is a semistar operation on T'.

Proof. Let er be the e-semistar operation on T. Then d(er) > % That the
mapping H —— NyH** is a semistar operation on T follows from D.D. Anderson
and D.F. Anderson [1, Lemma 1]. O
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The semistar operation H —— N H*> on T is called the ascent of x, and is

denoted by a(x), or by arp,p(*).

Proposition 2.8. Let T be an overring of D. Let x be a semistar operation on D.
Then, for every H € F(T), we have H**) = H*.

Proof. If we set H*» = H* for every H € F(T), then x), is a semistar operation
on T with §(%y,) > . Let {xx | A € A} be the set of semistar operations *' on T'
with §(x') > . Then (ET)** D E* for every E € F(D). Since F(T) C F(D), we
have H*» = (HT)* D H* = H**o for every H € F(T). Hence a(x) = xy,- O

Example 2.9. (1) «a(dp) =dr.

(2) If T is an overring of D, then a(ep) = er.

(3) If T = D[X], then a(ep) : H — HK.

(4) Let T be an overring of D. If F is the trivial localizing system of D, then
aF) is the trivial localizing system of T'.

(5) If T is an overring of D, then E%(41) = ET for every E € F(D).

(6) It T = D[X], then 6(dz) = dp.

(7) If F is the trivial localizing system of T', then §(F) is the trivial localizing
system of D.

Proof. The proofs for (1), (2), (4), (5), (6), (7) are immediate.

(3) Set H* = HK for every H € F(T). Then x is a semistar operation on 7.
Easily, we have §(x) > ep. Let ' be a semistar operation on T with §(x*') > ep. If
* > %, we may conclude that a(ep) = *. Since D) 5 Dep | we have T* O K.
For every H € F(T), we have H* = (HT)* = (HT*)* > (HK)* > HK = H*.
That is, ' > «. O

3. Basic Properties of Ascents and Descents

In this section, we study basic properties of ascents and descents of semistar

operations and localizing systems.

Proposition 3.1. (1) Let x1,%*2 be semistar operations on D with x1 < x3. Then
a(*1) < al*g).

(2) Let Fi,Fs be localizing systems of T with Fy C Fa. Then §(F1) C 6(Fz).

(8) (ct., [6, Proposition 23 (5)]) Let x1,%*2 be semistar operations on T with
*1 < kg. Then §(*1) < d(x2).

(4) Let Fi,Fs be localizing systems of D with F1 C Fo. Then a(F1) C a(Fs).
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Proof. (1) Let {*' € SStar(T) | 6(x¥') > *1} = {x» | A € A} and {+’ € SStar(T") | §(*') >
x93} = {*, | 0 € £}. Then {x) | A} D {*, | 0}. By the definition of a(*;) and
a(*2), we have a(x2) > a(*1).

(2) If I € 6(F1), then IT € Fi, hence IT € Fo, and hence I € 6(Fz).

(3) For every E € F(D), we have E°*1) = (ET)**NK C (ET)** N K = E3(*2),

(4) If J € a(F1), then J D I for some I € F;. Since I € F,, we have
J € a(F?). O

Proposition 3.2. (1) For every localizing system F of T, we have «(6(F)) C F.
(2) For every localizing system F of D, we have §(a(F)) D F.
(8) For every semistar operation x on D, we have §(a(*))

> *.
(4) For every semistar operation = on T, we have a(d(*)) < *.

Proof. (1) Let J € a(6(F)). Then JN D € 6(F), hence (JND)T € F. Since
J D> (JND)T, we have J € F. Hence «(6(F)) C F.

(2) Let I € F. Since I C (IT)N D, we have (IT)N D € F. Hence IT € a(F),
and hence I € §(a(F)). Therefore F C o(a(F)).

(3) Let {*xx» | A € A} be the set of semistar operations ' on T such that
§(*") > %. For every E € F(D), we have E%(*() = (ET)**)NK = Ny\(ET)**NK =
MAES)) o E*. Hence 6(a(x)) > *.

(4) Set {¥ € SStar(T) | 6(¥') > d(x)} = {x» | A € A}. Then x = x,, for
some \g. Then, for every H € F(T), H*®®) = nyH*» C H* = H*. Hence
a(d(x)) < *. O

Proposition 3.3. Let D CT C R be domains.
(1) For every semistar operation x on R, (0p/pdr/r)(*) = dr/p(*).
(2) For every localizing system F on R, (dr,pdp/7)(F) = 0p/p(F).
(3) For every semistar operation x on D, (ar/rar/p)(x) = ar/p(*).

(4) For every localizing system F of D, (ar/rar/p)(F) = ar/p(F).

Proof. (3) Set x; = ag/p(*), x2 = ag/r(*1), and set x3 = ag/p(x). By Propo-
sition 3.2 (3), we have 0 p(x2) > *1 and d7/p(*1) > *. Then dp/pdg/7p(*2) >
dr/p(*1) = * by Proposition 3.1(3). Hence dg/p(*2) > * by Proposition 3.3 (1).
Then x5 > %3 by the definition of x3. Similarly, we have x3 > %o, and hence xo = *3.

The proofs of (1), (2) and (4) are straightforward. O

Proposition 3.4. We have
(1) (i) or/par/pdr/p(*) = dr/p(*) for every x € SStar(T).
(ii) o pdr/par/p(x) = arp/p(*) for every x € SStar(D).
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(2) (i) érparpdr)p(F) = br/p(F) for every F € LS(T).
(ii) ar/;pdr/par,p(F) = ap/p(F) for every F € LS(D).

Proof. (1) (i) * > ad(x) by Proposition 3.2 (4). d(x) > dad(*) by Proposition
3.1 (3). dad(x) > d(x) by Proposition 3.2 (3). Hence dad = ¢. The proof of (ii) is
similar.

The proof for (2) is similar. O

Proposition 3.5. (1) SStar(T) 2, SStar(D) is an injection if and only if ad =
I, where I denotes the identity mapping. And then SStar(D) - SStar(T) is a
surjection.

(2) LS(T) LN LS(D) is an injection if and only if a8 = I. And then LS(D) -
LS(T) is a surjection.

(38) SStar(D) - SStar(T) is an injection if and only if b = I. And then
SStar(T) 2, SStar(D) is a surjection.

(4) LS(D) -+ LS(T) is an injection if and only if o = I. And then LS(T) N
LS(D) is a surjection.

Proof. (1) Assume that § is an injection. We have dad(x) = §(x) for every x €
SStar(T') by Proposition 3.4 (1)(i). Hence ad(x) = . Therefore ad = I and « is a
surjection.

Assume that ad = I. Let §(x1) = d(*2) for x1,*2 € SStar(T). Then ad(x1) =
ad(*3), hence *; = 3.

The proofs for (2), (3) and (4) are similar. O

Proposition 3.6. (1) (cf., [6, Proposition 35(2)]) Let F be a localizing system of
T. Then a(6(F)) =F < F € o(LS(D)) <= (JND)T € F for every J € F.
(2) Letx be a semistar operation onT. Then a(d(%)) = <= * € a(SStar(D))
= For every ¥ € o (S8Star(T)) with §(x') > &(x), H* > H* for every H € F(T).
(3) Let F be a localizing system of D. Then 6(a(F)) = F <= F € §(LS(T))
< {I| I is an ideal of D with ITND € F} =F.
(4) Let * be a semistar operation on D. Then §(a(*)) = * <= * € §(SStar(T)).

Proof. (1) Let F = a(Fy) for some Fy € LS(D). Then ad(F) = ada(Fy) =
a(Fo) = F. Let J € F. Since J € a(6(F)), we have J N D € §(F). Hence
(JN D)T € F. The reverse implication is similar.

(2) Let x = a(*g) for some xg € SStar(D). Then ad(x) = ada(xg) = . The
definition of oz completes the proof.

(3) We have
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d0(a(F)) ={I|Iisan ideal of D with IT € a(F)} = {I | I is an ideal of D with
ITND e F}.
(4) If x = §(*1) for some x; € SStar(7T'), then da(*) = dad(*1) = d(x1) =% O

If T is a D-free module with free basis > 1, T is called free over D. Let X be
a torsion-free abelian additive group. A subsemigroup S 2 {0} of X is called a
g-monoid.

An overring T of D is not free unless T = D.

Example 3.7. (1) D[X] is free over D.

(2) Let S be a g-monoid. Then the semigroup ring D[X;S] of S over D is free
over D.

(3) Let K’ be an extension field of K, let B be an algebraically independent
subset of K’ over K, and let T = D[B]. Then T is free over D.

Proposition 3.8. (1) (cf., [6, Proposition 34]) If T is free, then §(a(F)) = F for
every F € LS(D). Hence LS(D) —*LS(T) is an injection, and LS(T) R LS(D)
1S a surjection.

(2) Assume that T is an overring of D. Then «(d(x)) = * for every * €
SStar(T). Hence SStar(T) 2, SStar(D) is an injection, and SStar(D) = SStar(T)

18 a surjection.

Proof. (1) Let I € 6(a(F)). Then IT D Iy for some Iy € F. Since T is free over
D, we have I D Iy, hence I € F. Proposition 3.5 (4) completes the proof.

(2) For every H € F(T), we have H*(*) = H3(*) = (HT)* = H* by Proposi-
tion 2.8. Proposition 3.5 (1) completes the proof. O

Proposition 3.9. (1) Let F be a localizing system of T'. Then %) < 0(xF).
(2) Let x be a semistar operation on T. Then FO*) = §(F*).
(8) Let x be a semistar operation on D. Then F**) > a(F*).

Proof. (1) Let E € F(D). Then we have
E*s = {z € K | There is an ideal I of D with IT € F such that I C E},
E°¢#) = [z € K | There is J € F such that zJ C ET}.

(2) We have

FO) = {I| I 'is an ideal of D with I°®*) 5 1} = {I | I is an ideal of D with
(IT)* > 1},

O0(F*) ={I|Iis an ideal of D with IT € F*} = {I | I is an ideal of D with
(IT)* > 1}.

(3) Let {¥ € SStar(T) | 6(x") > x} = {*x | A € A}. Then we have
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Fe) = {J | Jis an ideal of T with J**) 5 1} = {J | J is an ideal of T with
J** 51 for every A},

a(F*)={J | Jis an ideal of T with J D I for some I € F*} = {J | There is an
ideal I of D with I* 5 1 such that J D I}. O

Proposition 3.10. Let T be an overring of D. Let F be a localizing system of D.

Then *a(]—') = Oé(*]:).

Proof. We use Proposition 2.8. For every H € F(T), we have
H* = Ho07) = {z € K | I C H for some I € F}. O

Proposition 3.11. (1) For every x € SStar(T'), we have §(x)f = 0(%f).
(2) For every F € LS(D), we have a(F); D a(Fy).
(3) For every F € LS(T), we have 6(F)y C §(Fy).

Proof. (1) For every E € F(D), we have

E°®i = U{(FT)*N K | F € f(D) with F C E},

E°C4) =U{H* | H € {(T) with H C ET}NK.

It follows that EY)s ¢ EOC). Conversely, let 0 # 2 € E9*#). Then, there is
H € {(T) with H C ET such that x € H*. We have H C (e1,--- ,e,)T for some
e1, - ,en € B. Set F:=(e1,--- ,e,)D. Thenz € H*NK C (FT)*NK C E°®)s,
and hence E°C7) ¢ BOM)s,

(2) We have

a(F)y = {J | Thereis I € F and a finitely generated ideal J; of T with
J D> J DI},

a(Fy) = {J | There is a finitely generated ideal I € F with J D I}.

(3) We have

d(F)s = {I | There is a finitely generated ideal I; of D with I;T' € F such that
I>6nL},

0(Fy) = {I | There is a finitely generated ideal J € F such that IT > J}. O

Proposition 3.12. (1) ([7, Proposition 3.2 (1)]) If T is an overring of D, then
6(%) 5 = 0(x5)-

(2) (cf., [8, Proposition 3.2]) If F is of finite type on D, then o(F) is of finite
type on T.

(3) (ct., [6, Proposition 33]) Let T be free over D. Then, for every F € LS(T),
we have §(Fy) = 6(F)s.

Proof. (2) Let J € a(F). There is I € F such that I C J. There is a finitely
generated ideal Iy € F such that Iy C I. Then IyT is a finitely generated ideal of
T with IyT € o(F) such that IyT C J.
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(3) Let I € §(Ff). There is a finitely generated ideal J = (t1,--- ,t,)T € F
such that J C IT. For every 4, set t; = > w; uy, where {uy | A € A} is a free basis
of T over D and every x;y € D. Set (--- ,x;x, - )D = Iy. Since x;) € I for every
i, A, we have I D Iy, and hence J C IyT € F. Proposition 3.11(3) completes the
proof. (Il
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