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ABSTRACT. Let R be a commutative ring with non-zero identity element. For
two fixed positive integers m and n. For two fixed positive integers m and
n, a right R-module M is called fully (m,n)-stable, if 6(N) C N for each n-
generated submodule N of M™ and R-homomorphism 6 : N — M". In this
paper we give some characterization theorems and properties of fully (m,n)-
stable modules which generalize the results of fully stable modules. Also we

study and describe the maximal submodules of fully (m,n)-stable modules.
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1. Introduction

Throughout, R is an commutative ring with non-zero identity and all modules
are unitary. We use the notation R™*"™ for the set of all m x n matrices over R.
For A € R™*" AT will denote the transpose of A. In general, for an R-module N,
we write N> for the set of all formal m x n matrices whose entries are elements
of N. Let M be a right R-module and N be a left R-module. For z € M'™>™
s € R™*™ and y € N™*¥ under the usual multiplication of matrices, s (resp. sy)
is a well defined element in M'*™ (resp. N"*¥). If X € M>*™ S € R™*" and
Y € N**k_ define

Cypxm (S) = {ue M>X™ :us=0,Vs € S}
rynck(S) = {ve N"F s =0,Vsc S}
lrmxn(Y) = {s€R™":sy=0,YyeY}
rpmxn(X) = {s€R™":zs=0,Vz € X}

We will write N* = N1** N, = N™*!. Fully stable module have been discussed
in [1], an R-module M is called fully stable if 6(N) C N for each submodule N of
M and R-homomorphism 6 from N into M. It is an easy matter to see that M
is fully stable if and only if (zR) C xR for each z in M and R-homomorphism
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0 : xR — M. In this paper, for two fixed positive integers m and n, we introduce
the concepts of fully (m,n)-stable modules and (m,n)-Baer criterion and we prove
that an R-module M is fully (m, n)-stable if and only if (m, n)-Baer criterion holds
for n-generated submodules of M™. Finally, the maximal submodules of fully
(m, n)-stable will be discussed. Let M be a fully (m,n)-stable R-module and U
be a uniform element of R™*™. It is shown that My the unique maximal left

submodule of M™ which contains £pm (U).

2. Results

Definition 2.1. An R-module M is called fully (m,n)-stable if (N) C N for each
n-generated submodule N of M™ and R-homomorphism 6 : N — M™. The ring
R is fully (m,n)-stable if R is fully (m,n)-stable as R-module.

It is clear that M is fully (1,1)-stable if and only if M is fully stable.

It is an easy matter to see that an R-module M is fully (m,n)-stable if and only
if it is fully (m,g)-stable for all 1 < ¢ < n if and only if it is fully (p,n) for all
1 <p <mif and only if it is fully (p, q)-stable for all 1 <p <m and 1 < ¢ < n.

Rutter ([6, Example 1]) gave an example of fully (1,1)-stable ring which is not
fully (1, 2)-stable.

An R-module M is fully (m, n)-stable if and only if for each 0 : N(= """ | a;R) —
M™ (where a; € M™) and each w € N, there exists t = (t1,...,t,) € R"
such that O(w) = Y1 a;t; = (ou,...,an)t?, if r = (r1,...,7,) € R" , then

O((at,...,an)rT) = (a1,...,an)tT.

Proposition 2.2. An R-module M is fully (m,n)-stable, if and only if any two
m-element subsets {a1,...,am} and {B1,...,Bm} of M™ , if B; & >, a;R, for
each j =1,...,m implies rg {a1,...,am} L rr, {81, .., Bm}-

Proof. Assume that M is fully (m,n)-stable R-module and there exist two m-
element subsets {1, ...,y } and {B1,...,08n} of M™ such that 8; & > .| &R,
Vji=1,...,mand rg, {o1,...,am} C rr, {B1,...,0m}. Define f: > " ;R —
M™ by fF(Ooi, airi) = i Birie Let o = (a1, a2, ... an). I > ciry = 0,
then Y7 a;jr; =0, j = 1,...,m implies that a; r* = 0 where r = (r1,...,7,)

and hence 7T

€ rr,{ai1,..., am}. By assumption 8; v = 0,5 = 1,...,m so
St Biri = 0. This shows that f is well defined. It is an easy matter to see
that f is R-homomorphism. Fully (m,n)-stability of M implies that there exists

t = (t1,...,ts) € R™ such that

n n

f(z airg) = Z(Z oir )b, = Zzai(ritk)

=1 k=1 i=1 k=1 1i=1
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for each >°1" , ayr; € Y., ayR. Let r; = (0,...,0,1,0,...,0) € R™ where 1 in the
ith position and 0 otherwise. §; = f(a;) = > _, aity € > ., a; R which is con-
tradiction. Conversely assume that there exists n-generated submodule of M™ and
R-homomorphism 6 : Y1, &;R — M™ such that (3", &;R) ¢ >, a;R. Then
there exists an element 8(= Y., a;7;) € > ., a; R such that 6(8) & > | a;R.
Take 8; = 3,5 = 1,...,m, then we have m-element subset {6(5),...,0(8)}, such
that 6(8) ¢ >i ;R = 1,...,m. Let n = (t1,...,t,)" € rr,{o1,....am},
then ayn = 0, e >0 a;t; = 0, Vj = 1,...,m, a; = (a1,a2j,...,a,;) and
{0(3),...0(8)}

= Z (Bt = Z@(Z o )t = ZG(Z a;rity) = 0,

-1 k=1 i=1 k=1 =1

hence rg, {a1,..., am} C rg, {0(6),...,0(5)}, thus

ar{alv o 7a7n} C TRn,{e(ﬂl)a ceey o(ﬂm)}

which is a contradiction. Thus M is fully (m,n)-stable R-module. O

Corollary 2.3. Let M be fully (m,n)-stable R-module, then for any two m-element

subsets {ay,...,am} and {B1,...,Bm} of M™, rr, {a1,..., am} =7R, {P1,- -, OBm}
implies ciR+ -+ + oy R= R+ -+ BnR.

Corollary 2.4. [1] Let M be a fully stable R-module, then for each x,y in M,
rr(x) = rr(y) implies (z) = (y)

A submodule N of an R-module M satisfies Baer criterion if for every R-
homomorphism f : N — M , there exists an element r € R such that f(n) = rn for
each n € N . An R-module M is said to satisfy Baer criterion if each submodule
of M satisfies Baer criterion and it is proved that an R-module M satisfies Baer

criterion for cyclic submodules if and only if M is fully stable [1].

Definition 2.5. For a fixed positive integers n and m, we say that an R-module
M satisfies (m, n)-Bear criterion if for any n-generated submodule N of M™ and
any R-homomorphism 6 : N — M™ there exists t € R such that 6(z) = xt for each
xin N.

It is clear that if M satisfies (m,n)-Baer criterion, then M satisfies (p, q)-Baer
criterion, forall 1 <p<mand 1 < g <n.

Proposition 2.6. If M satisfies (m,1)-Bear criterion and rr(N N K) = rr(N) +
rr(K) for each two n-generated submodules of M™, then M satisfies (m,n)-Baer

criterion.
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Proof. Let L = z1R+x2R+---+x, R be an n-generated submodule of M™ and f :
L — M™ an R-homomorphism. We use induction on n. It is clear that M satisfies
(m, n)-Bear criterion, if n = 1. Suppose that Msatisfies (m, n)-Bear criterion for all
k-generated submodule of M™, for k <n—1. Write N = 21 R, K = 23R+ - -4z, R,
then for each wy € N and wy € K, f |y (w1) = wiy1, f |k (w2) = ways for some
y1,y2 € R. Tt is clear y3 —y2 € rR(NNK) = rg(N) + rr(K). Suppose that
Y1 — Y2 = 21 + 22 with 21 € rr(N),22 € rr(K) and let y = y1 — 21 = ya + 20.
Then for any w = wy +we € L with w; € N and wy € K, f(w) = f(wy) + f(ws2) =
w1yr + way2 = wi(y1 — 21) + w2(y2 + 22) = w1y + w2y = (w1 + wa)y = wy. U

Proposition 2.7. Let M be an R-module. Then M satisfies (m,n)-Baer criterion,
if and only if lyynrg, (i R+ -+ apR) = a1 R+ -+ a, R for any n-element subset
{a1,...,an} of M™.

Proof. First assume that (m,n)-Baer criterion holds for n-generated submodule
of M™ | let a; = (a1, a2y ..,0im), foreach ¢ = 1,...,nand 6 = {f1,...,0n} €
Iynrr, (1 R+. . .+anR), Bi = (a1, a2, ..., Gni). Define 6§ : oy R+-- -+, R — M™
by (37" ciri) = >y Bire Y0 gy =0, then Y1 ar; = 0,5 =1,...,m,
this implies that a;77 = 0 where 7 = (r1,...,7,) and hence r* € rg, (a1 R+ -+ +
anR). By assumption g;rT =0,¥i =1,...,ns0 >, Bim; = 0 . This show that f
is well defined. It is an easy matter to see that # is an R-homomorphism. By as-
sumption there exists ¢t € R such that 0(3"1 ; ar) = (3 airi)t = Y i ay(r5t)
for each Y1 | ayr; € Y1, oy R. Let 7, = (0,...,0,1,0,...,0) € R™ where 1 in the
ith position and 0 otherwise. 3; = 0(a;) = >\, it € >, ;R which is contra-
diction. This implies that pymrp, (1 R+ -+ anR) C oy R+ - -+ + a,, R the other
inclusion is trivial. Conversely, assume that {ynrg, (ca R+ -+apR) = a1 R+-- -+
ap R, for each {ay,...,a,} in M™. Then for each R-homomorphism f: a3 R+---+
anR — M™ and s = (s1,...,8,) €T, (R+ -+ an,R),> (O i a;ri)sp =0
for each D1 | ayr; € 3.1 | o R, hence

n n

f(z Oéiri)sk = Z f(z aiTiSk) =0,
1 k=1

k= =1 i=1
thus f(31 ;1) € byntg, (1 R+ +anR) = ay R+ -+ay, R, then f(3°1 | aury)
=>"" , ajt, for some ¢t € R. Then M satisfies (m,n)-Baer criterion. O

Corollary 2.8. An R-module M is fully (m,n)-stable if and only if Ipnrg, (01 R+
o+ anR) =agR+ ...+ a,R for any n-element subset {ay,...,an} of M™

The following proposition gives other characterizations of fully (m,n)-stable

modules.
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Proposition 2.9. The following statements are equivalent for an R-module M.
(1) M is fully (m,n)-stable.
(2) lynrgr, (1R + -+ apR) = a1R + -+ + ap R for any n-element subset
{ai,...,an} of M™.
(2") lynrr, (A) = R™A where A € M™*™.
(3) rr,{o1,...;am} Crr {B1,..., B} for each m-element two subsets {aq, ...,
am} and {B1,...,Bm} of M™ implies cnR+...+amR C f1R+ -+ B R.
) R, (A) Crg, (B) where A, B € M™*™ implies R™B C R™A.
(4) If z€ M™ and A € M™*" satisfy rgr, (A) C rg,(z),then z € R™A.
(5) (m,n)-Baer criterion holds for n-generated submodules of M™.
(6) lye[BR, N7R, (A)] = lyx(B) + R™A, where B € RF*" A € M™*F,
) lun[BR,, N1R, (A)] = lyn(B) + R™A, where B € R™*", A€ M™*",

Proof. (1) < (2) is by Corollary(2.8). (2) < (5) is by Proposition(2.7). (2) < (2),
(3) & (3') and (6) = (6') = (2') = (3') are trivial.

(3') = (4) Let B = ;) € M™*". Then rg,(A) C rg,(2) = rg,(B) and

R™B = Rz. By (3'), we have Rz = R™B C R™A. Therefore z € R™A.

(6) = (4) it is clear.

(4) = (6) Let w € Iy [BR, Nrg,(A4)], then rg, (AB) C rg, (wB). So we have
by (3'), wB = sAB for some s € R™. Thus w — sA € [y (B), and hence w €
lae(B) + R™A. The other inclusion is clear. ]

Corollary 2.10. [2, Theorem 1] The following statements are equivalent for an

R-module M.
(1) M is fully-stable.
(2) yrr(x) = xR for each x in M.
(3) rr(x) Crgr(y) implies that yR C xR for each xz,y in M.
(4) Baer criterion holds for cyclic submodules of M.
()

5) bylyRNrr(z)] = ly(y) + xR for each x in M and y in R.
In the following theorem summarize the above results.
Theorem 2.11. Given an R-module Mg. Then Mg is fully (m,n)-stable, if and
only if the right R™*™-module M™*"™ is fully-stable.
B
Proof. (=) Let A, B € M™*"™ with rgaxn(A) C rguxn(B) and write B =

By,
Then for each i = 1,...,m, Tgraxn(A) C Trexn(B;). consequently, rr (A) C
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rRr, (B;). Since M is fully (m,n)-stable, by Proposition(2.9)(3'), B; € R™A, (i =
Ch
1,...,m), B; = C;A for some C; € R™. So B = CA where C = : € Rmxm,

Cm
Therefore the right R™**"-module M™*" is fully-stable by [2].

(<) Suppose that z € M™ and rg, (A) C rg, (z). Let B = <(Z)> € M™*™. Then

T gnxn(A) € Tgaxn (B). Since M%7 is fully stable, B = C'A for some C' € R™*™
by [3, Theorem 1]. It follows that z € R™A by Proposition 2.9(4). Then M is fully

(m,n)-stable. O

Recall an R-module M is semi-fully stable if for each cyclic submodule N of M
and R-homomorphism f : N — M, there exists g € End(M) such that f(n) =g-n
for each n € N [3]. This is equivalent to saying that each R-homomorphism of a
cyclic submodule of M into M is extendable to an R-endomorphism of M, that
is, M is principally quasi injective [5]. Known that every fully-stable is semi-fully

stable [3]. So we have the following corollary.

Corollary 2.12. Given an R-module Mg. If Mg is fully (m,n)-stable, then the
right R™*™ -module M™*™ is semi-fully stable.

Corollary 2.13. Given an R-module Mp. If Mg is fully (m,n)-stable, then the

right R™*™ -module M"™*"™ is principally quasi-injective.

It is proved in [7] that, Mg is (m,n)-quasi injective if and only if the right
R™™module M™*" is principally quasi-injective.
The following theorem follows from Theorem (2.11) and Theorem (1.9) in [7]

Theorem 2.14. Given an R-module Mg. If Mg is fully (m,n)-stable, then the

right R-module M is (m,n)-quasi injective.
For the proof of the following lemma see Proposition (2.2).

Lemma 2.15. R is fully (m,n)-stable, if and only if for all A € R™*™, {pnrg, (A)
= R™A.

It is proved in [5] that R is (m,n)-injective, if and only if frnrp, (A) = R™A,
for all A € R™*". Thus R is (m, n)-injective, if and only if R is fully (m,n)-stable.

In the next part we consider the converse of Theorem (2.14).



A NOTE ON FULLY (m,n)-STABLE MODULES 71

Recall that an R-module M is multiplication, if each submodule of M of the
form IM for some ideal of R [4]. This is equivalent to saying that, every cyclic
submodule of M of the form M1 for some I of R [4].

Now, we introduce the following concept.

Definition 2.16. An R-module M is called (m,n)-multiplication, if each n- gen-

erated submodule of M™ is of the form M™I for some ideal I of R™*"™

Proposition 2.17. Let M be an (m,n)-multiplication R-module. If M is (m,n)-

quasi injective, then M is a fully (m,n)-stable module.

Proof. Let N be any n-generated submodule of M™ and f : N — M"™ any
R-homomorphism. Since M is (m,n)-multiplication, then N = M™I for some
I € R™*"™ | By (m,n)-quasi injectivity of M, M™ is n-quasi-injective [8], thus f
can be extended to an R-homomorphism g : M™ — M™. Now f(N) = g(N) =
g(M™I)=g(M™)I C M™I =N . Thus M is fully (m,n)-stable module. O

Recall that an R-module M is uniform, if every non-zero submodules of M has

non-zero intersection with every non-zero submodule of M.

Next, we study the maximal submodule of fully (m,n)-stable modules. First we

introduce the following concept.

Definition 2.18. An element U € R"™*"™ is called uniform, if U # 0 and UR,, is a
uniform ideal of R,, and write My = {x € M™ : rg, (x) NUR,, # 0}

Proposition 2.19. Let M be a fully (m,n)-stable R-module and U be a uniform
element of R™*™. Then My is the unique maximal left submodule of M™ which

contains €prm (U).

Proof. For each z,y € My . Since UR,, is a uniform, then rgr, (x+y)NUR, #0
and rg, (tx)NUR,, # 0 for each t = (t1,...,t,) € Ry,. Then My is a left submodule
of R-module M™. Furthermore for each w € £pm (U) then wU = 0, hence 0 #
U erg, (w)NUR,, so w € My. For each A ¢ My, then rg, (A)NUR, =0, so

_ A _
Lym|rgr, (A)NUR,] = M™. Let A = <0> € M™*™.  Then rg, (A) = rg,, (A)

and R™(A) = RA. By Proposition(2.9) we have ¢j/m (U) + RA = M™. This shows
that My is maximal. Finally, if £p/m (U) C L for some maximal left submodule of
M™ and, if v € L/ My, then as before £y;m (U) + RA = M™, so L = M™ which is

contradiction. O
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An R-module M is called dual-distinguished (simply d-distinguished), if rr(N) #

0 for every maximal submodule N of M. This concept was introduced in [2].

Definition 2.20. An R-module M is called m-dual-distinguished (simply m-d-
distinguished), if rg, (N) # 0 for every maximal submodule N of M™.

Theorem 2.21. Let R be a ring such that every non-zero ideal in R™*™ contains
a uniform ideal and M be a fully (m,n)-stable m-d-distinguished R-module. Then
every maximal left submodule N of M™ has the form My for some uniform element
Uin R™*™.

Proof. Since M is m-d-distinguished R-module, then rg, (N) # 0. The hypothesis
implies that there is a uniform ideal U R,, of R™ such that UR,, C rg,, (N). For each

x € My, then W =rg, (x)NUR,, # 0, then £ym (W) = Lpmrg,, () NUR,]. Let

z= (g € M™*™_ Then rg, (Z) =g, (r) and R™Z = Rx. By Proposition (2.9)

we have lyrm (W) = Lpym (U) + Rz, so & € Lym(W). But W C UR,, C rg, (N),
then £pm (W) D Lym[rg,, (N)] 2 N. Maximality of N gives that {ym (W) = N,
hence x € N, thus My C N. Again maximality of My implies that N = My. O
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