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Abstract. Let R be a commutative ring with non-zero identity element. For

two fixed positive integers m and n. For two fixed positive integers m and

n, a right R-module M is called fully (m, n)-stable, if θ(N) ⊆ N for each n-

generated submodule N of Mm and R-homomorphism θ : N → Mm. In this

paper we give some characterization theorems and properties of fully (m, n)-

stable modules which generalize the results of fully stable modules. Also we

study and describe the maximal submodules of fully (m, n)-stable modules.
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1. Introduction

Throughout, R is an commutative ring with non-zero identity and all modules

are unitary. We use the notation Rm×n for the set of all m × n matrices over R.

For A ∈ Rm×n, AT will denote the transpose of A. In general, for an R-module N ,

we write Nm×n for the set of all formal m× n matrices whose entries are elements

of N . Let M be a right R-module and N be a left R-module. For x ∈ M l×m,

s ∈ Rm×n and y ∈ Nn×k, under the usual multiplication of matrices, xs (resp. sy)

is a well defined element in M l×m (resp. Nn×k). If X ∈ M l×m, S ∈ Rm×n and

Y ∈ Nn×k, define

`M l×m(S) = {u ∈ M l×m : us = 0,∀s ∈ S}
rNn×k(S) = {v ∈ Nn×k : sv = 0, ∀s ∈ S}
`Rm×n(Y ) = {s ∈ Rm×n : sy = 0,∀y ∈ Y }
rRm×n(X) = {s ∈ Rm×n : xs = 0, ∀x ∈ X}

We will write Nn = N1×n, Nn = Nn×1. Fully stable module have been discussed

in [1], an R-module M is called fully stable if θ(N) ⊆ N for each submodule N of

M and R-homomorphism θ from N into M . It is an easy matter to see that M

is fully stable if and only if θ(xR) ⊆ xR for each x in M and R-homomorphism
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θ : xR → M . In this paper, for two fixed positive integers m and n, we introduce

the concepts of fully (m, n)-stable modules and (m,n)-Baer criterion and we prove

that an R-module M is fully (m,n)-stable if and only if (m,n)-Baer criterion holds

for n-generated submodules of Mm. Finally, the maximal submodules of fully

(m,n)-stable will be discussed. Let M be a fully (m,n)-stable R-module and U

be a uniform element of Rm×n. It is shown that MU the unique maximal left

submodule of Mm which contains `Mm(U).

2. Results

Definition 2.1. An R-module M is called fully (m,n)-stable if θ(N) ⊆ N for each

n-generated submodule N of Mm and R-homomorphism θ : N → Mm. The ring

R is fully (m, n)-stable if R is fully (m,n)-stable as R-module.

It is clear that M is fully (1, 1)-stable if and only if M is fully stable.

It is an easy matter to see that an R-module M is fully (m, n)-stable if and only

if it is fully (m, q)-stable for all 1 ≤ q ≤ n if and only if it is fully (p, n) for all

1 ≤ p ≤ m if and only if it is fully (p, q)-stable for all 1 ≤ p ≤ m and 1 ≤ q ≤ n.

Rutter ([6, Example 1]) gave an example of fully (1, 1)-stable ring which is not

fully (1, 2)-stable.

An R-module M is fully (m,n)-stable if and only if for each θ : N(=
∑n

i=1 αiR) →
Mm (where αi ∈ Mm) and each w ∈ N , there exists t = (t1, . . . , tn) ∈ Rn

such that θ(w) =
∑n

i=1 αiti = (α1, . . . , αn)tT , if r = (r1, . . . , rn) ∈ Rn , then

θ((α1, . . . , αn)rT ) = (α1, . . . , αn)tT .

Proposition 2.2. An R-module M is fully (m,n)-stable, if and only if any two

m-element subsets {α1, . . . , αm} and {β1, . . . , βm} of Mn , if βj 6∈
∑n

i=1 αiR, for

each j = 1, . . . , m implies rRn{α1, . . . , αm} 6⊆ rRn{β1, . . . , βm}.
Proof. Assume that M is fully (m, n)-stable R-module and there exist two m-

element subsets {α1, . . . , αm} and {β1, . . . , βm} of Mn such that βj 6∈
∑n

i=1 αiR,

∀j = 1, . . . , m and rRn{α1, . . . , αm} ⊆ rRn{β1, . . . , βm}. Define f :
∑n

i=1 αiR →
Mm by f(

∑n
i=1 αiri) =

∑n
i=1 βiri. Let αi = (a1i, a2i, . . . , ani). If

∑n
i=1 αiri = 0,

then
∑n

i=1 aijri = 0, j = 1, . . . , m implies that αj rT = 0 where r = (r1, . . . , rn)

and hence rT ∈ rRn{α1, . . . , αm}. By assumption βj rT = 0, j = 1, . . . ,m so∑n
i=1 βiri = 0. This shows that f is well defined. It is an easy matter to see

that f is R-homomorphism. Fully (m,n)-stability of M implies that there exists

t = (t1, . . . , tn) ∈ Rn such that

f(
n∑

i=1

αiri) =
n∑

k=1

(
n∑

i=1

αiri)tk =
n∑

k=1

n∑

i=1

αi(ritk)
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for each
∑n

i=1 αiri ∈
∑n

i=1 αiR. Let ri = (0, . . . , 0, 1, 0, . . . , 0) ∈ Rn where 1 in the

ith position and 0 otherwise. βi = f(αi) =
∑n

k=1 αitk ∈
∑n

i=1 αiR which is con-

tradiction. Conversely assume that there exists n-generated submodule of Mm and

R-homomorphism θ :
∑n

i=1 αiR → Mm such that θ(
∑n

i=1 αiR) 6⊂ ∑n
i=1 αiR. Then

there exists an element β(=
∑n

i=1 αiri) ∈
∑n

i=1 αiR such that θ(β) 6∈ ∑n
i=1 αiR.

Take βj = β, j = 1, . . . , m, then we have m-element subset {θ(β), . . . , θ(β)}, such

that θ(β) 6∈ ∑n
i=1 αiR, j = 1, . . . , m. Let η = (t1, . . . , tn)T ∈ rRn

{α1, . . . , αm},
then αjη = 0, i.e

∑n
i=1 aijti = 0, ∀j = 1, . . . ,m, αj = (a1j , a2j , . . . , anj) and

{θ(β), . . . θ(β)} η

=
n∑

k=1

θ(β)tk =
n∑

k=1

θ(
n∑

i=1

αiri)tk =
n∑

k=1

θ(
n∑

i=1

αiritk) = 0,

hence rRn
{α1, . . . , αm} ⊆ rRn

{θ(β), . . . , θ(β)}, thus

rRn
{α1, . . . , αm} ⊆ rRn

{θ(β1), . . . , θ(βm)}
which is a contradiction. Thus M is fully (m,n)-stable R-module. ¤

Corollary 2.3. Let M be fully (m,n)-stable R-module, then for any two m-element

subsets {α1, . . . , αm} and {β1, . . . , βm} of Mn, rRn{α1, . . . , αm} = rRn{β1, . . . , βm}
implies α1R + · · ·+ αmR = β1R + · · ·+ βmR.

Corollary 2.4. [1] Let M be a fully stable R-module, then for each x, y in M ,

rR(x) = rR(y) implies (x) = (y)

A submodule N of an R-module M satisfies Baer criterion if for every R-

homomorphism f : N → M , there exists an element r ∈ R such that f(n) = rn for

each n ∈ N . An R-module M is said to satisfy Baer criterion if each submodule

of M satisfies Baer criterion and it is proved that an R-module M satisfies Baer

criterion for cyclic submodules if and only if M is fully stable [1].

Definition 2.5. For a fixed positive integers n and m, we say that an R-module

M satisfies (m,n)-Bear criterion if for any n-generated submodule N of Mm and

any R-homomorphism θ : N → Mm there exists t ∈ R such that θ(x) = xt for each

x in N .

It is clear that if M satisfies (m,n)-Baer criterion, then M satisfies (p, q)-Baer

criterion, for all 1 ≤ p ≤ m and 1 ≤ q ≤ n.

Proposition 2.6. If M satisfies (m,1)-Bear criterion and rR(N ∩K) = rR(N) +

rR(K) for each two n-generated submodules of Mm, then M satisfies (m,n)-Baer

criterion.
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Proof. Let L = x1R+x2R+· · ·+xnR be an n-generated submodule of Mm and f :

L → Mm an R-homomorphism. We use induction on n. It is clear that M satisfies

(m,n)-Bear criterion, if n = 1. Suppose that Msatisfies (m,n)-Bear criterion for all

k-generated submodule of Mm, for k ≤ n−1. Write N = x1R, K = x2R+· · ·+xnR,

then for each w1 ∈ N and w2 ∈ K, f |N (w1) = w1y1, f |K (w2) = w2y2 for some

y1, y2 ∈ R. It is clear y1 − y2 ∈ rR(N ∩ K) = rR(N) + rR(K). Suppose that

y1 − y2 = z1 + z2 with z1 ∈ rR(N), z2 ∈ rR(K) and let y = y1 − z1 = y2 + z2.

Then for any w = w1 + w2 ∈ L with w1 ∈ N and w2 ∈ K, f(w) = f(w1) + f(w2) =

w1y1 + w2y2 = w1(y1 − z1) + w2(y2 + z2) = w1y + w2y = (w1 + w2)y = wy. ¤

Proposition 2.7. Let M be an R-module. Then M satisfies (m,n)-Baer criterion,

if and only if lMnrRn
(α1R+ · · ·+αnR) = α1R+ · · ·+αnR for any n-element subset

{α1, . . . , αn} of Mn.

Proof. First assume that (m,n)-Baer criterion holds for n-generated submodule

of Mm , let αi = (ai1, ai2, . . . , aim), for each i = 1, . . . , n and β = {β1, . . . , βn} ∈
lMnrRn(α1R+. . .+αnR), βi = (a1i, a2i, . . . , ani). Define θ : α1R+· · ·+αnR → Mm

by θ(
∑n

i=1 αiri) =
∑n

i=1 βiri. If
∑n

i=1 αiri = 0, then
∑n

i=1 aijri = 0, j = 1, . . . , m,

this implies that αir
T = 0 where r = (r1, . . . , rn) and hence rT ∈ rRn(α1R + · · ·+

αnR). By assumption βir
T = 0,∀i = 1, . . . , n so

∑n
i=1 βiri = 0 . This show that f

is well defined. It is an easy matter to see that θ is an R-homomorphism. By as-

sumption there exists t ∈ R such that θ(
∑n

i=1 αiri) = (
∑n

i=1 αiri)t =
∑n

i=1 αi(rit)

for each
∑n

i=1 αiri ∈
∑n

i=1 αiR. Let ri = (0, . . . , 0, 1, 0, . . . , 0) ∈ Rn where 1 in the

ith position and 0 otherwise. βi = θ(αi) =
∑n

i=1 αit ∈
∑n

i=1 αiR which is contra-

diction. This implies that `MnrRn(α1R + · · ·+ αnR) ⊆ α1R + · · ·+ αnR,the other

inclusion is trivial. Conversely, assume that `MnrRn(α1R + · · ·+αnR) = α1R+· · ·+
αnR,for each {α1, . . . , αn} in Mn. Then for each R-homomorphism f : α1R+ · · ·+
αnR → Mm and s = (s1, . . . , sn) ∈ rRn(α1R + · · ·+ αnR),

∑n
k=1(

∑n
i=1 αiri)sk = 0

for each
∑n

i=1 αiri ∈
∑n

i=1 αiR, hence
n∑

k=1

f(
n∑

i=1

αiri)sk =
n∑

k=1

f(
n∑

i=1

αirisk) = 0,

thus f(
∑n

i=1 αiri) ∈ `MnrRn(α1R+· · ·+αnR) = α1R+· · ·+αnR, then f(
∑n

i=1 αiri)

=
∑n

i=1 αit, for some t ∈ R. Then M satisfies (m,n)-Baer criterion. ¤

Corollary 2.8. An R-module M is fully (m,n)-stable if and only if lMnrRn(α1R+

· · ·+ αnR) = α1R + . . . + αnR for any n-element subset {α1, . . . , αn} of Mn

The following proposition gives other characterizations of fully (m,n)-stable

modules.
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Proposition 2.9. The following statements are equivalent for an R-module M.

(1) M is fully (m,n)-stable.

(2) lMnrRn
(α1R + · · · + αnR) = α1R + · · · + αnR for any n-element subset

{α1, . . . , αn} of Mn.

(2′) lMnrRn(A) = RmA where A ∈ Mm×n.

(3) rRn{α1, . . . , αm} ⊆ rRn{β1, ..., βm} for each m-element two subsets {α1, . . . ,

αm} and {β1, . . . , βm} of Mn implies α1R+ . . .+αmR ⊆ β1R+ · · ·+βmR.

(3′) rRn(A) ⊆ rRn(B) where A, B ∈ Mm×n implies RmB ⊆ RmA.

(4) If z ∈ Mn and A ∈ Mm×n satisfy rRn(A) ⊆ rRn(z),then z ∈ RmA.

(5) (m,n)-Baer criterion holds for n-generated submodules of Mm.

(6) lMk [BRn ∩ rRk
(A)] = lMk(B) + RmA, where B ∈ Rk×n, A ∈ Mm×k.

(6′) lMn [BRn ∩ rRn
(A)] = lMn(B) + RmA, where B ∈ Rm×n, A ∈ Mm×n.

Proof. (1) ⇔ (2) is by Corollary(2.8). (2) ⇔ (5) is by Proposition(2.7). (2) ⇔ (2′),

(3) ⇔ (3′) and (6) ⇒ (6′) ⇒ (2′) ⇒ (3′) are trivial.

(3′) ⇒ (4) Let B =

(
z

0

)
∈ Mm×n. Then rRn(A) ⊆ rRn(z) = rRn(B) and

RmB = Rz. By (3′), we have Rz = RmB ⊆ RmA. Therefore z ∈ RmA.

(6) ⇒ (4) it is clear.

(4) ⇒ (6) Let w ∈ lMk [BRn ∩ rRk
(A)], then rRn(AB) ⊆ rRn(wB). So we have

by (3′), wB = sAB for some s ∈ Rm. Thus w − sA ∈ lMk(B), and hence w ∈
lMk(B) + RmA. The other inclusion is clear. ¤

Corollary 2.10. [2, Theorem 1] The following statements are equivalent for an

R-module M.

(1) M is fully-stable.

(2) `MrR(x) = xR for each x in M.

(3) rR(x) ⊆ rR(y) implies that yR ⊆ xR for each x, y in M.

(4) Baer criterion holds for cyclic submodules of M.

(5) `M [yR ∩ rR(x)] = `M (y) + xR for each x in M and y in R.

In the following theorem summarize the above results.

Theorem 2.11. Given an R-module MR. Then MR is fully (m,n)-stable, if and

only if the right Rn×n-module Mm×n is fully-stable.

Proof. (⇒) Let A,B ∈ Mm×n with rRn×n(A) ⊆ rRn×n(B) and write B =




B1

...

Bm


.

Then for each i = 1, . . . , m, rRn×n(A) ⊆ rRn×n(Bi). consequently, rRn(A) ⊆
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rRn
(Bi). Since M is fully (m,n)-stable, by Proposition(2.9)(3′), Bi ∈ RmA, (i =

1, . . . , m), Bi = CiA for some Ci ∈ Rm. So B = CA where C =




C1

...

Cm


 ∈ Rm×m.

Therefore the right Rn×n-module Mm×n is fully-stable by [2].

(⇐) Suppose that z ∈ Mn and rRn
(A) ⊆ rRn

(z). Let B =

(
z

0

)
∈ Mm×n. Then

rRn×n(A) ⊆ rRn×n(B). Since Mm×n
Rn×n is fully stable, B = CA for some C ∈ Rm×m

by [3, Theorem 1]. It follows that z ∈ RmA by Proposition 2.9(4). Then M is fully

(m,n)-stable. ¤

Recall an R-module M is semi-fully stable if for each cyclic submodule N of M

and R-homomorphism f : N → M , there exists g ∈ End(M) such that f(n) = g ·n
for each n ∈ N [3]. This is equivalent to saying that each R-homomorphism of a

cyclic submodule of M into M is extendable to an R-endomorphism of M , that

is, M is principally quasi injective [5]. Known that every fully-stable is semi-fully

stable [3]. So we have the following corollary.

Corollary 2.12. Given an R-module MR. If MR is fully (m,n)-stable, then the

right Rn×n -module Mm×n is semi-fully stable.

Corollary 2.13. Given an R-module MR. If MR is fully (m,n)-stable, then the

right Rn×n -module Mm×n is principally quasi-injective.

It is proved in [7] that, MR is (m,n)-quasi injective if and only if the right

Rn×n-module Mm×n is principally quasi-injective.

The following theorem follows from Theorem (2.11) and Theorem (1.9) in [7]

Theorem 2.14. Given an R-module MR. If MR is fully (m,n)-stable, then the

right R-module M is (m, n)-quasi injective.

For the proof of the following lemma see Proposition (2.2).

Lemma 2.15. R is fully (m,n)-stable, if and only if for all A ∈ Rm×n, `RnrRn(A)

= RmA.

It is proved in [5] that R is (m,n)-injective, if and only if `RnrRn(A) = RmA,

for all A ∈ Rm×n. Thus R is (m,n)-injective, if and only if R is fully (m,n)-stable.

In the next part we consider the converse of Theorem (2.14).
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Recall that an R-module M is multiplication, if each submodule of M of the

form IM for some ideal of R [4]. This is equivalent to saying that, every cyclic

submodule of M of the form MI for some I of R [4].

Now, we introduce the following concept.

Definition 2.16. An R-module M is called (m, n)-multiplication, if each n- gen-

erated submodule of Mm is of the form MmI for some ideal I of Rm×n

Proposition 2.17. Let M be an (m, n)-multiplication R-module. If M is (m,n)-

quasi injective, then M is a fully (m,n)-stable module.

Proof. Let N be any n-generated submodule of Mm and f : N → Mm any

R-homomorphism. Since M is (m,n)-multiplication, then N = MmI for some

I ∈ Rm×n , By (m, n)-quasi injectivity of M , Mm is n-quasi-injective [8], thus f

can be extended to an R-homomorphism g : Mm → Mm. Now f(N) = g(N) =

g(MmI) = g(Mm)I ⊆ MmI = N . Thus M is fully (m, n)-stable module. ¤

Recall that an R-module M is uniform, if every non-zero submodules of M has

non-zero intersection with every non-zero submodule of M .

Next, we study the maximal submodule of fully (m,n)-stable modules. First we

introduce the following concept.

Definition 2.18. An element U ∈ Rm×n is called uniform, if U 6= 0 and URn is a

uniform ideal of Rm and write MU = {x ∈ Mm : rRm(x) ∩ URn 6= 0}

Proposition 2.19. Let M be a fully (m, n)-stable R-module and U be a uniform

element of Rm×n. Then MU is the unique maximal left submodule of Mm which

contains `Mm(U).

Proof. For each x, y ∈ MU . Since URn is a uniform, then rRm(x + y)∩URn 6= 0

and rRm(tx)∩URn 6= 0 for each t = (t1, . . . , tn) ∈ Rn. Then MU is a left submodule

of R-module Mm. Furthermore for each w ∈ `Mm(U) then wU = 0, hence 0 6=
U ∈ rRm(w) ∩ URn, so w ∈ MU . For each A /∈ MU , then rRm(A) ∩ URn = 0, so

`Mm [rRm(A) ∩ URn] = Mm. Let Ā =

(
A

0

)
∈ Mm×m. Then rRm(Ā) = rRm(A)

and Rm(Ā) = RA. By Proposition(2.9) we have `Mm(U)+RA = Mm. This shows

that MU is maximal. Finally, if `Mm(U) ⊆ L for some maximal left submodule of

Mm and, if v ∈ L/MU , then as before `Mm(U) + RA = Mm, so L = Mm which is

contradiction. ¤
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An R-module M is called dual-distinguished (simply d-distinguished), if rR(N) 6=
0 for every maximal submodule N of M . This concept was introduced in [2].

Definition 2.20. An R-module M is called m-dual-distinguished (simply m-d-

distinguished), if rRm(N) 6= 0 for every maximal submodule N of Mm.

Theorem 2.21. Let R be a ring such that every non-zero ideal in Rm×n contains

a uniform ideal and M be a fully (m,n)-stable m-d-distinguished R-module. Then

every maximal left submodule N of Mm has the form MU for some uniform element

U in Rm×n.

Proof. Since M is m-d-distinguished R-module, then rRm
(N) 6= 0. The hypothesis

implies that there is a uniform ideal URn of Rm such that URn ⊆ rRm
(N). For each

x ∈ MU , then W = rRm(x)∩URn 6= 0 , then `Mm(W ) = `Mm [rRm(x)∩URn]. Let

x̄ =

(
x

0

)
∈ Mm×m. Then rRm(x̄) = rRm(x) and Rmx̄ = Rx. By Proposition (2.9)

we have `Mm(W ) = `Mm(U) + Rx, so x ∈ `Mm(W ). But W ⊆ URn ⊆ rRm(N),

then `Mm(W ) ⊇ `Mm [rRm(N)] ⊇ N . Maximality of N gives that `Mm(W ) = N ,

hence x ∈ N , thus MU ⊆ N . Again maximality of MU implies that N = MU . ¤
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