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ABSTRACT. Let L be a weak Hopf algebra with a bijective antipode Sp, in the
sense of [3]. In this paper we show that if H is a finite-dimensional weak Hopf
algebra in the weak Yetter-Drinfeld category fW))D in the sense of [1], then
its dual H* is also a weak Hopf algebra in ﬁW)iD. Also we will apply above
result to the representations category Rep(L) = M of a quasitriangular weak
Hopf algebra L.
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1. Introduction

Weak Hopf algebras which are generalizations of ordinary Hopf algebras, were
defined by Bohm and Szlachdnyi in their paper [3]. A general theory for these
objects was subsequently developed in [2]. The axioms are the same as the ones for
a Hopf algebra, except that the coproduct of the unit, the product of the counit and
the antipode condition are replaced by weaker properties. The main motivation for
studying weak Hopf algebras comes from quantum field theories, operator algebras
and representation theory (cf. [7, 8, 10, 11]). It has turned out that many results
of classical Hopf algebra theory can be generalized to weak Hopf algebras. Despite
it, the structure of a weak Hopf algebra is much more complicated than that of a
Hopf algebra.

In the classical Hopf algebra theory, it is well-known that the dual of a finite-
dimensional Hopf algebra is still a Hopf algebra. In 1998, Doi [6] had showed that
if H is a finite-dimensional Hopf algebra in the Yetter-Drinfeld category £)D over
a Hopf algebra L, then its dual H* is also a Hopf algebra in ZYD.

Just like finite-dimensional Hopf algebras, finite-dimensional weak Hopf algebras

also obey the mathematical beauty of giving rise to a self-dual notion: the dual of
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it can be canonically endowed with a weak Hopf algebra structure. The notion
of a weak Yetter-Drinfeld category EWYD over a weak Hopf algebra L has been
introduced by Bohm in [1], and further studied by Caenepeel et al. in [5].

It is very natural to ask whether or not a finite-dimensional weak Hopf algebra
in EWYD is self-dual?

In this paper, we discuss this problem, proving that if H is a finite-dimensional
weak Hopf algebra in the category %WyD over a weak Hopf algebra L, then its
linear dual H* is also a weak Hopf algebra in 2WYD.

2. Basic Definitions and Results

In this section, we recall some basic definitions and results related to weak Hopf
algebras introduced in [2,3] and also about weak Yetter-Drinfeld categories 2WYD
given in [1] and [5] that we will need later.

Throughout this paper, k denotes a fixed field. We will work over k. L denotes a
weak Hopf algebra with a bijective antipode S, and H denotes a weak Hopf algebra
in the weak Yetter-Drinfeld category 2WYD. For an algebra A and a coalgebra C,
we have the convolution algebra Conv(C, A) = Hom(C, A) as spaces, but with the

multiplication given by

(f xg)(c) = ma(f ® g)Ac(c) = f(c1)g(ca),

for all f,g € Hom(C, A),c e C.
2.1. Weak bialgebras.

Recall from [2,3] that a weak k-bialgebra L is both a k-algebra (m,u) and a
k-coalgebra (A, €) such that A(hk) = A(h)A(k), for all h, k € L, and

A1) =1, 21101, =1; @11, ® 1}, (1)
e(hkl) = e(hky)e(kol) = e(hka)e(kql), (2)

for all h,k,l € L, where 1’ stands for another copy of 1. We use the Sweedler’s

notation (see [12]) for the comultiplication. Namely,
A(h) = h1 ® hs.

We summarize the elementary properties of weak bialgebras. The maps &¢,&5:
L — L defined by

e(h) =e(11h)1la; es(h) = 11(hls).
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e¢ and €4 are called the target map and source map, and their imagines L; and Ly

are called the target and source space. For all g, h € L, we have,
h1 ® Et(hg) =11h® 1g; Es(hl) ® ho =11 ® hls.
The source and target space can be described as follows:

Li={heL|eh)=ht={heL|Ah)=11h®1s=hl; &1},
Li={heL|esh)=h}={heL|A(h)=1,®hly =1; ® 1,h}.

We also have
ei(h)es(k) = es(k)ei(h),
and its dual property
es(h1) ® et(h2) = e5(ha) ® &4 (h1).
Finally (1) = e5(1) =1 and
er(h)ee(g) = erle(h)g); es(h)es(g) = es(hes(g))-
This implies that L; and Ly are subalgebras of L.

2.2. Weak Hopf algebras.

A weak Hopf algebra L is a weak bialgebra together with a k-linear map S :
L — L (called the antipode) satisfying

Sxid=c¢,, id«S =¢e4, Sxid+«S5 =15,
where * is the convolution product. It follows immediately that
S=e,%x85=08%¢;.

If the antipode exists, then it is unique. The antipode S is both an anti-algebra
and an anti-coalgebra morphism. We will always assume that S is bijective. If L
is a finite-dimensional weak Hopf algebra over k, then S is automatically bijective.

Now we recall some properties about S.
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By [2], let L be a weak Hopf algebra, then we have the following conclusions:

(1) groS=¢r0es=80¢s, €508 =e50e,=S0¢, (3)
(2) 1 ®@x25(x3) =1 ®er(x2) = L1z ® 1o, (4)
(3) S(z1)z2 @3 =¢c5(21) @22 =11 @ s, (5)
(4) 21 ®S(x2)w3 = 21 @ e4(w) = 211 @ S(12), (6)
(5) x1S(z2) ® x3 = er(1) @ 22 = S(11) ® Loz, (7)
(6) 1y Qo =x1 @ 225(y), forall ye Ly, (8)
(7) 21 @ zxy=5(2)r1 ®x2, forall ze L. 9)

Let L be a weak Hopf algebra with a bijective antipode Sy, then LP is also a
weak Hopf algebra with antipode S (here S is the composite-inverse of the antipode
Sr). At this time

g(hg)hl = gEs(h) = €(h11)12 e ft(h), hgg(hl) = SEt(h) = 116(12h) £ 55(]1)

We can easily get the following equations from [4, Proposition 4.8]:

(i) Eroer=ey, €t O &t = &ty
(it) Esoes =cq, €50 = &g,
(iii) & oes =&, o0& =e, (10)
(iv) Esoe =&, £5 0 E&p = Eg4. (11)

2.3. Weak (co)module (co)algebras.

Let L be a weak Hopf algebra.
(i) Recall from [9], an algebra H is a left weak L-module algebra if H is left
L-module via | ® x — | — x such that
Dl—=(xy)=(y = x)(la —y) forall le L, z,y € H,
(2)l =1 =¢&(l) = 1g.

The second equation is equivalent to
Es()—z=2(—-1y) or et(l) =z =(1— 1)z (12)

(ii) Recall from [1], an algebra H is a left weak L-comodule algebra if H is a left
L-comodule via z +— o (r) = 27 ® 2° such that
(1) ou(zy) = ou(@)ou(y) ie., (vy)~' @ (zy)° =2~y ' @a2%",
2) 1 @21 =e,(z7t) ®@2° forall z € H.
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(iii) Recall from [1], a coalgebra H is a left weak L-module coalgebra if H is a
left L-module via [ ® x — [ — x such that
MA(l—=2)=l—-2n1@(—-x)2=(h — 21)® (2 — x2),
(2) es(l) mx=x16(l > o) forall le L, z € H.

By [4, Proposition 4.13], the second equation is equivalent to
e(lk — h) = e(lke)e(k1 — h) or e(es(l) = h) =¢e(l — h). (13)

(iv) A coalgebra H is a left weak L-comodule coalgebra if H is a left L-comodule
via z + o (z) = 271 ® 2° such that
M) z27'® @) @ @) =21 2 @ 210 @ 220,
(2) e(z)rt = e(20)e(27Y) for all x € H.

2.4. Weak Yetter-Drinfeld category X WYD.

Let L be a weak Hopf algebra with a bijective antipode Sp. We recall from
[1] and [5] that the weak Yetter-Drinfeld category LWYD is the braided monoidal
categories whose objects V are both left L-modules and left L-comodules and satisfy

the following compatibility conditions:

(1) oy()=v '@ ecle,V={L1l®ly—v|V lcLveV}
(2) ho '@l =" =11 = v) ' ® (4 —v)°
or equivalently,
3) oyl —=v)=(1—=v)'@(—0v)° =Lv!8(13) @1 — 2",
forallveVle L,

where the L-module action is denoted | — v for [ € L,v € V and the L-comodule

structure map by oy : V. — L ® V. We use the following notation:
oy(v) =v @, (A®id)oy(v) = (id@oy)oy(v) =v 2 @v @17,

The braiding 7 =ry,w : V® W — W ®, V in this category is given by:

1

Tl vl —w)=v' - w®?,

i L s w®ly =) =@ 80w - w.
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Proposition 2.1. Let V €k WYD. Then for allv € V, we have

1) g™ =0 =™’ =0,
e(S%(v™h) =0 =,

L =@ 180w ) =0"®Skv™),

2
3

)
6
7

(1)
(2)
(3) (14)
4) o,(v)=v @ =11 t®l; =" =051 ®1; —°, (1)
(5) G He =181 —uv, (16)
6) E(v e =1,®1; =, (17)
(7)

(0@ =851) @11 = v, (v )@’ =5(11) @1y — .

Proof. The results of (1)-(4) can be found in [5].
(5) For any v € V, we compute

) ®v? =8 (v)) @0

= S Hr e’ © LS 2 ®1; —°

= S(11) ® 8(S(es(v™1))1g) — 2°
= 1,®1;5%(e,(v™h)) — 2°

®

= 1h® 1155(5'2(1)_1)) "W E 1Ll — .

(6) For any v € V, we get

Esv ) @v’ =8 (v) @
= v 15w )@’ =1v180w ) @1y — 2°
= 115(€t(v_1))®12 —>’UO

= 11 ® 125,5(’1)71) — ’UO (2 11 X 12 — V.

(7) Applying e; ® id to the both sides of (5) and &; ® id to both sides of (6),

we can immediately get (7). O

3. The Dual of Weak Hopf Algebras in Weak Yetter-Drinfeld

Categories

In this section, we first give the definition of a weak Hopf algebra in the weak
Yetter-Drinfeld category £WYD. Then we will show that if H is a finite-dimensional
weak Hopf algebra in £WYD, then its dual H* is a weak Hopf algebra in LWYD,

which generalizes the Hopf case in [6].
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Definition 3.1. Let L be a weak Hopf algebra with a bijective antipode Sp. An
object H €L WYD is called a weak bialgebra in this category if it is both a k-algebra

and a k-coalgebra satisfying the following conditions:
(1) Azy) =z1(227" — y1) @ 22,
e(wyz) = e(xy1)e(y22),
e(zyz) = e(z(yi ™" — 12))e(11%2),
A%(1) = 1; ® 151 ® 15,
A1) =1, ® (1, - 1)1, @ 15,

(2) H is both a left weak L-module algebra, L-comodule algebra, L-module
coalgebra and L-comodule coalgebra.

Furthermore, H is called a weak Hopf algebra in EWYD if there exists an an-
tipode S : H — H (here S is both left L-linear and L-colinear i.e., S is a morphism
in the category of LWYD) satisfying

218(29) = e((x™! — 11)20)14,
S((El)l'z = 116((1271 — .’E)lgo),
S(x1)z2S(x3) = S(x), for all z € H.

An object H €L WYD is called an algebra in this category if it is both a

k-algebra, a left weak L-module algebra and L-comodule algebra. Similarly an

object H €2 WYD is called a coalgebra in this category if it is both a k-coalgebra,

a left weak L-module coalgebra and L-comodule coalgebra.

Similar to the notation of weak Hopf algebras, we denote &;(z) = e((z7! —

11)2%)1g, e5(z) = 118((127" — 2)12°). As S is both left L-linear and L-colinear,

we can easily check that €; and 5 are also both left L-linear and L-colinear.

Assume that H is a weak Hopf algebra in £)WYD and finite-dimensional over
k. We will make H* = Hom(H, k) into a weak Hopf algebra in EWYD. We first

define a left action of L on H* as:
(= f)(h) = f(Sc(l) = h), LeL,feH" heH
and a left coaction of L on H* as:
o H = Lo H*, opg-(f)=f"o [

where
FOR)f~1 = F(R)SL(h™Y), forall h e H.

Now we have the following proposition.
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Proposition 3.2. With the notation as above. Then H* € WYD.
Proof. (1) op-(f) =f' @ f0 € L@, H* i, f~1f0(h) =117 (12 — f°)(h).
Lf 7 1= fO)h) = L (S(12) —h)
= Lf[(S(12) — h)"IS[(S(12) — h)~']
= Lif(S(13) — h")S(S(La)h " 5%(12))
= (L) f(S(12) — h)S(h 1)1,
= f(S(L21]) — h)S(11)S (A 1)1y
FS() 1L — A 15115
F(S(11) — h%)S(h™1)12
(
(h

—
=

)
)

A
=
=

f(la = B)S(1h7 1)
= SRS =710,
(2) Weprove I1f ' ®@ly — fO=(l; — f) o ® (Iy — f)°. Forall h € H,
LNl — ) () = LfHf(S(2) — h)
= Lf((S(l2) = h)°)S((S(l2) — h)™H)
= Wf(S(s) = h")S(S(l)h™'S%(12))
el

)S(h 1)
)S

= (= HB)S(hHl
= (L= Nl — N
By (1) and (2), we obtain that H* € LWYD. O

Lemma 3.3. ([6]) For any left L-comodule V', define 6y : H* @ V. — Hom(H, V)
by
Ov(fov)(h)=flv™ = hn’, feH" veV,heH.

Also, define 0 : H* @ H* — (H® H)*and 0®) : H* @ H* @ H* — (H® H ® H)*
by
0 (f@g)(x@y) = f(S(y™") = 2)g(°), f.g.keH" xyz€H,
00 (fogok)(zoyz) = f(Sy 2% = 2)g(S("") — y*)k(=°).

Then Ov,0@) and 6B are bijective.
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Lemma 3.4. If H is a finite-dimensional weak bialgebra in YWYD, then H* is
an algebra in %W)}D, with multiplication myg~ = (Ag)* o 0 unit pp- = ep.
FExplicitly, multiplication is given by

(fo)(@) = flg™" — w1)g"(x2) = f(Sp(x27") — w1)g(a2"), f,g€ H*,x € H.

Proof. We will take three steps as follows:
Step 1): We first prove that H* is an algebra.

For the associativity, we have

] = (S(@s") = 20)1))g((S(x2") — a1)s"

k(")

flgh)(x) = f

for all f,g,k € H*,x € H.

And for the unit, we compute

EN@) = e(S(ex™!) — a1)f(22°)
E eeS ) — a) f(a2)
= e(Es(wa™h) = 1) f(22")
W (1) = 21)f(1s — 22)
= e(z1)f(z2) = f(2),
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and

(fe) ()

95]]

I

forall fe H*,x € H.

f(S(xa™") = x1)e

€t(l‘2_1) — X1

(22°)
)

5(3620)

83

Step 2): We check that H* is a left weak L-module algebra.

I
~

and

(2.3)

(et(l) = e)(x) = e(Ser(l) = ) =" e(es8() —

So, we obtain | — 1g+ = &4(I) — 1g-.

2)

(2.13)
="¢

(S() = 2) = (I = &)(2).

Step 3): We show that H* is a left weak L-comodule algebra. To prove (fg) ' ®
(f9)° = flgt ® f2°° in L ® H*, for any z € H, we do a calculation:

=
- =

|
~

and
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Lemma 3.5. If H is a finite-dimensional weak bialgebra in LYWYD, then H* is a
coalgebra in fWJiD, with comultiplication Ap- = (0(2))_1 o (mg)*, counit g«
f— f(1g). Explicitly, comultiplication Ag-(f) = f1 ® f2 is given by

flay) = At = 2)2°(y) = A(SLly™") = 21) f2(y°), =,y € H,
or equivalently

fi@) f2(y) = F((y™" — 2)y?), z,y € H.

Proof. (1) We first check that H* is a coalgebra. To show the coassociativity, we

use the isomorphism 6. For all f € H* and z,y,z € H, we do a calculation:

21 = (2y)) f2(2°)

(S(z"1) = 2)(S(z72) = ) (")

= fuSSEy =S = 2) f12(S(:70) = ) f2(2°)

= fu(S(Se(z"y™'e7%) — 2) f12(S(:7?) = 1°) fa(°)
(5(
(5(

f(zy)z) = Sl

= fuS(y™'27%) = 2) f12(S(S(12)271) — y°) f2(2°)
= fu(Sy™'z7?) = 2) f12(S(z71) = 4°) fa(27)
= 0911 ® f120® f2)zRY®2),
flx(y2) = AW 27 = o) f2(y° )
= f1(g(y_1 ) = a) fa (S(z” y°) f22(2°)
G (f1 ® for ®f22)(33®y®2)

So we have fi1 ® fi2 ® fiz = fi ® fa1 ® faz (we denote it by fi ® fo ® f3).
And the counit:

F(ee(@™) — 1g)a”)
F((S(h) = 1u)(12 — )
S = 1)1z — x)) = f(2).

e~ (f1)f2()

Similarly, we have fieg«(f2) = f.
This shows that H* is a coalgebra.
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(2) Next, we prove that H* is a left weak L-module coalgebra. Agy«(l — f) =
(lh = f1) © (I — f2), for any z,y € H,

0P (11 = f1) @ (I = f2))(x ® y)
= (b= M)SW™) =)l — f2)(y°)
= [SWySy™Y) = ) f2(S(1), — 4°)
(S, = y°) 'S8y~ — =) (S, — ¥°)%)
( 0

and

e(lka)em (k1 — f) = e(lka) f(S(k1) — 1m)
elka) f(0S (k1) — 1g1) 2 e(lka) f(Ses(kr) — 1g7)
e(lk12) f(S(11) — 1) = e(es (k) 12) F(S(L1) — 157)
(s )2 F(S((esl))1) — 1) = F(Ses(lh) — 1)

(
feeSUk) = 1m) = f(SUk) = 10) = (Ik — [)(L1n).

—~
ot
faid

—~
ot
Nl

—~
w
=

So we have e(lks)ep~ (k1 — f) = em-(lk — f).

(3) Finally we show that H* is a left weak L-comodule coalgebra. f -1 (f 0)1 ®
(f2=fA " te %0 £°in Le H* @ H*, for any 2,y € H,

flflfzfle(2 (A'® L") (zoy)
= fir A0S = 2)f2° (")
y)S(y RSy ?) — x)
Sy=)ay™ Sy ) f2(4°)

S | R .
I
i W
NS
‘ /-\
w
S~—
&
N

Il
~
—~

8
<
N4

9]

~ /-\ N~—

\
_

<
L

&h
L

~
(=}

—

8
=
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So, we get eg«(f0)f 1
By the proof of (1) to

F(19)eS17H =

=ep-(fOe(f71).

(3), we conclude that H* is a coalgebra in 2£WYD.

F(19)8e(171) =

Fa%)s

A= =s"ams

O

Proposition 3.6. If H is a finite-dimensional weak bialgebra in YWYD, then H*
is a weak bialgebra in EWYD with the structure in Lemma 3.4 and Lemma 3.5.

Proof. By Lemma 3.4 and Lemma 3.5, we have that H* is both an algebra and a

coalgebra in 2WYD. So we only need to check the following conditions:

(1) We first show that Ag-(fg)
For all x,y € H,

02,

(15)

0D (fr(f2"

(filfa" = g))(S@™

F1(S(S(y

(
fi(S (y1
x(f27
f1(S(Seq
x(f2!

(

(y1~

~

1(S(S(1
fo!

9)Ta "

X

fi(
fi(
(

To yl

S(
(

93]

To yl

X

(S(S(y-
(227!
xg1(S(
f1(S(
fi(S(ze™'1y
f(S(

9]

1

~

Y1

-1
T2 Y1

= g1)® f2’g)(x @ y) =

_3 _
)2
x(f27' — 91)(5@173
25

yz

2

1)1

(y1
— 91)(5(y1‘

2)332—

— g1)(S(y1~

?J1

y2
l/2

2y2
92
— g1)(S(1yyr "

Ly Ty
Y2

Y2 )z~
Y2
Y Py
=) = )

Y2

= f1(f2

y~ 1) — x) f2°(
75)5(917
) = 229 £°(S(y2

Yy Tty

=) = 20 £°(S (w2

(f1(f2
S(y2

Yo o

) — 1)

) = 2°) £°(S (12

sz = g)(Sy

) — 1) f2(S(y27%) — 11°)

Y2

) = g)(Syn~

Yo~

Sy %) = 1) f2(S(y2 ) — 11?)

Y2 Dy

,2y2

y1

-1, -1
T2 Y1

On the other hand,

Y2

Y2

Y2

Sy ?
) = 1) fa(S(y2”
73) = a1) fa(S(y2~
%) = a1) f2(S(y2~

2) - ylo)gl

%) = 11°)91(S(y2

= g)(
) = 1)g2(v2

%) — 1)

%) — 1)

Y2 h) = 22)g2(y2")

(S(yz

S(
(

“H)See(y1”
%) = 11991(S(y2~ 15 (12) — 22°)g2(y2°)

1) = 22%)g2(y2?),

' = g1)® f2"g2 € H* @ H* by using

y 1) = 2)(£2°92) (1)
%)

) = 419)g2(y2°)

= 20 LS = 11%)g2(12°)

) = 11%)92(2%)

) = 11%)g2(y2")
Yy 7?) — xzo)fzo(g(yz

) = 419)g2(12°)

4) - 5620)92(2/20)

Yo%) = 22%) g2 (y2")
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D@ @y) = (fg)(xy) = F(S((zy)2"") = (zy)1)g((zy)2")

= [(S(z2 y2 (

= f((S(xa w2 ™h) = 21)(S(wa 2y Hwa — 41))g(22"92")

= [((S(x2 2 ™) = 21)(S(y2~?)S (2 )2 — 11))g1(S(y2 ™) — 22")g2(12°)

= [((S(x2'y2 ™) = 21)(S(y2~?)Ses(x27?) = y1))gr (S(y2 ") — 22°)ga(y2")

@ FU(S(me ™ a2 ™2) — 21)(S(y27?)S(11) = 91))91(S(y2 1) — 22°)g2(12")

= f((S(x2 w2 ™) = 1) (S(y27) = 1)1 (S(y2 ") — 22°)g2(y2")

= [i(S(S(y2 )y e )8 (@2 e %) = 2) fo(S(y2 ) — 1)1 (S(y2 ) — @2°)g2(32")
= fi(S(za 28 (w2 )y e ) = @) fa(S(y2 ) = 3101 (S(y2 ) — 22°)g2(y2°)
D RS S ) = w) RSy ?) = 3 0a (S ) = 220)02(5:°)

= Sy ) = 2) f2(S(y2 ) = 1)1 (S(y2 ™) — 22°)g2(2°).

(2) Next we want to check eg«(fgk) = e« (fg1)en-(92k). For all f, g,k € H*,

en~(fgk)

fok(lg) = f(S(1a7'1572) — 11)g(S(157") — 1,°)k(15%)
FIS((121)71(15)72) — 11)g(S(1571) — (1215)°)k(15°)
using A%(1) = 1; ® 1,1} ® 1}
FS(1271 711577 = 1)g(S(15 ) — (1°117)k(15")
S(1,717Y) — 11)g(S(1% 1) — (1.°1°0))k(1%,")
) = [1°(12 = 1 k(12 = 1r)2")

Dg(S((15 — 15)71) = [12°(12 — 1)DE((1s — 15)°)
15,71)8(1s) — [12°(12 — 1)])k(1s — 15°)
15,78 (15) — [12°(12 — 1) k(L1] — 15)
Dg(8(1571)8(1s) — [12°(12 — 11)])k(1s — 15°)

S(15171571) = [1°(12 — 1))k — 15°)
Dg(S(15157") — [12°(1a — 1))k(15°)

) — 11)g(S(157)8(15) — [12°(E: (1) 12 — 1))k(15")
S(11)S(1271) = 11)g(S(157H)8(1%) — [12°(12 — 1)1 — 1a))k(15°)
F(5(11)S(1271) = 11)g(S(15™ 1SN — [12°(12 — 1K)
F(128(171) = 10)g(S(15 ™) — [12°(S (1) — 19))k(15°)

]
]
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)g(
)g( <1’2 Y = [Es(1h) — 1° >1 1>k<12>
= (12501271 — 1)g(S(15 ™) — [(11 — 1.2)17))k(15%)
S(17Y) — 11)g(S(1571) — (12°19))k(15"),

and

e (92k) = (fg1,1u)(g2k, 1)
g1(12°)g2(S(15 1) = 19)k(15")

(181571 = 1471 = 108, — 14]°)k(15”)
(5157915711570 = 1,0(8(1577) = 14)1k(15”)
Dg(8157) — (1711577 = 1.1, Dk(15”)

—
<
—
—_ ~—

)

) = (12°17))k(12 — 15°)
1) = (12°1))k(1114 — 15")
— (1L°1))k(1; — 157

— 11)g(S(157") — (12°19))k(15").

Similarly, using A2(1) = 1; ® (1o7' — 11)12° ® 1%, one can also get that

en-(fgk) = e+ (f(g1" — 92))en-(9:%k)
= f(5(127%) = 1)g(8(15 ") = (127" = 1)1°)k(15").

(3) To verify that A2(g) = &1 ® 261 ® & using the isomorphism #(3). For all
x,y,z € H, we compute
08) (61 @ 261 @ E)(z R Y @ 2)

e1(S(y™'27%) = 2)e281(S(27H) — y°)Ea(2°)
= a(Sy 2% = 2)ea(S[(S(27%) = ) T = (S(z7) = ¥°)

xE1((5(=7%) = y%)")éa(2")

e1(S(y~127) — x)e2(S

S(z715(=72)y0% e =y )E(S(73) — %, ")E(20)
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D (B2 = 2)ea(8(5(12)y % 22 =y )E (S (12 — 1% )8 ()
= Sy - 2)ea(S0 22 = 1P )AS(TY) — 1% )6 ()
= (5% S0 273 — %))

(8% =% % ST = 2)(SW0 ) = % )er’s )
S0 T E ) = 1% % S — )’y e’y =)

Sy — o)y e’y 2)

= e = [0 %S = 2y’ De(la — 3% %)

L= [(y7'Sy™?) — )y’ 1 De(l2 — y°52)

~ _ —1 —
N e (VAR A

(12 -y 22)

0

L& (y™) — 2)(121] — o°)
Lé(y™) — o) (1217 — o°)
€ )
0

e((15 = 9%,)2)
%52)

1

)e
)
s = )12 = y°1))e(’,
y~ 1) — )y 1)e(y’52)

(
(™) = 2)y°2) by e(ayz) = e(zyr)e(y22)

The last equality is given in the proof (1) of Lemma 3.5. So A%(g) = &1 ®¢e961 ®&5.

1 — 42))e(y1%2), one can prove that A%(g) =

Similarly, by e(xyz) = e(z(y
€1 ® (5271 — 51)620 ® Es.

From all above, H* is a weak bialgebra in 2WYD. O

We now can arrive at the main result of this paper.

Theorem 3.7. If H is a finite-dimensional weak Hopf algebra in EWYD, then H*
is a weak Hopf algebra in EWYD with the antipode (Sg)*. In particular H** is a
weak Hopf algebra in YWYD. If (S.)? = idy,, then the canonical map T : H — H**
given by 7(z)(f) = f(z) is a weak Hopf algebra isomorphism in LWYD.
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Proof. We have proved H* is a weak bialgebra in 2WWYD. Now we need to check
the antipode (Sg)*. It is easy to check that (Sg)* is a morphism in the category of
LWYD as S is both left L-linear and L-colinear. Firstly, we show that fi.Sg-(f2) =
e+ ((f~1 — €1)f%)eq, for any = € H,

(fiSu-(f2)) (=) = fi(S(z™"

= f(z1S(z2)) = f(ee(x))
= ez = 1)) f (1),

and

en-((f7 = e1) f%)ea(2)

= (f =S = 1) f2(12°)ea(x)

= a(l2718(127%) — 1) f(12%)ea(2)
(E (1271 = 11) f(12°)ea(2)

=" ea(l)f(12)ex(w)

= (@™t = 1)) f(1a).

= El

Similarly, we can check that Sg-(f1)f2 = e1em- (271 — f)e2).
Next, we compute Sg«(f1)feSu=(f3) = Su«(f), for any x € H,

(Su=(f1) foSu-(f3)) (@) = S (f1)(S(z2™") — 1) faler(22°))
7( 71) — S(x1)) falee(x2°)) (S is L-linear)
18(x57%) — S(x1))es(22%))  (e¢ is L-colinear)
s( 1) = S(21))er(22"))
= (11 = S(@1))e(l2 — @2)) = f(S(11 = @1)e(l2 — 22))
= f(S(z)ec(x2)) = f(S(2)) = S~ (f)(z).

Therefore, H is a weak Hopf algebra in LWYD.
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Finally, we verify that if (S)? = idr, then 7 is a weak Hopf algebra isomorphism
in LWYD. Firstly, we check that 7 is both L-linear and L-colinear, for any f € H*,

(= 7(@))(f) =7(@)(S() — ) = (SU) — f)(x)
= f(?(1) —»a)=fl = x) =7 —2)(f),
and
(@) (@) (f) = T(@)(f)S(FH) = S(fO (@) )
= S(f@")S@™) = f@%)z =27 (@) (f).
Next we show that 7 is an algebra map.
(r(@)* 7)) = 7@)(S(f") = fi)rW)(f")
= (S(f27) = f)@) L) = A2 = 2)f2°(y)
=[Sy~ = 2)fa(y) = f(zy) = T(xy) (),

2

and
T(1g)(f) = f(lu) = en-(f) = 1u=(f).

Similarly, 7 is a coalgebra map.
The whole proof is completed. (I
4. Applications

In this section, we will apply our results to the representations category Rep(L) =

M of a quasitriangular weak Hopf algebra L.

Definition 4.1. ([10]) A quasitriangular weak Hopf algebra is a pair (L, R) where
L is a weak Hopf algebra and R € A°P(1)(L @i L)A(1) (called the R-matrix)

satisfying the following conditions:
AP(h)R = RA(h), (18)
for all h € L, where A° denotes the comultiplication opposite to A,
(id ® A)R = R13R12, (A ®id)R = R13Ras, (19)

where R12 = R® 1, Ras = 1 ® R, etc., as usual, and such that there exists
R € A(1)(L ®x L)A°P(1) with

RR = A°P(1), RR = A(1). (20)

Furthermore, (L,R) is called triangular if R = Ra1, where we write R = R
R, then Ry = R @ RW.
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Note that R is uniquely determined by R and (S ® id)(R) = (id ® S)(R) = R.
R satisfies the quantum Yang-Baxter equation. By [10, Lemma 5.3], we can obtain
that

(e®idR=1= (id®e)R. (21)

Proposition 4.2. (/10]) The category Rep(L) = .M is a braided monoidal cate-
gory. The braiding Tvw : V QW — W RV is defined by

mvw (@) =R = 2@ o RW - M), (22)

where v = 21 @232 € VoW and R = RM @ R?) € A°P(1)(L ®; L)A(1), and

the inverse of Ty,w s given by

_ —(1 —(2
. 1V,W(y) — R( ) _ y(2) ®R( ) _ y(1)7

where y =y @y e VoW and R = rY ®ﬁ(2) € A(1)(L ® L)A°P(1).
Lemma 4.3. Let V € 1 M, then V € YWYD.

Proof. We first construct a left L-coaction over V via
oy :V—LoV, v—RPRY 0.

(id®oy) ooy = (Ap ®id) o oy follows Eq. (19), and (¢, ® id) o oy = id follows
Eq. (21). So V is a left L-comodule with oy .

Next let us check the compatibility conditions for V. Since R = R() @ R(?) ¢
A°P(1)(L @k, L)A(1), we immediately get oy (v) € L ® V. Using Eq. (18),
one can obtain that jv ™' ® Iy — v* = (I; — v)"Us ® (i — v)°. Therefore,
Ve twyp. O

Note that the matrix R give rise to a natural braiding for ;M and £WYD.

Definition 4.4. Let (L,R) be a quasitriangular weak Hopf algebra. An object
H € M is called a weak bialgebra in this category if it is both a k-algebra and a

k-coalgebra satisfying the following conditions:
(1) Azy) = 21 (R® = y1) @ (RY) — w2)ys,
e(zyz) = e(zyr)e(yaz),
e(zyz) = e(@(R® — y2))e(RY — y1)2),
A1) =1; ® 1x1) @ 1,
A1) =1, ® (R® = 1)(RY — 15) ® 1.

(2) H is both left weak L-module algebra and L-module coalgebra.
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Furthermore, H is called a weak Hopf algebra in ; M if there exists an antipode
S:H — H (S is left L-linear) satisfying
ei(r) = 218(x2) = e(R® — 11)(RY — 2))1s,
es(@) = S(a1)ae = Lie(R® — 2)(RW — 1y)),
S(x1)x2S(x3) = S(x), for all v € H.
Assume that H is a weak Hopf algebra in ;M and finite dimensional over k.

Now we will make its dual space H* = Hom(H, k) into a weak Hopf algebra in

M.

Proposition 4.5. If H is a finite-dimensional weak Hopf algebra in M, then H*
is also a weak Hopf algebra in M with the following structures:
left L-module action (I — f)(h) = f(Sc(l) — h), foralll € L,f € H*,h € H;

multiplication is given by
(f9)(@) = F(SL(R®) = a1)g(RY — 22) = fF(R
unit ug~ = g, comultiplication Ap«(f) = f1 ® f1 is defined as

A@)f2(y) = F(RP — 2)(RY — ),

(2) 1)

— a)gR"Y = 22),

or equivalently

fley) = LSLRE) = 2) oRY = y) = AR - ) RY = y),

counit e~ : f — f(1g) and antipode Sp+ = (Su)*.
In particular, H** is also a weak Hopf algebra in p M.
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