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ABSTRACT. In this paper, it is proved that all nontrivial laws in form

i<y (x4, xjy‘ij of metabelian products of abelian groups are products of trans-
forms of Jacobi products if not all the factors are torsion groups. This result
generalizes the well-known result of Bachmuth on the laws of free metabelian
groups. Using this, n-symmetric words of metabelian products are completely
described. Moreover, an example is constructed to show that the above result

is not necessarily true if all the factors are torsion groups.
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1. Introduction

We first fix some notation which will be used throughout the paper. For a
positive integer n, let F,, denote the free group of rank n with basis {z1,...,x,}.
Then A,, := F,/F), and M,, := F,,/F! will denote the free abelian group and the
free metabelian group of rank n, respectively. Similarly, for a positive integer m, let
F := Hy{x---xH,, be the free product of some nontrivial abelian groups H1, ..., H,.
Then A := F/F' and M := F/F" will denote the corresponding abelian product
and metabelian product, respectively. For a group G, let Z(G) be the integral
group ring, and for each element w € Z(G), we use @ and & to denote its natural
image in Z(G/G') and Z(G/G"), respectively. The commutator of two elements
a, b is denoted by [a,b] = aba~'b~!, and the conjugate is denoted by a® = bab~!.
Moreover, we use a = b(mod F!) to denote that there exists an element ¢ € F)
such that a = bc.

Definition 1.1. Let G be a group. An element w € F, is called a law of G if
w(g1y...,gn) =1 for any g1,...,g, in G. The group of all laws of G in F,, is called
the law group of G and denoted by L(G).
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Let w € F),. Since F}, is generated by the commutators [z;, z;]*, where 1 < ¢ <
j <mnand pu € F,, and since any two commutators commute modulo F/, w can be

expressed as

w = wiws(mod F))) =zt -k H[mi, ;] (mod F), (1)
i<j
where wy =z} -+ 2k wy = HKj[a:i,a:j})‘if, Wi € Z and \;; € Z[i:f,,a’:f]

For the free metabelian group M,,, since M is abelian, M/ may be regarded as
a left Z(M, /M )-module in the natural way, where the module action is induced

by the conjugation in M,,. It is known that the Jacobi products

(5, 25] " [, wp) T g, @) T

are laws for each metabelian group. The following well-known theorem obtained

by Bachmuth [1], shows that its partial inverse is true.

Theorem 1.2. Let w € F), and write w = wo(mod F}') as in form (1). Then w is
a law of the free metabelian group M, if and only if ws is a product of transforms

of Jacobi products.

The main purpose of this paper is to prove the following theorem, which gener-

alizes the above Bachmuth’s result.

Theorem 1.3. Let m,n > 2 be integers. Let M be the metabelian product of some
nontrivial abelian groups Hy, ..., H,,. If not all factors H; are torsion groups, then
L(G) = F]]. More precisely, let w = wa(mod F)') as in form (1), then w is a law of

M in F, if and only if w1 = 1 and ws is a product of transforms of Jacobi products.

In the case that all factors H; are torsion groups, the following example shows

that Theorem 1.3 is not necessarily true.

Example 1.4. Let n > 2 be an integer. Let G be the metabelian product of cyclic
groups (a1) and (ag) with o(a1) = o(ag) = 2. Then [[,_; [z, z;]*F#)0F2) is a law

of G, and cannot be expressed as a product of transforms of Jacobi products.

This example is discussed in details in Section 4.
As an application of Theorem 1.3, a characterization of symmetric words of

metabelian groups is given in Section 4.

Definition 1.5. Let G be a group. A word w(x1,...,2,) € F, is called a n-
symmetric word for the group G, if w(gi,...,9n) = W(go(1)s--+»Jo(n)) for all

1, ---,9n in G and o in the symmetric group S,,.
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Symmetric words for a group are closely related to the fixed points of the auto-
morphisms permuting generators in their corresponding relatively free groups [13].
The problem of characterizing the symmetric words for a given group G was initi-
ated by Plonka [10], who gave a complete description for nilpotent groups of class
< 3. More results on the symmetric words can be found in [4,5,6,7].

Our second result, stated in the following theorem, completely describes n-

symmetric words of metabelian products M.

Theorem 1.6. Each n-symmetric word of M can be expressed in the form

W= I | [l.i7l.j]u(iivij)+'U(ii;ij)p(i1y~~~7/\ii;~w/\jjx‘-win)’

1<j
where u and v are sums of polynomials of the forms z"y® — x*y” with integral

coefficients, and p is an (n — 2)-symmetric polynomial.

This paper is organized as follows. After this introduction, we recall, in Section
2, some necessary information on Fox derivatives, Magnus embedding, Shmel’kin
embedding and generalized derivatives. Then in Section 3, we first prove several
technical lemmas and then Theorem 1.3. Finally in Section 4, we discuss Exam-

ple 1.4 and prove Theorem 1.6.

2. Preliminaries

We first recall some necessary information of Fox derivatives [2] and Magnus
embedding [8].

Left Fox derivatives 9; (i = 1,2,--- ,n) are defined to be linear mappings from
Z(M,) to Z(Ay), which satisfy for any elements @, € Z(M,,) the following rules:

(1) 9;(a+ o) = 0;(a) + 0;(0);

(2) 0i(%;) = bij;

(3) 0;(av) = ud;(0) + €(v)9;(u), where d;; is kronecker symbol, € is the trivial-
ization map of Z(M,,) — Z.

For every & € M,,, 5 € Z(A,,), we have the following equality [1]:

0;(w¥) = 5- 0;(w).
Let T, be a left Z(A,)-module with basis {t1,...,t,}. Consider a matrix group

W,, such that
"\ o 1)

Then the map
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8(5) = ( O (@)t + -+ B (@) )
0 1
where @ € M, is an embedding (called the Magnus embedding) of M,, into W,,.
The Magnus embedding was generalized into Shmel’kin embedding in [12], and
the reduced generalized derivatives [3] play similar role in the investigation of the
group F'/R’ to the role of the Fox derivatives in the investigation of the group
M,,, where R is a normal subgroup of F' with R(H; =1 for i = 1,...,m. Write
H := F/R. Let T be a free left Z(H)-module with basis {t1,...,t,}. Consider a

matrix group W such that
H T
W = .

a; (a; —1)t;
a; — )
0 1

where a; € H; (i = 1,...,m) and @; is the natural image of a; in H, determines

The map

a homomorphism ¢ : FF — W with kernel R’. The resulting embedding (we also
write o to denote this embedding) of the group F/R’ into the group W is called the
Shmel’kin embedding. It is known that the Shmel’kin embedding can be applied
to the case where R = F".

As shown in [3], for any element & € F/R', we have

(@) = ( & D@+ + D (@)t )
0 1

where D; (i =1,...,m) are the generalized derivatives.

Similar to the Fox derivatives, the generalized derivatives
D;:Z(F/R") — Z(F/R)

satisfy the following rules:
(1) D;(a+ 9) = D;(u) + D;(v) for any @, v € Z(F/R');
(2) D;(av) = uD;(0) + €(0)D; (@) for any @ and © € Z(F/R’');
(3) Di(a) =u—1 for any u € A;;
(4) D;(u) =0 for any u € Aj,j # i.
where € is the trivialization map of Z(F/R') — Z.
Generalized derivatives and Fox derivatives have the following relation [3]:

for any w(Z1,...,%,) € M, and for all g1,--- ,g, € M,

Di(u(gr,-++ s gn)) = Z D;gi0ju(g, - gn),
j=1
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where 0;u(g1, ..., gn) denotes the value of dju(x1,...,z,) on (g1,...,9n)-

3. Proof of Theorem 1.3

The following lemma can be found in [9], it allows to use equations on group

rings to study metabelian groups.
Lemma 3.1. Let a, b be elements of a group. Consider the equation
(1-a)(1=0b)x=0
then
(1) if o(a) = o(b) = +00, the equation has only the zero solution in Z({(a) x (b));
(2) if o(a) = mq, o(b) = ma, all the solutions of the equation in Z({a) X (b)) are

as follows:
mlfl m271

v=g(b) Y a'+hla) YV,
where g(b) € Z((b)), h(a) € Z({a));
(3) if o(a) = +o0, o(b) =

as follows:

m, all the solutions of the equation in Z({a) x (b)) are

=i YV,
where f(a) € Z({a)).

We now prove two technical lemmas which play important roles in the proof of

Theorem 1.3, and are of independent interest.

Lemma 3.2. Let w € F,. Then w can be expressed as
w =]l 210,
i<j

where \ij € Z|TE,. .. ,f;ﬂ, and v € F)'.

Proof. By definition, F}, is generated by the elements [z;, z;]*, where 1 <i < j <n
and p € F,,. Since F} /F} is abelian, we can write
w= H[xi,xj]““wl,
i<j

where p;; € Z[zf, ..., ¢

], and wy € F)/. Then it suffices to prove that all factors
[, z;]" can be expressed as in the form of lemma. Equivalently, it suffices to prove
that if v;; € Z[75,... ,fji] then [z;, x|V and [mi,xj]””f;-l can be expressed as
in the form of lemma for each £ > j.

By Jacobi identity
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[, 2] % [, o) T [wg, 2] 7% = 1 mod F,
we have

[, 2] 0™ = i ] [, ] D
= [ai, 2] ([, au]™ " Haw, 23] — 1) mod F

= [, ay] [:L-i7:I:k]l"ij(i'j_l)[xj7mk]l’ij(l_i'i) mod F!'
and similarly, we have
[mi’mj]uij£;1 _ [l‘i7l‘j]l/” [mi’mk]uij(l—o’cj)jgl[xj7xk]y,-j(gzi—1)§:;1 mod F’r/L/'
So the lemma is true. O

Lemma 3.3. Let G be a metabelian group and w as in Lemma 3.2. Then w is a
law of G if and only if
W = H[in,xk])\ik
i<k
is a law of G for each k > 2.

Proof. Note that w = []}_, wxv, where v € F”. Since v is naturally a law of G,
if all wy are laws of GG, then w is a law of G.
Set up = Hi<j§k[:ci,xj])‘ij, where \;; € Z[ili,,fji] For any elements

gi,---,9r € G, we have

ug(g1y - 98) =w(g1, -9k, 1,...,1) = 1.

Thus uy is a law of G for each k > 2, and so wy, = u;_lluk is a law. O

We can now prove our main theorem.

The inclusion F)' C L(G) is obvious.
Without loss of generality, we may assume that H; is a torsion free group and
a1 € H; is an element of infinite order. Obviously, A = F/F' = Hy X -+ X H,,.

Suppose w € L(M), that is, w is a law. By Lemma 2.2, we may write

w=azht H[mi7xj]’\"j mod F/,
1<j
where p; € Z and \;; € Z[Ff, ... ,fji]

Choose §; = a1, g; = 1 for j # i. Then

al'" =w(gr,...,gn) =1,



LAWS OF METABELIAN PRODUCTS OF ABELIAN GROUPS 13

hence p; = 0 since o(a;) = o(a;) = 4+o0o. By Lemma 3.3, for 2 < k < n, the
elements

A1k

Wi = [z, oM [Ty, g M (2)

are laws of G. In the following, we distinguish two cases depending on whether or

not there exists some H; with ¢ > 2 which is not a torsion group.

Case 1. Assume that some H; with ¢ > 2 is not a torsion group.

Without loss of generality, assume that Hs is not a torsion group, and as € Hs
is an element of infinite order. For any positive integers si, $2,. .., Sk, by (2), we
have

~51 ~so SSE\ _ [751 =Sk]A1E(A)T,a52,.a5F) -1
wr(ait,as?, ..., as") = [aj', as"| =1

Applying the generalized derivative Dy, it follows that
—Mig(@it, as?, ..., as")(1 —aji')(1 —a3?) = 0.
By Lemma 3.1, we have
Aik(@it,as?,...,as") =0. (3)

On the other hand, suppose A\1x(Z1, Za,...,T2) # 0. Let csﬁﬁl a’c? e :Efc’“be the ini-
tial monomial of A1 (Z1, To, ..., T2) in the lexicographic order, where ¢ # 0 is an in-
teger. Then we can choose s1, sa, . . ., i sufficiently large (if necessary) such that the

degree of (c(aj')'(a3?)2 - (as*)™) is bigger than the degrees of other monomials

in Ag(aj',as?, ..., as"), which contradicts equation (3). So Ay (Z1,Za,...,Tk) = 0.
Similarly, we have \jx(Z1,Z2,...,3) =0for i =2,...,k — 1. Hence w € F.
Case 2. Assume that Hs,..., H, are torsion groups.

Choose as € Hy with o(az) = r > 1. For any positive integers sy, 82, , Sk, by

(2), we have
@3 Gy, dik]/\lk(@ilag,af2,4..,6,?6)
=wg(aj‘as,as,...,a;") = 1.
Applying the generalized derivative Dy, it follows that
Mg(aitag, aj?, ... a*)aj (1 —ai*)(1—aqz) =0

Since a;' is invertible in Z[af,a;], by Lemma 3.1, there exists f(a;) € Z[a5] such
that
Mi(ai as,ay’, ... a1) = f(a)(1+az +-- +ay"). (4)



14 JIANGMIN PAN

On the other hand, if A\g(Z1,...,Zx) # 0, write
Mi(@1,. @) = 35 fo(Ta, o Tk) + 5 (T oo Tg) + -

with fo(Z2,...,Zk) # 0. Since o(a;) = 400, it is not difficult to show that there
exist positive integers so, - - - , i such that fo(aj?,...,a;") # 0. Then we can choose
s1 sufficiently large (if necessary) such that the degree of fo(aj?,...,aj")aj'" is
bigger than the degree of f;(a?, ..., a*)a,“ ™ for each i > 1. Since o(as) =r > 1,
we may rewrite

Mig(aitag,ai?, ... a7*) = go(ar) + gr1(a)ag + - - + grfl(fh)dgfl»

we then have that degree of g:(a@;) is bigger than degree of g;(a;) for each i # t,
where ¢ is the smallest nonnegative residue of s modulo r. So A1 (aj'as,aj?,...,a") #
0, which contradicts the equation (4). Hence \1x(Z1,Z2,...,Tx) = 0.

With the similar discussion as in case 1, we have w € F)/.

Summarizing, we have proved that L(M) = F!. Then the last statement in

Theorem 1.3 is a direct consequence of [1, Theorem 1.3]. O

4. Example and symmetric words

The following example shows that in Theorem 1.3 it is necessary to assume that

not all factors H; are torsion groups.

Example 1.4. Let w := [[,_; [2i, 2;]1F2)(+%3) - To prove w is a law of G, it
suffices to prove that w; ; 1= [z;, 2]+ (1+%5) is a law of G for each i < j.

Note that each element of G can be expressed in one of the following four forms:
(i) (araq)®; (i) (agaq)®; (iii) (arag)*ay; (iv) (agaq)*as.
where k is a positive integer. Let §; and o be any elements of G.
If g3 and go are elements of the form (i) or (ii), then §; and g commute and

then w; ;(g1,g2) = 1. Thus assume that there exists at least one of §; and g in

form (iii) or (iv), upon the symmetry of a; and as, we may suppose that
(1+g1)(1 +72) € Z(A/A)(1 + @)
Then
D1 (w(g1,92)) = (1 +91)(1 + g2) D1([91, G2]) € Z(A/A")(1 + a1)(ar — 1) = {0},

that is, D1 (w(g1,§2)) = 0. Obviously, w; (g1, G2) = 1, so w(g1, g2) = 1 by Shmel’kin

embedding. Hence w is a law of the group G.
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Further, applying Fox derivative, by direct computation, we have

Ow=(1+T1)(n— Y z7) #0,
i<j
by the Magnus embedding, w ¢ F”. So w cannot be expressed as a product of

transforms of Jacobi products. O
Finally, we prove Theorem 1.6.

Let w be a n-symmetric word of M. By definition, we have that

w(Qla"'?.gn) :w(ga(l)v"'aga(n)) (5)

for all g1, -+ ,9, in M and o in the symmetric group S,,. It is easy to show that

the equation (5) is equivalent to that

w(xl, R ,xn)(w(:ca(l), . 7370(11)))71

is a law of M in F,,. This discussion means that the n-symmetric words of a group
are perfectly determined by its law group. Now, since L(M) = L(M,) = F/, we

know that M and M, have the same n-symmetric words set, and the Theorem 1.6
is true by [7, Theorem 1]. O
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