INTERNATIONAL ELECTRONIC JOURNAL OF ALGEBRA
VOLUME 3 (2008) 75-82

STRONGLY FI-LIFTING MODULES

Y. Talebi and T. Amoozegar

Received: 3 April 2007; Revised: 31 July 2007

Communicated by Derya Keskin Ttitlincii

ABSTRACT. A module M is called lifting if every submodule A of M contains
a direct summand B of M such that B <5 A in M. We call M is (strongly) FI-
lifting if every fully invariant submodule A of M contains a (fully invariant)
direct summand B of M such that B & A in M. The class of FI-lifting
modules properly contains the class of lifting modules and the class of strongly
FI-lifting modules. But a strongly FI-lifting module need not be a lifting
module and vice versa. In this paper we investigate whether the class of
(strongly) FI-lifting modules are closed under particular class of submodules,

direct summands and direct sums.
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1. Introduction

Throughout this paper R will denote an arbitrary associative ring with identity
and all modules will be unital right R-modules. Suppose that 0 C A C B C M.
By A < B we mean A is a small submodule of B. We say that A is a coessential
submodule of B in M (denoted by A &£ Bin M) if B/JA < M/A. We recall the
definition of an amply supplemented module. If NV and L are submodules of the
module M, then N is called a supplement (weak supplement) of L, if N+ L =M
and NNL << N (NNL <« M). M is called supplemented (weakly supplemented)
if each of its submodules has a supplement (weak supplement) in M. M is called
amply supplemented, if for all submodules N and L of M with N+ L = M, N
contains a supplement of L in M. A submodule A of M is said to be coclosed in M
if it has no proper coessential submodule in M. A module M is called lifting if every
submodule A of M contains a direct summand B of M such that B <% A in M. A
module M is called hollow if every proper submodule of M is small. Recall that a
submodule K of M is called fully invariant (denoted by K < M ) if A\(K) C K for
all A € Endr(M). We denote by Rad (M) the radical of a module M.
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Let M € Mod-R. By o[M] we mean the full subcategory of Mod-R whose objects
are submodules of M-generated modules. The injective hull of N in o[M] is denoted
by N. A module N € o[M] is said to be M-smallif N < N. Tt is easy to see that N
is M-small if and only if N < L for some L € o[M]. Recall that a module N € o[M]
is called M-singular if N ~ A/B for some A € o[M] and B essential in A. Hence
M -singular modules can be considered as the dual of M-small modules. The M-
singular submodule of N € o[M], denoted by Zy;(IN), is defined as Tr (U, N), where
U denote the class of all M-singular modules. Dually, in [9], Z;(NN) is defined as

follows:

Zu(N) =Re(N,S) = ){Ker (g)| g € Hom (N,L),L € S},
where S denotes the class of all M-small modules. We call N an M -cosingular
(non-M -cosingular) module if Zp(N) =0 (Zp(N) = N). It is easy to see that a

module N € g[M] is non-M-cosingular if and only if every nonzero factor module

of N is non-M-small.

2. FI-Lifting Modules

In this section we define FI-lifting modules. We show that this class of modules
contain properly the class of lifting modules and is closed under fully invariant
coclosed submodules and finite direct sums. We prove that ring R is FI-lifting as
an R-module if and only if R/I has a projective cover for every two sided ideal I
of R.

The following has been proved by Keskin [6, Lemma 1.1] and Lomp [7, 1.2.1].

2.1. Lemma. Let M be an R-module and N C M. Consider the following condi-

tions :
(1) N is a supplement submodule of M ;
(2) N is coclosed in M;
(3) forall X C N,X < M implies X < N.

Then (1) = (2) = (3) hold. If M is a weakly supplemented module, then (3) =
(1) holds.

2.2. Lemma. Let X be a supplement submodule of M and K C X. Then X/K is
a supplement submodule of M/K.

Proof. See [3, 20.5(1)]. O
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2.3. Lemma. Let M be a module. Then:

(1) Any sum or intersection of fully invariant submodules of M is again a fully
invariant submodule of M (in fact the fully invariant submodules form a com-
plete modular sublattice of the lattice of submodules of M ).

(2) If X CY C M such that' Y is a fully invariant submodule of M and X is a
fully invariant submodule of Y, then X is a fully invariant submodule of M.

(3) If M = @,;c; Xi and S is a fully invariant submodule of M, then S =
D, mi(S) = D (Xi N S), where m; is the i-th projection homomorphism
of M.

Proof. See [2, Lemma 1.1]. O

We note that if M = @}, M; and N is a fully invariant submodule of M, then
N = @?zl(N N M;) and N N M; is a fully invariant submodule of M;.

2.4. Definition. Let M be an R-module. We say that M is an FI-lifting module

if every fully invariant submodule A of M contains a direct summand B of M such
ce .

that B— A in M.

By [8, 4.8], M is lifting if and only if every submodule N of M can be written
in the form N = A® S where A is a direct summand of M and S < M. We prove

a similar result for FI-lifting modules.

2.5. Proposition. The following are equivalent for an R-module M :
(a) M is an FI-lifting module;
(b) every fully invariant submodule A of M can be written as A = B @ S, where
B is a direct summand of M and S < M;

(c) every fully invariant submodule A of M can be written as A = B + S, where
B is a direct summand of M and S < M.

Proof. (a)=(b) is trivial and (b)=-(c) is obvious.

(¢)=(a). Suppose A < M. By hypothesis A = B + S, where B is a direct
summand of M and S < M. Suppose M = B® C. Then C is a supplement of B
and since S < M, C'is a supplement of A also (see [3, 20.4(4)]). Hence CNA <« C
and so A/B <« M/B. O

2.6. Theorem. Let M = @, M; be a direct sum of FI-lifting modules. Then M
is FI-lifting.
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Proof. Let N <M. Then N = @ (N N M;) and N N M, is a fully invariant
submodule of M;. As each M; is Fl-lifting we have N N M; = L; & S; where L; is
a direct summand of M; and S; < M;. Put L=@;_, L; and S = @,_, S;. Then
N =L & S where L is a direct summand of M and S <« M. O

2.7. Corollary. If M is a finite direct sum of lifting (e.g. hollow) modules, then
M is Fl-lifting.

2.8. Example. It is obvious that every lifting module is FI-lifting. The converse
is not true. For example, let p be any prime integer and consider the Z-module
M = (Z/pZ)®(Z/p3Z). Since any hollow module is FI-lifting, Corollary 2.7 implies
M is FI-lifting. But M is not a lifting module (see [3, Example 23.5]).

2.9. Example. An infinite direct sum of FI-lifting modules need not be FI-lifting.
For example, let R be a semiperfect ring which is not right perfect and F' be the
countably generated free R-module. Then Rad (F) is not small in F' and is fully
invariant in F. Rad (F') cannot contain a nonzero direct summand of N, since for
any projective module P, P # Rad (P).

2.10. Proposition. Let M be an FI-lifting R-module and X be a fully invariant
submodule of M which is coclosed (direct summand) in M. Then X is FI-lifting.

Proof. Let A< X. Then A<M by Lemma 2.3. Since M is FI-lifting, A contains
a direct summand B of M such that A/B < M/B. By Lemmas 2.1 and 2.2,
A/B <« X/B. Also B is a direct summand of X. O

By [8, 4.8], a module is lifting if and only if it is amply supplemented and its
coclosed submodules are direct summands. We note that an FI-lifting module need
not be amply supplemented. For example let K be the quotient field of a discrete
valuation domain which is not complete. Then K & K is not amply supplemented
(see [3, 23.7]), but is FI-lifting by Corollary 2.7.

2.11. Corollary. Let M be an FI-lifting module which is amply supplemented.
Then Z° (M) is FI-lifting, where Vi (M) =Z(Z(M)).

Proof. By [9, 2.1] and [9, 3.4], ZZ(M) is a coclosed fully invariant submodule of
M. Now the corollary follows from Proposition 2.10. t

2.12. Theorem. Let P be a projective module. Then P is FI-lifting if and only if

P/A has a projective cover for every fully invariant submodule A of P.
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Proof. Suppose P is a projective Fl-lifting module and A is a fully invariant sub-
module of P. Then A = X & S where X is a direct summand of P and S < P.
Suppose P = X @Y. As S < P, (X +5)/X <« P/X. Hence the natural map
f:P/X — P/(X +S)= P/Ais a projective cover.

Conversely, suppose P/A has a projective cover for every fully invariant sub-
module A of P. Let f: @Q — P/A be a projective cover of P/A. Then there exists
amap h : P — @ such that fh = n where n : P — P/A is the natural map.
As Ker f < @ and 7 is an epimorphism, h is an epimorphism and hence h splits.
Suppose P = Kerh @ B. Then A =Kerh® (AN B) and AN B <« P. Thus P is
FLlifting. O

2.13. Corollary. Suppose R is a ring. The module Rp is FI-lifting if and only if
R/I has a projective cover for every two sided ideal I of R.

3. Strongly FI-lifting Modules

In this section we define strongly FI-lifting modules. This class of modules is
properly contained in the class of FI-lifting modules; but there is no containment
relation between the class of strongly FI-lifting modules and the class of lifting
modules. We show that a direct summand of a strongly FI-lifting module is strongly
FI-lifting and that a finite direct sum of copies of a strongly FI-lifting module is
strongly FI-lifting.

3.1. Definition. Let M be an R-module. We say that M is a strongly FI-lifting
module if every fully invariant submodule A of M contains a fully invariant direct
summand B of M such that B <5 A in M.

As in Proposition 2.5 we can prove the following.

3.2. Proposition. The following are equivalent for an R-module M :
(a) M is a strongly FI-lifting module;
(b) every fully invariant submodule A of M can be written as A = B® S, where
B is a fully invariant direct summand of M and S < M;

(¢) every fully invariant submodule A of M can be written as A = B + S, where
B is a fully invariant direct summand of M and S < M.

3.3. Proposition. Let M be an FI-lifting with Rad (M) = 0. Then every fully

invariant submodule (in particular M ) is strongly FI-lifting module.

Proof. Let N be a fully invariant submodule of M. Suppose A is fully invariant
in N. Then A is fully invariant in M also (see Lemma 2.3). As M is FL-lifting,
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A = B® S where B is a direct summand of M and S < M (see Proposition 2.5).
Since Rad (M) = 0, S = 0 and so A is a direct summand of M and hence of N.
Thus N is strongly FI-lifting. O

3.4. Theorem. A direct summand of a strongly FI-lifting module is strongly FI-
lifting.

Proof. Let M = X &Y be a strongly FI-lifting module. Assume that S; < X.
Then there exists Sy 4Y such that S} & Sy < M [4, Lemma 1.11]. Since M is
a strongly Fl-lifting, S; & S; = B ® S where S <« M and B is a fully invariant
direct summand of M. But B < M implies that B = (X N B) & (Y N B) and
X N B is fully invariant in X. Also X N B is a direct summand of M. We have
S1 =7mx(B)+7x(S) = (X NB)+ mx(S) where mx : M — X is the projection
along Y. As S <« M, mx(S) < X . By Proposition 3.2, X is a strongly FI-lifting

module. O

3.5. Proposition. Let M = @?:1 M; and let M; QM for all1 <i<n. Then M
is strongly FI-lifting if and only if M; is strongly FI-lifting, for all 1 <i < n.

Proof. If M is strongly Fl-lifting then each M; is so, by Proposition 3.4.
Conversely, suppose M = @;_, M; where each M; is strongly FI-lifting and
fully invariant in M. Let N <M. Then N = @ (N N M;) and (N N M;) < M;,
for all 1 < i < n. As M; is strongly FI-lifting, N N M; = B; & S; where B; is
a fully invariant direct summand of M; and S; < M; (see Proposition 3.2). Put
B=@; ,B;and S =@, , S;. Then N = B® S where B is a direct summand of
M and S << M. As B; AM; and M; <M, B; A<M for all 1 <i <n. Hence B< M.
Therefore M is strongly FI-lifting. O

3.6. Theorem. Suppose N is a strongly FI-lifting module and M = @?:1 M;
where each M; ~ N. Then M is a strongly FI-lifting module.

Proof. There exist isomorphisms f; : My — M, for i = 2,--- ,n. If Ais a fully
invariant submodule of M, then it is easy to see that A = A; ® fo(A41)®-- @ frn (A1)
where A; = My N A.

As M is strongly FI-lifting and A; is a fully invariant submodule of My, we
have A1 = Ly & S7 where L is a fully invariant submodule of M7 and S7 <« M,
(see Proposition 3.2). Put L := L1 @ fa(L1) ®--- @ fn(L1) and S := 51 @ f2(51) @
<@ fr(S1). Then A =L@ S, L is a fully invariant direct summand of M and
S < M. Hence M is strongly FI-lifting. |

From Theorem 3.4 and Theorem 3.6 we get the following.
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3.7. Corollary. Suppose R is a ring and Rp is strongly FI-lifting. Then any
finitely generated projective R-module is strongly FI-lifting.

3.8. Remarks.

(1) A finite direct sum of strongly FI-lifting modules need not be strongly FI-
lifting.

(2) An FI-lifting module need not be strongly FI-lifting.

(3) A strongly FI-lifting module need not be lifting.

(4) A countable direct sum of copies of a strongly FI-lifting module need not be
strongly FI-lifting.

(5) A lifting module need not be strongly FI-lifting.

(1) Consider the module M given in Example 2.8. As any hollow module is
strongly FI-lifting, M is a direct sum of two strongly FI-lifting modules. Consider
the submodule N = Z/pZ @ p*Z/p3Z of M. N is not small in M and contains no
nonzero fully invariant direct summand of M. Hence M is not strongly FI-lifting.

(2) The example given in (1) is FI-lifting but not strongly FI-lifting.

(3) Consider a hollow module H such that End (H) is not local (for an example
see [5]). Then M = H & H is strongly FI-lifting by Theorem 3.6. M is not a lifting
module by [3, 23.16 and 23.18].

(4) Consider the module F' given in Example 2.9.

(5) Consider the Z-module M = Z/pZ & Z/p*Z where p is a prime integer. M
is lifting by [3, 23.20]. But M is not strongly FI-lifting. For, consider the fully
invariant submodule N = Z/pZ @ pZ/p®Z of M. N is a fully invariant submodule
of M which is not small in M. But N does not contain any nonzero fully invariant

direct summand of M.

3.9. Proposition. Let M be a strongly FI-lifting module and X a supplement
submodule of M such that X I M. If any of the following conditions is satisfied,
then X is strongly FI-lifting.

(1) X is indecomposable.

(2) Rad (X) = 0.

(8) M is a self-injective module.

Proof. (1) Since X is an indecomposable fully invariant supplement submodule of
M, X is a direct summand of M. By Theorem 3.4, X is strongly FI-lifting.

(2) Every strongly FI-lifting module is FI-lifting . By Propositions 2.10 and 3.3,
X is strongly FI-lifting.
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(3) Suppose Y is a fully invariant submodule of X. Then Y is a fully invariant

submodule of M and hence Y = A & S where A is a fully invariant and a direct
summand of M and S < M (see Proposition 3.2). Then A is a direct summand of

X also and S < X as X is a supplement in M (see Lemma 2.1). Since any map

from X — X can be extended to a map M — M, A is fully invariant in X also. O
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