INTERNATIONAL ELECTRONIC JOURNAL OF ALGEBRA
VOLUME 3 (2008) 103-116

EXTENSIONS OF GENERALIZED o-RIGID RINGS

Lunqun Ouyang
Received: 10 October 2007; Revised: 12 December 2007

Communicated by Sait Halicioglu

ABSTRACT. For a ring endomorphism «, we introduce weak a-rigid and weak
a-skew Armendariz rings which are a generalization of a-rigid rings, and in-
vestigated their properties. Moreover, we prove that a ring R is weak a-rigid
if and only if for any n, the n by n upper triangular matrix ring 75, (R) is weak
a-rigid. If R is semicommutative and weak a-rigid, it is proven that the ring
R[z] and the ring (R[z]/(z™)) where (™) is the ideal generated by =™ and n

is a positive integer, are weak a-skew Armendariz.
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1. Introduction

Throughout this paper R denotes an associative ring with identity. a : R —
R is an endomorphism of a ring R, we denote R[z;a] the Ore extension whose
elements are the polynomials over R, the addition is defined as usual and the
multiplication subject to the relation za = a(a)z for any a € R. A ring R is called
weak Armendariz if whenever polynomials p = Z?lo a;zt, and ¢ = Z?:o bjzd in
Rlx] satisty pg = 0, then a,;b; is a nilpotent element of R for each i, j. Recall that
a ring R is reduced if R has no nonzero nilpotent elements. Observe that reduced
rings are abelian (i.e., all idempotents are central).

Let a be an endomorphism of a ring R. According to Hong et al. [5], R is called a
a-skew Armendariz ring if whenever p = > a;2", and ¢ = Z?:o bjzd in R[z;al,
pg = 0 implies a;a*(b;) = 0. As a generalization of the a-skew Armendariz rings,
in this paper, we introduce the notion of weak a-skew Armendariz rings. We call
a ring R a weak a-skew Armendariz ring if whenever polynomials p = ZZO a;x’,

and ¢ = Y77 bja’ in Rlz;al satisfy pg = 0, then a;a’(b;) is a nilpotent element
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of R for each i,j. It can be easily checked that if R is a weak Armendariz ring,
then it is a weak Ir- skew Armendariz ring, where I is an identity endomorphism
of R, and all a-skew Armendariz rings are weak a-skew Armendariz. So the weak
a-skew Armendariz rings are a generalization of weak Armendariz rings and a-skew
Armendariz rings.

According to Krempa [10], an endomorphism « of a ring R is called to be rigid
if aa(a) = 0 implies ¢ = 0 for a € R. We call a ring R a-rigid if there exists
a rigid endomorphism « of R. Note that any rigid endomorphism of a ring is a
monomorphism, and a-rigid rings are reduced rings by Hong et al. [6]. Properties of
a-rigid rings have been studied in Krempa [10], Hong [6], and Hirano [4]. Motivated
by results in Krempa [10], Hong et al. [6] and Z. K. Liu [12], we introduce the weak
a-rigid rings which are a generalization of a-rigid rings. Let a be an endomorphism
of a ring R, R is said to be weak a-rigid if aa(a) € nil(R) < a € nil(R), where
nil(R) is the set of nilpotent elements of R. We will show that R is a-rigid if and
only if R is weak a-rigid and reduced. So the weak a-rigid ring R is a generalization
of a-rigid ring to the more general case where R is not assumed to be reduced.

For a ring R, we denote by nil(R) the set of all nilpotent elements of R and by
T,.(R) the n by n upper triangular matrix ring over R.

2. Weak a-rigid rings

Our focus in this section is to introduce the concept of a weak a-rigid ring and
study its properties. We say a ring R with an endomorphism « to be weak a-rigid
if aa(a) € nil(R) < a € nil(R) for a € R. Tt is easy to see that the notion of
a weak a-rigid ring generalizes that of an a-rigid ring. Clearly every subring of a
weak a-rigid ring is a weak a-rigid ring. The following example shows that there

exists a weak a-rigid ring R such that R is not a-rigid.

Example 2.1. Let o be an endomorphism of R and R be an «-rigid ring. Let

o)

w

|
o o 2
[ R SEEES S

c
d ||a,bc,deR
a

be a subring of T5(R). The endomorphism « of R is extended to the endomorphism
@ : Ry — Rs defined by a((a;j)) = (alaij)). We show that, (1) Rs is a weak
a-rigid ring, (2) Rs is not a-rigid.
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a b c a b c
(1) Suppose that 0 a d |a|l 0 a d € nil(R). Then there is
0 0 «a 0 0 a
some positive integer n such that
a b c a b c ! aa(a) x* * !
0 a d |« 0 a d =10 aa(a) * =0.
0 0 a 0 0 a 0 0 ac(a)
Thus ac(a) € nil(R). Since R is reduced, we have aa(a) = 0, and so a = 0 since
a b c 0 b ¢
R is a-rigid. Hence | 0 a d | =

0 0 a

c
Conversely, assume that | 0 a d
a

integer n such that

a b c a b c 0 *= =«
0 a d |« 0 a d =10 0 * | €nil(Rs).
0 0 a 0 0 a 0 0O

Therefore, R3 is weak a-rigid.

(2) Since R3 is not reduced, Rs is not a-rigid.

Proposition 2.2. Let a be an endomorphism of a ring R. Then R is a-rigid if

and only if R is weak a-rigid and reduced.

Proof. Assume that R is a-rigid, then R is reduced. Now we show that R is weak
a-rigid. Suppose a € nil(R), then a = 0 since R is reduced, and so aa(a) = 0 €
nil(R). If aa(a) € nil(R) for a € R, then aa(a) =0, and so a = 0 € nil(R) since
R is a-rigid. Therefore R is weak a-rigid and reduced. Conversely, suppose that R
is weak a-rigid and reduced. Let ac(a) = 0 for a € R, then a € nil(R) since R is

weak a-rigid. Thus a = 0 because R is reduced. Hence R is a-rigid. O

Proposition 2.3. Let R be a weak a-rigid ring and nil(R) be an ideal of R. Then

we have the following:
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(1) If ab € nil(R), then aa™(b) € nil(R), a™(a)b € nil(R) for positive integers
m and n.

(2) 1If &*(a)b € nil(R) for some positive integer k, then ab € nil(R), and
ba € nil(R).

(3) If aat(b) € nil(R) for some positive integer t, then ab € nil(R), and ba €
nil(R).

Proof. (1) If ab € nil(R), then a(ab) = a(a)a(b) € nil(R). Since nil(R) is an ideal
of R, we get ba(a)a(b)a?(a) = ba(a)a(ba(a)) € nil(R). So ba(a) € nil(R), then
a(a)b € nil(R). Continuing this procedure, we get o™ (a)b € nil(R) for any positive
integer m. Similarly, by ab € nil(R), we have ba € nil(R). Then a"(b)a € nil(R)

and so aa™(b) € nil(R) for any positive integer n.

(2) If a®(a)b € nil(R) for some positive integer k, then a*(a)a*(b) = o*(ab) =
a(ak~1(ab)) € nil(R) by Proposition 2.3 (1). Since nil(R) is an ideal of R,
(a*=1(ab))a(a*~1(ab)) € nil(R), and so a*~1(ab) € nil(R) by definition. Con-

tinuing this procedure, we obtain ab € nil(R).
(3) Employing the same method in the proof of (2), we get the result. O

Proposition 2.4. Let R be weak a-rigid and nil(R) be an ideal of R. Then a(e) = e

for any central idempotent e € R.

Proof. Let e be a central idempotent of R, then e(1 —e) = 0 implies a(e)(1 —
e) € nil(R) by Proposition 2.3. Thus there is some positive integer k such that
0 = (a(e)(1 —e))* = a(e)(1 — e). Hence ale) = a(e)e. Similarly, (1 —e)e = 0

implies a(1 — e)e = 0, thus e = a(e)e and hence a(e) = e. O

Let a be an endomorphism of a ring R, an ideal I of R is said to be weak a-rigid

if aa(a) € nil(R) < a € nil(R) for a € 1.

Proposition 2.5. Let R be an abelian ring with ae) = e for any > = e € R.
Then the following statements are equivalent:

(1) R is a weak - rigid ring.

(2) eR and (1 — e)R are weak a-rigid ideals.

Proof. (1) = (2) It is trivial.

(2) = (1) Let a € R be such that a € nil(R). Then ea € nil(R) and (1 —e)a €
nil(R). Since eR and (1 — e)R are weak «- rigid, there exist some positive integers
m and n such that (eac(ea))™ = e(aa(a))™ =0, and ((1 —e)aa((1—e)a))” = (1—
e)(ac(a))® = 0. Let k = Max{m,n}, then e(aa(a))* = 0 and (1 — €)(aa(a))* = 0.
Thus (aa(a))® = 0, hence aa(a) € nil(R).
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Conversely, assume that aa(a) € nil(R). Then eaa(ea) € nil(R) and (1 —
e)aa((l — e)a) € nil(R). Thus ea € nil(R) and (1 — e)a € nil(R) since eR and
(1 — e)R are weak a-rigid ideals. So a € nil(R). Therefore R is weak a-rigid. O

3. Extensions of weak a-rigid rings

Let a be an endomorphism of a ring R. Let T,(R) denote the n by n upper
triangular matrix ring over R. Then the endomorphism « of R is extended to the
endomorphism @ : T,,(R) — T,,(R) defined by

a1 aiz - Qin 04(1111) Oé(a12) s Oé(aln)
o 0 asy -+ Q2p _ 0 Oz((lgg) s a(agn)
0 0 - apn 0 0 oo alany)
air a2 A1n
for any 22 on | ¢ T,,(R). Then we have the following:

Theorem 3.1. Let o be an endomorphism of a ring R. Then the following state-
ments are equivalent:

(1) R is weak a-rigid.

(2) T, (R) is weak Q- rigid for any positive integer n.

aip a2 - Qin
azy - a2p

Proof. (1) = (2) Let A = € T,(R) be such that A €
0 0 - apn

nil(T,,(R)). Then there exists some positive integer n such that

n

a1 a2 - Qip ay; *
0 ao9 -+ Q2p 0 G,ELQ *
= =0.
*
n
0 0 - apn 0 0 - an,

Thus ay; € nil(R)(i =1,2,--- ,n). Since R is weak a- rigid, we get that a;;a(a;;) €

nil(R). So there is some positive integer t; such that (a;a(a;)) = 0, (i =
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1,2,---,n). Let t = Maz{t;},(i=1,2,--- ,n), then

tn
air a2 - Qin aix a2 - Qin
0 azx -+ a |_ 0 a - ax
a
0 0 - apn 0 0 - apn
tn n
alla(all) * * 0 * cee %
. 0 agga(agg) R * _ 0 0 * —0
* . * ’
0 0 Apn(Ann) 0 O 0
air a2 -+ Qin ail aiz -+ Qin
a -eea 0 a e a
Hence 22  la > n € nil(T,,(R)).
0 0 - apn 0 0 - apn
a1 ai2 - Qin
Q2 -+ Q2n _ .
Now, Let A = € T,,(R) be such that Aa(A) € nil(T,(R)).
0 0 - apn
There is some positive integer n such that
n
aix a2 - Qin aix a2 - Qi
0 a2 asn | _ 0 a2 a2p
a
0 0 - apn 0 0 - apn
n
arra(ai) * cee *
0 assa(a cee *
= 220(022) = 0. Thus a;;a(a;) € nil(R),
e e e *
0 O e anna(ann)

(i =1,2,---n). Hence a;; € nil(R) since R is weak a-rigid, and so there is some

positive integer ¢; such that (a;)% = 0. Let t = Maz{t;}, (i =1,2,--- ,n), then

tn ¢ n n
a11 G2 - Qln ap ok * 0 *
0 ag -+ an B 0 ab, * | o o *
* *
t
0 0 - anm 0 0 - a, 0 0 - 0

Hence A € nil(T,(R)). Therefore T, (R) is weak a-rigid.
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(2) = (1) Let a € nil(R), then a™ = 0 for some positive integer n. Let

a 0 - 0
o 0 - 0 , : :
A= € T,,(R), then A € nil(T,,(R)). Since T,,(R) is weak
0 0 0
a— rigid,
0 0 aa(a) 0 0
_ 0 0 0 0 0
a =
0 0 0 0 0 0 0 0 0

€ nil(T,,(R)). Thus aa(a) € nil(R). Now let aa(a) € nil(R), then

0O 0 --- 0
a € nil(T,(R)).
0 0 0 0 0 0
a 0
. . L o 0 - 0 .

Since T),(R)) is weak a— rigid, we have € nil(T,,(R)), and

0 0 0
so a € nil(R). Hence R is weak a-rigid. O

Given a ring R and a bimodule p Mg, the trivial extension of R by M is the ring
T(R,M) = R® M with the usual addition and the multiplication

(r1,m1)(ra, mg) = (rire, rime + myra).

m

r

r
This is isomorphic to the ring of all matrices ( ) , where r € Rand m € M

and the usual matrix operations are used.

Let a be an endomorphism of a ring R, then « is extended to the endomorphism
@ T(RR) — T(R,R) defined by a [ [~ ™ | ) = [ ) 20 ) oy
0 r 0 ar)

r -m

€ T(R,R).
0 r

Corollary 3.2. Let a be an endomorphism of a ring R. Then the trivial extension
T(R,R) of R by R is weak a-rigid if and only if R is weak a-rigid.
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Proof. Since T(R, R) is isomorphic to the subring {( g " ) |r,m € R} of a
r

ring T5(R) in Theorem 3.1. And each subring of a weak a-rigid ring is also weak
a-rigid. So it is easy to see that T'(R, R) is a weak @ rigid ring if and only if R is
weak a-rigid. O

We say a ring R is a weak a-skew Armendariz ring if whenever polynomials
p = Yitgaix’, and ¢ = Y7 bz’ in Rlz;a] satisfy pg = 0, then a;a’(b;) is a

nilpotent element of R for each i, j.

Theorem 3.3. Let R be a weak a-rigid ring with nil(R) an ideal of R. Then R is

a weak a-skew Armendariz ring.

Proof. Let f(z) = }1"yaiz’ € R[z;a] and g(z) = 3 7_(bjz’ € R[z;a] be such
m+n .

that f(z)g(z) = 0. Then > ( > a;a’(b;))z*¥ = 0. Then we have the following
k=0 i+j=k

equations:

Z a;a'(b;) =0, k=0,1,--- ,m+n.
i+j=k
We will show that a;a’(b;) € nil(R) by induction on i + j.
If i + j = 0, then agby = 0 € nil(R) and so bpag € nil(R).
Now suppose that k is a positive integer such that a;a’(b;) € nil(R) when
i+j < k. We will show that a;a’(b;) € nil(R) when i + j = k.

Consider equation:
aoby, + ara(br_1) + aza®(by_2) + - + arpa®(by) = 0. (1)

Multiplying (1) by bo from left, we have byara®(by) = —(boaobr + boaia(by_1) +
boaza?(by_2) + -+ + bpar_1a*~1(by)). By the induction hypothesis, a;a’(by) €
nil(R) for 0 < i < k. Thus a;bg € nil(R) by Proposition 2.3, and so bpa; € nil(R)
for 0 < i < k. Hence byara®(by) € nil(R) since nil(R) is an ideal of R. Thus
boara® (bg)ar (ay) = boara® (boay) € nil(R), this means that bpay, € nil(R) and so
arbo € nil(R). Thus a,a®(by) € nil(R) by Proposition 2.3. Multiplying (1) by b;
from the left, similarly, we have as_1a*~1(by) € nil(R).

Continuing this procedure yields that a;a’(b;) € nil(R) for i + j = k. Therefore
by induction, we have a;a’(b;) € nil(R) for each i,j, and so R is a weak a-skew

Armendariz ring. |

Now we can give an example of a weak a-rigid ring which is not weak a-skew

Armendariz.
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Example 3.4. Let R be a ring and Ms(R) the 2 by 2 matriz ring over R. Let
A B
S = {( 0 C > |A, B,C € My(R) p. With usual matriz operations, S is a ring.

The endomorphism « of S — S is defined by

A B A -B A B
Q@ = for any € s.
0 C 0o C 0 C
It is easy to see that S is weak a-rigid. Now we show that S is not weak a-skew

Armendariz. Let
(o) o)) (oe) (00)
0 0 0 0 0 0 0 0
fle) = 0 0 0 0 1 (0o o o) |”
0 0 0 1 0 0 -1 0
(o) Go) ) (o) (00)
0 O 0 0 0 0 0
g(z) = 0 0 01 + 0 0 0 x € S[x; al.
0 0 0 0 0 0 1
Then we have f(x)g(x) =0, but
0 0 0 0 0 0 0 0
0 O 0 0 0 O 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1

is not a nilpotent element of S. Thus S is not weak a-skew Armendariz.

o O o o

Corollary 3.5. Let a be an endomorphism of a ring R. Then R is a weak a-skew

Armendariz ring if and only if for any n, T,,(R) is a weak a-skew Armendariz ring.

Proof. Suppose that T,,(R) is a weak @- skew Armendariz ring, then it is easy to
see that R is a weak a-skew Armendariz ring. Conversely, Let f(x) = Ag + A1x +
<-4+ Apa?, and g(x) = Bo+ Biz + - - - + By be elements of T,,(R)[z;@]. Assume
that f(z)g(x) = 0. Let

i i i J J J
ap; Gy - Ay biy bip oo by,
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Then from f(z)g(x) =0, it follows that

P q
(Zazsxi> Zbgsxi =0,s=1,2,--- ,n.
i=1 j=1

Since R is a weak a-skew Armendariz ring, there exists some positive integer m;;s

such that (al i (bl )™= = 0 for any s and any i, j. Let m;; = Maxz{mj1,mijo,  ,Mijn}-
Then
aliloéi(bjﬁ) * * e 0 * - x
. 0 ageily) - s 00
(A" (B;)™ = : : . . =
0 0 o al, ad (b)) 00 - 0

Thus (A;@'(B;) € nil(T,(R)). This shows that T,,(R)) is a weak a- skew Armen-
dariz ring. O

Corollary 3.6. Let o be an endomorphism of a ring R. Then R is a weak «-
skew Armendariz ring if and only if the trivial extension T(R, R) is a weak @- skew

Armendariz ring.
Proof. It follows from Corollary 3.5. O

Recall that if o is an endomorphism of a ring R, then the map a can be extended
m m

to an endomorphism of the polynomial ring R[x] defined by Z aiz’ — Z afa;)x’.
=0 =0
We shall also denote the extended map R[z] — Rz] by « and the image of

f € R[z] by a(f). By [12.Theorem 3.8], if R is semicommutative, then R[z] is
weak Armendariz. We have the following Theorem which is a generalization of
[12.Theorem 3.8]

Lemma 3.7. [12] Let R be a semicommutative ring. Then nil(R) is an ideal of R.

Lemma 3.8. [12] Let R be a semicommutative ring. If ag,a1,--- ,a, € nil(R),

then ap + a1x + - - - + ap,x € R[x] is a nilpotent element.

Theorem 3.9. Let R be a weak a-rigid and semicommutative ring. Then Rx] is

a weak a-skew Armendariz ring.

Proof. Let f = fo+ fiy + - + fpy” € (Rlz])[y;al, and g = go + g1y +--- +
9qy? € (R[z])[y; ] be such that fg = 0. Suppose that f; = Zaixs. Let
s=0
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m = Maxz{m;},(i = 0,1,---,p.) Then each f; can be written in the form of

m

fi= Z a’z®. Note that zy = y since a(1) = 1, and za = ax for any a € R. Thus
s=0

n
Similarly, each g; can be written in the form of g; = Z b{mt, and thus
t=0

g= Zq: <Zn:b§:ct> Y = Zn: Zq:bzyj zt
j=0

j t=0 t=0 \ j=0

From fg = 0, we have the following equations:

P q
Z( y> Sy | =0 E=0Lmtn (2)
0 Jj=0

s+t=k \i=

We will show by induction on s + ¢ that a’a’(b}) € nil(R) for any 0 < i < p,
and 0 < j < ¢ and any s,t with s+t =0,1,---m +n.

P q
If s+t =0, then s = ¢t = 0. Thus (Zaéyl)(z byy') = 0. Since R is
i=0 3=0

semicommutative, nil(R) is an ideal of R by Lemma 3.7. Then R is weak a-skew
Armendariz by Theorem 3.3. Thus aja’ (b)) € nil(R) for any 0 < i < p, and any
0<j<gq

Now suppose that k < m + n is such that a’a/(b!) € nil(R) for any 0 < i < p,
and any 0 < j < ¢, and any s, t with s+¢ < k, we will show that a’a/(b]) € nil(R)
for any 0 < i < p, and any 0 < j < ¢, and any s, ¢ with s +t = k. From (2), we

have
P a ptq o
0= 3 () (o) = 3 8 ( 52 awon) v
s+t=k \i=0 j=0 s+t=k =0 \i+j=l
pt+q ax

=SS 3 ey st | o

1=0 \s+t=ki+j=l 1=0 \i+j=ls+t=k
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Thus

s+t=k

Do abi+ Y aia(b)) =0,

s+t=k s+t=k

Do oalti+ Y agaby )+ Yl (B) =0,
s+t=k s+t=k s+t=k

Z ala® (b)) =0

s+t=k

If s < k. Then by the induction hypothesis, a’b) € nil(R) and so bJa? €
nil(R) for s < k. Hence bJa3b? + b3ab) | + --- + bJad_, b9 € nil(R) since R is

semicommutative. Therefore if we multiply Z a?b? = 0 on the left side by b9,
s+t=k

then it follows that bJalb) € nil(R), and so bja} € nil(R) and adb) € nil(R). If

we multiply Z a%b? = 0 on the left side by b9, then bad 1 b) = —(badbl +
s+t=k

blafby_y + -+ bja]_5b3) — blapbf = —(bjag)by — (BRaf)by_y — -+ — (bia_,)b§ —

b9(ab) € nil(R) since R is semicommutative. Thus a? ;b9 € nil(R). Similarly,

we can show that a)_,b3 € nil(R),--- ,adb} € nil(R). So we show that aai(b]) €

nil(R) for any s, t with s +¢ =k and any ¢, j with ¢ + j = 0.

Suppose that | < p + ¢ is such that aéo/(b{) € nil(R) for any s,t with s +t =k
and any 4,j with i + j < I, we will show that aa/ (b)) € nil(R) for any s,t with
s+t=kand any i,j with i + 5 = [.

If s < k, then by the induction hypothesis, aia®(b]) € nil(R). Thus aib) €
nil(R) by Proposition 2.3, and so b3a’ € nil(R). If i < I, then by the induction
hypothesis on [, ala’(b)) € nil(R) for any i < I, which implies a%b} € nil(R) and
so blal € nil(R) for any i < . Multiplying Z a’bl + Z ala(®=™1) + .. 4

s+t=k s+t=k
Z alal(b?) = 0 on the left side by b3, we have bJalal(bQ) € nil(R) since nil(R)

s+t=k
is an ideal of R by Lemma 3.7. Thus bJalal(b3)al(al) = balal(bdal) € nil(R).

Thus bjal, € nil(R) which implies a}b) € nil(R) and so ala!(b8) € nil(R) by
Proposition 2.3. Similarly, we can show that a’c/(b!) € nil(R) for any s,t with
s+t=k and any 4,j with i + j = [.

Therefore, by induction, we have a’a’(b}) € nil(R) for any 0 < i < p, and
0<j<qgandanys twiths+t¢t=0,1,---m+n. Now,
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o (£ (E0)- () (o)
s=0 5=0 =0

t=0

m—+n o
= Z (Z aiof(bi)) z”,
k=0 s+t=k
Since R is semicommutative, by Lemma 3.7, Z alal(b]) € nil(R). Thus by
s+t=k
Lemma 3.8, f;a'(g;) € nil(R[z]). Therefore R[] is weak a-skew Armendariz. O

Corollary 3.10. Let R be a weak a-rigid semicommutative ring. Then Rlx]/(z™)

is a weak a-skew Armendariz ring where (z™) is the ideal of R[x] generated by x™.

Proof. Denote T in R[z]/(z") by u, so R[z]/(z") = R[u] = R+ Ru+---+ Ru""!,
where u is commutative with elements of R and u™ = 0. Let f, g € R[u][y] be such

that fg = 0. Then we can suppose that f = 327" fiy’ and g = Z?:_(Jl g;y7, and

fi = 22;01 alu®, and g; = ?;01 blu'. Then a proof similar to Theorem 3.9, we

get the result. O
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