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ABSTRACT. It is proved that, over a Dedekind domain, a module is torsion if

and only if every submodule is cofinitely supplemented.
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1. Introduction

Throughout R will denote an associative ring with identity and all modules
are unital left R-modules. A module M is called supplemented, if every submodule
of M has a supplement; that is, let N be a submodule of M, if M is supplemented,
then there exists a submodule K of M such that M = N + K and K is minimal in
this sum; or equivalently, N N K is a small submodule of K.

M is called amply supplemented, if whenever M = N + K, where N and K are
submodules of M, then N has a supplement contained in K. Obviously, amply
supplemented modules are supplemented but converse is not true.

A module N is called a cofinite submodule of M, if % is finitely generated. If
every cofinite submodule of M has a supplement in M, then M is called cofinitely
supplemented, see [1]. Every finitely generated cofinitely supplemented module is
supplemented.

In [7], totally supplemented modules are defined. A module M is called totally
supplemented, if every submodule of M is supplemented. Let us say, a module is
totally cofinitely supplemented if every submodule of M is cofinitely supplemented.
By definition, every submodule of a totally (cofinitely) supplemented module is
totally (cofinitely) supplemented.

This definition is not meaningless, that is not every submodule of a cofinitely
supplemented module is cofinitely supplemented. Let us consider the Z-modules
Z and Q, where Z is the set of integers and Q is rational integers. Q is cofinitely
supplemented, since it’s only cofinite submodule is itself but obviously Z is not

cofinitely supplemented.
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Theorem 2.13 of [1] can be rewritten after this new definition.

Theorem 1. The following statements are equivalent:
1- R is semiperfect.
2- Every left(right) R-module is cofinitely supplemented.
3- Every left(right) R-module is amply cofinitely supplemented.
4- Every left(right) R-module is totally cofinitely supplemented.

Corollary 2. Let R be a discrete valuation ring, then the following statements are
equivalent for an R-module M :

1- M is cofinitely supplemented.

2- M is amply cofinitely supplemented.

8- M is totally cofinitely supplemented.

Proof. Since a DVR is local, then R is semiperfect by [8, 42.6]. So, by above

Theorem result follows. O

The definition of totally cofinitely supplemented module could be weakened as

it is seen in the next result:

Proposition 3. Let M be a module such that every (cyclic)finitely generated sub-
module is cofinitely supplemented, then M is totally cofinitely supplemented.

Proof. Let N be a submodule of M, then for any n € N, Rn is cofinitely supple-

mented and by [1, Lemma 2.3], N = Y Rn is cofinitely supplemented. O
neN

Proposition 4. Fvery totally cofinitely supplemented module is amply cofinitely
supplemented and every amply cofinitely supplemented module is cofinitely supple-

mented.

Proof. Let M be a totally cofinitely supplemented module, then every (cyclic)
submodule of M is cofinitely supplemented. So, by [1, Corollary 2.11], M is am-
ply cofinitely supplemented. Clearly amply cofinitely supplemented modules are
cofinitely supplemented. (Il

Note that, converse statements of Proposition 4 are not true because of Exam-
ple 1.7 of [7] (for finitely generated modules, cofinitely supplemented modules are

supplemented) and Corollary 4.9 of [1].

Corollary 5. FEvery factor module of a totally cofinitely supplemented module is
totally cofinitely supplemented.
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Proof. Let M be a totally cofinitely supplemented module and K be a submodule

of M. Let N be a submodule of M containing K, then by assumption N is cofinitely
N

supplemented and by [1, Lemma 2.1], 7 is cofinitely supplemented. (Il

The following result is the analog of [7, Theorem 2.8] and a generalization of

Theorem 3.4 of the same paper.

Proposition 6. Let K be a linearly compact submodule of M, then M is totally
M
cofinitely supplemented if and only if Vd 18 totally cofinitely supplemented.

M
Proof. Necessity is by Corollary 5. For sufficiency: Let V7 be a totally cofinitely
supplemented module where K is a linearly compact submodule of M. Let N
M
be a submodule of M. N N K is linearly compact by [8, 29.8(2)]. Since — is

N N+ K K
o is cofinitely

totall finitely suppl ted and th
otally cofinitely supplemented an , enNﬁK

supplemented. By [7, Theorem 3.4], N is cofinitely supplemented. (I

We do not know if any direct sum of totally cofinitely supplemented modules
is totally cofinitely supplemented over any ring, although as we will see soon, it
is true over some commutative domains. But we can say the analogs of Theorem
2.9 and Corollary 2.10 of [7]. Since the proof of the first statement is virtually the

same, we do not include it here.

Proposition 7. Let M = K@ L be a direct sum of submodules K and L such
that K is totally cofinitely supplemented and L is semisimple. Then M is totally
cofinitely supplemented if and only if K is totally cofinitely supplemented.

Corollary 8. Let M = M; @ My @ M3 be a direct sum of modules such that My
1s linearly compact and Ms is semisimple, then M is totally cofinitely supplemented

if and only if My is totally cofinitely supplemented.

Proof. By Corollary 5, Propositions 6 and 7. (]

An R-module M is called locally artinian, if every finitely generated submodule

of M is artinian. Artinian modules are supplemented.

Proposition 9. Any direct sum of locally artinian modules is totally cofinitely

supplemented.

Proof. Let {M;},.; be a family of locally artinian modules for any index set I

and @M; be direct sum of these modules. Let N be a submodule of M. Let us
icl

take any nonzero n € N and consider Rn. Clearly Rn C Rmq + ..... + Rmy, for
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some my, ..., my, from the family {M;},.; and by assumption Rm;j + ..... + Rmy, is
artinian, then so is Rn and consequently Rn is cofinitely supplemented. Hence by

Proposition 3, N is cofinitely supplemented. O

M is called €p-cofinitely supplemented if every cofinite submodule of M has a
supplement that is a direct summand and M is cofinitely weak supplemented if
every cofinite submodule of M has a weak supplement; that is, for any cofinite
submodule A of M, there is a submodule B of M such that M = A+ B and ANB
is small in M. For these modules, see [3], [4] and [2]. A ring R is said to be a left
V-ring if every simple left R-module is injective (see [8, page 192]).

Theorem 10. Let R be a left V-ring and let M be an R-module, then the following
statements are equivalent:

1 — M is cofinitely supplemented.

2 — M is amply cofinitely supplemented.

3— M is totally cofinitely supplemented.

4 — M is @ —cofinitely supplemented.

5— Every cofinite submodule of M is a direct summand.

6 — M is semisimple.

7 — M is cofinitely weak supplemented.

Proof. (6) = (5) = (4) are straightforward implications by definitions.

(6) = (3) If M is semisimple then every submodule of M is semisimple and so
cofinitely supplemented.

(2) = (1) and (3) = (2) are by Proposition 4.

(1) = (5) Let N be a cofinite submodule of M. then by assumption M = N+ K
and N N K << K for some submodule K of M. Then NN K C RadK C RadM.
But by [8, 23.1], RadM = 0. Therefore M = NP K.

(5) = (6) Let us suppose that M is not semisimple, then M # SocM. For

any m € M — SocM, we consider o(Rm) where o : M — Socll is the canonical
oc
Rm

————— then it is finitely generated. Hence
Rm N SocM

o(Rm) has a maximal submodule o(A), for some submodule A of Rm + SocM
o(Rm) _ Rm + SocM
a(A) A

SocM M SocM B
B+ SocM is injective and then — = B+ SocM ) 1 for some submodule

epimorphism. Since o(Rm) =

containing SocM. By the isomorphism and assumption,

B of M containing A. Then B is a maximal submodule of M and consequently

B M
i imal le of
Socll is a maximal submodule o Socll

hence M is semisimple.

. A contradiction by Lemma 2.7 of [1],
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(4) = (1) is by definition.
(1) = (7) is by [2, Theorem 2.19]. O

2. Totally Cofinitely Supplemented Modules over Commutative Rings

Throughout this section R will denote a commutative ring.

Lemma 11. Let R be a noetherian ring and M = M, @ Ms @ ... M, be a direct
sum of totally cofinitely supplemented submodules M;(1 < i < n) for some n > 2.
Let R = ann(M;) + ann(M;) for all 1 < i < j < n, then M is totally cofinitely

supplemented.

Proof. Let U and V be two submodules of M such that V is cofinite in U. By [6,
Lemma 4.1}, U = (UNM;) @ ... B(UNM,,) and V = (VNM;) P ... (VNM,). For
every 1 < ¢ <n, VN M, is cofinite submodule of U N M;. Because, v ~ ‘(igﬁz
By assumption, U N M; is cofinitely supplemented, then there exists a supplement
K,of VAM, inUNM,. Let K = KiPKP..EPK,,. Then U = (VN M +
K. BVnM,+K,)= VM +..+VNM,)+(K;P..PK,) =V+K.
Also, VNK =VNK@....6p0V N K,. Hence by [8, 19.3], K is supplement of V'
in U. Therefore U is cofinitely supplemented. ([l

Theorem 12. Let R be a noetherian ring and {M;}

cofinitely supplemented R-modules, then @M, is totally cofinitely supplemented
icl
in case, R = ann(M;) + ann(M;) for any i j € I.

i1 be a family of totally

Proof. Let @ M; = M and N be any submodule of M. By taking a nonzeron € N
=

and considering Rn, we can say Rn C Rmj + ..... + Rmy, for some m/}s from M/s

(1 <i < k). Since each M; is totally cofinitely supplemented, then every Rm; (1 <

i < k) is totally cofinitely supplemented. Hence by Lemmall, Rmi & ... Rmy,

is totally cofinitely supplemented. Therefore Rn and consequently N = > Rn is
neN

cofinitely supplemented. (I

The following two results are easy adaptations of [7, Lemma 4.3. and Lemma

4.4]. Therefore the proofs are not given in detail.

Let M be a local R-module. Then M is cyclic and hence M =2 L There
ann(M)
exists a unique maximal ideal P of R such that ann(M) C P. Then we call the

module M, p-local.

Lemma 13. Let P be a mazimal ideal of R and let an R-module M = M, @ ... D M,
be a finite direct sum of p-local submodules M;(1 < i <mn) for some positive integer

n. Then M is totally cofinitely supplemented.
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Proof. By the proof of Lemma 4.3 of [7], R is semiperfect and by Theorem 1, M
is totally cofinitely supplemented. (I

Corollary 14. Let M = My @ Mo P ... P M, be a finite direct sum of local sub-
modules M;(1 < i < n) for some positive integer n. Then M is totally cofinitely

supplemented.
Proof. Clear by Lemma 13. ]

A module M is called coatomic, if every proper submodule of M is contained in a

maximal submodule or equivalently, for a submodule N of M, whenever Rad(ﬁ) =

M
N then M = N. Finitely generated and semisimple modules are coatomic. For
properties of coatomic modules, the papers [5] and [9] can be seen.

LocM will represent the sum of all local submodules of M and TorM is the

torsion submodule of M.

Proposition 15. Let R be a commutative ring and M be a coatomic R-module,

then M is cofinitely supplemented if and only if M is amply cofinitely supplemented.

Proof. Let M be cofinitely supplemented and coatomic, then by [1, Theorem 2.8],

does not contain a maximal submodule where LocM is the sum of all local

LocM
submodules of M. Since M is coatomic, then M = LocM, so by [7, Theorem 4.5]
and by [1, Theorem 2.10] result follows. O

Theorem 16. Let R be a commutative noetherian ring and M be a coatomic R-
module. The following statements are equivalent:

1— M is cofinitely supplemented.

2 — M is amply cofinitely supplemented.

3— M is totally cofinitely supplemented.

Proof. (1) = (2) is by Proposition 15.
(1) = (3) By [1, Theorem 2.8] and assumption, M = LocM. So, M = @L;
i€l
where L}s are local submodules of M. Let N be any submodule of M, then for

any nonzero n € N, Rn will be a submodule of € L; where F is a finite subset of

icF
I. By Theorem 12, € L; is totally cofinitely supplemented and so Rn is cofinitely
i€F
supplemented. Consequently N is cofinitely supplemented by Proposition 3.
(3) = (2) = (1) is by Corollary 2. O

Proposition 17. If R is a commutative domain, then every coatomic cofinitely

supplemented R-module is torsion.
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does

M
LocM
not contain a maximal submodule by [1, Theorem 2.8]. But then M = LocM
because M is coatomic. By [1, Lemma 4.1], M < TorM, that is M = TorM.

Hence M is torsion. O

Proof. Let M be a coatomic cofinitely supplemented R-module, then

Corollary 18. If R is a commutative domain, then every totally cofinitely supple-

mented R-module is torsion.

Proof. Let M be totally cofinitely supplemented, then Rm is cofinitely supple-
mented and coatomic, for any m € M. By Proposition 17, Rm is torsion. Therefore

M = > Rm is torsion. O
meM

A commutative domain R is called h-local, if every non-zero non-unit of R belongs

R
to only finitely many maximal ideals and — is a local ring for every prime ideal P
of R. By [6, p.148], Dedekind domains are h-local.

Corollary 19. Let R be an h-local domain, then an R-module M is totally cofinitely

supplemented if and only if M is torsion.

Proof. (=) By Corollary 18.
(<) Every submodule of M is torsion. So, cofinitely supplemented by Theorem
4.6 of [1], hence M is totally cofinitely supplemented. |

Corollary 20. Let R be an h-local domain, then any sum of totally cofinitely

supplemented modules is totally cofinitely supplemented.
Proof. Any sum of torsion modules is torsion, so result follows by Corollary 19. [

Theorem 21. Let R be a domain. The following statements are equivalent:
1 — R is h-local.
2— FEwvery torsion R-module is totally cofinitely supplemented.
3— Every cyclic torsion R-module is totally cofinitely supplemented.

4— An R-module M is totally cofinitely supplemented if and only if M is torsion.

Proof. (1) = (2) By Corollary 19.

(2) = (3) Clear.
(3) = (1) Every cyclic torsion R-module is totally cofinitely supplemented, then
cofinitely supplemented. By [1, Theorem 4.6].

(1) = (4) By Corollary 19.

(4) = (2) Clear. O
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