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1. Introduction and Preliminaries

A right seminearring is a set R together with two binary operations “+”and “.”
such that (R, +) and (R,.) are semigroups and for all a,b,c € R: (a+b)c = ac+be
([5])- A right seminearring R is said to have an absorbing zero 0 if a+0=04+a =a
and a.0 = 0.a = 0 hold for all @ € R. A non-empty subset I of a seminearring R is
called a right (left) ideal if

(i) forall z,y € I, v +y € I and

(15) forallz € I and r € R, xr(rzx) € I.

The word ideal will always mean a subset of R which is both a left and a
right ideal of R. An element a of a seminearring R is called distributive if for
all z,y € R,a(z + y) = ax + ay; R will be called distributive if each of its element
is distributive. A seminearring R is called distributively generated, or d.g. for
short, if R contains a multiplicative subsemigroup D of distributive elements which
generates (R,+). If A, B are the non-empty subsets of a seminearring R, then AB
will denote the set of all finite sums of the form Y ayby with ay € A and b, € B.
In particular, for each a € R, aR (Ra) will denote the set of all finite sums of the
form Y ary (O rra) with r, € R. Since R is right distributive, Ra = {ra : r € R}.
Clearly aR(Ra) is a right (left) ideal of R.

For any subset A of R, < A > will denote the ideal of R generated by A. If A
and B are ideals of R then the product AB = {>"]_, axbi : ar € A and b, € B} is

not an ideal. However, if R is distributively generated seminearring then AB is an
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ideal of R. For ideals A, B of R, the sum A + B is defined as the set of all finite
sums Y (ay, + by) with a; € A and by, € B.

If R is d.g. seminearring then A + B is the smallest ideal of R containing both
A and B. More generally, if {A; : ¢ € I} is an arbitrary family of ideals of a
seminearring R with an absorbing zero, then the sum ) A; is the set of all finite
sums y . x; where x; = > . ;a;; such that a;; € A; and a;; = 0 for all except
ser Ai is the smallest ideal

of R containing all ideals {4; : i € I'}. Moreover N;crA; is the greatest ideal of R

iel
finitely many ¢ € I. If R is d.g. seminearring, then >

contained in all ideals {A; : i € I}.

Let R be a seminearring with multiplicative identity 1 (i.e. 1.z = 2.1 = z for all
x € R}. An additive semigroup (M, +) with neutral element zero is called a left
R-seminearmodule if there exist a function « : R x M — M such that if a(r,m)
is denoted by rm, then

(1) (r1 +ro)m =rim+ram

(ii) (rir2)m = ri(ram)

(i4i) 1.m =m

(i) 0 =0m =0, for all r1, 73,7 € R and m € M.

A mapping a : A — B between left R-seminearmodules A and B is a left
R-homomorphism if

(i) ala+a1) = a(a) + afar)

(#1) a(ra) = ra(a) for all a,a; € A and r € R.

Generally, the sum of two R-homomorphisms is not an R-homomorphism. Let
R and L be two seminearrings. We shall say that L is an R-seminearring if L has
the structure of R-seminearmodule and r(zy) = (rx)y, for all z,y € L and r € R.

For two R-seminearrings L1 and Lo, a seminearring homomorphism f: L; —
Lo is called a homomorphism of R-seminearrings if f is an R-homomorphism.

In [3], Brown and McCoy considered the notion of weakly regular rings. These
rings were later studied by Ramamurthi [6], [4] and others. In this paper we initiate
the study of weakly regular seminearrings. In Section 2, we define and characterize
these seminearrings. In Section 3, we construct irreducible spectrum of a d.g.
weakly regular seminearring. In Section 4, we prove a representation theorem for

distributive left weakly regular seminearrings by sections in a presheaf.
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2. Weakly Regular Seminearrings

A ring R is called left weakly regular if # € (Rx)?, for each z € R. Adopting
this definition, a seminearring R will be called left weakly regular if for each z € R,

x € (Rz)?. Every seminearring in this paper contains multiplicative identity.

2.1. Theorem. The following assertions for a seminearring R are equivalent.
(1) R is left weakly regular.
(ii) Every left ideal of R is idempotent (i.e. A2 = A for every left ideal A of R).

Proof. (i) = (ii) Let A be a left ideal of R. Clearly A2 C A. For the reverse
inclusion, let € A, then z € (Rx)2. But Rz C A, so (Rx)? C A? = z € A2

(#4) = (i) Suppose that every left ideal of R is idempotent. Let x € R then
x € Rz implies that x € (Rz) = (Rx)?. Thus R is left weakly regular. O

2.2. Proposition. Suppose R is distributively generated seminearring. Let x € R

then RxR is a two sided ideal of R generated by x.

Proof. Let a,b € ReR thena =} ;.. sixti and b=} .0 s;xt; where s;, s, t;
and t; € R.

a+b= Z s;xt; + Z slxt; € RzR.

finite finite
If r € R then
ar = ( Z sixty)r = Z siz(t;r) € RzR.
finite finite
Since R is d.g. so there exist distributive elements d;,ds, ..., d, such that r =
d1 + d2 + + dn Thus

ra = (dl + d2 —+ ...+ dn)( Z Sy.fCtZ)

finite
finite finite finite
= Z (dlsi)xti + Z (dgsi)l‘ti + ...+ Z (dnsi)l‘ti € RzR.
finite finite finite

Thus RzR is a two sided ideal of R. As R contains multiplicative identity, so
x € RxR. If A is any ideal of R containing x, then sat € A for all s,t € R. Also
Zﬁmte s;xt; € A implies that RxR C A. Hence RxR is the two sided ideal of R
generated by x. (I



WEAKLY REGULAR SEMINEARRINGS 117

2.3. Theorem. The following assertions for a distributively generated seminear-
ring R are equivalent.

(1) R is left weakly regular.

(i1) Fvery left ideal of R is idempotent.

(#i1) For each (two sided) ideal I of R, J NI =1J, for any left ideal J of R.

Proof. (i) < (i) From Theorem 2.1.

(#4) = (¢it) Let I be an ideal and J be a left ideal of R. Since IJ C J and
IJCI=1JCJNI. Letze€ JNI=x € Jandz € I.By (ii) * € Rz = (Rx)*
which implies & = 370 (rix) (tix) = (O 4,00 (rizts))z € IJ. Since z € I, so
meiten-xti €l Thus JNICIJ. Hence JNI=1J.

(7ii) = (i) Let * € R then x € Rr and « € RxR. As Rx is a left ideal and
RzR is an ideal of R, so by (ii1), Rt N RxR = (RzR)(Rx). As x € Rt N RzR =
(RxR)(Rx) = (Rxz)(Rx), therefore z € (Rx)?. Hence R is a left weakly regular. [

2.4. Proposition. Each ideal of a left weakly regular seminearring is left weakly

reqular (as a seminearring).

Proof. Let J be an ideal of a left weakly regular seminearring R. Let x € J
then Jx is a left ideal of R (since Jx = {jz : j € J} if jiz and jox € Jz then
J1z + jox = (j1 + jo)x € Jz, if r € R then r(jz) = (rj)z € Jx. By Theorem 2.1,
(Jz)? = Jx. As z € R, so x € (Rz)? that is

r = ratiz+roxtexr + ... +rpxt,x

= (rixty + rexte + ... + rpaty)x € Jx, since x € J.
As Jx = (Jz)?,s0 x € (Jx)2. Thus J is a left weakly regular(as a seminearring). [

2.5. Definition. A two sided ideal I of a seminearring R is called left pure if for
each x € I there exists y € I such that x = yx. In other words, I is left pure if and

only if for each a € I the equation a = xa has a solution in I.

2.6. Proposition. A distributively generated seminearring R is left weakly reqular

if and only if every two sided ideal I of R is left pure.

Proof. Suppose R is a left weakly regular seminearring and I a two sided ideal of
R. Let a € I. Then a € (Ra)?, that is

a= Z (ria)(tia) = ( Z riat;)a = ya, where y = Z riat; € I.

finite finite finite

Thus I is left pure.
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Conversely, assume that every ideal of R is left pure. Let a € R, then RaR is
a two sided ideal of R generated by a. By hypothesis a € (RaR)a = (Ra)(Ra) =
(Ra)?. Thus R is left weakly regular. O

2.7. Proposition. For a distributively generated left weakly reqular seminearring
R, the set of all ideals of R (ordered by inclusion) form a complete lattice £ under
the sum and intersection of ideals with I NJ = IJ for ideals I, J of R.

A lattice £ is called Brouwerian if for any a,b € £, the set of all x € £ satisfying
a Az < b contains a greatest element ¢, the pseudo-complement of a relative to b.

A (complete) Brouwerian lattice is distributive.

2.8. Proposition. If R is a distributively generated left weakly regular seminear-

ring, then the lattice £ of all ideals of R (ordered by inclusion) is distributive.
Proof. Follows from [2, Proposition 3.3]. O

2.9. Proposition. Let R be a distributively generated left weakly reqular semin-
earring. For an ideal P of R the following assertions are equivalent.

(1) Forideals I,J of R, INJ = P implies | = P or J = P,

(i) INJCP=1CPorJCP,

(1)) <a>N<b>CP=a€ P or,be P, for any a,b € R.

Proof. (i) = (i) Suppose INJ C P for ideals I, J of R. Then P=(INJ)+ P =
(I+P)N(J+ P) by Proposition 2.8. Hence by hypothesis [+ P =Por J+ P =P
that is I C P or J C P.

(#4) = (u41) It is obvious.

(#4i) = (¢) Suppose I, J, are ideals of R containing P properly. Then there exist
a € I\P and b € J\P. By the contrapositivity of (iii), we have < a >N < b>¢Z P.
Hence INJ # P. O

2.10. Definition. An ideal P of R is called irreducible if it is proper (i.e. P # R)

and satisfies one of the equivalent conditions of the above Proposition.

2.11. Proposition. Let R be a distributively generated left weakly reqular semin-
earring. If I is a proper ideal of R and a ¢ I, then there exist an irreducible ideal
J of R such that I C J and a ¢ J.

Proof. By Zorn’s Lemma, there exists an ideal J of R which is maximal with
respect to the property that J is proper, I C J and a ¢ J. Then J is irreducible.
For if J = PN L but both P and L are properly contain J, then P and L are both
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contain a. Hence a € PN L. Since a ¢ J, this contradicts the assumption that
J=PnNL. a

The following is an immediate consequence of the above Proposition.

2.12. Proposition. Let R be a distributively generated left weakly reqular sem-
inearring. Then each proper ideal of R is the intersection of all irreducible ideals

which contain it.

2.13. Definition. An ideal J of R is called a direct summand of R if there exists
an ideal J', called Cosummand of .J, such that J +.J = R and JNJ = {0}.

2.14. Proposition. Let R be a distributively generated left weakly reqular semin-

earring. Then the set of direct summands of R is a Boolean sublattice of £g.

3. Irreducible spectrum of a distributively generated left weakly

regular seminearring

3.1. Definition. We denote by £p the lattice of ideals of R and by H(R) the set
of irreducible ideals of R. For any ideal I of R, we define
©; = {JeH(R):1¢J},
S(H(R) = {O5:1€£r}.
In the rest of this section, R will denote a d.g. left weakly regular seminearring.
3.2. Theorem. The set S(H(R)) forms a topology on the set H(R). Moreover,

the assignment I — Oy is an isomorphism between the lattice £r of ideals of R
and the lattice of open subsets of H(R).

Proof. First we show that S(H(R)) forms a topology on the set H(R). Note that
©p={J € HR): (0) £ J} =0, since (0) is contained in every (irreducible) ideal.
Thus Oy is the empty subset of S(H(R)). On the other hand O = {J € H(R) :
R ¢ J} = H(R). This is true since irreducible ideals are proper. So O = H(R) is
an element of S(H(R)). Now let ©p,,0r, € S(H(R)) with I, > € £x. Then
@11ﬁ@12 = {JGH(R)IngandIQgJ}
= {JeHR): LN T J}

== ®Ilﬂ[2.

This follows from Proposition 2.9.
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Now consider an arbitrary family {I)}rea of ideals of R. Then

U)\e/\@jA = U,\GA{JEH(R):I)\QJ}
= {J € H(R):3\ e Asuch that I, € J}
= {JEH(R): > IL¢J}
A

= Oy, 1.

Since ), I is an ideal of R it follows that Uxca©1, € S(H(R)). This shows that
S(H(R)) is a topology on H(R). Define

&: Ly — S(H(R))

by setting ®(I) = Oy.

It is easily verified that ® preserves finite intersection and arbitrary union. Hence
® is a lattice homomorphism. Finally we show that & is an isomorphism. For this
purpose we show that I} = Iy <= O, = Oy, for I, I in L. Suppose O, = Oy,.
If Iy # I, then 3 = € I such that = ¢ I5. Then by Proposition 2.11, there exists
an irreducible ideal J such that I, C J and z ¢ J. Hence I; € J and so J € ©y,. By
the assumption O, = Oy, so J € Oy,. Hence Iy Q J. But this is a contradiction.
Hence I = I5. O

3.3. Definition. The set H(R) of irreducible ideals of R will be called irreducible
spectrum of R. The topology S(H(R)) in the above Theorem will be called the
irreducible spectral topology on H(R). We shall denote by H(R) the corresponding
topological space. H(R) will be called irreducible spectral space.

3.4. Proposition. (i) H(R) is a compact space (but not, in general, Hausdorff)
(ii) For I € £ O is open and closed in H(R) iff I is a direct summand of R.

Proof. (i) Suppose Uxca©; = H(R) be an open covering of H(R). Then ), Iy =
R. Sincel€¢ R=— 1= Zfim-te x; where x; = Z)\eA ay, such that ay, € I and
ay, = 0 for all except finitely many A € A.

Suppose 1 = z1 + 2 + ... + x,, and each z; is a sum of m; non-zero ay, then
1= Zfinite I, where number of I, is not more than mq +mso -+ ... + m,,. Thus the
open cover {O7 : A € A} is reducible to a finite subcover. Thus H(R) is compact.

(ii) Suppose O; (I € £g) € S(H(R)) is both open and closed. Then there exist
©; with J € £ so that ©; U©O; = H(R) and ©; N ©; = (). This implies that
I+ J=Randand I NJ ={0}. Therefore, I is a direct summand of R. O

The following example shows that H(R) need not be a Hausdorff space.
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3.5. Example. Let R = {0, z, 1} with the following operations

+ 10|21 Ojlxz|1
0 |0]x|1 0[010]0
T |lz|z|2 z|0|x |2
1 |1]xz|1 110z |1

R is of course a weakly regular seminearring, all of whose ideals are linearly ordered.
£r ={{0},{0,2},{0,2,1}} and H(R) = {{0}, {0, x}}. The spectral space H(R) is
clearly not Hausdorff. Note that H(R) = {0, {0}, H(R)}.

4. Representation of distributive left weakly regular Seminearrings

In this section R will denote a distributive left weakly regular seminearring with

multiplicative identity 1.

4.1. Proposition. Let I and J be ideals of R with J C I. Then any R-homomorphism
from J to I factors through J.

Proof. Let f : J — I be an R-homomorphism. If a € J, then by Proposition
2.6, there exist € J such that a« = xa. Hence f(a) = f(za) = zf(a) € J, since
T e J (|

4.2. Proposition. For each ideal I of R, I" = {3 ;.1 fi : fi €Endr(I)} is an

R-seminearring.

Proof. Clearly I'* is a seminearring with neutral element 0 with respect to point-
wise addition and composition of mappings. Define the action of R on I* by
(12 pinite fi)(@) = (32 pinize fi(2))r for all r € R. Now we show that I* becomes
an R-seminearmodule. If f is an R-endomorphism of I then we show that rf is

also an R -homomorphism of .

(rf)@+y) = (Flet+y)r=(f(x)+f(y)r
= [f@)r+flyr=(rf)z)+ (rf)(y), and

(rf)(az) (f(az))r = (af (z))r = a(f(z)r) = a((rf)(z)).

Thus rf is an R- endomorphism of I. Now

(r Y fi)@) = () file)r= Y filx)r= Y (rfi(x)

finite finite finite finite
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As rf; €EndR(I) = (3. pinise fi) € I". Let 71,72 € R. Then

((m+rz)(f_2s fi)(@) th filx)(r1 +72)
= (fzt filz))r +<th fi(x))ra, R is distributive
= fZ (filw)r) + fZ (fil@)ra)
= th (rifi)(z) + fzt (r2fi)(z)
= (f}% (rifi) + th (r2fi))(x)

Thus
(rm+r2) Y fi =
finite
(rr2)( D fi)@) =
finite
Thus

(rir2) > fi

finite

L(Y " f)

finite

7.0

So I* is an R-seminearmodule.

finite

Z rifi + Z rofi

finite

ri( Y S+ Y] fi)

finite finite
Z fi(x))(rir2) Z (fi(@)(r1r2)
finite finite

> (mr)fiw) = Y ri(rafi(x)

finite finite
r1( E rafi(z)) = r1(r2 E fi(z
finite finite

(ri(ra( Y fi)))(x)

finite

ri(re > fi)

finite

= Z 1. fz Z fz
finite finite

= 0() fi)=0
finite
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Further, let » € R and

zn:fi,f:gj € I then
r(Qo O a) = rOoD fig) =Y. > rlfig)
i=1 j=1 i=1 j=1 i=1j=1
= ZZ(Tfi)gj = (Z Tfi)(zgj)-

O

4.3. Definition. Let X be a topological space and (X)) the category of open sets
of X and inclusion maps. A presheaf P of R -seminearmodules on X is a contravari-
ant functor from the category (X)) to the category Mg of R-seminearmodules, that
is, it consists of the data:
(a) for every open set U C X, an R-seminearmodule P(U), and
(b) for every inclusion V' C U of open sets, an R-homomorphism
P,yv : P(U) — P(V) subject to the following conditions:
(z) P(0) = (0), where 0 is the empty set,
(1) Pyyy : P(U) — P(U) is the identity map, and
(#4) If W C V C U are three open sets then P,yw = Pyyw o Pyyy: If P
is a presheaf on X, P(U) is called a section of the presheaf P on the open set U
and the maps P,y are called restriction maps, and often the notation aly is used
instead of P,yy () if o € P(U).

4.4. Definition. A presheaf P on a topological space X is called a sheaf if the
following additional conditions are satisfied.

(iv) If U is an open set and (V) )xea is an open covering of U, and if aly, = B|v,
for o, f € P(U) and for all V , then a = .

(v) If U is an open set and (V))xea is an open covering of U and if there are
elements ay € P(V)) for each A € A with the properties that for each A\, u € A,
axlvanv, = aulvinv, then 3 a € P(U) such that aly, = a for each A € A. If a

presheaf satisfies condition (iv) only, it is called separated.

4.5. Theorem. Let R be a distributive left weakly regular seminearring. For every
ideal I of R the assignment Oy — I* = Pr(I) defines a separated presheaf Pr of
R-seminearrings on H(R). The seminearring of the global sections of this presheaf

is isomorphic to R.
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Proof. First, we prepare the data for the existance of a presheaf. By Proposition
4.2, Pr(I) = I'* is an R-seminearring for every ideal I of R. We need to define a
restriction map Pyry : I" — J*, ©; C Oy, that is when J C I. By Proposition
4.1,if f : I — I is an R-endomorphisms then f|; : J — J. If Y 0 fi € I7
then P,y (Efinite fi) = Efinite fils. As

Pog( > it D g) = > filb+ D> gils

finite finite finite finite
= Pos( Y )+ Pors( ) 9))
finite finite
Porg( Y f(Y 95) = Pors( Y figi) = Y (figi)ls
finite finite finite finite
= D (fl)gl) =D KN gl
finite finite finite
= Bus( Y f)Pors( Y 95)-
finite finite
If » € R then
Eora(r Z fi) = For( Z rfi) = Z (rfils
finite finite finite
= Y (il =7 > (fil) =rFus (Y] f)-
finite finite finite

Thus P,r; is a homomorphism of R-seminearrings. Thus Pr satisfies the condi-
tions of a presheaf. Thus, we have described the presheaf Pr. In order to show that
Pg is separated, we verify condition (iv) in Definition 4.4. Let I =), I\ € £p,
and suppose Y fi, > g; € Fr(I) = I* such that (3 fi)|Ix = (O] g:)|Ix for all X € A.
For each z € I we have z = Efim.te x; where x; = )y, ax; such that ay; € Iy

and ay; = 0 for all except finitely many A € A.

S = Y@= MY =3 3 @)

finite finite finite finite finite
= 2 2 HQ =3 3 ) filaw)
finite finite AEA finite finite AEA

Yo D gilan) = g)@).

Ffinite finite A€A
Hence Y f; = >_ g;, and so Pg is separated. Now we show that Fr(R) = R* & R.
Define h : R* — R by h(3_ tinire fi) = 2 pinite [i(1). Then h is homomorphism
of R-seminearrings. Suppose h(3_ rinire fi) = M- im0 9i)- Then 3. 00 fi(1) =
Zfinite gi(l)-
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Let r € R,
S A = Y e =Y @ =r Y £
finite finite finite finite
= r Z gi(1) = Z r.gi(1) = Z gi(r.1)
finite finite finite
= Z gi(r):Zfi:Zng
finite

So h is 1 — 1. To show that A is surjective, let ¢ € R and define oy : R — R
by ai(r) = rt. Clearly a; is an R-homomorphism. Hence a; € R* and h(oy) =

at(1) = 1.t = t. Thus h is also surjective and hence bijective. O

4.6. Theorem. Let R be a distributive left weakly regular seminearring all of
whose ideals are linearly ordered. For every ideal I of R, the assignment O —
I* = Pr(I) defines a sheaf Pr of R-seminearrings on H(R).

The seminearring of the global sections of this sheaf is isomorphic to R.

Proof. We need only to check condition (v) in Definition 4.4. Let [ =), \ I €
£Lp. Consider > 4 .. fo € I" and 34 . fu € I" which coincides on Iy N I,,.
Since ideals of R are linearly ordered, In C I, or I, C I\. Hence Iy + I, = I,, or
I\ +1,=1I,. Now define f : Iy + I, by

fla) = { 2 pinite Ju(@) i Ix+ 1y =1,

Zfinite al@) if I+ 1, = In
Hence, f is an obvious extension of ) fy and ) f,. From this it follows that the
family {Ix}xea is stable under finite sums. Hence f = f; where f; : >0\ o\ Ix —
> xea In can be defined with no ambiguity. Clearly, f extends each Zfimte Sr-

Hence, Pg is a sheaf. O
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