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ABSTRACT. The concept of strong w [p, f, g] —summability of order («, ) for
sequences of complex (or real) numbers is introduced in this work. We also give
some inclusion relations between the sets of p-statistical convergence of order
(a, B), strong wg [p, [, q] —summability and strong wg (p, @) —summability.

1. INTRODUCTION

The concept of statistical convergence was introduced by Steinhaus [28] and
Fast [13] and later in 1959, Schoenberg [27] reintroduced independently. After-
wards there has appeared much research with some arguments related of this
concept (see Caserta et al. [3], Connor [4], Cakalli ([5],[6]), Colak [7], Et et al.
([8],19],[10]), Fridy [14], Gadjiev and Orhan [I5], Kolk [I7], Salat [26], Sengiil et
al.([2],129],[30],[31],[32],[33],[34] ) and many others).

The statistical convergence order o was introduced by Colak [7] as follows:
The sequence x = (zy) is said to be statistically convergent of order « to L if
there is a complex number L such that
1
lim — |[{k<n:jzx—L| > e} =0.

n—oo N

Let 0 < a < 8 < 1. Then the («, 8)—density of the subset E of N is defined by

1
8 (E)=lim— |{k<n:keE}’
n N«

if the limit exists (finite or infinite), where [{k <n:k € E}|6 denotes the Sth power
of number of elements of E not exceeding n.

If 2 = (z1) is a sequence such that satisfies property P (k) for all k except a set of
(a, B)—density zero, then we say that xj satisfies P (k) for “almost all & according
to 7 and we denote this by “a.a.k («a,5)”.

Throughout this study, we shall denote the space of sequences of real number
by w.
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Let 0 < 8 <1,0<a<1, a<fand x = (r) € w. Then we say the sequence
x = (xy) is statistically convergent of order (a, ) if there is a complex number L
such that

1
lim — [{k<n:lop—L| >}’ =0

n—o0o N
ie. for a.a.k (o, B) |xx — L| < € for every € > 0, in that case a sequence z is
said to be statistically convergent of order (a, ) to L. This limit is denoted by
S8 —limzy, = L ([29]).

Let 0 < a < 1. A sequence (z1) of points in R, the set of real numbers, is called

p—statistically convergent of order a to an element L of R if

lim i\{kgnz |y — L| > €} =0
for each £ > 0, where p = (p,,) is a non-decreasing sequence of positive real numbers
tending to oo such that limsup,, 22 < oo, Ap, = O(1) and Ap, = ppy1 — @y for
each positive integer n. In this case we write st —limzy = L. If p = (p,) = n and
a = 1, then p—statistically convergent of order « is coincide statistical convergence
(B))-

Here and in what follows we suppose that the sequence p = (p,) is a non-
decreasing sequence of positive real numbers tending to oo such that limsup,, 2* <
00, Ap, = O(1) where 0 < a < 1 and Ap,, = pp+1 — pn for each positive integer n.

The notion of a modulus function was given by Nakano [21]. Following Maddox
[19] and Ruckle [25], we recall that a modulus f is a function from [0, 00) to [0, c0)
such that

i) f(z) =0 if and only if z = 0,

i) f(z +y) < f(@) + [(y) for 2,y > 0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, c0).

Altmn [1], Et ([11], [12]), Gaur and Mursaleen [20], Isik [16], Nuray and Savas [22],
Pehlivan and Fisher [23] and some others have been studied with some sequence
spaces defined by modulus function.

The following inequality will be used frequently throught the paper:

|ag, + bg|”* < A(lag[" + [bg|™) (1.1)
where ay,, by € C, 0 < pj, < supp, = B, A =max (1,2871) ([1g]).

2. MAIN RESULTS

In this section we first give the sets of strongly w? (p,q) —summable sequences
and strongly w? [p, f, ] —summable sequences with respect to the modulus function
f- Secondly we state and prove the theorems on some inclusion relations between
the S? (p) — statistical convergence, strong w? [p, f, q] —summability and strong
w? (p, q) —summability.

Definition 2.1. Let 0 < o < 8 < 1 be given. A sequence x = (xy) is said to
be SP (p) —statistically convergent (or p- statistically convergent sequences of order
(a0, B)) if there is a real number L such that

. 1

lim —a|{k<n:|xk—L|2€}|B=O,

n—oo pn
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where p& denotes the ath power (pn)® of pn, that is p* = (p) = (p%, pS, ey P&, ...)
and {k<n:ke€ E}|ﬂ denotes the Pth power of number of elements of E not ex-
ceeding n. In the present case this convergence is indicated by S8 (p) —limxy, = L.
S8 (p) will indicate the set of all S? (p) —statistically convergent sequences.

Definition 2.2. Let 0 < a < 8 < 1 and q be a positive real number. A sequence
x = (x1,) is said to be strongly N5 (p, q) —summable (or strongly N (p, q) —summable
of order (a, B)) if there is a real number L such that

n B
.1 q
nlgrréo% <Z |z — L ) =0.
k=1
We denote it by NP (p,q) —limxy, = L. NP (p,q) will denote the set of all strongly
N (p, q) —summable sequences of order (a, ). If « = p = 1, then we will write
N (p,q) in the place of NP (p,q). If L = 0, then we will write wfio (p,q) in the
place of w? (p, q). N5,0 (p,q) will denote the set of all strongly N, (q) —summable
sequences of order (a, ) to 0.

Definition 2.3. Let f be a modulus function, ¢ = (qx) be a sequence of strictly
positive real numbers and 0 < a < B < 1 be real numbers. A sequence x = (xy) is
said to be strongly w? [p, f,q] —summable of order (c, B) if there is a real number
L such that

k=1

n B
lim. pi (Z [f —LW) ~o.

In this case, we write w? [p, f,q] — limz = L. We denote the set of all strongly
w? [p, £, q] —summable sequences of order (a, B) by w? [p, f,q]. In the special case
@ = q, for all k € N and f(z) = = we will denote NP (p,q) in the place of

w? [p, f,q]. wg)o [p, f, q] will denote the set of all strongly w [p, f, q] —summable se-
quences of order («a, B) to 0.

In the following theorems, we shall assume that the sequence ¢ = (gx) is bounded
and 0 < d=1infy gx < qr <suppqr =D < c0.

Theorem 2.1. The class of sequences w{io lp, f,q] is linear space.

Proof. Omitted. O

Theorem 2.2. The space wio [p, f,q] is paranormed by

n BY
(Z Lf (Imkl)]q’“>

1
g(z) =supq —
Pn \}=1

where 0 < a < 8 <1 and H=max (1, D).

Proof. Clearly g(0) = 0 and g(z) = g(—z). Let z,y € wfio [p, f,q] be two se-
quences. Since % <1 and % > 1, using the Minkowski’s inequality and definition
B

of f, we have
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. 8y # . BY 7
(Z (lzk + ykl) ]q’“> < L ( [f (Jz]) +f(|yk|)]%>

k=1
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Hence, we have g (z +y) < g (x)+g(y) for z,y € w
number. By defnition of f we have

olp, fral- Let pu be complex

n BY H D
g (u) = sup ia <Z [f(lum)]‘”“) <K% g(x)

n k=1

where [p] denotes the integer part of p, and K =1+ [|n|]. Now, let 1 — 0 for any
fixed z with g (x) # 0. By definition of f, for |u| <1 and 0 < o < 8 < 1, we have

n B
L (Z[f(mzk)]%) <e for n>N(e). (2.1)

(63
A\

Also, for 1 < n < N, taking p small enough, since f is continuous we have

n

B
L (Z [f<|ua:k|>]%> <e. (2.2)

Prn \;i21
Therefore, (2.1 and (2.2)) imply that g (ux) — 0 as p — 0. O

Proposition 2.3. ([24]) Let f be a modulus and 0 < 6 < 1. Then for each |lu|| > 4,
we have f ([[ul) < 27 (1) 67 Jlu]

Theorem 2.4. If 0 < a = § < 1, ¢ > 1 and liminf, e 1% > 0, then
wg [P,f,(]] ng(p, )

Proof. Tf liminf, .. fu > 0 then there exists a number ¢ > 0 such that f (u) > cu
for u > 0. Let 2 € w? [p, f, q|, then

n B n B
ia <Z[ (I = L))] ) (Z |z — L] ) = (Z |k, — L|q>
e\ = o\ = i\ =

This means that w? [p, f,q) Cwl(p,q).
Let z € w? (p, ) Thus we have
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B
1 n
— Z|xk—L|q — 0 as n — oo.
pn k=1

Let e > 0, 8 = @ and choose § with 0 < § < 1 such that cu < f (u) < ¢ for every
u with 0 < u < . Therefore, by Proposition 1, we have

B
(Z (lzk = LI)] ) = —| X Ulz—LD"| +— | D [ (an— LD
Ph k=1 Pn k=1 Pn k=1
\xk—L|§6 |32)C—L‘>5
B
1 5 4 1 n . .
< —enfr— 1 Y [2f (1) fa — L]
o5 m| =
‘:Ek—L|>(s
B
1 2fo
9o, B
< p?{g n” + a5qﬁ <Z|x ) .
This gives z € w? [p, f,q] . O

Example 2.1. We now give an example to show that w? [p, f,q] # w? (p,q) in this

case liminf, _, @ = 0. Consider the sequence f (x) = £ of modulus function.

14+x
Define x = (xx,) by

ki k=m3
=V 0, if k#md
Then we have, for L=10,q=1, (p,) =(n) anda =4

k=1

n B
1 lB
Z (JzeD]?)] < —n3” - 0asn — oo
n na

and so x € wl [0, f,q]. But

1( q ’ 1 3, 93 3/~1\5
— Zml) = S (1422437 4+ [Vn])

z — 5 = — — 00 as n — 00
n

ne 48
and so x ¢ wh (p).

L[ hem]" L 2y

Theorem 2.5. Let 0 < a < 3 <1 and liminf g, > 0. If a sequence is convergent
to L, then it is strongly w? [p, f, q] —summable of order (o, 3) to L.

Proof. We assume that z;, — L. Since f be a modulus function, we have f (|x — L|) —
0. Since liminf gz > 0, we have [f (|zx — L|)]" — 0. Hence w? [p, f,q] — limz;, =
L. ]
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Theorem 2.6. Let oy, aq, 51,82 € (0,1] be real numbers such that 0 < a1 < ag <
B1 < B2 <1, f beamodulus function , then w? 2[p, frq] C Sg; (p).

Proof. Let x € w32 [p, f,q] and let £ > 0 be given. Let >, and Y, denote the
sums over k < n w1th |z — L] > € and k < n with |z — L] < € respectively. Since
por < p&2 for each n we have

B1

n B2
1 B2
<Z (Jzy, = L)) ) = om Z [f (lzw — LI) q'”rz (lzk — L) qk}
1 (Ik qk Pa
> e [0, U (o= D™ + 3, [F (e — D™
17 ax B2
> o [0, "]
> 1 [ . d D /32
> e [0, min(lf @11 1))
1 .
> el <ns o= Lzl [min(lf @, 1f @))
We get z € S5 (p). O
Theorem 2.7. If f is a bounded modulus function and limnﬁm% = 1 then

S8 (p) cwb [p, f.q).

Proof. Let z € SP (p). Suppose that f be bounded. Therefore f(z) < R, for a
positive integer R and all x > 0. Then for each ¢ > 0 we can write

n B1 n B1
- (Z (fox — LI ) < = (memn%)

k=1 k=1
= (X, 17w L™+ 3, 1 e = 2)™)
< p%l (Zlmax (R, RP) + > If (s)]%)ﬁl
< (max (B, RP)™ o [{k < f (jax — L) > &}
pn B2
e (max (f (e)d . f (5)D)> .
Hence x € wﬁl lp, f,q]. O

Theorem 2.8. Let f be a modulus function. If limq, > 0, then w?|p, f,q] —
lim zy, = L uniquely.

Proof. Let lim g, =t > 0. Suppose that w? [p, f,q] — lima, = Ly and w? [p, f,q] —
limz, = Lo. Then

and
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n B
h}lnpia (Z [f (Jox — L2|)]%> =0.

n \k=1

By definition of f and using (1.1]), we may write

n B n n B
(Z (ILs - ]%) < ﬂ(zwm—m]qw [f<|xk—L2>1%>

k=1 n \k=1 k=1
A n B n B
< = (Z[ (lze — La]))* ) <Z (lzk = La|)] )
Pn k=1 P k=1

where sup, g = D, 0 < f < a <1 and A =max (1,2D*1) . Hence

n B
li;npia (Z (L mm‘“) ~o.

n \k=1
Since limy_, o qx =t we have L1 — Lo = 0. Hence the limit is unique. [l

Theorem 2.9. Let p = (p,,) and 7 = (1,,) be two sequences such that p, < 7, for
alln € N and let a1, s, 51 and B2 be such that 0 < a1 < as < f1 < e <1,

() If

(63}

. . Pn
lim nlggo oz >0 (2.3)
then wgi [Ta f7 Q] C wgi [[’7 f7 Q] )
(i) If
lim su Pn’ (2.4)
n—o0o Tn

then wgﬁ [p, f,q] C wﬁ; [T, f,q].

Proof. (i) Let x € w52 [r, f,q] . We have

" B2 . . 5
- (Zmem%) > gt (5 0 Qo n )

k=1 k=1
Thus if € w52 [1, f,q], then x € w5 [p, f,q] .
(ii) Let z = (z1) € w22 [p, f,q] and . holds. Now, since p,, < 7, for alln € N|

we have
n B1 1 n B2
(Z (jz — L))" ) — ( 1 (o —L)W)
o k=1 n’ =1

n B2
Tn pn

k::l

IN

for every n € N. Therefore wﬁ2 [, fyq] C wﬁl [7, f,q]. a
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