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Abstract

One of the most crucial parts of applying a regularization method to solve an ill-posed
problem is choosing a regularization parameter to obtain an optimal order error estimate.
In this paper, we consider the finite dimensional realization of the parameter choice strat-
egy proposed in [C. Mekoth, S. George and P. Jidesh, Appl. Math. Comput. 392, 125701,
2021] for Fractional Tikhonov regularization method for linear ill-posed operator equations
in the setting of Hilbert scales.
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1. Introduction

In this paper our aim is to attain a stable approximation for the solution & of the
ill-posed equation (i.e., the solution Z is not depending continuously on the data y (see
Hadamard [9]))

Tz =y, (1.1)
where X and Y are Hilbert spaces and T': X — Y is a bounded linear operator be-
tween them. Over the years many methods have been developed to find solutions to such
equations as it has a wide range of applications in a variety of fields. However in practical
applications, y may not be precisely known and the available data is some y° so that

)
ly —9°ll <6 (1.2)
and one ends up dealing with the equation
Tz =1y° (1.3)
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instead of (1.1). The notations (.,.) and ||.|| are used for inner product and the corre-
sponding norm respectively. As (1.1) is ill-posed the standard Tikhonov regularization
method [4,5,8,13,20] can be employed to solve equation (1.1) wherein the minimizer x°
of the functional

Jo(@) = |IT2 = 4| + o |l2||?, (1.4)
is taken as an approximation for the solution & of (1.1)(Z is assumed to exist). In (1.4),
a > 0 is the regularization parameter which needs to be chosen appropriately in order to
get an optimum regularized solution [5]. The methods for choosing a suitable regularization
parameter can be divided into two main types, such as the methods based on knowledge
of the error and methods that do not require any knowledge of the error. The discrepancy
principle is an example of the first type and the Cross-Validation and L-curve are examples
from the second type (see [23]). Since it has been observed that z° oversmoothens the
solution # [12], the Fractional Tikhonov regularization (FTR) method [1,2,7,10-12,19]
was considered, wherein the minimizer xiy 3 of the functional

I8 (@) = |IITe = |13 + o [l]?, (1.5)

A

is taken as an approximate for #, with |||z|||s = ||(TT*)¥~1/4z|, for some parameter
0 <pB <1 (see [7,11]). One drawback of the FTR method is that it reduces the order
of convergence of the solutions. However, to overcome this problem too we study FTR
method in the setting of Hilbert scales [16]. Our approach reduces the oversmoothing and
gives a more preferable convergence rate as well.
Recall, a family of Hilbert spaces, say {Xs}scr is called a Hilbert scale [14] if :
e Fort < s, Xy CX; and X, is a dense subset of X;.
e As Hilbert spaces, the above inclusion is a continuous embedding, i.e. there exists
ct,s > 0 such that
|lzl|s < crsllx|s for all x € Xs. (1.6)
It is known that the fractional power has lower damping at small singular values and
that fractional power has a greater effect on the filtering function[26] (also see [16]).
While performing numerical calculations in practical applications, xiﬁ being the mini-
mizer of Jg over an infinite dimensional space is not easy to compute. However a com-
putable approximation can be obtained using the finite dimensional realization of the
infinite dimensional method [18]. The aim of this paper is to study the finite dimensional
realization of the parameter choice rule introduced in [16] (motivated reader can refer [19]
for finite dimentional fractional Tikhonov regularization).

The rest of the paper is arranged as follows. Section 2 contains Definitions and Prelim-
inary results. The parameter choice strategy is given in Section 3, numerical examples are
given in Section 4 and a conclusion in Section 5.

2. Definitions and preliminary results

In our work, it is assumed that the Hilbert scale is induced by a strictly positive definite
operator L [6,22,27]. Let L : D(L) C X — X be an unbounded, strictly positive definite,
densely defined, self-adjoint operator i.e.,

(Lx,x) >0,
D(L) is dense in X and
[ La|| = [lz]l, = € D(L).

Let X; be defined as the completion of D := N D(LF) with respect to the norm

|lz|ls = ||Ltz]|, induced by the inner product

(u,v)y = (L'u, L'v), u,v € D.
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Then, {X;}scr satisfies the definition of Hilbert scales (cf. [3,6,15]) given in the beginning
of the paper. Throughout, we assume that, the operator 1" satisfies:

billzll o < |1 T]| < bajx]|-a, z €X (2.1)

for some a > 0,b1 > 0 and bs > 0.
Using the above notation, we recall the following results from [16].

Proposition 2.1 ([16], Proposition 1). Let T satisfy (2.1). Let f(t) := min{b}, b},
g(t) := max{b%, L}, t € R and |t| < 1. Then, for |v| <1,

FW)lzll—va < (T*T)" 2| < g2 -vas @ € D(T*T)"?).

Further,
—s (e 2 - _s\w
FW)ll2ll-g(rparas) < I(LTT) 2 L7%) el < GW)ell-y (11 ppat2s):
z € D((L~5(T*T) 2" L=*)"/2),5 > 0,0 < B < 1,|v| < 1 where
. 1+p 1+5 1+5 1+7
Fo) = min{ (P o0y o) = max s (L0 oM .
: : (M, ifo<t
Remark 2.2. Since by < bg, one can write f(t) := { b, ift<0
v, ifo<t
9(t) '_{ b, ift<0’
(H5Ht
)b, o<t
F(t) = { S R
N , it t<0
and
T o<y
o 2 ) 1 =
G(t) = { S R
1 , if ¢ <0.
In [16], we considered z;, 5 the minimizer of the functional
as@) = 1Tz =l +allz]? a >0, (2.2)

where 0 < § <1 as an approximation for Z. Note that z7, ; satisfies the equation

(T*T)"5" + al®)as 5 = (T*T) 2y, (2.3)

Observe that, for 5 =1,s = 0, (2.2) reduces to (1.4). Following assumption is used to get
an error estimate for [|# — a7, 4]|.

Assumption 2.1. There exists some E > 0, 0 < t < #a + 2s such that £ € M; p =
{zr e X:|z|l: < E}.

For the error analysis, we need the following Lemma.

Lemma 2.3 ([16], Lemma 3.3). Let z}, 5 be as in (2.3), 0 < 8 <1 and T% = y. Suppose
Assumption 2.1 and Proposition 2.1 hold. Then

t
12 = 235l < (s, a, B, t)a T,

ps—t. ___1+8 .
G 26—t 2 (1+B)a+2s if t<s
where w(svauﬂvt) = WE =F (bgit)i7
(T hers () @FPatzs i s < 2.

2
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2.1. Finite dimensional realization of FTR method in Hilbert scales

Let {Pp}n~0 be a family of orthogonal projections of X onto R(Fy), range of P,. We
also impose the condition

en = IT(T = Pyl (2.4)
Assume limy,_,g €, = 0 which is satisfied if T is a compact operator and P, — I pointwise.
Let T}, = TPy, and let hy > 0 be such that

bz -a

en < 028 yp 20,k < hy, (2.5)
2][x]
Lemma 2.4 ([17], Lemma 3.1). Let by = %1, by = by + %1 and h < hg. Then

bullzll-a < | Thal| < bof|z]|-a- (2.6)

_ _ _ 7t : 1t .
Clearly by < by. Let f(f) := { b, HOSt dg0) = { by, KOst

by, if t <0 by, if t <0.
Proposition 2.5 ([17], Proposition 3.2). Suppose Lemma 2.4 holds and |v| < 1, then
FWlzll—va < I(TET0)"?2)) < gW) 2] —var © € DUTHTH)?). (2.7)

Proposition 2.6 ([17], Proposition 3.3). Let T}, be a bounded linear operator that satisfies
(2.6). Then, from Proposition 2.5 and for 0 < 8 < 1, the following holds:

—s * 48 —Ss\v ~
( )”90” (1+8)at2s) < (L™ (T, Th) 2 L77) /2$H SG(V)\|$||—Z((1+ﬂ)a+2s),

(1+l3) .
— <
T e D((Lfs(TifTw#L*s)y/Q)as >0, |v| <1, where F(t) := b(1+ﬂ)t’ 0=t na
by > 7, if t<0
- B o<t
G(t) = _?ﬂ); >~
by 2 7, if t<O.
We consider the unique solution xs’% 5, of the equation
8
(TiTh) = +aLl®)a aﬁ p=(TpTh)2y°, (2.8)
as an approximation for Z.
Let s
Agg:=L"5(T"T) 2 L%,
and s
A5”37h = L_S(T;{Th)TL_S.
Then 5
w55 =L (Asp+al) ' L7(T°T) 2y, (2.9)
2 g = L (Aspn + al) LTI Py (2.10)
and .
2sn = L (Aspn +al) LT Th) 2y (2.11)
Furthermore, by the spectral properties of self-adjoint operators, for A, 5, As g,
s> 0, p€l0,1],
we have
1(Asp+al) AL | <o ha>0,0< <1 (2.12)

[(Aspn+al) AL sl <o a>0,0< p<1. (2.13)
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Lemma 2.7 ([17], Lemma 3.4). Let xfyﬁ’h,wi’fs@h be as in (2.10) and (2.11), respectively.
If the assumptions in Proposition 2.6 holds, then for 0 < g <1,

a5 — 2% 41l < (s, a, B, h)a =75 5,

~ 1+8
G =2Bats) p—Ba—2s\(TFB)at2s
where 90(87G757h) = F ﬂHJ (bl *)76 - s'
F(<1+B>a+25)f( B) by

Lemma 2.8 ([17], Lemma 3.5). Let z}, 5 and z}, 5, be as in (2.9) and (2.10), respectively
and Assumption 2.1 holds. Further, let the assumptions in Proposition 2.1, Proposition

2.5 and Proposition 2.6 hold. Then for 0 <t < (1;7[3)& + 2s

|23, 50 — 25 51l < @1(s,a, B, h, )a TPz gy,

where
148 —((1+l3))(2-9+5a) (
sinm(=52) by, e =t2aF L .
¢1(s,a,8,h,t) = - EER Chby™ —— 4 by 77 2||T|||| 2|
7Tb2 b1(1+B)a+25
(b )*(<1+BB)(BL1+2S)
1 14+68)a+2s R
+ 1211,
b2
with
o=
b el af 1<
Cp = 2(1+/3)<s—t)7
b if s <t

Combining the Lemma 2.7, Lemma 2.8 and Lemma 2.3 we have the following Theorem.

Theorem 2.9 ([17], Theorem 3.6). Let xi757h,x2fﬂ7 be as in (2.9) and (2.10), respectively,
Assumption 2.1 holds. Further, let Lemma 2.7, Lemma 2.8 and Lemma 2.3 hold. Then

& — xa sl < 202(s, 0,8, h)oa(1+f;)i+25 (0 +epn) + (s, a,p, t)a<1+5§a+28, (2.14)
where pa(s,a, B, h) = max{y(s,a, 5, h),p1(s,a,B,h)}. In particular, if o := a(s,a,B,t) =

(14+8)a+2s
co(0 +¢ep) tta  for some co > 0, then

_t
H.%' - xaﬁh” S n(saavﬁat)(5+€h)t+a7

ot
where (s, a, B,t) = max{p(s,a, B)c, T Aats (s, a, B, t)c (TFparas )

3. Parameter choice strategy

In [16] the authors considered the following parameter choice rule, i.e. choose « satis-
fying
8
lo (As 5 + @) 2L7(T*T) 2y || pays = b (3.1)
where ¢ > 0 is a constant for FTR method in Hilbert scales. In this section, we study the
finite dimensional realization of the parameter choice strategy (3.1). Let

9 s 2 B
Py’ h) = || &®(Asgp + o) 2L (T3 Th) 24| pats- (3.2)

The proof of the following theorem is analogous to the proof of the theorem in [16], but
for sake of completion we give the proof as well.
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Theorem 3.1. For each y° # 0, the function & — ¢(a,y®,h) for o > 0, as defined in
(3.2), is increasing and continuous. In addition

. . )
lim ¢(a,y’, h) = 0, lim ¢(o.y”, h) = [(T511) 25’ | a- (3.3)

Proof. Let {Ey : 0 < X < ||As 31|} be the spectral family of As 55 . Then

l4s,6,nll o 4 s R
sla’ = [ () BT LG P e (34)

4 4
Now since @ — (ﬁ) for A > 0 is strictly increasing, lim,_ .o (ﬁ) = 0 and

4
limg 00 (ﬁ) = 1, by Dominated convergence theorem, we have

. . * B
lim ¢(a,y’, h) =0, lim ¢(o.y”, h) = (T T1) 25’ | a- (3.5)
O
Theorem 3.2. Suppose (1.2) holds and
(T3 T) 24 g0 > €6+ dep, > 0 (3.6)
for some ¢ >0 and d > 0. Then, there exists a unique o = «(0, h) satisfying
d(a,y°, h) = ¢ + dey,. (3.7)
Proof. Follows from Theorem 3.1, (3.6) and the Intermediate value theorem.
O
Remark 3.3. Note that, by (1.2) and Proposition 2.5, we have
* =B s 8 _ * B
I = (T3 Tn) = (T3Tn) 2l < G(=B) (T3 T) 2 | ga- (3.8)
Now, since [ly?]| > [lyl| - o, if
[yl
§ < = , 3.9
=GB+ def3) 11 39
then equation (3.6) is satisfied.
In further analysis, we make use of the following formula;
inrz | 0(t 0(t
™
0
sinmz x Bz 1 Bz
i e (=) X
s [z 1" +(=1 z—n—i—l]’me ’
(3.10)

where
0, ifo<t<1
o0 ={ ) 1S Zu
for any positive self-adjoint operator B and complex number z such that 0 < Rez < n.

Substituting z = #, 0 < < 1,in (3.10) one can see that

148 sin ﬂ(#)

BTx =

™

2x 7 148 -1 €z
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Using (3.11), for z € X we have

inm Ly % 1+
Kﬁnﬁﬁ—aﬂfﬁkzzsig)/xf«mnwmn*
0
(T*T) — (T} T)|(T*T) + M)~ Lzd.
(3.12)

For convenience we use the following notations

_=(a+s)(A+8) ¢ (1+B)(s—t)

T [ S s
cp = l_)_l((ﬁ—l)a—i—t)”xut by GEBs=D)

o (gh) GFmatasif s <t

—(+f)(ats) _(1+H)s
b1(1+6)a+25 b2(1+6)a+252

G2 = = (118 2]
bQ—lbl(1+5)a+2s (1 _ ﬂ)

—t (148)(s—1)
b 2a (L) @Fmates  if t < s
3 = |l B syt N
(B—1)a+1) (bi) tpatzs  if s <t
2
2 N
C4 = (115)s HxH
b (1~ )
] ﬁ —t
- sin 7 =t 2a
A N CGEZEET)
by t

by =(+B)(Bats) .
1 = (j) +pet2s

ba
sin(#
2 = f(61+62)0(5—1)a,0
—(1+B)(ats) (1+B8)(A—=B)a
_—4B)ats) (+A)(d-Pa (148)(s—1)
bl(l+5)a+2s Slnﬁ(#)bg(umaﬁs (bg) TFAat2s | if £ < s
3 = = c(p-1)a,0(C3 + c4) (148)(s—1)
2 (by) a2 | if s <t
and
_ (148)(Ba+ts)
14+B8)a+2s
4= b,0P (24 3). (3.13)

Lemma 3.4. Suppose Assumption 2.1 holds and o := «(d,h) > 0 is the unique solution

~( —2(Ba+s) )

of (3.7) with ¢ > co and d > dy where cy = — 7((1;”2“*25 ,
e )

do =1+ 4. Then,

(14+B8)a+2s

a = cgash(0+en) o (3.14)

(mgain) G oatss) 1
where cg.a,s,n = P ( BeTs] ) p( 20t Emin{c—cp,d —do}.

(1+B)a+2s (1+B)a+2s
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Proof. Note that, from Proposition 2.5, Proposition 2.6, (2.13) and (3.2) we have

e +dep, = ¢la,y°h)
1 —(Ba+s)

a+2s _ _ B
< g AT s D) LG
(1+B)a+2s
1 2 o TG a8 1 —s (e B (S
< WQ [(Asgn +ad) ™A 53 L (T3 Th)2 (y° — y)l
(1+B)a+2s
1 2 -2 (;Jr(gsl;f%s —8 (% A
+ WQ [(Aspn +ad) Ay 5 L7°(T;Th) 2y |
(1+pB)a+2s
~; —2(Ba+s)
- C@Emeres) Iy’ — vl
=y =2Bats)\ F(_
Flaipes) (=8
1 2 -2 (fwfgi:f%s —8 (v 8
+F(Tga+s)>a [(As,pn + ) A, 53 L7(T,Th) 2y ||
(1+B)a+2s
@( —2(Ba+s) )
(1+B8)a+2s
F(2Pats) \ 7 0+ G, (3.15)
((1+6)a+25)f(_5)
—(Ba+s) 5
where G = WQQH(AS,ML + 04])_2148(,152)“”8 L=*(TyTy)2y||. Note that
(1+B)a+2s
1 2 -2 (ljr(g()l;jgs —s * 8 g 2
G < WO‘ [(Asgn 4 od) A, 53" L7 (T Th)2 — (T7T) 2 Jy|
(14+B)a+2s
1 2 o | TP 8
e N (g +al) AL L7 (TT) 2y |
F(epares) .
é( —2(5[14—8) ) 1
(1+3)a+2s
< — 72— G+ ————G2 (3.16)
—2(Ba+ts) —2(Ba+s) ’
F((l—&—ﬂ)[ZL—I—SQs) F((l—&-,@)(tll—l-st)

v\ 2 w8 2 -2 <;+<§)“jjgs —s (e 2
where G1 = [[(T;Th)2 —(T"T) 2]yl ga and G2 = o*|[(As gptad)2Ag 5, L7*(T*T) 2 y||.
One can prove (see Appendix A)

G < C’leh (3.17)
and (see Appendix B)
Ie. —2(Ba+s) G 2(s—t) "
Go < (1 +a)en + ((1+5)a+2i2(/3a£s()1+6)a+25) EaU+pat2s (3.18)
F ((1+ﬁ)a+2s)
Hence from (3.16), (3.17) and (3.18), we have
G —2(Ba+s) G 2(s—t) .
- a-e s AEER) Ol R o 30
F ((1+,3)a+28) F<(1+5)a+25
which implies that
(1+8)a+2s
a > Cﬁ,a,s,h(5 + Eh) att | (3.20)
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Theorem 3.5. Suppose conditions in Lemma 2.8 hold with ¢ > co and d > dy and
a = a(d,h) > 0 is the unique solution of (3.7). Then

_t
& = a5l = O3+ e1)7H7), (3.21)
Proof. Asin [16, Lemma 3.3] , we have

1+8 8
2

g—ats = &—((T"T)2 +al®) (T*T)2y
= a(T'T)F +al®) L%
= ol *(Agp+al) L5, (3.22)
By Proposition 2.1 we have
1 S
12 —af 5l < ———— laAls " (As g+ al) L2 (3.23)

In order to proceed with obtaining an error estimate for ||(Jz‘4;1ﬁﬂm+2S (Asp + o)LL
the following inequality is used

1B 2| < [1B”2[*/*|l2]I'~" ,0 < u < v, (3.24)

where B is a positive self-adjoint operator. The inequality in (3.24) is called the moment
inequality. Let

where p = (#)a +325.
Then B"z = aAélgﬁ)““S (Asp +al)71L5%. Also, from (3.25) we have

|BUz|| < ||BYz||7a||z] e
4 a ___sta
- ||a1+E(AS,ﬂ + OZI)_(I—FE)ALSEB)GJ&S Lsi‘”ﬁ

t t St
x| 77 (A +ad) AT Lo

From Proposition 2.1 we have

—(Ba+s)
1BY2] = llap~ (Ags +al)" b VaP (A5 + al) 2ATTTTF A, 5 L0
—(Ba+s)
< lo(Asp +al) AT A g L0 |
—(Ba+s) 5
< (o2ATF7 T Ay + o) T2LTN(TET) 2y|
9 | TABaits —2 211 —s (e B
< Ha As,/j [(AS,B + aI) - (As,ﬁ,h + Oé—[) ]L (T T)2yH
—(Ba+s)

T+pat2s —2 7 —s £
Ha? ATTE (A g+ ol )L (TT) 2y|
= Gu+G<(2+3)en +G by (B9) (3.25)
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—(Bats) .
Where G ||oz2A(1+’B)a+23 (As 5, h—|—a[)_2L_5(T*T)§y|| Here we make use of Ha?_l(Asﬁ +

aI) H <1($=1by ) Further,

~( —2(Ba+s 2 —s /s B
¢ = G<(1+(5)a+;3> o (Ag g+ aI) L™ (T*T) 7y parts

~ _2(180’ + S) —27-—s *
< G <(1+/3)G+23> (la?(Ag gn + al)2L™5[(T*T)

s B
2 2

— (TRTh) 2]yl ga+s

H02 (A + 01) 2L (TT) ol
= ( —2(Ba+ s) SN |
6 (o) (Gt 0 A+ al) 2L (T o)

IN

1+ B)a
G( -2 Ba+s

9, B8
T Bt as) (Cren+ o (Aapn +al) L7 (L) 2yl pus)-

IN

(3.26)

Note that

lo® (As g, + ) 2L~ (T3 Th) 7y sass
o (As g + ) 2L (T3 T0) % (y — %)l aks
tla?(Aspn + al) 2L (TrTh) 7 | pass

G (atess)

F(wess) £(-8)

Therefore from (3.25), (3.26) and (3.27) we have

= @

IN

< 6+ (o, y®, h) (see (3.15)). (3.27)

~ ( —2(Ba+s)
72(ﬁa+5) ) A G(m) 5+¢(a y5 h)

—— ) Ciep + — 3
—2(Ba+s
(1+pB)a+2s F(m(ﬁ)ia:%)f( B)
Ga ( —2(Ba+s) ) 9
(1+B)a+2s = (Ba + s) ) x )
< (—2/3a+s) 6+05+<2+3+G((1—0—ﬁ)a+28 Ci+d|e
1+8)a+2s
L(d +ep) (3.28)

1B < (2 +a)en +G(

IN

where

G ( =2Bats) R .
e[S AEER (2 Yol
F (o) f(-5)

We further have
s—t

el < AT L

6 (et ) Il

< 6 (gt )l (3.20)

1+ B)a+2s

Hence by (3.24)-(3.29), we have
12 — a3 4l = O((8 + e) 7). (3.30)
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Combining Lemma 3.4, Lemma 2.7, Lemma 2.8 and Theorem 3.5, we have the following
theorem.

Theorem 3.6. Suppose conditions in Lemma 3.4, Lemma 2.7, Lemma 2.8 and Theorem
3.5 hold and o == (9, h) > 0 is the unique solution of (3.7). Then

t
I3 — 2% 4]l = O((6 + e) 7). (3.31)
(148)a+2s
Proof. By Lemma 2.8, we have o > cg g 51(d +€,) ot . So,
1 < 1
o= (th)at2s
C cpasn(0 )
and hence
Oten Ofen
o IFMatas CBa,s,n(0 + €n) ot
1 _t
= (8 + ). (3.32)
6670’757}7‘

Therefore by Lemma 2.7, Lemma 2.8, Theorem 2.9, (3.32) and the following inequality

A

5 N
& —x3% LIl < N2 — 25 5l + [125,5 — 2o snll + l255 — 23 5 wlls
we have t
12— 23% 4l = O((8 + en) ™). (3.33)
O

4. Numerical examples

We now consider two academic examples to validate our theoretical results for the
numerical discussion.
We consider the Hilbert scales generated by the linear operator L defined by

o0
Lz = Zj2<x,uj>uj,
=1

where u;j(t) = v/2sin(jrt), j € N, with domain of L as

D(L) := {x € L*[0,1] : io:j‘l](x,ujHQ < oo} :

j=1
In this case the Hilbert scale {X}4 generated by L is given by

o
X, = {oel0,1]: Y 4 ) < oo}
j=1
1
= {2 e H*0,1):2®0) =2 (1) =0,1=0,1,... [g - @y
where [p] denotes the greatest integer less than or equal to p, s € R, and H® is the usual
Sobolev space. Also, one can see that HY = L2[0,1], and for s € N, H;, C H®. We take
s = 1/2 in our computation. The constants a,b; and by are given by a = 1,by = by = =
We consider a sequence of finite dimensional subspaces of (V;,) of X and P, (h = %)
denote the orthogonal projection on X with R(P,) = V,,. We choose V,, as the linear span
of {v1,va,...,v,} with v;,i =1,2,...,n — 1 are linear splines [24] defined by

vi(t) =X —nt+1+i h<t<(i+1)h

0 otherwise.

{ nt+1—i (i—1)h<t<ih
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In this case the matrix corresponding to 77T}, is given by

My = ((Tv;, Tvj))i,j = (/Ol[TUi(S)][TUJ(S)]dS)iJa Lj=L2...,n—1 (4.2)
where

ih t » (i+1)h —t .
Tuy(s) = / Ko, t)(5 +1 —z)dt+/ Ko (o + 1+ ).
(i—1)h ih

The matrix corresponding to L?* for s = % is given by

Bn = ((Lvi,v3))i (4.3)
= (Z m?(vg, wm ) (U, um) )i 54,7 =1,2,...,n— 1. (4.4)
m=1

One can see ([24, Page 165] )

By, =

S

We take the singular value decomposition (SVD) of M, as
M, =UxVT,
where U = [uy,ug,...,uy] € R™*™ and V = [v1,v,...,0,] € R™™ are orthogonal matri-
ces, and
Y = diag[M1, A2, . .- Ay € R
are the singular values of M}, ordered as
AM> X > A >N =... 0, =0.

Substituting the SVD in (2.11) yields

2 = V(ST +aVT B, V)12V T, (4.5)
where g = [yé(t())?y(s(tl)a s 7y6(tn)]T7 t; = %

For a particular § we choose the regularization parameter « satisfying (3.7) as follows.
Let

3s+Ba 1
fla)=a?|B, = VXS +aVT B, V) 2VIBESPVT || — (c6 + dey,). (4.6)

By Newton’s method, we compute « as the limit of the sequence

f(an)

Opt1 = Qp — f’(Od )
n

We terminate the iterate when |an41 — o] < 107 in our computation. In both the

examples, we have computed the matrix M}, as in (4.2) and computed xi’fsﬂ’h as in (4.5).
E. 3
5%
for different values of £(0.1,0.2,...,0.9,1) with random noise levels 6 = 0.01 and J = 0.001

are given in the Tables.

The computed values of a and the error E, g = || — xz% ull and the E.q0 =
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Example 4.1. (][25, Shaw]) Let

/kst

where k(s,t) = (cos(s) + cos(t))Q(‘m;M) , u = 7(sin(s)+ sin(t)). We take y = T'%, where
# is given by 2(t) = 2exp(—6(t — 0.8)%) + exp(—2(t + 0.5)?).

Relative errors E;.q40, the error E, g and « values are displayed in Table 1 for different
values of 3, n and §. In Fig:2 - Fig:4 and Fig:6 - Fig:8, the exact solution and computed
solution (C.S) for different values of £ are plotted and Fig:1 and Fig:5, contain the exact
data and noise data.

[Tx](s) =y(s), 0<s<1, (4.7)

35

Exact data and noise data

exact data

= = =noise data

Exact solution & computed solution for 6=0.01

exact sol.

—— C.S.with =1,
——C.S.with =09,
C.S.with =08,

0.5

0 0.2 0.4 0.6 0.8 1

Fig:1 Noise data and exact data

With § = 0.01 and n — 300 for the Fig:2 Solutions when § = 0.01 and

n = 300 in the example.

example.
a5 Exact solution & computed solution for 4=0.01 3 Exact solution & computed solution for 6=0.01
. exact sol. exact sol.
ith = —— C.S.with (=07,
3 CC'SS'“-"m =041 ——C.S.with =06,
. S.with  5=0.3, 25 N
———C.S.with =02, C.S.with f=05,
25 C.S.with §=0.1, i
2 | |‘ i ‘| ll‘
2 i | Il |
‘ N
15 15 \ !
[
! Il
! l I
|
05 " h i r
05 l ]
0
0
0.5
1 -0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig:4 Solutions when § = 0.01 and

Fig:3 Solutions when 6 = 0.01 and
n = 300 in the Shawn example.

n = 300 in the Shawn example.

Example 4.2. ([21, Phillips]) Let

/ " k(s )r(t)dt = g(s), —6<u <6, (4.8)
—6
where k(s,t) = ¢(s — t) with
[ 1+4cos(z*7/3), |z <3,
o(@) = { 0, 2| > 3.
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a5 Exact data and noise data

on Exact solution & computed solution for 6=0.001

exact data

= = =noise data

exact sol.
C.S.with g=1,
C.S.with =09,
C.S.with -08,

0 0.2 0.4 0.6 0.8 1

Fig:5 Noise data and exact data
with § = 0.001 and n = 500 for the
Shawn example.

Fig:6 Solutions when ¢ = 0.001 and
n = 500 in the Shawn example.

Exact solution & puted solution for 6=0.001 Exact solution & d solution for 6=0.001
25 T T T 25 T T T T
exact sol. exact sol.
C.S.with =04, C.S.with 3=0.7,
C.S.with 3=0.3, C.S.with 3=0.6,
2 =—C.S.with 5=0.2, : 4 r ———C.S. with 5=0.5,
C.S.with =01, . ST
Iy
1.5
1
Gt
05 .
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08 1

Fig:7 Solutions when § = 0.001 and  Fig:8 Solutions when § = 0.001 and
n = 500 in the Shawn example. n = 500 in the Shawn example.

We take A :=T"T|y+p)r and y = T"g, where
g(s) = (6 —|s|) * (1 + .5 xcos(s*x7/3)) +9/(2* ) *sin(|s| x 7/3)

for our computation. The solution # is given by Z(t) = ¢(t). We have taken s = a =
%, di = do = % in our computation. Relative errors Eu¢0, the error E, g and o values
are displayed in Table 1 for different values of 3, n and d.

Fig: 10 - Fig: 12 and Fig: 14 - Fig: 16, contain the exact solution and computed
solution (C.S) for different values of § and in Fig: 9 and Fig: 13, the exact data and noise

data are plotted.

Remark 4.3. From Table 1 and Table 2, one can observe that the error E, g obtained
using the finite dimensional realization of FTR method in Hilbert scales for fractional
values of (§ is smaller than that when 5 = 1. However, one can observe that with S the
error E, g decreases to a certain limit and then increases after. This can also be observed
from the Figures (Fig:1-Fig:16).
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Table 1. Relative errors for different values of 3.

B n = 300 n = 500
5 =0.01 § = 0.001 §=0.01 § = 0.001
a | 2.157497¢-03 | 2.111102¢-03 | 2.359467¢-03 | 2.045106e-03
1 | Eap | 8.086544e-02 | 5.580062¢-02 | 6.979050e-02 | 5.984465¢-02
Eratio | 1.966310e+01 | 4.290699¢+01 | 2.190834e+01 | 5.940711e+01
o | 2.094812e-03 | 2.001696e-03 | 2.335022¢-03 | 1.999903¢-03
0.9 | Eyp | 1.028586e-01 | 4.954536e-02 | 7.844515e-02 | 5.437206e-02
Eratio | 2.501092e+01 | 3.809712e+01 | 2.462517e+01 | 5.397453e+01
o | 2.002888¢-03 | 1.838009¢-03 | 2.289867¢-03 | 1.925116¢-03
0.8 | Eap | 1.423106e-01 | 4.333680e-02 | 1.017988¢-01 | 4.881881e-02
Eratio | 3.460401e+01 | 3.332314e+01 | 3.195624e+01 | 4.846188¢+01
o | 1.879297e-03 | 1.606383¢-03 | 2.204036e-03 | 1.802906e-03
0.7| Enp | 1.952871e-01 | 3.860271e-02 | 1.453034e-01 | 4.467454e-02
Eratio | 4.748569e+01 | 2.968294e+01 | 4.561301e+01 | 4.434792e+01
a | 2.149673¢-03 | 1.296593¢-03 | 2.073304e-03 | 1.610127¢-03
0.6 | Eap | 2.373810e-01 | 3.835648¢-02 | 2.223598¢-01 | 4.313786¢-02
Eratio | 5.772115e+01 | 2.949360e+01 | 6.980223¢+01 | 4.282247e+01
o | 2.062660e-03 | 1.329601e-03 | 1.890583¢-03 | 1.327042¢-03
05| Eqp | 3.099169¢-01 | 4.098500e-02 | 3.347035¢-01 | 4.923642¢-02
Eratio | 7.535886¢+01 | 3.151476¢+01 | 1.050687c¢+02 | 4.887644¢+01
o | 2.526780e-03 | 1.333518¢-03 | 2.112389¢-03 | 1.327837¢-03
04| E,p | 3.677623¢-01 | 4.264501e-02 | 4.479871e-01 | 5.680138¢-02
Eratio | 8.942446e+01 | 3.279120e+01 | 1.406302e+02 | 5.638609e+01
o | 3.600039¢-03 | 1.351594e-03 | 2.365584e-03 | 1.262176e-03
0.3 | Eap | 3.818477¢-01 | 4.650115¢-02 | 5.419249¢-01 | 6.773099¢-02
Eratio | 9.284943¢+01 | 3.575632e+01 | 1.701188¢+02 | 6.723579¢+01
o | 4.540330e-03 | 1.472437¢-03 | 2.741712¢-03 | 1.168581e-03
02| Eap | 4.142634¢-01 | 4.931446¢-02 | 6.257286¢-01 | 7.788526¢-02
Eratio | 1.007316e+02 | 3.791956e+01 | 1.964261e+02 | 7.731582e+01
o | 5.973373¢-03 | 2.219342¢-03 | 3.314624e-03 | 1.173023¢-03
0.1| Eap | 3.525842¢-01 | 4.961016e-02 | 6.943178¢-01 | 8.458691e-02
Eratio | 8.573378¢401 | 3.814694e+01 | 2.179573¢+02 | 8.396847¢+01

5. Conclusion

743

In this work, the finite dimensional version of the parameter choice strategy introduced
in [16] has been studied. We also obtained the optimal order error estimate for the finite
dimensional FTR method in Hilbert scales .

As mentioned in the introduction, the FTR method reduces the over-smoothing in the
standard Tikhonov regularization method in Hilbert scales. Choosing an optimal value
for 3 is still an open problem.
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exact data
1.8 | |= = =noise data

Exact data and noise data

Fig:9 Noise data and exact data
with § = 0.001 and n = 300 for the
Phillips example.

12 Exact solution & computed solution for

exact sol.
1 b C.S.with =04, | |
C.S.with 3=0.3,
C.S.with 3=0.2,
0.8 | C.S.with 3=0.1, | |
06
|
04 1
WU
02 | !( N,
: \
Pii
LT N
Of=uat iyt i 1im.
| | \
0.2 -
-0.4 -
-0.6 L . . . _
0 0.2 0.4 0.6 0.8

6=0.001

obtain

Exact soluti 6=0.001

& puted ion for

exact sol.
C.S.with f=1,
C. 8. with 3=0.9,

0.4

=——=C.S.with 3=0.8,

0 0.2 0.4 0.6 0.8 1

Fig:10 Solutions when § = 0.001 and

04 Exact solution & computed solution for

0.35
03
0.25
0.2

0.15

n = 300 in the Phillips example.

6=0.001

exact sol.
C.S.with 5=07, | |
——C.S.with =086,

C.S.with =05,

0 0.2 0.4 0.6 0.8 1

Fig:11 Solutions when § = 0.001 and Fig:12 Solutions when ¢ = 0.001 and
n = 300 in the Phillips example.

n = 300 in the Phillips example.

Appendix A. Estimates for GG;

Using the fomula (3.10) and Proposition (2.5), we have

1
B

G

17r(

(=)
n(d)

SN2
f(=B)m
in7(2)

N2/
(=)

28

sinm(5)

<
f

-wr—nﬂwa+Mrme

sin 71'

~f(-8

(T Th)

=B B
2 2

[(TTh)

wl L

| [

=B
2

/ )\2 (TRTh)

el

|| | v my)

- (1"T)

(T3 T, + )

(Ty Ty + AI)™

(T;Th + AI)™

B
2]yl

T) -

(TR TR))(T™T + M)~ ydA|

HTH(T — T)

UTH(T — T)|(T*T + AI) "' Tad)|),
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Exact data and noise data

exact data

| |= = =noise data

0 0.2 0.4 0.6 0.8 1

Fig:13 Noise data and exact data
with § = 0.01 and n = 500 for the
Phillips example.

Exact ion & p ion for 4=0.01

.
.|
o LA s f ! A
y |
-2
4l
ol
exact sol.
C. S.with 3=0.4,
8l C.S.with (=0.3
———C.S.with (=02,
C.S.with £=0.1,
o ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1

Fig:15 Solutions when ¢ = 0.01 and
n = 500 in the Phillips example.

s Exact solution & computed solution for 6=0.01

exact sol.
——C.S.with =1,

N

03 N\ ——C.S.with 3=0.9,
C.S.with =08,

0 0.2 0.4 0.6 0.8 1

Fig:14 Solutions when 6 = 0.01 and
n = 500 in the Phillips example.

0.35 Exact solution & computed solution for 4=0.01

exact sol.
C.S.with =07,
\ C.S.with 3=0.6,
\ |—™C.S.with =05,

am\

03

0.25 -

02 -

0.15 1

01

0.05 -

0 0.2 0.4 0.6 0.8 1

Fig:16 Solutions when ¢ = 0.01 and
n = 500 in the Phillips example.

where (here and below) we used (T3}, + M)~ = (T} T, + APy) "t = (T7 T + \) 1P, and
(T3 Ty + NPT — T3] = (T; Ty, + M) 1Py [I — P,]T* = 0. Observe that

R B =B
ARSI

L s
<l / N (T3T)

© g .
[ A
=I'1+1T19

=8
2

=8
2

(T} Ty, + M) 7Y TFT — T,)(T*T + M) Tzd )|
(T; Ty, + M) 7 T T — TR (T*T + M) "1 Tad )|

(T3FTy, + N 7Y [T — T, (T*T + M) " T2d)\|

(A.1)
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Relative errors for different values of 5 for the Phillips example.
n = 300 n = 500
0 =0.01 0 = 0.001 6 =0.01 6 = 0.001

o
Lo
Eratio

3.391855e-01
4.194623e-02
1.258356e-+00

1.015508e-02
1.223043e-02
1.160252¢+00

3.464049e-01
3.771075e-02
1.131313e+00

1.059873e-02
1.037706e-02
9.844453e-01

0.9

(0%
Eap
Eratio

3.343474e-01
4.222346e-02
1.266673e+00

5.401894e-02
1.951024e-02
1.850858e+00

3.474458e-01
4.039446e-02
1.211823e+00

5.500000e-02
1.929680e-02
1.830639e+00

0.8

o
Lo
Eratio

3.257190e-01
4.248689e-02
1.274576e+00

7.727778e-02
2.070888e-02
1.964569e+00

3.396219e-01
4.050663¢-02
1.215188e+00

8.178772e-02
2.095765e-02
1.988200e-+00

0.7

(6%
Eaops
Eratio

3.188334e-01
3.953119e-02
1.185907e+-00

8.382101e-02
2.070800e-02
1.964485e+00

3.294550e-01
4.064611e-02
1.219373e+00

8.490842e-02
2.040183e-02
1.935471e+00

0.6

o
Lo
Erzztio

3.059524e-01
4.007452e-02
1.202206e-+00

8.077767e-02
1.776854e-02
1.685631e-+00

3.146328e-01
3.855526e-02
1.156648e+00

8.447804e-02
2.013184e-02
1.909857e+00

0.5

(6%
Eu.p
Eratio

2.895052e-01
4.101069e-02
1.230291e+00

7.868060e-02
1.684125e-02
1.597662e+00

2.975993e-01
3.888572e-02
1.166561e+00

8.142263e-02
1.918115e-02
1.819667e+00

0.4

o
Eap
Eratio

2.522316e-01
4.367092e-02
1.310096e-+00

7.432798e-02
1.596039e-02
1.514099e+00

2.713859e-01
4.016585e-02
1.204965e-+00

7.632939¢-02
1.836948e-02
1.742666e-+00

0.3

(6%
Lo
Eratio

1.641012e-01
5.882925e-02
1.764835e+00

6.011976e-02
1.458577e-02
1.383694e+00

1.498880e-01
6.554305e-02
1.966274e+00

5.430934e-02
1.869007e-02
1.773081e+00

0.2

(6
Fap
Eratio

6.623901e-03
1.871649e-+00
5.614810e+-01

7.510152¢-03
1.596788e-01
1.514809e+01

4.981844e-03
2.831882e+-00
8.495572e4-01

4.752450e-03
2.981823e-01
2.828781e+-01

0.1

(07
Lo
Eratio

2.061885e-03
1.404229e+01
4.212583e+4-02

2.064347e-03
1.367919e+00
1.297690e+02

1.991443e-03
1.862952e-+01
5.588807e4-02

1.877291e-03
1.838851e-+00
1.744472e+02

where Ty = || [L A2 (TFT3) % (T} T, + M)~ VT[T — Tp)(T*T + A)~'T2d\| and

o 8 *
Do = (| 77 A2 (T} Th)

I'y

i)
2

(T*T +

IN

—t. 2a

9(;)7

A)~Y(T*T) 2

FEey,

Log o 1B, _
| AN F @+ An T - )

1 2N
||| T) 7 & dA

—t 1 g
o(=en [ AF 2]
a 0

(Tr Ty + M) 7T T — T)(T*T + M)~ T#d)||. Further, note that

(A.2)
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and

Iy

IN

x© B o 128 _
| ATy T @+ an

* — NN SN
1T = Tl (T*T + A~ H[|[(T*T) 2 2| dA

N
—
>

v

Ll BN
+

1=y

M
S
=
=
>

Therefore, by (A.1), (A.2) and (A.3), we have

G < C’leh. (A.4)
Appendix B. Estimates for G,
Again, we have
2 (11(?3113%\ 2 2 8
Gy < off|A g T [(Aspn + o)™ = (Asp 4+ od) L7 (T7T) 2y |
o 4 TrPah 2 8
+0? A5 (Aws + al) PLT(TT) 2y
=: Go1 + Gog, (B.1)
—(Ba+s) 8
where Ga1 = || Al [(As g + )72 = (As 5 + ) *]L75(T*T) 2y and
—(Bats)
Gog = QQHAs(lgfl)aﬁs (As g+ aI)_zL_S(T*T)ng. Note that
2 | TaFIais 27 42 2
Gor = [QPALG) " (Aspn+al) (AT 5 — A2 55+ 20(Asp — Aspn)]
X(Asg + Q) LT By |
—(Bats)
a S —_— p— p— g
< @A (As g+ al) T (As g — As pp)(As g + ) 2L7(TT) 2y
—(Ba+ts)
a+2s — — — * B
Hlo? A ) (Aspn + od) (A g = Aspp)(Asg + al) T L7 (T°T) 2y
= I's+1}y (B.Z)
*(ﬁa+3)‘ 5
where I's = [|a? A" (A g + o) (As g — Aspn)(Asg + o) 2L75(T*T) 7 y|| and
—(Ba+s)

a S _ — — * é
Ly = [lo?Ag 5" ™ (As g + o) 2 (Asg — As ) (Asp + o) L75(TT) 2y
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B
2

Let Z = (Asp+ ol) 2L*(T*T)2y. Then
9 1 1—(5a+sg
I's = « H(As,ﬁ,h + Oz[) As( gi)aJr s (AS:B — As,ﬁ,h)ZH
(1=pBa —(a+s)
— a2||(A5,Bh +Oé[) IAS(IEZ)(L+2SA(71§‘Z){1+2<;L [(T*T) + (ThTh) ] —Sz”
(1—Pa_ 4 311177( +B)

< q@+B)at2s

—(a+s)

|| ALGR L / NS (TET, + AD TV T — TETL)(TPT + M)~ L= Z|

sin W(lgﬁ) (1-B)a_ ,y

< o (A+B)a+2s
™
1_(a+s>2 ! 148 1 1
|ATE > L / N (TET, + MDY [T — Ty(T°T + AT L Zd)|
: 148 —(ats)
+ Slnﬂ-( 2 )QW“F].HA(LFB a+25L s
7T 7/8 h
o0 148 * — 1% * —17—s
/ N (TET, + AT VTP T = Ty (T°T + M)~ L~ Zd)\|
1
148
SIN 7T ——
_ 7(72) (T5 + T'g) (B.3)
where ate)
( ) —(a-r+s
Is = qars 1\|A“§€3”+25L s (YN (TET, + AD)TITET — TL)(T*T + A~ L5 Zd)|
and —(a+s)

Bla
Ig = e JASGR L [ A (T3 Tn + M) 7YTH T = TR)(T*T + M) "L L5 Zd)||.
Using Proposition 2.5 and Proposition 2.6, we have

F5 < é <_2(a * S) > a(l(jl;)i)jrl?erl
- (1+pB)a+2s

1
I / N (T3 (TETy + AD YT = To(T*T + D)~ L Zd)A|
0
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Therefore, by (B.6), (B.7) and (B.8), we have
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