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Abstract

A nonlocal boundary value problem for a system of hyperbolic equations of second order
with generalized integral condition is considered. By method of introduction of functional
parameters the investigated problem is transformed to the inverse problem for the system
of hyperbolic equations with unknown parameters and additional functional relations.
Algorithms of finding solution to the inverse problem for the system of hyperbolic equations
are constructed, and their convergence is proved. The conditions for existence of unique
solution to the inverse problem for the system of hyperbolic equations are obtained in the
terms of initial data. The coefficient conditions for unique solvability of nonlocal boundary
value problem for the system of hyperbolic equations with generalized integral condition
are established. The results are illustrated by numerical examples.
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1. Statement of the problem

Consider on ©Q = [0,7T] x [0,w] the nonlocal boundary value problem for the system of
hyperbolic equations with generalized integral condition

0%u ou ou
pen —A(t,x)%—l—B(t,x)a—f—C(t,l‘)u—l-f(t,x), (1.1)
m-+1 m—+1 tj
> L@utio)+ . [ Kinourad =e), sewl,  (12)
=0 =1y,
U(t, 0) = ¢(t)7 te [OvTL (13)
where u = col(u1,usg, ..., uy) is unknown function, the (n x n) matrices A(t,x), B(t,x

),
and C(t,x), the n vector-function f(¢,x) are continuous on €, the (n x n) matrices L;(z),
i = 0,m + 1, the n vector-function ¢(x) are continuously differentiable on [0,w], tg =
0 <t <ty <..<ty <tmp =T, the (n x n) matrices K;(t,z) are continuous
and continuously differentiable by x on [t;_1,t;] x [0,w], the n vector-function v (t) is
continuously differentiable on [0,7], and the following compatibility condition for the
initial data holds:
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m m+1 4
L0 (0) + £ Li0w(t) + L 000(D) + S | Ks(r.0w(r)dr = o(0),
= J=Lt;1
A solution to problem (1.1)—(1.3) is a function u(t¢, ), which is continuous on 2 and has

ou(t,z) du(t,z) 0%u(t,r)

continuous partial derivatives , , " on 2 and satisfies the system of
x

equations (1.1), boundary conditions (1.2)agnd (1.3)?

In recent years, the nonlocal problems with multi-point and integral conditions for hy-
perbolic equations are of great interest to the specialists. Multi-point boundary value
problems for a system of hyperbolic equations arise while studying the motion of adsorbed
mixtures of substances, consisting of many components through an porous environment
pre-saturated by one or several substances for small or large concentrations of adsorbed
substances at a constant or variable speed filter [8,21,22,25,30]. Boundary value problems
with integral condition for hyperbolic equations describe the mathematical models of pro-
cesses on heat propagation, plasma physics, the metal treatment, and moisture transfer
in capillary-porous environments [3,17,21,23,26,27,31]. The solvability of some classes of
nonlocal boundary value problems with multi-point and integral conditions are studied,
and the methods for their solution are suggested. In the papers [1,2], there considered
a boundary value problem for system of hyperbolic equations (1.1) with nonlocal condi-
tion in the form of linear combination of desired solution values and its derivatives by ¢
and z on the characteristics ¢t = 0, t = T and condition (1.3). By introducing the ad-
ditional functional parameters, the considered problem was transformed to an equivalent
problem, consisting of the Goursat problem for a system of hyperbolic equations with
unknown parameters and functional relations. Note, that the resulting equivalent prob-
lem can be seen as the inverse nonlocal problem for the system of hyperbolic equations
[7,10-15,18-20,28,32-35]. Sufficient conditions for existence of unique classical solution to
the investigated problem were established in the terms of initial data, and the algorithms
for finding solutions are constructed under assumption on the continuity of coefficients
of system (1.1). Sufficient and necessary conditions of well-posedness of nonlocal prob-
lem with integral condition on the characteristics t = 0, t = T for system of hyperbolic
equations are obtained in [3].

In the present paper, this approach is developed for nonlocal boundary value problem
with generalized integral condition (1.1)—(1.3). By introduction of additional functions
the problem (1.1)—(1.3) is transformed to the inverse problem for system of hyperbolic
equations with unknown parameters and integral equations. Algorithms for finding a
solution to the resulting problem are constructed, and their convergence is proved. The
conditions for existence of unique solution to the inverse problem for system of hyperbolic
equations with unknown parameters are obtained in the terms of initial data. Sufficient
conditions for the existence of unique classical solution to the nonlocal boundary value
problem for the system of hyperbolic equations with generalized integral condition (1.1)—
(1.3) are set in the terms of coefficients and boundary matrices.

First the idea on reduction of nonlocal problem to the inverse problem was proposed
by Cannon for a heat equation in the work [9]. This approach has been also applied
to a nonlocal problem for one class of differential equations of high order in [21]. In
contrast to those works, the method proposed in the present paper uses a substitution of
desired function and reduction of original problem to an equivalent problem. The domain
is divided into parts by the variable ¢, then functional parameters are introduced as the
values of the desired function on the partition lines. We introduce some new unknown
functions, which are the differences between the desired function and functional parameter
in the corresponding sub-domains. Examining further the obtained equivalent problem and
setting the conditions for its unique solvability, we go back to the original problem and
then formulate the solvability conditions for it.
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Consider problem (1.1)—(1.3). In Section 2, a scheme of method of functional parameter
introduction without division on domain is provided. Algorithms of finding solution to the
inverse problem for the system of hyperbolic equations with single unknown parameter
are constructed. Conditions for the convergence of proposed algorithms and existence
of unique solution to the inverse problem for hyperbolic equations with parameter are
established.

In Section 3, there provided a general scheme of the method of functional parameters
introduction with division of domain. Algorithms of finding solution to the inverse problem
for the system of hyperbolic equations with many unknown parameters are constructed.
Conditions for the convergence of proposed algorithms and existence of unique solution to
the inverse problem for the system of hyperbolic equations with parameters are established.

In Section 4, the statements on unique solvability of original nonlocal problem for the
system of hyperbolic equations with generalized integral condition (1.1)—(1.3) are formu-
lated. The main condition here is an invertibility of some matrix composed by initial data
of the problem. Auxiliary lemmas on invertibility of this matrix and recurrence formulas
of its block-level elements are provided. In Section 5, we offer a numerical implementation
of the results based on Runge-Kutta method of 4-th order and Simpson’s method.

2. Transformation to the inverse problem for the system of hyperbolic
equations with parameter and the algorithms for finding of its solutions

Denote by p(z) the value of function u(t, z) at t = 0, and make in the problem(1.1)—(1.3)
the replacement u(t, x) = u(t,z) — p(z):

25 i
881’675 Alt, x)gx —i—B(t,x)gt + C(t,x)u+ A(t,x)p(x) + C(t,x)p(z) + f(t,z), (2.1)
u(0,z) =0, z € [0,w], (2.2)
u(t,0) = ¢(@) —¢(0),  te[0,T], (2.3)
m+1 mt1 m+1
Z —i—Z/KT:chu —i—ZL u(ty, x)+
i=0 =1y
m+1 4
+3 [ Kir o)t ayin = p(a), v e ol (2.4)
=1

In the relation (2.3) the compatibility condition at the point (0,0): ¥(0) = p(0) is taken
into account.

Solution to (2.1)—(2.4) is a pair of functions (u(t, z), u(x)) satisfying the system of equa-~
tions (2.1) and conditions (2.2)—(2.4), where the function u(¢,z) has continuous partial

... Ou(t,z) ou(t,x) O*u(t,m)
derivatives , 5% owor
tiable on [0, w].

The problem (2.1)—(2.4) is the inverse problem for the system of hyperbolic equations
(2.1) with unknown functions p(x), fi(x), conditions on characteristics (2.2), (2.3), and
additional condition (2.4) for the determination of parameters introduced. Inverse prob-
lems for equations and systems of hyperbolic type are investigated by many authors, the
bibliography and references can be found in [12,18-20,24,29,32]. Methods for solving some
classes of inverse problems for hyperbolic equations with mixed derivatives are proposed
n [11-15].

For fixed p(x) and ji(x) the function u(t, z) is a solution of the Goursat problem (2.1)—
(2.3). For fixed u(t,z) the functional parameter is to be determined from the relation
(2.4).

n €, the function p(z) is continuously differen-
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ou(t, ) _ _ou(t,x)
S w(t,z) = raml From (2.2), (2.3) we

obtain (0, ) = 0 and  @(t,0) = (). The Goursat problem is equivalent to the system
of integral equations

Introduce the notation v(¢,x) =

B(t,2) = (0) + [ [A®EHEO + B OB + Ot alt,€) + (8, O] de+
0
+ [ A9 + ot de. (25)
0

B(t,x) = / [A(s,2)3(s.2) + Bs,2)ib(r, 2) + C(s,2)ii(s, 7) + f(s,)|ds+
0

t
+/[A(s,a?)ﬂ(m) + C(s,x)u(m)}ds, (2.6)
0
i(t,2) = () —(0)+ / 05, €)-+ Bls, )0 (s,€) ++C(s, (s, )+ (5. €)] decdst
0
+ / [ 46, 0066) + €6, )]s 27)

Substitute the corresponding right-hand side of (2.6) instead of ©(s,x) and repeating this
process [ (I =1,2,...) times, we get

o(t,x) = Gi(t,z,0) + Hi(t,z,u,w) + Di(t,x)p(x) + Ey(t, v)u(x) + EFi(t, z), (2.8)
where (t,z) € Q,

S1—1

t t S1
Di(t,x) = /A(sl,x)dsl + ... —i—/A(sl,:c)/A(sQ,x)... / A(sy, z)ds;...dsadsy,
0 0 0 0

H(t, o, @) — /[B(sl,x)w(sl,x) + Os1,2)i(s1,2)] dsy + .t

0
S1—1
/ (s1,x / A(sj—1, @ / [ (s1,x)w(s;, ) —i—C(sl,x)ﬁ(sl,x)}dsl...dsl,
0
t 51 S1—1
1(t,x,0) /A (s1,x / (s2,)... / A(sy, z)v(sy, x)ds;...dsadsy,
0 0

S1—1

t —
/Csl, )dsi + . +/Asl, / Alsiy, @ >/O(sl, z)dsy...ds1,
0

f(sl,x)dsl-f-...—l-/A(sl, / A(si—1,x / f(s,x)ds;...ds;.
0 0
Assumptions on initial data allow us to differentlate the relation (2.4) by the variable x:

Fi(t,z) =

o—__

m+1 t

{mir:lL —|—Z / } {mZJF:IL —I—mil/t]K TIL‘dT} (x)+
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m+1

+ Z {Ll(x)ﬂ(tz, x) + Li(z)v(t;, ;p)} +
i=1
m+1 4 -
+ jzlt’ / {Wﬂ(f,x) + K (7, 2)(r, x)]dT _J@). zeloel 2

Relation (2.9) together with compatibility condition are equivalent to condition (2.4).

From the representation (2.8) we find the values of function v(¢,z) at t = ¢;,7 = 0,m + 1,
and ¢ = 7. Substituting these values into (2.9), for unknown vector-function u(x), we
obtain a system of n ordinary differential equations of first order, unsolved with respect
to derivatives:

My(w)ju(x) = —Ey(@)u(z) — Hy(w, @, @) — Gi(z,0) — Fi(z),  z€[0,w], (2.10)
where
m+1 mtl B
M;(z) = Lo(x) + Z Li(z)[I 4+ Dy(t;,x)] + Z / K;(r,z)[I + D;(7,z)]dr,
i=1 =1y,
m+1 m+1 m+1 4 m+1 4
El(x) Z +ZL Eltz,$+2/ Z/K (r,2)Ey(7,x)dr,

=0 j= 1t Jj= 1t

m+41 m—+1
Hlmuw ZL u(t;, ) +ZL VH(t;, x,u, w)+

m+1 4 m+1 tJ
Z / dT—f—Z /K (1, 2)Hy (7, x,u, w)dr,
Jj= 1t Jj= 1t
m+1 m+1 4
Gi(z, ) Z Li(z)Gi(t;, z,0) + Z / (1,2)G(T, z,0)dr,
J=1;_
m+1 m+1 b
Z Li(z)F(t;,x Z / Kj(r,2)F(r,z)dr — ¢ ().
j=1tj_1

Taking into account the compatibility condition

1(0) = (0), (2.11)
we obtain the Cauchy problem for system (2.10).
Suppose that the (n x n) matrix M;(z) is invertible for all x € [0, w].

Introduction of additional functional parameter allows us to divide the process of finding

the unknown functions into next two stages:

1) finding the function p(z) (f1(z)) from system (2.10) under the condition (2.11).

2) finding the unknown functions v(¢,x), w(t, =), and u(t,z) from the system of integral
equations (2.5)—(2.7).

If the functions fi(z), and p(z), are known, then solving the system of integral equations
(2.5)—(2.7), we find the functions o(t,z), w(t,x), u(t,z). Function p(z) + u(t, x) is the
solution to the initial problem. If the functions v(t,x), w(t, z), and u(t, x) are known, then
solving the equation (2.10) under condition (2.11), we find /i(x), and p(z). Determining
again the sum of functions p(z) + u(t, z), we define the solution to problem (1.1)—(1.3).

Here the functions ji(z) and p(x) are unknown, as well as the functions v(¢,x), w(t,x),
and u(t,z). Therefore, the inverse problem for the system of hyperbolic equations (2.1)—
(2.4) is to be solved using the iterative method. Solution to system (2.5)-(2.7), (2.10) with
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condition (2.11) is to be found as the limits of sequences {(*) (x)}, {u®) (2)}, {o® (¢, )},
{@w®(t,z)}, {a® (t,x)}, k =0,1,2,..., defined by the following algorithm:

Oth step. Supposing u(z) = ¥(0), ¥(t,z) =0, @(t,z) = ¥(t) in the right-hand part of
(2.10) u(t,xz) = 1(t) — 1 (0), and taking into account the invertibility of matrix M;(x) for
all z € [0,w], from equation (2.10) we define 1()(z). Using the condition (2.11), we find

the function u(9 (z):
1O () = 0(0) + / i

From the system of integral equations (2.5)—(2. 7), where pu(z) = pO(z), p(z) = O (x),
we determine the functions (¢, ), @O (¢, z), uO) (¢, z).

Ist step. From equation (2.10), where in the right-hand part pu(z) = p©(z), o(t,z) =
2O (t,z), w(t,z) =t z), and u(t,z) = © (¢, ) due to the invertibility of M;(z) for
z € [0,w] we determine ;M) (x). Using again condition (2.11), we find p(M (x):

T

1D (z) = (0) + / A ()de,
0
)

and from the system of integral equations (2.5)(2.7), where u(z) = p(z) and ji(z) =
(1D (), we determine the functions @M (¢, z), 3 (¢, ), @M (¢, z). And so on.
Introduce the notation

a(zr) = s I|A(t, z)||, B(z)= e |B(t,x)||, o(z)= e [|1C(t,x)]],
bi(x) = sup [[Ki(t,2)l|, Oi(x)= sup ||ZlD)| T,
te[ti 1,t) te[tiflvti)
fo(@) = max |1£(t,2)]]

t€[0,7]
Conditions of feasibility and convergence of the proposed algorithm provide the next
assertion

Theorem 2.1. Let for some l, | = 1,2,..., the (n X n) matriz M;(z) is invertible for all
x € [0,w], and the following inequalities are valid:
a) [|[My(z)] 71| < yi(x), where v(x) s a function, positive and continuous on
z € [0,w];
m+1 [a m
) i) = m(e) { 2 1L |+6:(w)(ti—tioa) f e z M) < x <1, x-const.
1=
Then there exists a unique solution to inverse problem for the System of hyperbolic equa-
tions (2.1)-(2.4).
Proof. In virtue of the continuity of L;(t,x), i =0,m + 1, A(t,z), K;(t,z), j =1,m+1,
the matrix M;(z) is continuous by = € [0,w]. Then in view of theorem conditions and the
inequality
1[Mi ()]~ = [M(@)] 7] < M) 7] - [ M () = Ma(@)]| - |[Mu(@)] ],
where z, 7 € [0,w], the matrix [M;(x)]~! is also continuous for all z € [0, w)].

The next 1nequaht1es are valid:
m—+1 m—+1

IE(@)]] < > |1Li(@)|[+ D 05(2)(t; — tj-1)+
i=0 j=1

m+1 ( l—1

+o(@) > (IIL@)its + 0:(x) )2 L

i=1 j=0
| Fy()]] <
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mtl _ 42 =1 ()l
<{1+ Z+(HL 40,0 ) S OO (@l o) = o),

=0
- m+1l m+1 m+1
Ve @1 < { Y- IE@)ll+ 3 05ty =0+ 3 (112t
i=1 j=1 i=1
(2= 22.)\ 2 o))
() )Z_jo S max(B(e), (@) p ma [t )| + |t o)|] =
= ai(2) max][nw(t 2| + [t )] (2.12)

telo,T
In view of conditions a) at fixed u(z), v(t,x), w(t,x), and u(t,z), the function pi(zx) is
defined uniquely from equation (2.10) and
i) = = [My(@)] Y Ei(@)u(x) + Fi(x) + Hy(z,@,%) + Gi(z,9)}, x €0,

Taking into account the condition (2.11), we define p(z). At fixed u(x) € C([0,w], R™)
and a(x) € C([0,w], R™) the system of integral equations (2.5)—(2.7) has a unique solution
{o(t,x), w(t, x), U(t, )}, where ¥, @, & belong to C(Q, R"), and the following estimations
hold:

5t 2)]] < (e = 1) ||is(=) |+
+Tea<x>t{a<x> Nlu@)]] + folw) +max {8(x), o (a)} max [|[a(t,2)]| +[|@(t, :cm}}, (2.13)

t€[0,7]

max |[[a(t,2)|| + ||t 2)]]| < {max [[(8) = (0)]| + max [[v(t)]|+

te[0,T) €[0,T7] t€[0,T)]
H1+7) [ aOTe O @)+ (14 7) [ [L4+a(©Te O] (16 + () (6] }
0 0
xexp{/[1+a(g):re "] max{s(e), (§)}d§}. (2.14)
0

From the integral equation (2.5) using the inequality Bellman - Gronwall for the difference
of successive approximations 5% (¢, 2) — 2*=1(t, ), we obtain

159 (t,2) — 3+ V(t,2)|| <
< (e“(“t—l)-II/l(k)(:c)—u(k‘”( )|+ T @ (o) [n®) () — u®=1 () 1+
+max{B(x),0(z)} max |[|6" (¢, 2) —a* D (t,z)||+[|a®) (¢, 2) - a® D¢, 2)]]]). (2.15)

t€[0,7)

For the differences of successive approximations
pP (@) — (), @®(t,2) — @™ D (t,2), and a®(t,2) —aFV(t,z), k=12, .,
in virtue of inequalities (2.13)—(2.15) the next estimates are valid:

1O @) = wE D@l < [1a0) - i De)llde, (2.16)
0

_ (k=1) (k) _ (k-1 <
e [[[5) ¢, 2) = @ e, )| + 170 (8,2) = 7Dt )] <

< [ aslglli®(©) - iV ds (2.17)
0

where  as(&,x) = 3@ (1 + T)[a(&)Te*OT 4 ay(z))],
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T

2= [+ 0O O (3(6). o), asle) = [+ a(OTe (€1
0

0

Then for difference *+1)(z) — 3*)(x), taking into account the inequality (2.10), we
have the estimate

15 (@) = @) ()] < (@) | Ey@)]] - (10 (@) = p*D @)1+

()| Hi, a® - a®=, @@ — @ V)| 4 5y (2)||Gi(, 8 = FFD)|.
In the last term, using estimates (2.12)7(2.17) and evaluating the repeated integrals, we
get

15 (@) =™ (@)]] < X||ﬂ(k)(ﬂf)—ﬂ(k_1)(ff)||+/05(&36)”!1(“( )= (©)]lde, (2.18)
0
where as5(&,z) = v(x) [ao(:v) + a1 (z)az(§, x) + [o(x) + max{(B(x), o(z)}aa(§, x)]ag(x)},

sy = a(@)t)
=T 3 (el + Oua)tts = tio)) e = 30 =,

s!
s=0
From the zero and ﬁrst steps of algorithm there follow the estimates:

149 @)[] < (@) (ao(@) [ O)]] + $(x) + ar (x) tg%g):;]{llzﬁ(t)\l +[[(t) = p(O)|I}) = di(=),

140 (@) = ()] < /Hu Ollde < [ dr(€)d€ = daa),
0

10 (@) = 1O @) < (@)aoe)dr() +
@)y (@) + [ @) (@)as(€.x) + ao(@)fole) + as(, D) (€ = @) (219)
0

Based on (2.18), (2.19) we set the inequality
Apg () = || (@) = @ ()| <
k

< Xk: {/a5 & d£} max d(z) < xk

= ) w€[0.w] = (k=) !

x
G = max /ag,(f,m)df, d= max d(z).
z€[0,w] ,
From the theory of limits, using the consequence of the Téplitz theorem, it is easy to

establish that the sequence Apy(z) is majorizing by geometric progression. Hence there
[e.°]

follows the uniform convergence of series > Apug(z) for x € [0,w], which guarantees the
k=1

uniform convergence of sequence 1(¥)(z) to a function ji*(z), continuous by z € [0,w].
From inequality (2.16) there follows the uniform convergence of sequence u*®)(z) to the
function p*(z) € C(]0,w], R™). Based on the estimates (2.15) and (2.17), there follows
the convergence of sequences ¥ (¢, ), @® (t,x), and @*) (¢, z), uniform with respect to
(t,x) € Q, to the functions v*(¢, z), w*(t, ), and @*(t, ) belonging C (2, R"), respectively.
It is obvious that the pair (u*(z),u*(t,z)) is a solution to problem (2.1)—(2.4). The
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uniqueness of solution to problem (2.1)—(2.4) is proved by contradiction. Theorem 2.1 is
proved. O

Thus, in case of introducing one parameter, the main condition for the solvability of
problem (2.1)—(2.4) is the invertibility of matrix M;(z) composed by the matrices of
boundary condition L;(x), K;(t,z) and the sums of repeated integrals of matrix A(t,x)
of dimension coinciding with the dimension of system (2.1). Choosing the number [, the
amount of repeated integrals of matrix A(t,z), we can check the invertibility of matrix
M;(z), for all z € [0,w].

3. General scheme of the method of reduction to the inverse problem for
the system of hyperbolic equations

In the case of introduction of single parameter, to check the solvability conditions for the
investigated problem, as a tool to operate we have only [, the number of repeated integrals
of matrix A(t,z). However, for large values of ¢t = ¢;, i = 1, m + 1, we have to choose the
number [ large enough, what leads to the difficulties with evaluating the repeated integrals
and their sums. In this regard, in the section we propose a general scheme of the method
of functional parameters, where the domain is divided into parts by lines t = ¢;, i = 0, m,
and on these partition lines, the parameters are introduced as the values of the desired
function. This allows to operate with two quantities while solving the problem (2.1)—(2.4):

the distances t; — t;_1 and [, the number of repeated integrals.
m+1 m+1
Make a partition on domain Q: Q@ = U Q,, Q. = U [tr—1,t,) X [0,w]. Denote by
r=1 r=1
ur(t,z) the restriction of function u(t,z) to Q,, r = 1,2,...,m + 1. Then pass from

problem (1.1)—(1.3) to the boundary value problem

0%u, ouy ou,
it A(t,x)% + B(t,z) ot + C(t,x)uy + f(t,x), (t,x) € Qp, (3.1)
> Li(@)uir1(ti; ) + L1 (#) Hm w1 (8, @)+
=0 t—T—-0
m+1 t
+ Z / K;(r,z)uj(r, z)dr = ¢(z), x € [0, w], (3.2)
=1
ur(t,0) = (), t € [tr—1,t,), r=1,m+1, (3.3)
: Qup(t,x) _ Qupy(ty, ) _
tiglo . o , x € [0,w], p=1m. (3.4)

Here the interrelations (3.4) are the conditions of gluing (continuity) the derivatives of
solutions by x in the internal lines partitioning the domain €2: ¢t =t,, p = 1, m.

Solution to problem (3.1)—(3.4) is a system of functions u([t], z) = (u1 (¢, x), u2(t, x), ...,
Um+1(t,2))’, where each function w, (¢, z) with continuous partial derivatives of first order,
mixed partial derivatives of second order, which is bounded on its definition domain €2,
together with derivatives and satisfies the system of equations (3.1), boundary conditions
(3.2), (3.3), and continuity condition (3.4). [¢] in the notation u([t],z) means that partition
is made by variable t¢.

Continuity and boundedness of function wu,(t,z) together with derivatives on Q,., r =

S Ouy(t,
1,m + 1, leads to the existence of left-hand side limits . litm o Ur (t,z), . lim ur (t, 2) and
real

—tr—0 Oz
Ou,(t
Jim Ura(t,l") The values u1 (0, x), u;jt+1(t;, ), i = 1, m, and tiizrgo Um+1(t, x) satisfy the
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Ouy(t 0 t
relation (3.3), the values lim up( ,x), and Up1 (b, )
t—tp—0  Ox ox
(3.4).

Denote by p,(x) the values of function u,(t,z) at t = (r — 1)h. Making the replacement
Ur(t,x) = up(t,x) — pp(x), 7 =1,N in problem (3.1) — (3.4), we obtain the equivalent
boundary problem with unknown functions pu,(z):

, p = 1, m, satisfy the relations

0%, ou, ou,
— At B(t t @), + f(t
O Alt) 5 4 Blta) o 4 Ot 2)i + (1, 2)+
FA D)fin(2) + Ot (), (b2) €9y r=Tm T, (3.5)
Up(tr—1,2) =0, z € [0,w], r=1,m+1,
Ur(t,0) = () — Y(tr—1), t € [tr—1,tr), r=1,m+1, (3.7)
ZL ) i1 (%) + L1 (@) 41 () + Lingr () Hm i (8, 2)+
m—+1 tj m-+41 t
+ Z / Kj(r,x)drpi(x) + Z / Kj(r,z)u;(r, z)dr = ¢(z), z €[0,w], (3.8)
Jj= 1t Jj= 1t
) . Oup(t,z) .
)+t D @), sepwl, p=Tm G9)
In condition (3.7), the compatibility condition at the points (¢,_1,0) is taken into account:
wr(0) = Y(tr—1), r=1m+1L (3.10)

Problems (3.1)—(3.4) is equivalent to problem (3.5)-(3.9) in the following sense: if the
system of functions u([t], z) = (u1(t, z),ua(t, x), ..., um+1(t,x))" is a solution to (3.1)—(3.4),
the system of pairs (u(2), u([t],z)), where p(z) = (u1(z), p2(2), ..., Mm-‘rl(x))/’ u([t],x) =
(@i (t, @), ao(t, ),y ey Ums1(t, ), pr(z) = up(tr—1, ), Up(t,x) = up(t,x) — up(tr—1, ),
r=1,m + 1, is a solution to (3.5)—(3.9), and vice versa, if (u,(x), u,(t,x)), r=1,m+1,
is a solution to (3.5)—(3.9), then (u,(z)+u,(t,x)), r = 1,m + 1, is a solution to (3.1)—(3.4).

Problem (3.5)—(3.9) is the inverse problem for the system of hyperbolic equations with
functional parameters, where relations (3.8) and (3.9) allow us to determine the unknown
functions p,(z), r =1,m + 1.

Let C(Q, Q,, R*™*1) be a space of function systems u([t],z) = (u1(t,z), ua(t, x), ...,
Um+1(t,2)), where the function w, : Q, — R™ is continuous and has a finite left-hand

side limit . lim 1 Ur (t,z), r =1,m + 1, uniformly with respect to = € [0, w], with the norm
—ty
lully = max sup |Ju(t,z)]].
r=1,m+1 (t,x)eQ,
At fixed pp(x), fir(z), 7 = 1,m+1, the functions u,(t,

x),
solutions to Goursat problem on Q Wlth conditions (3.6), (3.7).
Oty (t, )

Oirl(tya) oy O

r = 1,m+ 1, are the

Introducing notation v, (t,z) = Era o 2) , from (3.6) and (3.7)

we obtain v, (t,_1,2) = 0, w,(t,0) = ¥ (t), and reduce the Goursat problem to the system
of three integral equations

T

@m@:¢@+/um@m@@+B@9m@@+cmgm@@+

0

+f(t,8) + A(t, )i (§) + C(t, &) pr(§)] dE, (3.11)

Up(t,x) = / [A(s, 2)0r(s, ) + B(s,x)w, (s, ) + C(s,x)ur(s, x)+
(r—1)h
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+£(5,2) + As, 2)jin() + C(s, 2 ()] ds, (3.12)
(£, 3) = (1) — / / )+ B(s,€)i,(5,€) + C(s, &)iin (5, )+
tr—1 O
F1(5,€) + Als, €)jin(€) + s, ) (€)]déds. (3.13)

Substituting the corresponding right-hand side of (3.12) instead of ¥y (s,z) and repeating
the process [ (I =1,2,...) times, we get

77r(ta J,‘) = Dl,'r’(ta SU)NT(*T) + El,r(t’ I)MT(J:) + Hl,r (ta T, Uy, ’IT)T)_{—
+Gp,(tx,0r) + Fip(tx), (tz)eQ, r=1m+1, (3.14)

s1-1
Dy, (t, ) / A(s1,z)dsy + ... + / A(sy,z / A(sg, x)... / A(sy, x)dsy...dsadsy,
t»,« 1 tr 1

tr—1

2 S1-1
E (t,x) = /Csl, Yds1 + ... + / A(s1, ) ./A(sl_l,x) / C(sy,x)ds;...dsq,

tr—1

¢
Hy,(t,z, 0, w,) = / (s1,x)wy(s1,2) + C(81,2)Ur(81, x)}dsl 4+ .+

¢ si—2 s1-1
+ / A(s1, x)... / A(sj—1, ) / {B(sl,m)@r(sl,x)—|—C’(sl,:L‘)ﬁr(sl,x)}dsl...dsl,
tr_1 tr—1
Gir(t,z,v,) /Asl, /Asl 1,T /A 1, ) 0r (81, )ds;...dsq,
tr— tr—1
S1—2
F . (t,x) = /fsl, )ds1 + ... + / A(s1, ) /Asl 1,2 /fsl, )dsi...dsq.

tr—1

Differentiating the relation (3.8) by x

Z Li(z)pita(z) + Z Li(2)f1i1 () + Lmg1 (@) pm1(2) + Ly (%) ftmr (2)+

t; t;
m+1 7 m+1 7
0K
+ 51 / JC,)(;-’$ )+ E / K(r,x)drf(x)+
J= tj—1 Jj= 1t

+Lm+1($) 11%1170 ﬂm—l—l(ta ZU) + Lyt ($) tiiir'go 5m-l—l(ta .1‘)+

m+1
+ Z /{ (r ,x)+Kj(T,x)aj(T,x)}dT_gpf(x), rel0w, (3.15)

then passing to the limit at ¢ — ¢, — 0 in right-hand part of (3.14), we find . litm o op(t, ),
—tr—

r=1,m+1,0.(r,x), z € [0,w]. Substituting them into (3.9) and (3.15), multiplying both
parts of (3.15) by h = t;,41 —tm, > 0, for the unknown vector-functions p,.(x), r =1, m + 1,
we obtain the system of m + 1 ordinary differential equations of first order unsolved with
respect to derivatives:

Qi(m, x)fu(x) = —Ey(m, x)u(x)—
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—Hy(m,z,0,®) — Gy(m,z,0) — Fy(m,z), = ¢€l0,u], (3.16)
where
Ql(m,l’) =
hI1(z) hLo(z) hLs(z) .. RLm(z) W(Lms1(x) 4 Lins1 () [T + Dy g1 (T, 2)])
I+Dl,1(tl,x) —I 0 . 0 0
0 I+ Dy s(te, x) I . 0 0
0 0 0 . I+ Dyt ) 1
tj
Li(z) = L_1(z) + / K;(r,2)[I + Dy(r,2))dr,
tj_l

1 is identity matrix on dimension n X n,

El(m7x) =
hKi(z)  hKa(x) hKs(z) .. hKm(z)  A(Kmpi1 (@) + L1 (2) + L1 (2) By 1 (T, @)
El,l(thx) 0 0 . 0 0
0 Elyg(tg,:r) 0 .. 0 0 5
0 0 0 Bim(tmo) 0
7 oK 7 -
E(m) =L 1(x)+ / ](',)(;’x)dT + / Kj(r,x)Ey (T, z)dr, j=1,m+1,
tj—1 ti—1
_ m+1 4
Hy(m,z,u,w) <h Z / uj(r, ) + Kj(r,2)Hy (7, u],w])}dT-i-
Jj= 115] 1

!/
+hLm+1 (x) t—l)i'lrjn—() am-‘rl(ta x)v Hl,l (m7 z, wh al)a (X3 Hl,m(m7 z, wma ﬂm)) )

m+1 4

Gi(m,z,7) <h Z / (1,2)G1 (T, 2,0;)dT + hLpi1(2) Gl g1 (T, 2, Opg1),
Jj= 115]71
/
Gri(m,z,v1),...,Gm(m, z, 77m)> ,
m+1 by
Ey(m,x) = < x)+h Z / (1, 2)Fy (T, 2)dT 4+ hLpy1 (2) Fp i (T, ),
7=14;_

/
BJ(tl,l’), ey E,m(tm,fﬂ)) .

The matrix @Q;(m, z) has a special structure, so for any x € [0, w] it translates the elements
of RMm+1) into RM(m+1) and

[|Qu(m, z)|| <
t;
m+1 7 l 7
hS
<1+h2]|L ||—|—max(hHLm+1( H+hz /||K (1,z)||dT, 1)2[0[(?],
=0 j= lt s=0 :

where h = max_(t; — t;_1). Continuity of matrices A(t,x) on Q, K;(t,x) on Q;, j =
i=1,m+1

I,m+1,and L;(z),i = 0,m + 1, on [0, w], respectively, leads to its continuity by = € [0, w]

for any [ € N.

If the functions ji(z) € C([0,w], R*™ 1) and u(z) € C([0,w], R*™ D) with components
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fr (), pr(z), 7 = I,m + 1, are known, then solving the system of integral equations (3.11)—
(3.13), we find the functions @([t],z) € C(, Q,, RM™+D) ([t], z) € C(Q,Q,, R+,
and u([t], z) € C(, Q,, R"™ D) with components @, (t, x), v,(t, z), and %, (t, z). Function
u(t, x) defined by the equalities

u(t,x) = pp(x) + ur(t, x), (t,z) € Qp, r=1,m+1,

w(T,z) = pme1(x) + Hm Upiq(t, x), z € [0,w],
t—T-0

is a solution to initial problem (1.1)—(1.3).

If the functions w([t], z) € C(, Q,., R*™ D) 5([t], z) € C(, Q,., R*™ D) and u([t], z) €
C(Q, Q,, R*™+1)) with components @, (t, z), ¥, (t, z), and @, (t, z), are known, then solving
the equation (3.16) under condition (3.10), we find (x) € C([0,w], R*™*1), and

w(z) € C([0,w], R™™+1)Y with components fi,(z), pr(x), 7 = I,m + 1, and defining again
the function u(t, z) by equalities

u(t,z) = pp(x) +ur(t,z), (tx)eQr, r=1m+1,

w(T,z) = pmt1(x) + lm Uy (t,z), 2z €[0,w],

t—=T-0
we find a solution to problem (1.1)—(1.3).

Here the unknowns are the functions fi(x), u(z), as well as the functions w([t],x),

v([t], z), and u([t],z). Therefore, we apply an iterative method and find the solution of
functional relations (3.11)—(3.13), (3.16) with condition (3.10) as the limits of sequences
{@® (@)}, (P (@)}, @™ ([t], )}, {0 ([t], )}, {a®([t],2)}, k = 0,1,2, ..., defining by
the following algorithm:
Oth step. In the right-hand side of (3.16), assuming u.(x) = ¥(t,—1), v (t,x) = 0,
Wy (t, ) = 1p(t), and Uy (t, ) = P(t) — Y(t,—1), r = I,m + 1, and taking into account that
under selected € N, the matrix Q;(m,x) is invertible for all z € [0,w], from the system
of equations (3.16) we determine 49 (z) € C(]0,w], R""™*1). Using the condition (3.10),
we find the function ,ufno) (x):

x

pO@) =it + [ 0O, r=Tm Tl
0

From the system of integral equations (3.11)—(3.13), where p,(x) = u,(no) ()

fr(x) = ,1&0) (), =1,m + 1, we find the functions @l (t,x), 3t (t,z), e (t,x), (t,z) €
Q.,r=1,m+1.

1st step. From the system of equations (3.16), where we have p(z) = p(9(z),

o(t,z) = 0O(t,x), w(t,z) = 0 O(t,z), and u(t,z) = ©9(¢,2) in the right-hand side, in
virtue of invertibility of Q;(m, x) for = € [0,w], we determine 4" (z) € C([0,w], R*™+1).
Using again the conditions (3.10), we find /h(nl)(x) :

nO (@) = 1) + / AV de,  r=T,m 1.
0

From the system of integral equations (3.11)—(3.13), where p,(x) = u,(ﬂl)(a;) and fi,(x) =

/19)(95), we determine the functions 1717(«1)(75,33), 177(«1)(t,:c), and ﬂgl)(t,x), (t,x) € Qp, 7 =
1,m+ 1. And so on.

The process of finding unknown functions is also divided into two parts:
1) finding the introduced parameters fi,.(x), p,(x) from the system of functional equations
(3.16) with condition (3.10).
2) finding the unknown functions w,(t, z), v, (¢, ), and @, (¢, ), from the Goursat problems
for the system of hyperbolic equations (3.5)—(3.7).



1526 A. T. Assanova

Sufficient conditions for the feasibility and convergence of the algorithm proposed above,
which provide the unique solvability for inverse problem (3.5)—(3.9), are given by the
following theorem

Theorem 3.1. For some 1,1 € N, let the matriz Q;(m,z) : R™m+D — Rrim+l) pe
invertible for all x € [0,w] and the following inequalities be valid:

a) [|[Qi(m, )] 7] < m(m, 2);
vi(m,x) is a function, positive and continuous by x € [0, w];

b) qum,x) =y(m, ) {max(hl|Lmi1 ()], 1) + h”fgl 0i()(t; — ti1) b

>

X [ea(”c)ﬁ -3 [a(";? ]]} <x <1, X- const.
=0 7
Then there exists a unique solution to problem (3.5)—(5.9).

Proof of Theorem 3.1 is analogous to the proof of Theorem 2.1 and is based on the
algorithm provided above.

4. Criteria of unique solvability of problem (1.1)—(1.3)

The proof of Theorem 2.1 yields that the function u*(¢, x), received as the sum p*(x) +
u*(t,x), belongs to C(€2, R") and is a classical solution to problem (1.1)—(1.3).

Then the equivalence of problem (1.1)—(1.3) to problem (2.1)—(2.4) leads to the following
assertion

Theorem 4.1. For some l, | = 1,2, ..., let the (n x n) matrix M;(z) be invertible for all
x € [0,w] and the inequalities a), b) of Theorem 3.1 be hold.
Then there exists a unique solution to problem (1.1)-(1.3).

o~k

If the system of pairs (u*(z),w*([t],z)) is a solution to problem (3.5)-(3.9), found by
the algorithm given in Section 3, then the function u*(¢,z) defined by the equalities

u*(t,x) = py(z) +ur(t, x), (t,z) € Q,, r=1,m+1,
U*(T7 iL‘) - :u:(n—l—l(x) + tiijrgoﬁ?n+l(ta I’), T € [va]a

where p(x), uk(t, z) are the components of p*(x), u*([t], ), r = I, m + 1, respectively, is
a solution to problem (1.1)-(1.3).
Again from the equivalence of problem (1.1)-(1.3) to problem (3.5)(3.9) we get

Theorem 4.2. For some 1,1 € N, let the matriz Q;(m,z) : RM™HD — Rrm+1) pe
invertible for all x € [0,w] and the inequalities a), b) of Theorem 3.1 be hold.
Then there exists a unique solution to problem (1.1)-(1.3).

Existence of number [ € N, for which the (n x n) matrix M;(x) is invertible at all
z € [0,w], the (n(m + 1) x n(m + 1)) matrix @Q;(m,x) is invertible at all z € [0,w], is the
main condition for the unique solvability of investigated problems (2.1)—(2.4) and (3.5)—
(3.9), respectively. Dimension of matrix M;(x) coincides with dimension of initial system
(1.1). Dimension of matrix Q;(m,z) depends on the numbers of points ¢;, i = 0,m + 1.
Since the (n(m + 1) x n(m + 1)) matrix @Q;(m,z) has a special structure, then the next
lemmas are valid

Lemma 4.3. The (n(m+ 1) x n(m+ 1)) matriz Q;(m, x) is invertible for all z € [0,w] if
only if the (n x n) matriz

m+1 1
My(m,z) = Lo(x) + > Li(w) [T+ Dus(ts, @)+
=1

S=1
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m+1 1
+/K171‘)[I+D11(Tl‘ dT+Z /K (1,2)[I + Dy i(7,x)|dr H (I + Dy 4(ts, )]
i= 2751 1 s=t—1

18 mvertzble.
Lemma 4.4. If the matriz M;(m,z) is invertible, then
[Qi(m,2)) ™ = {uj(2)},  nj=Tm+1,

where
via(z) = hil]\/jl_l(m,x);
m+1 J
v j(z) = ]\A]lfl(m,m { )+ Z Li( H [+ Dy 4(ts, )]+
b
+ / K;(r,2)[I + Dyy(r,2))dr+
ti 1
m+1 b j
Ly / K, (r.2)[I + Dyp(r2)ldr ] [I—I—Dm(ts,x)]}, l<j<m+l:
r=j+1 " s=r—1

Vpp(x) = [I + Dyypoq(tr—1, @) vr1 0 (x) — 1, r=223,...m+1,
VT,J'(=T) = [I + Dl,r—l(trfl,95)]”?“*1,]‘(33)’ JFET

Lemma 4.3 demonstrates that the invertibility of matrix @Q;(m, z) of dimension (n(m +
1) x n(m+1)) is equivalent to the invertibility of matrix M;(m, z) of dimension, coinciding
with the dimension of initial system (1.1). Lemma 4.4 allows us identify block by block
the elements of the inverse matrix [@Q;(m, z)] L.

So, we investigated the nonlocal boundary value problem for the system of hyperbolic
equations of the second order with generalized integral condition. By method of introduc-
tion of functional parameters the considered problem is reduced to the inverse problem
for the system of hyperbolic equations with unknown parameters and additional func-
tional relations. Algorithms of finding solution to the inverse problem for the system of
hyperbolic equations are constructed, and their convergence is proved. The conditions for
existence of unique solution to the inverse problem for the system of hyperbolic equations
are obtained in the terms of initial data. The coefficient conditions for unique solvability of
nonlocal boundary value problem for the system of hyperbolic equations with generalized
integral condition are established. Further, we propose an one numerical approach for
solve this nonlocal problem. Numerical method based on algorithms of parametrization
method [16]. This numerical approach is illustrated by examples.

5. Numerical examples

Consider the following problem with integral condition for system of hyperbolic equa-
tions

0%u ou
i~ AWSE+ £, (1)

Z u(ti, x) —|—Z / Kj(t)u(t,z)dr = ¢ -z, z € [0,w], (5.2)

=0 j= 1t

u(t,0) = o(t),  te[0,T]. (5.3)
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1
27

0
cost t2 el —etcost + 6cost — t° — 9t3 + 4¢2
A(t>_( 7 t+9)’ f(t)_( —Tet — 1 — 93 — 612 — TTt + 87 )

ty = ty=T =1, w=1,

LO:( 15 i)>, 1‘112(;l _36), L2=(_01 _71>7 L3=<_65 _81>7
1 1
t -3 6e — ez + de1 — 30 12
K:(t)=K(@) = =1.4 = 32 1) — )
]() ) <0 12)7.] s Ay ® ( —564—86%4—% y ¢() (t3)

Conditions of Theorem 2.1 are fulfilled for [ = 2.

We introduce a new function v(t,z) = % and reduce to an equivalent problem
ov
L~ Ao+ f0), (5.4)
ot
T

Lov(to,x)+L1v(t1,x)+L2v(t2,w)+L31}(t3,x)+/K(T)v(T, z)dr =¢, x€]0,1], (5.5)

0
ult,z) = () + / o(t, €)de. (5.6)
0

Here integral relation (5.6) allow us to determine of function u(t,z) for all (t,z) € Q =
[0,1] x [0,1].

From (5.4) and (5.5) it follows that v(¢,z) = v(t), i.e. the function v not depends of
xz. Then, for for finding of approximate solution to problem (5.4)-(5.5) we we use the
numerical implementation of algorithm of the parametrization method.

Let ®(t) is fundamental matrix of differential equation g: = A(t)v.
Consider the system of equations [[16], p. 347]

4 tr t
Lopiy + Lipa + Laps + Lapia + ) / K(t)o(t) / O~ (1) A(T)drpgdt =

==Y / K(1)®(1) / o 1(7) f(7)drdt, (5.7)

tp tp
1y + (1) / O L) A(T)dT 1y — pipe1 = —(t,) / (7 f(r)dr,  p=1,2,3. (5.8)
tp 1 tp1

We provide the results of the numerical implementation of algorithm in [16] by parti-
tioning the subintervals [0, 0.25], [0.25,0.5], [0.5, 1] with step h; = hy = h3 = 0.025.
Solving the system of equations (5.7), (5.8) we obtain the numerical values of the pa-
rameters
7 [ —4.99999905 7 [ —471597337 T —4.35127721
o= ( —4.00000042 ) K2 = < —1.73437503 ) r KT ( 0.62500044 ) ’

We find the numerical solutions at the other points of the subintervals using the Runge-
Kutta method of the 4th order to the following Cauchy problems

dv,

dt

= A, + f(t),  te€lt_it), r=1L3

Up(tr—1) =pf,  r=13,
where v, (t) = v(t), t€ [ty_1,t),r=1,2,3.
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Exact solution of the problem (5.4), (5.5) is

* et —6
! (t):<t3+9t—4>‘

Therefore, from integral relation (5.6) we find of exact solution of problem (5.1)—(5.3):

w(t,7) = (1) + 0/ o= 1050, )

The results of calculations of numerical and exact solutions of problem (5.4), (5.5) at
discrete points are presented in the table 1.
For the difference of the corresponding values of the exact and constructed solutions of
problem (5.4), (5.5) the following estimate is true
max |[v*(t;) — v(t;)|| < 0.000002.
§=0,40
Using integral relation (5.6) we find of the difference of the corresponding values of
the exact and constructed solutions of problem (5.1)—(5.3) of an example the following
estimate is true

max max ||u*(tj,x) — u(t;, )| < 0.000002.
z€(0,1] =0,40

6. Conclusion

In this paper, we propose a constructive method for solving the generalized integral
problem for the system of hyperbolic equations (1.1)-(1.3). Conditions for the unique
solvability of problem (1.1)—(1.3) are established in terms of solvability of the system of
functional equations and in terms of input data. We develop the algorithms for finding
approximate solutions to problem (1.1)—(1.3) and prove their convergence to the exact so-
lution. Based on the approach proposed, we also construct numerical method for solving
problem (1.1)—(1.3). Further, these results will be developed to problem for partial differ-
ential equations of Sobolev-type [4], nonlocal problems for pseudo-parabolic equations [5]
singular problem for hyperbolic equations [6].
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Table 1. Numerical analysis.

t 171 (t) UT (t) 52 (t) ’U; (t)
0 -4.99999905 -5 -4.00000042 -4
0.025 -4.9746839 -4.97468488 -3.77498476 -3.77498437
0.05 -4.9487279 -4.9487289 -3.54987535 -3.549875
0.075 -4.92211482 -4.92211585 -3.32457844 -3.32457812
0.1 -4.89482803 -4.89482908 -3.09900027 -3.099
0.125 -4.86685047 -4.86685155 -2.87304711 -2.87304688
0.15 -4.83816465 -4.83816576 -2.6466252 -2.646625
0.175 -4.80875265 -4.80875378 -2.41964078 -2.41964062
0.2 -4.77859608 -4.77859724 -2.19200012 -2.192
0.225 -4.7476761 -4.74767728 -1.96360945 -1.96360937
0.25 -4.71597337 -4.71597458 -1.73437503 -1.734375
0.275 -4.68346808 -4.68346933 -1.50420312 -1.50420313
0.3 -4.65013992 -4.65014119 -1.27299995 -1.273
0.325 -4.61596805 -4.61596935 -1.04067178 -1.04067187
0.35 -4.58093112 -4.58093245 -0.80712486 -0.807125
0.375 -4.54500722 -4.54500859 -0.57226544 -0.57226563
0.4 -4.50817391 -4.5081753 -0.33599976 -0.336
0.425 -4.47040815 -4.47040958 -0.09823409 -0.09823437
0.45 -4.43168636 -4.43168781 0.14112534 0.141125
0.475 -4.39198432 -4.3919858 0.38217226 0.38217187
0.5 -4.35127721 -4.35127873 0.62500044 0.625
0.525 -4.3095396 -4.30954115 0.86970361 0.86970313
0.55 -4.2667454 -4.26674698 1.11637554 1.116375
0.575 -4.22286787 -4.22286947 1.36510997 1.36510937
0.6 -4.17787956 -4.1778812 1.61600064 1.616
0.625 -4.13175238 -4.13175404 1.86914131 1.86914063
0.65 -4.08445748 -4.08445917 2.12462573 2.124625
0.675 -4.03596531 -4.03596702 2.38254764 2.38254688
0.7 -3.98624555 -3.98624729 2.6430008 2.643
0.725 -3.93526713 -3.9352689 2.90607895 2.90607812
0.75 -3.8829982 -3.88299998 3.17187583 3.171875
0.775 -3.82940607 -3.82940787 3.4404852 3.44048438
0.8 -3.77445725 -3.77445907 3.71200079 3.712
0.825 -3.7181174 -3.71811923 3.98651635 3.98651563
0.85 -3.6603513 -3.66035315 4.26412562 4.264125
0.875 -3.60112286 -3.60112471 4.54492233 4.54492188
0.9 -3.54039505 -3.54039689 4.82900021 4.829
0.925 -3.47812992 -3.47813174 5.116453 5.11645313
0.95 -3.41428855 -3.41429034 5.40737442 5.407375
0.975 -3.34883105 -3.34883279 5.70185816 5.70185938
1 -3.2817165 -3.28171817 5.99999793 6
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