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1. Introduction

Contact geometry, indeed it is not a new area in geometry, has become an important place in different parts
of mathematics and mathematical physics. Especially it has useful applications in differential equations,
optics, general relativity and etc. Christian Huygens [2], Barrow [3] and Isaac Newton [4] are the first math-
ematicians that we see the contact geometry in their works. Many mathematicians like Sophus Lie [5], Gray
[6] used the contact structures in their works on differential equations. Gibbs [7] used contact geometry in
his work on thermodynamics and the others. 20th century is an important period in differantial geometry
because semi-Riemannian geometry took important place in the research in mathematics and physics. Be-
cause the importance comes from the non-empty intersection of the tangent bundle and the orthogonal
bundle which is called radical space by O’neill [8]. During 1950s, Marcel Berger published the major de-
velopments of Riemannian geometry. In 1960s S. Sasaki defined Sasaki manifolds [9]. After these works in
1970s the research focused on Lorentzian geometry. Then, many mathematicians worked on contact man-
ifolds, almost contact manifolds, almost contact metric manifolds, contact metric manifolds and etc. Up to
now lots of different papers and books published on lightlike submanifolds of Sasakian manifolds, Keahler
manifolds, Legendre curves and some of them can be found in [10-16]. In our works we saw that there is

a problem between indefinite-Sasakian manifolds and the submanifolds theory. We investigated the prob-
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lem occurs on contact metric manifolds. Because, the examples of Sasakian manifolds that given are not
contact metric manifolds. Because the equation dn = ® is non-satisfied by the examples. After our works
we constructed in [1] a new structure to get rid of this problem. We named these structures sliced almost
contact manifolds. We used projection morphisms on the tangent bundle. We divided slices the tangent
bundle by projection morphisms. So, for every slice, the conditions are satisfied for theory. As a result we
get a wider class of contact metric manifolds and the others. Furthermore we calculated the Riemannian

curvature tensor for sliced almost contact metric manifolds [17].

Curve theory is a milestone in the geometry especially understanding the world that we live in. It is well
known that there are characteristic features of every curve. Up to now many curves were defined and studied
by many mathematicians. With the use of differential geometry, the curves began to be studied in depth.
We chose Legendre curves and applied our theory to them. On sliced almost contact metric manifolds we

defined n-regular and n-Legendre curves as an application of our theory to the theory of curves.
2. Preliminaries

In contact geometry if M is a (2n + 1)—dimensional differentiable manifold and 7 is a 1-form on M which
satisfies
nA(dm"™ #0 2.1)

everywhere on M, then M is called a contact manifold. Let M be a contact manifold. On M the contact
distribution denoted by D), and it is defined by

Dy ={X € T,M|7(X) =0}

Blair defined the almost contact manifolds in 1976 as follows.

Definition 2.1. [10] Let M be a (2n + 1)—dimensional manifold and the tensor fields ¢, ¢, and 7 are of the
type (1,1),(1,0), and (0, 1), respectively, defined on M. If these tensor fields satisfy the equations below, then

(¢,¢,m) is called a contact structure on M and (M, ¢, &, n) is called an almost contact manifold.

¢ X
6

~X+n(X)E 2.2)

1

After this definition a new manifold was needed to construct different geometric structures in contact ge-
ometry. For this aim the necessity of a metric was occurred. After almost contact manifolds, almost contact

metric manifolds are defined by Gray.

Definition 2.2. [10] Assume that (M, ¢,¢,n) is an almost contact manifold with dimension 2n+1. If gis a

Riemannian or Lorentzian metric and g satisfies the equation

gPp(X),p(Y)) = g(X,Y) —=n(X)n(Y) (2.3)

for all X,Y € y(M), then (¢,¢,n, g) is called an almost contact metric structure and (M, ¢,¢,n, g) is called an

almost contact metric manifold.

Definition 2.3. [6] Assume that (M, ¢,¢,n, g) is a (2n + 1)—dimensional almost contact metric manifold. If
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the equation
dn(X,Y) = g(X,¢(Y)) (2.4)

is satisfied on M, then (M, ¢, ¢, n, g) is called a contact metric manifold.
Let F be a tensor field of type (1,1) on manifold M. If we define the tensor field N : y(M) x y(M) — x (M)
by

Np(X,Y) = F2[X, Y]+ [F(X),F(Y)] - FI[F(X), Y] - F[X, F(Y)] (2.5)
then Np is a tensor field of type (1,2) [18].

Definition 2.4. If J is an almost complex structure on manifold M and N; = 0, then J is called integrable on
M.

Definition 2.5. Let J be an almost complex structure on M x R. If J is integrable, then (¢,¢,n) is called a

normal structure.

Sasaki and Hatakeyama defined Sasaki manifold with the following definition.

Definition 2.6. [9] If (21 + 1)—dimensional manifold M has (¢, ¢,n, g) normal contact metric structure, then

the manifold M is called a Sasakian manifold.
3. Sliced Almost Contact Manifolds

In this paper we carried on the sliced almost contact manifolds Giimiis defined in [1] and [17]. And Gilimiis
published in 2018 sliced almost contact manifolds by the following definition.

Definition 3.1. [17] Assume that M is a manifold and T M is a tangent bundle of the manifold M. Let’s
accept, H is a distribution on the tangent bundle TM and ¢ € H. If we choose the projection 7, w tensor
field of type (0,1) and ¢, tensor field of type (1,1) by, n,¢p; : TM — H, w: TM — C*(M,R) and these tensor

fields satisfy the following conditions,

P2X = —n(X)+wX)E 3.1)

w(S) 1

then (M, ¢, w,7,§) is called a sliced almost contact manifold.

Theorem 3.2. If (M, ¢, w,w,¢) is a sliced almost contact manifold, then the following equations are hold.
I. wop; =0
iii. Ker¢py =n"1(Spié})

Proof.

ii. If we put ¢ instead of X, then we get the following equation
$7©) =)+ =0

From this result we get

G2 (E) = P (@2 (&) = P2 (P (£)) =0
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¢ (Dn(©) =~z () + 0(Pr(§)E =0
We know that the equality ¢, = ¢ is valid. If we use this fact, then we reach the equation

(Pn(é) = w((pn(f))f

If we assume that (¢, (¢)) # 0, then we get

G20 = 0(Pr ()P (&) =0
From here we conclude that ¢ (¢) = 0. If we assume that (¢, (¢)) = 0, then it is clear that ¢ () = 0.
i.0n y(M) for all X € y(M) we have ¢3 (X) = —p,(X). Also

B3 (X) = P (P (X))

is true. From here we can write

(X)) + 0(Ppr (X))¢ = ¢y (X)

From this equation we conclude that w o ¢p; = 0 because ¢ # 0.

iii. If X € Ker¢y,, then we can say ¢,(X) = 0. In this equation if we apply ¢, both sides we get ¢2(X) =

—-n(X) + w(X)¢ = 0. Here, when we do the necessary calculations we reach the following equality.
Ker¢g, =n H(Spiéh)

Definition 3.3. [1, 17] Assume that (M, ¢,n,¢) is an almost contact manifold and let H be a distribution on

M. When (M, ¢, wz, 7€) is a sliced almost contact manifold and the following equalities
i. I)pom=qy
i. ii)nom=wyg

are satisfied by(M, ¢, wy,7,£), then it is called that the manifold(M, ¢, w,, 7, ¢)is a compatible sliced al-
most contact manifold with(M, ¢,n,¢).

Definition 3.4. Assume that (M, ¢, w5, 7, ¢) is a sliced almost contact manifold. If there is a Riemaniann
metric g: TM x TM — C*°(M,R) defined on M which satisfies

8(r X, Y) =g X,nY) — w5z (X)wr(Y) 3.2)

then (M, ¢, wy, g,¢) is called a sliced almost contact metric manifold.

Definition 3.5. [17] Let’s accept (M, ¢, wx, 7, <) is a sliced almost contact manifold and compatible sliced
almost contact manifold by (M, ¢, n, €). If there exists a Riemannian metric g and (M, ¢, 1, g,¢) is an almost

contact metric manifold VX, Y € y(M) where the following equation
8prX,prY) =g X,nY) - w0z (X)wr(Y) (3.3)

is satisfied, then (M, ¢, wx, 7, g,¢) is named compatible sliced almost contact metric manifold with
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(M, p,n, g,¢). If we take gl = g, then we reach
8 X, Y) =8(X,Y) —wz(X)wy(Y)

where w;(X) = g X, ¢).

Definition 3.6. [1, 17] Assume that (M, ¢, w,, 7, g,¢) is a sliced almost contact metric manifold. In that case

®;; is called second fundamental form and it is described as the following:
(X, Y) =g X,prY) 3.4)

Definition 3.7. [1, 17] Let’s accept (M, ¢y, wy, 7, g,¢) is a sliced almost contact metric manifold. When
(M, ¢z, 0z, 7, g,¢) satisfies the equation edw; = O, then (M, ¢dr,wx, 7, g,¢,€) is named as e—sliced contact

metric manifold.
4. Normal Sliced Almost Contact Metric and Sasaki Manifolds
Definition 4.1. Assume that (M, ¢, w,, 7, ) is a sliced almost contact manifold. If we define 7 as
7 x(MxR)— y(HxR)
(X,f%) - ﬁ(X,f%)=(ﬂX,f%)
then we see that 772 = 7. This means that 7 is a projection morphism on M x R.

It is known that if [, ] is a bracket operator, then 7[, ] = [7,7]. So, [, ] is a bracket operator on M x R and it is
defined as following
[ 1y (M xR) x y (M xR) — y(M xR)

5, v gLy — 10 L), v, g L)
Tl rp S ey

[(Xfi) (Y i)]—([X Y], (X —Yf)i) 4.1)
Ja e T A LIRS dt ’

([10]). Here, it is easy to show that

zl, 1=1m,17]
On the other hand if we define
Jo + y(MxR)— y(HxR)
d d d
X, f—) — X, f—)=(pz X - f¢ 0 (X)—
( fdt) Tx( fdt) (Pr f{ Wz ( )dl)
then J;; satisfies the following properties:

i. Jyislinear

ii. J2=-7
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iil. Ju(y(MxR)=HxR

So, J is a sliced almost complex structure on M x R.
Definition 4.2. (1, 17] If Nj, =0, then J; sliced almost complex structure is called integrable.

Definition 4.3. [1, 17] If J sliced almost complex structure is integrable on M x R, then (¢, wy, 7, <) sliced

almost contact structure is called a sliced normal structure.

Here, if we compute N, ((X,0),(Y,0)) and Ny, ((X,0), (0, f%)) for Nj_, then we get the components

Ny ((X,0),(Y,0) = (Ni(X,Y),N3(X,Y))

d
Np, (X,0),0, f =) (N(X), N2(X))

Let’s start with N;_((X,0),(Y,0)).

N7, ((X,0),(Y,0)) —1(X,0), (Y,0] + [Jz(X,0), /5 (Y, 0)]

—JxlUn(X,0),(Y,0)] = Jz[(X,0), Jz(Y,0)]

d d
= —([X,Y],0)+[((PnX,wn(X)E),(<PnY,wn(Y)a)]
d

—]n[(QDnX,wn(X)E),(Y,O)]

d

_]n[(XyO);((pnY;wn(Y)E)]

If we do the necessary operations, then we can write
N; ((X,0),(Y,0)) = (—[X,Y]I+[¢pzX,¢zY]—PrlpzX,Y]

—Pn[X, pr Y]+ (=Y wr(X) +

Xwn(Y))S, (P (X)wz(Y) — pr(Y)wg(X)
d

—wr ([P X, Y]) - wn([X;(,bnY]))E)

From the equality above we get the components N, and N2.

NHX,Y) = —[X,Y]+[$z X,z Y]~ brlpzX, V]~ pr[X, 7 Y]
+(Xwz (V) =Y (X)) —ws[X,YI¢

If we simplify this equation, then we get the following result.

Ny(X,Y) = 21X, Y]+[paX,pn Y] = rlpn X, Y] = pnlX, b7 Y]
+(Xwz(Y) = Yor(X) —wg[X, Y])$
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We know that

GAX, Y]+ [pr X, pr Y] = brlpn X, Y]~ PrlX, 5 Y]
Xwz (V)= Yor(X) - wg[X,Y]

N, (X, Y)
2dw,(X,Y)

From here as a result we get

NL(X, Y) = Ny, (X, Y) +2dws (X, V) 4.2)
And for N2(X, Y) we can write

NZX,Y) = ¢aX)0x(Y) = pr(V)wr(X) - 0r((pz X, wY])
—wr([X, ¢z Y])

Now we look for Ny ((X,0), (0, f %)) to get N>(X) and N2(X). By similar calculations we reach the compo-

nents N> and Nj.

N3(X) ~ [ (X), €] + P X, €] 4.3)

$wn(X) +wgr[X,¢]

Ny (X)
It is known that the following equations are valid.

(Lepr) X
(Lewn) X

(£, Pz (X)] = prl¢, X] (4.4)
¢wn (X) —wg[¢, X]

If we use these equations, then we reach the following equations.

N3 (X)

(Lepn) X (4.5)

NA(X)

Definition 4.4. The necessary and sufficient condition of the sliced almost contact manifold (M, ¢, wx, 7, &)

to be normal is the tensors N, N2, N3 and N; are all equivalent to zero identically.
Theorem 4.5. Let (M, ¢, w,, 7,) be a sliced almost contact manifold. If N} =0, then N2 = N> = N =0.

Theorem 4.6. Let (M, ¢, wx,7,&, g) be a sliced almost contact metric manifold. On this manifold M, for all

X, Y € y(M) we have the following equation.

28(Vxodpn)Y,Z) = 3d(I>wn X, Y, pr 2) — 3d<1>wn #ZX,nY,n2)
+g(NA(Y, Z), ¢ X) + 0 (X)NA(Y, Z)
+2dw,,(<p,, Y, nX)wz;(Z) —2dw, (PprZ, 7 X)w5(Y)

Here, we have used @, (X,Y) = g(nX,¢,Y).
Definition 4.7. We define the morphism h; (hy: y(M) — H, X — h;(X) = %(ngbn)X). Here, it is clear that
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mthy = hym = hy.

Theorem 4.8. Let (M, ¢, wy,7,¢, g) be asliced almost contact metric manifold. VX, Y € y(M) we have
n(Vxé) = _(/)nX_(ybnhnX (4.6)

Here, we have ¢, h; = —hy;¢, and trh,; = 0. Also, we can see that h, is symmetric.

Proof.

On sliced almost contact metric manifolds we have
Vepy =0 and V=0
So, we get

8§(Lepn) X, Y) = g(Vepp X — V([),,Xf —¢pr(VeX) +¢zVx¢,Y)
8(=Vy, xS+ dPzVxS,Y)

In this equation, if one of X or Y is equal to ¢, then it is equal to 0. If we take X and Y orthogonal to ¢, then

we have N2 = 0 and because of the following
wr(X) =05 (Y) =0

we get the equation
WP X, tY ]+ wr (X, Y] =0

So, we have
8§ Lepn) X, Y) =wr(Vp,xY) + 0 (Vxpr Y)

If we use the fact g(Y,¢) = 0, then we get the following equation
8V, xY,§) +8(Y, Vg, x5) =0 (4.7)
From this equation we conclude that
8(=Vg,x6,Y)=w(Vy, xY)

Similarly we have g(¢,Y,¢) = 0. From this result we get the equation g(Vx¢,Y,&) + g(¢,Y,Vxé) = 0. This
equation gives us the result
8P (Vx$),Y) =wr(VxpaY)

From this result we get the equation
8((Lepn) X, Y) = wr(Vyp, xY) + 0r(Vxpr Y) (4.8)
On the other hand because of the following equality

Wr([pz X, Y]) + 0z ([X,pzY]) =0 (4.9)
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we have

8Ve, xY = Vypr X,) + 8(Vx¢prY —Vy, vy X,8) =0 (4.10)

So at the end we reach the following equalities.

8hzX,Y)=w(Ve,xY)+ 0z (Vx¢zY) =0z (Vypz X) + 0z (Vv X)

gh;X,Y)=g(X,h,Y).

From here we conclude that h; is symmetric. Since ®, = dw, and N% = 0, we can write the following

equation
28((Vxpn)§, Z) = g(Nz (&, 2), ¢ X) = 2dw (P Z, X)
On the other hand we know that
Ni(§,2) = Q2LE, Z) = rlE,dnZ) and  (Lepr) Z = [E,pr Z] — prlE, Z] (4.11)
From these equalities we reach the equation below.
~Pn(Lepm) Z = 318, Z] = drlé, pr Z] (4.12)
Since the equation

28((VX¢H)€;Z) = g(_(/)n(LE(ybn)Z;anX)_Zdwn((an;X)
= g(-Lepr) Z, X) + 2wz ((Lepr) L) w5 (X) —28(Pr Z, pr X)

is true, we get

1
8((Vxpz)¢, Z) zg(—(L5<Pn)Z, X)-8nZ,nX) + wr(X)wx(Z)

1
= g(_E(Lf(/)n)X; Z)-gnX,2)+ gwr(X)s, 2)
From this equation we get (Vx¢,)¢é = —h; X —nX + w;(X)E. As aresult we have the following equations.
—x(Vx8) = —hz X -1X+w;(X)§ and w(Vx$) =X —Prhz X

Theorem 4.9. [1, 17] If (M, ¢, w5, 7, &, g) is asliced almost contact metric manifold, then itis a sliced Sasakian

manifold if and only if the following equation is valid VX, Y € y (M);

(Vxdp)Y =g X,nY)—w,(Y)nX (4.13)
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Proof.

Since N, =0 we have

28((Vx¢pn)Y,nZ) 2dwn (P Y, X)07(Z) = 2dwy (Ppr Z, X) w7 (V)
= 28(gY, nX)wn(Z) — wr(X)wr(Y)wz(2))

—28(gnZ, i X)wn(Y) = 0 (X)wr(Y)wr(2))
= 28y, nX)ws(2) - g Z, aX)ws(Y))

= 28X, nY) - w;(Y)nX,Z)

So, we have
(Vx)Y =gnX,nY)é—w,(Y)nX (4.14)

Definition 4.10. If (M, ¢,n, g,£) is an (¢)-contact metric manifold and (¢, n,¢) is a normal structure on M,
then (M, ¢,n,¢) is called Sasaki manifold.

Theorem 4.11. Let (M, ¢, 1, w5, 8, &) be a compatible sliced almost contact metric manifold with (M, ¢,n, g, ¢).
If (M, ¢, 7, g,¢) is a Sasakian manifold, then (M, ¢, 7, wy, g,¢) is a sliced Sasakian manifold.

Proof.
We know that VX,Y € y(M) we have nX,nY € H < y(M). Because of (M, $,n, g,¢) is a Sasakian manifold

and ¢ o = ¢y, Nom = w we can write

a(vxP)Y=gX,nY)l-w¥)n(X) (4.15)

In this case it is shown that (M, ¢, 7, w5, g,¢) is a sliced Sasakian manifold.

Theorem 4.12. If (M, ¢,7,¢,€) is an (€)—contact metric manifold, then N? and N* are identically equal to

zero, where € = F1.
5.A Curve Theory in Sliced Almost Contact Metric Manifolds

In this section we constructed the frame vector fields of a curve in the 3-dimensional subdistribution H3
of TM where (M?"™, ¢, w, &, g) is a sliced almost contact metric manifold. Also, we define 7 — Legendre

curve by using the classical definition of Legendre curve.

Let (M?"*!, ¢, w5,¢, g) be a sliced almost contact metric manifold and H® is a 3-dimensional distribution
in TM. At the same time, we define a projection morphism x on TM as 7 : TM — H3, X — 7(X) where
VX € TM. Let (M?"™\,¢p,,w, &, g) be a sliced almost contact metric manifold and H? is a 3-dimensional
distribution in T M. If a y curve which is not parameterized by arclength, defined as y: I — M, t — y(t) for
all t € I, then it is clear that y(f) € Ty(nM and n(y(t)) € H are true.

Definition 5.1. Let y be a curve defined by the same arguments in the Definition 5.2. If the curve y satisfies
gy (1), m(y(£))) #0 for all t € I, then the y curve is called as 7-regular curve. As a consequence we define
the velocity v as

v (1) = |y )| 5.1)

If vy(1) = |7y (®)| =1, then the parameter ¢ is called as the arclength parameter in the distribution H*
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and denoted by s;.

Definition 5.2. Let (M?"*1, ¢r, w5, ¢, g) beasliced almost contact metric manifold and H 3 is a3-dimensional

distribution in T M. In this case we define a new cross product A on the distribution H® as following

XAr Y =7(X) Ag (V) = —8(X, V) -0 (V)P X + 0(X)pr Y (5.2)

forall X, Ye TM.

Theorem 5.3. Let (M?"+1 ¢, 05, ¢, g) be asliced almost contact metric manifold and A a cross product on

the distribution H3. In this situation the cross product A;, VX, Y, Z € T M satisfies the following properties:

i. Ayisbilinear and antisymmetric i.e. XA Y =-Y Az X.
ii. Vector field X A, Y is perpendicular to both X and Y vector fields.
iii.

YAz X = gX,Y){-w(¥)n(X)
(PHX = fAnX

iv. If we define the triple cross product by (X,Y, Z) = g(X A, Y, n.Z), then the following equations are valid.

X,Y,2)

—(8X, ¢z Y)w(Z2) + 8(Y, pr Z)0(X) + (Z, px X)w(Y))
Y, Z,X) = (Z,X,Y)

X,Y,2)

" gX, b Y)mZ+g(Y,px )X +g(Z,p X)nY = —det(nX,Y, Z)¢
XAz YVINg Z=8nX,Z)nY —-gnY, Z)nX
XA Y, ZA W) =gnX,Z)gmY,W)—gY,Z)g@nX, W)
IXA: YI?=gnX,nX)gnY,nY) - gnX,Y)?
XA VNG Z+ Y NG ODONg X+ Z A X)Nz Y =0
Proof.

The properties can be proved by similar to the proof of the Theorem 2.1 in [19].

Theorem 5.4. Let (M2"**1, ¢r,wr, ¢, g) be asliced almost contact metric manifold. In this manifold VX, Y, Z €

T M we have the following equation where V is a Levi-Civita connection on M?"*!

Vs (XA Y)=(VzX) Az Y + X Ag (V2Y) (5.3)

Proof.

The proof is similar to the Theorem 2.2 in [19].

Now, let y be a m — regular curvein (M?"*!, ¢, w5, &, g) sliced almost contact metric manifold. If we define

h(t) = sy = [y |7y (W) du, then the curve B(s) is going to be B(sz) = wy(h~'(s;)). Here, sy is the arclength
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parameter of the curve y. In order to construct the Serret-Frenet frame fields of the curve y, we define the
frame fields Ty, N; and B; by

T, = 7f(s) (5.4)
"
Nn nﬁ//(S)
7B ()|
By = TyAzNyp

the above equalities. When we define the fields T, N; and B; above, then we can say that x; and 7, can be

defined as following.

78" (s)|| (5.5)
g (N,’,, B;)

el
S
Il

Tn

From these equations we can get the following results.

T, = %Ny (5.6)
N, = —T;Tz+x:By
Bl = —1;N;

In the classical theory of contact structures Legendre curves play an important role. Because contact dis-
tribution carry the Legendre curves to Legendre curves. With the new definition of sliced Sasaki mani-

folds we will define new type of curves.

Definition 5.5. Let (M?"*! ¢, w,, &, g) be asliced almost contact metric manifold and H? is a 3-dimensional
distribution in T M. Assume that y curve is 7 —regular. If wy (n(jf(t))) =0istrue V¢ € I, then the curve vy is

called m — Legendre curve.

If we consider the definition of m — Legendre curve and (5.9) we get

W (T7) Ty + Wy (Ng) Ny + w5 (Br) By = 6
W (T)? + wn (Np)? + w5 (Br)* = 1
Ty Ag Ny =By, Ny Ag By = Ty, By Ay T = Ny

Proposition 5.6. Let (M3,(,bﬂ,wﬂ,£, g) be a 3-dimensional sliced almost contact metric manifold and y a

n-regular curve in M° parameterized by arclength. Then, the following equations are valid.

GnTn =wr(Bg) Ny — 0wy (Ny) By
GaNyg =wn(T7)By — wn (By) Ty
GnBr = wWr(Ng) Ty — wn (Ty) Ny
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Proof.

The proof is similar to the Proposition 3.1 in [19].

Proposition 5.7. If (M3, ¢, w,,¢, g) is a 3-dimensional sliced contact metric manifold and v is a 7-regular

curve in M® parametrized by arclength, then the following equations hold.

OJtn :Knann_g(tn)(,bﬂhtﬂ)
o—’nﬂ = KO + Ty — l)Ubn —g(ng, Prhity)

o”bn = —(‘[T[— l)a'nn _g(bﬂ!¢ﬂhtﬂ)’

where g, () = Wz (t7) = §(17,E), 01, (5) = Wz (ny) = §(ny,$), and oy, (5) = Wy (by) = g(by, E).

Proof.

The proofis similar to the Proposition 3.2 in [19].

Theorem 5.8. Let y be a n-regular curve in a 3-dimensional sliced Sasaki manifold M® and parameterized

by arclength. Then, the following equations hold.

I _
0y =KzOn,

/

Oy, = KnOp, +(Tz—1)0p,

0, == =10y,

Proof.

The proofis similar to the Theorem 4.1 in [19].

Proposition 5.9. If y is a n-Legendre curve. in a 3-dimensional sliced Sasakian manifold, then the torsion

of yis equal to 1.

Proof.

The proof is similar to the Remark 4.1 in [19].

Theorem 5.10. Let y be a 7-regular curve in a 3-dimensional sliced Sasakian manifold and o = w,(y). If

7=1and o = ¢ = 0 for at least one point, then y is a n-Legendre curve.

Proof.

The proof is similar to the A new proof of Theorem 1.1 in [19].

Theorem 5.11. If the torsion of a n-Legendre curve. is equal to 1 on a 3-dimensional sliced contact metric

manifold, then the manifold is sliced Sasakian.

Proof.

The proofis similar to the A new proof of Theorem 1.2 in [19].

Example 5.12. Let (M5,</>n,wn,<§,g) be a sliced almost contact metric manifold and xi, x2.y1, y2,2 coor-
dinate functions. On this manifold we define the projection morphism n (7 : TM — H3 X - a(X) =
(X1,0,X3,0, X5)) where X = (X1, X2, X3, X4, X5) € TM and H® = Sp{0x;,0y1,0z}. While we defined 7, we
can define the tensor fields ¢, and w; as (¢, : TM — H3 X — G (X)=¢ A X) and (wy : H3 — C®(H3,R),
X — wg(X) = 3(dz— y1dxy)) for all X = (X;,0, X3,0, Xs) € H® we can take the metric by

2
ds® = yidx;)® (dz— Z yidx;)

2 1 2
Z (dx? + dyf) +—(dz—
i:] 4 =1 l:1

el

1
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Here, we choose the characteristic vector field ¢ = (0,0,0,0,2). So, it is clear that w;({) = 1. Under these

assumptions and definitions the contact distribution Dy, is defined by

Dy ={X € H*|w,(X) = 0}

Now we define the curve y: I — M° as
y(t) = (2cos(t +3) +5, t3,2sin(t +3) —5,2t%,sin2(t + 3) — 10cos(t +3) — 2t + 4)
So, when we apply the projection morphism to the curve v, then it will be

Y =(2cos(t+3)+5,0,2sin(¢+3)—-5,0,sin2(t+3) —10cos(t+3) — 2t +4)

When we differentiate the y we get the following:
n()'f(s)) = (-2sin(#+3),0,2cos(t+3),0,2cos2(t+3) + 10sin(z +3) —2)

If we calculate wn(n(jf(t))), then we get w; (n(jf(t))) = 0 which means that y isa n — Legendre curve. Here,

the m-curvature of y is equal to 1.
6. Conclusion

The authors showed that sliced almost contact manifolds include the almost contact manifolds. Hence
sliced almost contact manifolds is a wider class of almost contact manifolds. In this paper they gived the
fundamental properties of sliced almost contact manifolds and as an application of the theory they applied
the sliced almost contact manifolds to the curve theory. For this aim they choosed Legendre curves as an ex-
ample because the Legendre curves are important for contact manifolds. The authors defined 7 —regular,
m—curvatureand n — Legendre curves and gave some properties on & — Legendre curves which are Leg-

endre curve in special case. This idea can be applied to different curves or the theory of submanifolds.
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