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Abstract

In this paper, we prove the global existence and uniqueness of the weak solutions to the inviscid
velocity-vorticity model of the g-Navier-Stokes equations. The system is performed by
entegrating the velocity-pressure system which is involved by using the rotational formulation
of the nonlinearity and the vorticity equation for the g-Navier-Stokes equations without
viscosity term. In this study we particularly interest the inviscid velocity-vorticity system of the
g-Navier-Stokes equations over the two dimensional periodic box Q = (0,1)? c R?.

Keywords: Existence and uniqueness, g-Navier-Stokes equations, inviscid velocity-vorticity

model

1. INTRODUCTION

Velocity-vorticity ~ formulation have been
considered extensively by many scientists for
example [1-4]. In [2] Gardner et al. studied
continuous data assimilation to a velocity-
vorticity formulation of the 2D Navier-Stokes
equations. In [1, 3, 4] researchers studied in
velocity-vorticity formulation of the Navier-
Stokes equations by numerically. In recent years,
the velocity-vorticity formulation and Voigt
regularization combined for some fluid dynamical
models. In [5] Larios et al. suggested the velocity-
vorticity model for the Navier-Stokes-Voigt
equations and they studied the global well-
posedness of this system. Pei [6] studied velocity-
vorticity-Voigt model for 3D Boussinesq
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equations and he considered global well-
posedness and also higher order regularity.
Inviscid form of the models in computational
fluid dynamics have been attracted and
extensively studied by many researchers [7-9].
Using classical Picard iteration method Cao,
Lunasin and Titi prove global existence and
uniqueness of inviscid Bardina model [7]. Larios
and Titi have studied the inviscid Navier-Stokes-
Voigt equations. They proved the global existence
and uniqueness of weak solutions and higher
order regularity of the solutions of this system [8].
In this study we are particularly interest the
following velocity-vorticity system of the g-
Navier-Stokes (gNS) equations over the two
dimensional periodic box Q = (0,1)? c R?:
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%—vAgu+v§(Vg.V)u+qu+VP=f,(1)

Z—V:—VAQW +v3(Vg.V)w+ (u.VYw=Vxf+
Vg
W(;.u). 2

In this system P=p+%|u2|, u represent

velocity, w which play the role of vorticity, f is
an external forcing term. We consider this
problem under the periodic boundary conditions.
We assume u, p and w and the first derivative of
u,w to be spatially periodic. The existence and
uniqueness of the weak and strong solutions of
this system with the viscosity term is proved in
[10]. Now we consider the following inviscid
form. The inviscid velocity-vorticity model of the
g-Navier-Stokes is equivalent to the functional
differential equations

S+ By(wxw) = Byf, (3)

CCil—v:+ By(u,w) = Py(Vx 1)+ F <w(%‘q.u)>,

V.(gu) =0, V.(gw) =0, (5)

u(x, 0) = uy, w(x,0) = wy, (6)

where, for simplicity, we assume f to be time
independent. We rewrite B, = Rg((u. V)w) and
P:1%(Q,9) — H, is Helmholtz-Leray
orthogonal projection. The function g =
g(xq, x,) is positive real-valued smooth function.
We assume that g satisfies the following
conditions,

i g(xg,xy) € CT(Q).
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ii. 0<m,<g(x,x,) <M,where m,
and M, are positive constants for all
(x1,%2) € Q.

. |IVglle = sup [Vg(xy,x;3)| < co.

(xl,xz)EQ

Throughout in this study c¢ will denote a generic
positive constant. It can be different from line to
line. This study is organized as follows. In section
2 we give some notations and present the
mathematical spaces. We also give some
preliminary results [11, 12]. In section 3, we
investigate global existence and uniqueness of the
inviscid velocity-vorticity model of the gNS
equations using the classical Picard iteration
method.

2. PRELIMINARIES AND FUNCTIONAL
SETTING

In this section we introduce the usual notation
used in the context [11, 12]. L?(Q, g) denotes the
Hilbert space with the inner product and norm

(u,v)y = fﬂ (u,v)gdx and

”uHEZ(Q,g) = (u, u)g,

respectively. The inner product and norm in H,
are the same of L2(Q, g). The norm in H1(Q, g)

1
el gy = [0y + EFy (Dt D) J2

? ,
where D; = ——. The norm in ;; are the same of
i

H(Q,g). The two spaces L?(Q) and L2(Q, g)
have equivalent norms in the following
inequalities

mollull? gy < lullZ2 g, < MollullZ2 gy,

where m, and M, positive constants. We define
spaces in the periodic setting for the gNS
equations are

696



Ozge KAZAR, Meryem KAYA

Global Existence and Uniqueness of The Inviscid Velocity-Vorticity Model of the g-Navier-Stokes Equat...

2
Vv, = {u € (CI‘,”eT(Q)) :V(gu) =0, [, udx =
o},
H, = the closure of V; in L*(Q, 9),
V4 = the closure of V; in H*(Q, g),

in two dimensions. Vorticity is considered as a
scalar, we define vorticity space as

Vv, = {u € Cper():V(gu) = 0, [, udx = 0},
H, = the closure of V, in L*(9, g),
V, = the closure of 1, in H*(Q, g),

Hyeuri = {f €Hy: VX f € L2(Q, 9) }.

Now we rewrite g-Laplacian operator and g-
Stokes operator and some notations in the
following

1 1
—Agu = — E (V.gVu) = —Au — 5 (Vg.Vu,

Agu = Py =< (V.gVW)

respectively. A, have countable eigenvalues
which are satisfying as in the below;

0<AgS11S12SA3S

4 2
where 1, = ==

. The Poincare inequality
0

JAlIgllz < NIVellz,

satisfy for all ¢ € V. Since the operators 4, and
P, are self adjoint, using integration by parts we
have
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(Agu,u)y = f (Vu, Vu) gdx = (Vu, Vu),
Q
= IVully-

The bilinear operator B,:V, X V; =V

By (u,v) = Pj(u.V)v

and for this term the inner product of w € 1, we

get

(By(u,v), W)Vé = by (u,v,w).

The trilinear form b, defined as

n
by(u,v,w) = Z jui (D;vj)w;gdx
,j=10Q

= (F,(u.V)v,w),.

We have the following properties

i bg(u,v,w) = —by(u,w,v),

i.  by(u,v,v) =0.
The function Cu defined by
1
Cu=F|=(Vg. My
and the inner product of v € V, we write

1 Vg
(Cu, v)g = <§ (Vg.V)u, v)g = by (F,u, v).

It is easy to show this term belong to L*(0, T; H,)
and hence belong to L?(0, T; 1} ).

2.1. Lemma

The bilinear operator B, satisfies the following
inequality;
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|(Bg (w,v), why,; |
< cllull 22 1vull 2 vl 2wl 22 Ivwl 2
for allu,v,w €V, [11,12]. (7

3. GLOBAL EXISTENCE AND
UNIQUENESS OF THE INVISCID
VELOCITY-VORTICITY MODEL OF THE
g-NAVIER-STOKES EQUATIONS

In this section, we will established the global
existence and uniqueness of the inviscid velocity-
vorticity model of the gNS equations using the
classical Picard iteration method. Note that the
(3) — (4) equality is understood to hold in the
sense of Vy X V.

3.1. Theorem

Letug €Vy, wo €V and f €V, VXfEV.
There exist a short time T* (luolly,, llwolly, )

such that the equations (3) — (6) has a unique
solution u,w € C*([-T*,T*],V4 X V).

Proof

We will use the classical Picard iteration principle
to prove the short time existence and uniqueness
theorem. Namely, it is enough to show that the
vector field N(u) =f—wxu and N(w) =
VX f+ W(V;g.u) — By (u,w) is locally
Lipschitz in the Hilbert Space V4 to Vg and V; to
V; respectively. From the classical theory of
ordinary differential equations we consider the
equivalent equation for (3) — (4) respectively.

u(t) = uy — fotw(s) x u(s)ds + ft, (8)

Bg(u(s),w(s))ds +
fot <W(s) (%’.u(s))) ds+ (Vx f)t. 9)

w(t) =wo — [

Let u;,u, €Vy and wy,w, €
pev,

V;y ¢ €Vyand

Sakarya University Journal of Science 26(4), 695-702, 2022

[IN(uy) — N(uz)nv’g = [lwy X u; —wy X
uz”vg7 = llwy X (ug —uy) + (wy —wy) X

uz”% = Sup |<W1 X (ug —up) + (wy —
Pev,
Iplly,=1
Wy) X Uy, ¢>V§,|’ (10)

Applying Poincare inequality and (7) for (10) we

write

IIN(uy) — N(uz)”V' <

c||w1||1/2||vW1||1/2||u1 — w1221V (uy —
2)”1/2 + c||u2||1/2||\7u2||1/2||w1 =

wzn“znwwl wz)n”z

¢ = Vw21V g = w2 +
g
1
¢ = IVl IV (wy = w)l 2. (11)
g

Similar estimates can be obtained for N(w) as in
the following

IN WD) = Nwllyy = [|wa () -
By (uq, wy) —wy (Vj uz) + Bg(uz,wz)”V’ <
g

||W1 (ngg- (ug — uz)) + (Wi —
ws) (V;g.uz)”w + ||Bg(u1,wl —wy) +
g

By(u; — uZ'WZ)”Vé < gg‘g) |(w1 (V;g. (u; —
g

Iplly ;=1
uz)) + (W —wy) (ngg-uz) r¢)vé| +

Sup |(Bg(ul,w1 —wy) + By(uy —
Pev,

Igllvg=1

Uy, W3), ¢)Vé | (12)

Again using Poincare inequality and (7) for (12)
we obtained

IN(w;) = Nw)llyy <
c||Vg||oo||w1||1/2||vW1|| llu, —

w1221V (uy — uz)u”z + cllVglloollwy —
w2||1/2||V(w1 w2)||1/2||u2||1/2||\7u2||

1/2 1/2 1/2
cllug 72211V 142 1wy — w4211V (wy —

1/2

1/2
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1/2 1/2

w2 + cllwg — wpll 211V (uy —
1/2 1/2 1/2

W)L o 172 1Vw, |17 <

1
cliVglleo —7z IVW1ll 211V (s = uz)ll,2 +
g
1
cliVglle 7z IVIwy = wo)ll 21Vl 2 +
g
1 1
¢z IVl 2 IV =wo)lliz + ¢ 1V (g —
g g
u) |l 2 IVwe |l 2. (13)

Now adding the inequalities (11) and (13), we
have

IN ) = Nullyy, + INwy) = Nw)llyy <

1
¢z IVwill 2 IV (g — )l 2 +
g

1
¢ 17 IV |l 21V (wy = wo) Iz +
g

1
7z Vw211V (uy — u)ll 2 +

eVl 3
1
cliVgllo 7z Vw1 = w)ll 2 Va2l 2 +
g
1 1
€7 IVu |l 2[IV(wy —wp)ll2 + € IV(u; —
g g
u) || 2 ||Vwol 2 .

Then, after rearranging the right hand side of the
above inequality, it follows that

IN(u1) = N(up)lly, + IN(wi) = N(wo)lly; <
1 1
<CW IVwyll;z + cllVglleo WHVWl”LZ +
g g
1
CWIIVWzIIy) IV —ux)llz +
g
1 1
<C)lm IVuzll 2 + cllVglle 7 IVu, |2 +
g g
1
CW ||Vu1||L2> IV(w; — W2)||L2-
g
We have

IN(u1) = N(up)lly, + IN(wi) = N(wo)lly; <

2c
< =% Iy = wally, (lwslly, + lIwelly, ) +
)

2c

=% Iwy = wally, (Ileally, + lhezlly, ). (14)
g

For any large enough R such that ||u1||Vg,
lluzlly,, lwilly,, llwzlly, <R, we have

Sakarya University Journal of Science 26(4), 695-702, 2022

IN(u1) = Ny, + IIN(wy) = Nwo)llyy <

4cR 4cR

oz T —welly, + 7 llws —wally, <

g g

4cR

275 (Ihey = wzlly, + llws = welly, ) (15)
g

From the inequality (15) we say that N(u) and
N(w) is locally Lipschitz continuous function
from the Hilbert Space V, to Vy and V, to V;
respectively. Therefore by the classical theory of
ordinary differential equation (8) — (9) has a
unique fixed point in a small interval [—-T*, T"]
andu € C([-T*,T*];V,), w E
c([-T*T"] ;Vg) (see, e.g., [13]). In particular,
the forcing term f assume to be time independent
and since the terms under the integral sign to the
right of (8) and (9) are continuous functions with
valued in Vi and V; so left hand side u(t) and
w(t) are differentiable and (3) and (4) satisfied
with u(0) =u, and w(0) = wy. From these
results give us the local-in-time existence and
uniqueness of solutions.

3.2. Theorem

Let feV, VXf€EV,and uy €Vy, w, €V,
Then the system in (3) —(6) has a unique
solution u, w € C*((—0, ),V x V).

Proof

Let's show that global existence for the
equations (3) — (6). To do this we need to show
that on the maximal interval of existence,
||u(t)||,,g ve ||w(t)||Vgremain finite. Let

[0, T;,,q] e the maximal interval of existence. If
Tmax = © In this case nothing need to prove.
Let’s admit

Tnax < . (16)
This implies that

limsupllu(t)llyg = oo and limsupllw(t)llvg =

t>Tmax t>Tmax

00, 17)
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However we will provide a contradiction to the
result in (17) We take inner product (3) with the
Agu(t). We get

da 2

aIIVuIILz <?2 |(Pg(w X u),Agu)g| +

2|(B S Agw) | (18)

Cauchy-Schwarz and Young inequalities are
applied for each term on the right hand side for
(18), we write

%nwuiz <: ||Agu||i2 n

27
— clwlIZIVwIIZ2 1Vl + 411l . (19)

We take inner product (4) with the A, w(t), we
get

|VW”L2 +b (u w, A W)

< (Pg <w (%.u)),Agw>

+ (VX Rf, Agw) .
And then we write

Zdtl

g

%”VW”%Z < 2|bg(u, w, A W)| +

(1o () )

P, f, Agw)g|. (20)

2 + 2|V x

Cauchy-Schwarz and Young inequalities are
applied for each term on the right hand side for
(20), we have

d 2 3 2

§||VW||L2 < Z||Agw||L2 +
7

—cllullZIvullzlIVwilZ: +

4cIIVgIIoo IVw ||L2||Vu|| + 4||V x flliz. (21)

Adding the inequalities (19) and (21), we obtain

2 (Ivullz + IVwliZ) < 3| 4gul|”, +

3 2 27
=lagwll, + = cliwliEIVwliZ [IVull? +

Sakarya University Journal of Science 26(4), 695-702, 2022

27

Z el vulZvwliZ +

ac||lvgll

2RI |y 12, (Va2 + 4116112 + 411V x £]1%.
(22)

In [10] we proved that u € L”(0,T;Hg), w €

L*(0,T;Hy) and u€L®(0,T;V,), wEe

L*(0,T;V,) because of u and w weak and strong

solution of the velocity-vorticity model of gNS
equations. So we have

Sup |lu(s)ll, < K1, Sup llw(s)llf, < K
s€lo,T] s€lo,T]

and

Sup IIVu(S)IIH < Ks, Sup IIVW(S)IIH < Ko,
s€[0,T] selo,T

where K;, Kg depend on uy, f,v,T and K,, Ky
depend on wy, f,v, T. Using the above results in
(22) we get

d 1 2

— (IVullzz + 1IVwlif) < 3 [|Agull ), +
2Nlagwl?, + (£ koK + 2 ckyKy) Va2 +
4C”Vg”w1<8||vW||L2 + 4[|f]1% + 4]V x f]1%. (23)

After some arrangement right hand side of the
(23) we have the following inequality.

= (NvullZz + IvwliZ2) — a(livull? +
IVwliZ:) < 3 l|4gull?, +3 [l 4gwll’, + 4IIfIZ +
4|1V x fl|Z, (24)

where
o= max{ CKpKy + 2 ity Ko, 200 Ik KB}

Using Gronwall inequality for (24), we get

IVu(O)I72 + IVw ()7 < e®[IVu(0)|IZ +
2 1t 2

IVw(O)I1Z] + e |5 [y | Agull,ds +

3 ot 2

2 L llAgwll”, ds] + e |IfllZ + 4te ||V x

fll%..
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Since u and w are strong solutions of the velocity-
vorticity model of gNS equations in [10], we have
u € L2(0,T; D(A,)), w € L*(0,T; D(A,)). Thus

T T
f l4gul’.dt < Ky, f l4gul,de < Kyy.
0 0

Using these results, we get
IVu(®lIz + IVw (D)l
< e®[|IVu(0) 17 + IVw(0)| =]

at 1 3 2
+ e [EK:[O + ZKll + 4t”f”L2

+ 4¢]|V x f||§2].

For all t < T,,,4,. Hence we obtain

IVu(® NIz + Vw2
< e®max[||Vu(0) I
+ [IVw(0) 7]
3

aT, 1
+ e*imax EKlO + ZKll
+ 4Tmax||f||i2
+ ATV X A,

This gives us

1ims_up||u(t)||§g + ||W(t)||12/g <K

t>Tnax

This is a contradiction to conclusion (17) The
proof is completed.
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