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Highlights
« This paper focuses on the class of the demi-order norm continuous operators.
 Some properties of the demi-order norm continuous operators are obtained.
 Examples of demi-order norm continuous operators are given.

Article Info Abstract

In this paper, we introduce the class of demi-order norm continuous operator on a normed
Received: 4 Apr 2022 Riesz space. We study the relationship between order-to-norm continuous operator and demi-
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order norm continuous operator, and it is given a characterization of a normed Riesz space

with order continuous norm by the term of the demi-order norm continuous operator.
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1. INTRODUCTION

The demi notation was used firstly in the article named “Construction of fixed points of demicompact
mappings in Hilbert space” by Petryshyn in 1966 [1]. Krichen B. and O’Regan D. studied some results of
the class of weakly demicompact linear operators in 2019 [2]. After, in [3], Benkhaled H., Hajji M., and
Jeribi A. introduced the class of demi Dunford-Pettis operators which are a generalization of Dunford Pettis
operators. The class of order weakly demicompact operators was introduced by Benkhaled H., Elleuch A.,
and Jeribi A. in [4].

In this study, we will introduce the class of demi-order-norm continuous operators which are a
generalization order-to-norm continuous operators on a Banach lattice, given by Jalili, Haghnejad Azar,
and Moghimi in [5].

Anet {x,} in a Riesz space E is said to be order convergent to x € E if there is anet {yz} in E* withyz 1 0

and that for every g, there is a, = ao(f) such that |x, — x| < yg forall a > a,. Itis denoted by x, 5 x
Let E and F be two Riesz spaces, every linear mapping from E into F is called operator (linear operator).
Briefly the net {x,: @ € A } is denoted by {x,} where A is a nonempty directed set. Recall from [5] that
let E' be a Banach lattice, a bounded operator T on E is said to be an order-to-norm continuous operator if

0 111 . . .
x4, — 0, then T(x,) — 0 for all net x,, in E. The class of all order-to-norm continuous operators will be

. . . 11
denoted L,,(E). E has order continuous norm if and only if x, ! 0, then x, — 0 [6]. Let E, F be two
Banach lattices and two operators S, T from E into F. S < T meansthat S(x) < T(x) forallx € E* [6].
The class of all continuous operators on E is denoted by L(E). A norm || || on a Riesz space is said to be a
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lattice norm whenever |x| < |y, then |[x]|| < ||y|| [6]. A Riesz space equipped with a lattice norm is known
as a normed Riesz space, and a subset A of a Riesz space is said to be order closed whenever {x,} € 4 and

X, > x, imply x € A [6].

Throughout this study, the identity operator is denoted by I. In this study, for all other undefined terms and
notation, we will adhere to the conventions in [6].

2. MAIN RESULTS

Definition 2.1. Let M be a normed Riesz space, a bounded operator H:M — M. It is said to be a demi-order
. . . 11
norm continuous operator (d-onco) if for every net {x,}in M* whenever x, % 0and Xq —H(x,) =0,

. . 1.1} . . .
implies x, — 0, and the class of all demi-order norm continuous operators is denoted by DL, (M).

Example 2.1. Let M be a normed Riesz space. BI is a demi-order norm continuous operator on M for all
B #+ 1.

Assume that x,, % 0and llxq — BI(xz)|l = 0. Therefore, we obtain
g = BIG)I = 0 = 11— Blllagll > 0 = [lx, ]l > 0.
Thus, BI is a demi-order norm continuous operator on M.
Generally, the following example shows that the above example is not true in case g = 1.

Example 2.2. Let ¢ be the set of all convergent sequence of R. Consider the sequence u,; its first n terms
are one, and others are zeroand, u = (1,1, ...). Itisclearthat 0 < u, T winc. Therefore, we get u —u,

o
l 0. Hence, u—u, - 0. On the other hand (u — u,, ) does not convergence to zero in norm, since
[lu —u, || = 1 so, identity operator does not belong to a demi-order norm continuous operator.

The next example gives us that the set of all demi-order norm continuous operator on E is a proper subset
of L(E) in general.

Example 2.3. Let k€N and Ty:c —»c be an operator defined by T,(x) = YK ,x;e; for each
x = (x;) € c. Consider the sequence s, its first nterms are one, and others are zero and s = (1,1, ...).

It is obviousthat 0 < s, Tsand (s —s,;) | 0. We obtain that s — s, 5. Hence, ||T (s — sp)|| = 0inc.
Define S, = I + Ty for each k € N.

] .
(s=s)—>0 and I =S)(s—sll = 1T =1 —=T)(s —spll = ITe(s —sp)ll = 0. Since
lls —s,ll =1, (s —s,) convergence is not zero in norm. Therefore, S, does not belong to
DL,,(c) foreach k € N.

Theorem 2.1. Every order-to-norm continuous operator is a d-onco.

Proof. Let M be a normed Riesz space,H € L,,(M), (x,)in M7*such that x, %0 and
||(xq@ — H(xg)ll = 0. Since H € L,, (M), satisfies ||H(x,)|l = 0. We can write

lIxell = [[(xq = H(xe) + H(xa)l
< l[(xq = Hxe)l + 1 H (xo)

and then we know that ||(x, — H(x)|l = 0 and ||[H(x,)|| = 0. Therefore, ||x,|| = 0. Hence, H is a demi-
order norm continuous operator on M.
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In the next example, it is shown that the inverse of the theorem is not generally true.

Example 2.4. Let H be an operator on M = C[0,1] and H = % 1. Since the norm on M is not order

continuous norm (see [6]), then the operator H is not in L,, (M), but H is a demi-order norm continuous
operator on M from Example 2.1.

Theorem 2.2. Let N be a normed Riesz space, H:N — N be an order-to-norm continuous operator,
S: N — N be ad-onco, then H + S is a d-onco.

Proof. Let a net (x,) in N* such that x, % 0and llxe — (H + S)(xz)|| = 0. We can write as

”xa - S(xa)”:”xa - S(xa) - H(xa) + H(xa)”
< llxg — (H+ ) (x|l + [[H(xa)l-

It is obvious that ||H(xy)|| = 0, since H € L,,(N). Moreover, we know that |[x, — (H + S)(x,)|l = 0.
Thus, [lx, —S(x,)I|l = 0. We obtain that ||x,|| = 0, since S belongs to DL,,(N). Hence, H+ S is a
d-onco.

The result of Theorem 2.2 is true for S + H as well as for S — H.

However, as the next example shows that the sum of two d-onco is not a d-onco in general.

Example 2.5. Let T, , T, be two operators on M = C[0,1], defined as T, (f) = T,(f) = %f for each

feM. T, and T, are two demi-order norm continuous operators, but T;+T, = I does not belong to
DL, (M).

The following theorem gives that a characterization of a normed Riesz space having an order continuous
norm.

Theorem 2.3. Let M be a normed Riesz space. Then the following statements are equivalent
(i) M has order continuous norm,
(i) Lon(M) = ®Lon(M)-

Proof. (i) = (ii) It is clear that L,,(M) c DL,,(M) from Theorem 2.1. We have to show that
DLOTL(I\/I) c LOTL(M)

. L . . .
Itis well-known x, 30 implies x, — 0 if M has order continuous norm. Then, H(x,) — 0if H € L(M).

It show that L,,,(M) = L(M), so itis clear that DL,,,(M) c L,,(M). The proof is complete.

(ii) = (i) Let Ly, (M) = DLy, (M) and x, L 0. Since %I is a d-onco, then %I isin L,,(M). Hence, I
belongs to L,, (M). It is obvious that

xal0=>xa3>0

I
= x,— 0.

. I1-11 . .
Since ||x,|l 4 and x, — 0, we obtain that ||x,|| 10, so M has order continuous norm.
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Let M and N be two normed Riesz spaces and M=M @ N={ (a,b): a € M, b € N} if M is equipped with
the coordinatewise order that is (a;, b;) < (ay, b;) © a; < a, and b; < b, for each (aq, b;), (a,,b,) €
M and the norm [|(a, b)lz = llally + lIblly-

Theorem 2.4. Let M and N be two normed Riesz spaces. Then the following operators are d-onco.

()All operators H on M which (I — H)™! exists and is bounded.

(ii) (H,) is the class of operator on M. (H,) is defined by [2 0?1] andM =M @ N (a # 1) for every
operator H from M into N.

. Il . .
Proof. (i) Assume a net (x,) in M*such that x,, % 0and [[x, — H(xx)|l = 0. It is written as

llxoI=110 = )™ (I — H)x, ||
< 1A= DI = H)xgll.

Since (I — H)~! exists, is bounded, and there are inequalities, we obtain that ||x,|| = 0. Hence, H belongs
to DL, (M).

— —~ ]
(i) Let {x,} be a net in M* such that {X; = (x4, ¥4)}, Xq €M, y, € Nfor a #1,%, —> 0 and
|z — ﬁa’c;)”M — 0. It will be shown that ||x; ||z — 0. We know that || X,z = llxg|ly + Iy |ly- Hence,
to show that ||X, ||z = 0, we have to show that |[x, ||, = 0 and [|ly,lly = 0.

”’/C; - ﬁ(’%)”ﬂ = ”(xa'Ya) - ﬁ(xa'Ya)llﬁ
=|1(xa, Ya) — (0, Hxq + aya)ll g
= ”(xouya — Hxy — O(Yor”M
”(anYa(l —a)— Hxa”IVI
= [|(x )y + lya (1 — @) — Hxglly-

From the assumption that ||%; — H%z)||, — 0. Therefore, it is obtained ||(xq)lly — 0 and

Vo (1 —a) — Hxylly = 0. |(x )l = 0 implies ||Hx, ||y = 0, since H is continuous. Moreover, we
can write as

|1 = Dllyelly = llya(1 = @) = Hxgq + Hxglly
< ye(1 =) = Hxglly + [[Hxglln-

We get |(1 — @)|llyglly = 0 so, |xzllz = 0. Thus, (H,) belongs to DL,,, (M).
The following example gives us that Theorem 2.4 (ii) may not be valid in case a =1

Example 2.6. Let an operator H:#; - £.,, M = £; @ ¢, equipped with coordinatewise order and
operator H. is defined by [13 (I)] H does not belong to DL,,,(M). An order bounded sequence {x;,} in

M+such that%,, = (0,e,) and e, the nth. term equals one and the others are zero. Since (e,,) is order
convergent in £, then (x,) is order convergent and || %, — H %,|| = 0 - 0. Since |le, |l = 1, then
| %l z = 1, so H does not belong to DL, ( M).

The next example shows that the set of all demi-order norm continuous operators on a normed Riesz space
is not closed according to multiplication with scalar.
Note that, if H is a d-onco and a € R, then aH may not be d-onco in general. For example, M = C[0,1],

H = %I :M > Misad-onco, but 2H =1: M — M is not a d-onco.



1697 Gul Sinem KELES, Birol ALTIN/ GU J Sci, 36(4): 1693-1698 (2023)

Theorem 2.5. Let M be normed Riesz space. Then the following assertions are equivalent

(i) All operator H: M — M is a d-onco.

(ii) I: M - M is a d-onco,

(iit) M has order continuous norm.

Proof. (i) = (ii) Itis obvious.

(ii) = (iit) Assume that a net (xg)in  M*such that [ € DL,,(M)andx, ! 0. Since
xe — I(x)I|=0—-0,and IisinDL,, (M), we get ||x,|| = 0. We know x, is decreasing. Hence, it is
clear that ||x.|| is decreasing. Since ||x,|l I and ||lx,|| = 0 , then we get ||x,|| { 0, so M has order
continuous norm.

(iii) = (i) It is obvious from Teorem 2.3.

The next example shows that if H isa d-onco and, 0 < S < H, then S is not a d-onco in general.

Example 2.7. Let H,S be two operators on M =C[0,1], S=1 and H =2I. It holds
0 < S < H. H belongs to DL,,(M), but S does not belong to DL,,,(M).

The following theorem gives us that the domination property is satisfied under the some special conditions.

Theorem 2.6. Let S and H be two positive operators on the normed Riesz space Mand 0 < S<H < I.If
H is the d-onco, then S is also the d-onco.

Proof. Assume that a net (x,) in M* such that H € DL,,,(M), x4 4 O0and [[x, = S(x )= 0.
Since 0 < (I — H)(x,) < (I —S)(x,), we obtain that
N =)l < 1T =)l
Thus, |lx, — H(x,)|l = 0. Since H is in DL,, (M), then ||x,|| = 0 . Therefore, we get S is also a d-onco.

Theorem 2.7. Let M be a normed Riesz space, S and H two operatorson M and I < S < H. If Sisin
DLyn (M), then H isin DL,, (M).

(0]
Proof. Assume that a net (x,) in M*suchthat S € DL,,,(M), x, = 0and ||(H — I)(x,)|l = 0. We know
that 0 < (S —I)(xy) < (H — I)(x,). Hence,

I(H =D )= 0 =[S =D - 0.
Since Sis in DL, (M), we obtain that ||x,|| = 0, so H belongs to DL,,, (M).

Theorem 2.8. Let M be a normed Riesz space, H,S,N:M — M be three operators and
N<S<H<Z<I+N.IfNisinL,,(M)andH isin®DL,,(M), then S is in DL,,,(M).

Proof. We obtain from the hypothesis0 < S—N <H —-N <I. H— N is ad-onco from Theorem 2.2,
and S — N is a d-onco from Theorem 2.6. Since S =S — N+ N, S — N isad-onco, N isin L,, (M), and
from Theorem 2.2, we obtain that S is a d-onco.
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Note that if a continuous operator belongs to DL,, (M), then its adjoint does not generally belong to
DL,,(M). For example, I:1; = [; a d-onco, but its adjoint I* = [ := [, = L, is not a d-onco.

Similarly, if the adjoint of a continuous operator is d-onco, then it may not be a d-onco in general; for
example, choice M =1,. Since M' is AL-space, then M’ has order continuous norm [6]. Hence,
I''M' - M’ isad-onco, but I: 1, — L, is not a d-onco.

The following example gives us that the set of all demi-order norm continuous operators on M does not
form a lattice in general.

Example 2.8. Let M=L([0,1])Xcy, H:M > M be an operator, and defined as
H(f,x) = (0, (folf(x)sinxdx, folf(x)siandx, folf(x)sindex, -+)), foreach f € L*([0,1]). Since the
norm on the M is order continuous, then H is in L,,(M). Therefore, H is a d-onco, but it does not have
modulus. Since this operator is not order bounded [6], so DL,,, (M) is not a lattice.

Let L(M) be a Riesz space. DL,, (M) is not order closed in L(M) in general.

Example 2.9. Let T: I, = l,, be an operator, x = (x;) and defined as T,(x) = X1, x;e;. We get
0 <T, T1I. Therefore, itis clear that T, 50 DL,,, (M) is not order closed, since I is not a d-onco.
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