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Abstract

Motivated by the results involving Drazin inverses of Patricio and Puystjens, we investigate
the relevant results for pseudo Drazin invertibility and generalized Drazin invertibility
in two semigroups of Banach algebras. Given a Banach algebra A and e? = e € A,
we firstly establish the relation between pseudo Drazin invertibility (resp., generalized
Drazin invertibility) of elements in eAe and eAe + 1 — e. Then this result leads to a
remarkable behavior of pseudo Drazin invertibility (resp., generalized Drazin invertibility)
between the operators in the semigroup AA~ZA(Y)AA™ + Iy — AA™ and the semigroup
ATAB(X)ATA+Ix — A=A, where A=, A= € A(Y, X) are inner inverses of A € #(X,Y).
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1. Introduction

The motivation for this research appeared in [16]. Patricio and Puystjens gave the
characterizations of the relation between Drazin invertibility of elements in two semigroups
of rings. In such the case of Banach algebras, the corresponding versions of results can
be described as follows. Let A be a complex Banach algebra with unit 1 and e? = e € A.
Then eAe = {exe : x € A} is a closed subspace of A, and hence is also a Banach
algebra. Let Z(X,Y’) denote the set of all bounded linear operators from Banach space
X to Banach space Y and #(X) = B(X, X). First of all, they proved that exe +1 —e
is Drazin invertible in A if and only if exe is Drazin invertible in eAe, and gave their
expressions of Drazin inverses. Then using previous result, they related Drazin invertibility
between the operators in the semigroup AA~ZA(Y)AA™ + Iy — AA™ and the semigroup
A=AB(X)A=A + Ix — A=A in the case that A7, A= € A(Y,X) are inner inverses of
Ae B(X)Y).

The main theme of this article can be described as the relevant research of generalized
Drazin invertibility and pseudo Drazin invertibility in two semigroups of Banach algebras.
These two generalized inverses, as the extensions of the Drazin inverse, have attracted
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wide interest in the study of Banach algebras (for example, see [1-7,9,11-15,21]). We
use A9 to denote the set of all quasinilpotent elements of A, which is equal to the set

{a e A: lim Ha”H% = 0}. And we use J(A) to denote the Jacobson radical of A. First we
n—oo

recall the definition of generalized Drazin inverse, which was introduced and investigated
in Banach algebra by Koliha [10] in 1996.

Definition 1.1 ([10]). Let a € A. Then a is called generalized Drazin invertible if there
exists € A such that

rar =, ax = za, a — o’z € AT,
Any element = € A satisfying the above conditions is called the generalized Drazin inverse
of a, denoted by z = a9P.

Note that such z is called the Drazin inverse [8] of a (denoted by a® if it exists) when
A9 s replaced by A™ which is the set of all nilpotent elements of A, in the conditions
of Definition 1.1.

Afterwards, the pseudo Drazin inverse was introduced by Wang and Chen [17] in Banach
algebra, which is listed as follows:

Definition 1.2 ([17]). Let a € A. Then a is said to be pseudo Drazin invertible if there
exists x € A such that

raxr = x, ax = za, a¥ — a* Tz € J(A) for some integer k > 1.
Such z is called the pseudo Drazin inverse of a and unique when it exists, denoted by a?”.

The smallest positive integer k for which the above conditions hold is called the pseudo
Drazin index of a, denoted by ind(a).

Throughout the paper, the symbols AP, AP and APP denote the sets of all Drazin
invertible, generalized Drazin invertible and pseudo Drazin invertible elements of A, re-
spectively. Moreover, it was known that A” C APP C AP [17].

The rest paper is built up as follows. In Section 2, we first characterize the relation
between pseudo Drazin invertibility (resp., generalized Drazin invertibility) of elements
in eAde and efe + 1 — e in the case of ¢ = ¢ € A. In Section 3, pseudo Drazin in-
vertibility (resp., generalized Drazin invertibility) between the operators in the semigroup
AA~B(Y)AA™ + Iy — AA™ and the semigroup ATAAB(X)ATA+ Ix — A=A is related,
when A7, A= € (Y, X) are inner inverses of A € Z(X,Y). In addition, we give an
alternative proof of the relevant results for Drazin invertibility presented by Patricio and
Puystjens [16].

2. The relation between generalized invertibility of elements in eAe and
eAe+1—e

In this section, A denotes a complex Banach algebra with unit 1 and e? = e € A. The

notation eAe + 1 — e represents the set {exze + 1 —e: x € A}. First of all, we give some
lemmas.

Lemma 2.1 ([17,19]). Let a € APP. Then the following statements hold.
(1) If b € A with ab = ba, then aP?Pb = baPP.
(2) If b € APP with ab = ba = 0, then (a + b)PP = a?P 4 L.
Lemma 2.2 ([10]). Let a € AIP. Then the following statements hold.
(1) If b € A with ab = ba, then a9Pb = baIP.
(2) If b € AP with ab = ba = 0, then (a + b)I° = a9 + b7,

Lemma 2.3 ([20]). Leta € eAe. Then a € APP withind(a) = k if and only if a € (eAe)PP

with ind(a) = k. In this case, aiD = ale)fl)e.
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Lemma 2.4. Let a € eAe. Then a € AP if and only if a € (eAe)9P. In this case,
D D
ail = agAe‘

Proof. Suppose that a € (eAe)9? with agfe = x. Then we get a(l — ax) = a(e — ax) €
(eAe)!. Applying [18, Lemma 3.5], we have a(1 — ax) € A9 which has completed the
proof.

On the contrary, assume that a € A9 with aiD = x. Then it suffices to prove that
a(e —az) € (efe)?! since = aza € eAe. Due to a(l — az) € AT we can obtain that
ale — ax) = a(l — ax) € (eAe) N AT, Hence this completes the proof by [18, Lemma
3.5]. O

From Lemmas 2.3 and 2.4, we can still keep the usual notations as (exe)9” and (exe)PP
which both belong to eAe if they exist in A, for ease of notations.

Theorem 2.5. Let v € A. Then exe+1 —e € APP with ind(exe + 1 —€) = k if and only
if exe € (eAe)PP with ind(exe) = k. In this case,

(exe)PP = e(exe +1 — e)PPe € edle,

and

(exe +1—e)PP = (exe)’’ +1—ecele+1—e.
Proof. Suppose that exze +1 — e € APP. Then
(exe +1—e)(exe +1—e)PP = (exe + 1 — )PP (exe +1 —e), (2.1)
(exe +1 —e)PP(exe + 1 —e)(exe + 1 — )PP = (exe + 1 — e)PP. (2.2)
Multiplying on the both sides of (2.1) and (2.2) by e, respectively, we can obtain that
(eze)e(exe + 1 — e)PPe = e(exe + 1 — e)PPe(exe),
e(exe +1 —e)PP(exe +1 —e)(exe + 1 — e)9Pe = e(exe + 1 — e)PPe. (2.3)

Since e(exe 4+ 1 —e€) = (exe + 1 — e)e, it follows that e(exe + 1 — )PP = (exe + 1 —e)PPe
by Lemma 2.1, hence (2.3) can be written as

e(exe + 1 —e)PPe(exe)e(exe + 1 — €)9Pe = e(exe + 1 — €)PPe. (2.4)

Since ind(exe + 1 — e) = k, it follows that k is the smallest positive integer such that
(exe +1 —e)* — (exe +1 — )kl (exe + 1 — )PP € J(A). Therefore

(exe)’ — (exe)e(exe +1 — e)PPe
=e ((exe +1—e)f — ((exe)"™ +1 —e)e(exe + 1 — e)pD) e
=e ((ea:e +1—-e)f —(exze+1—e)f(exze+1— e)pD) ecel(Ae.
Since eJ(A)e C J(eAe), we have (exe)® — (exe) Tle(exe + 1 — e)PPe € J(eAe). Hence
exe € (eAe)PP with ind(exe) < k. Moreover, (exe)PP = e(exe + 1 — e)PPe € eAe.

Conversely, if exe is pseudo Drazin invertible with ind(exe) = s in eAe C A, then from
Lemmas 2.1 and 2.3 it follows that

(exe +1 —e)PP = (exe)PP + (1 — e)PP

= (exze)PP? +1—¢
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since exe(l —e) = (1 — e)exe = 0. Furthermore,
(exe+1—e)® — (exe +1—e)* T (exe +1 — )PP
= ((exe)’+1—e) — ((ewe)5+1 +1-— e) ((exe)pD +1-— e)
= ((ewe)* +1 =€) — ((ewe) ! (ewe)?? +1 — ¢)
= (exe)® — (exe)*T(exe)PP € J(ede) C J(A),

then ind(exe +1 —e) < s.
Hence, it can be derived that ind(exe + 1 — e) = ind(exze) from the proof. O

Theorem 2.6. Let x € A. Then exe +1 —e € AP if and only if exe € (eAe)IP. In this
case,

(exe)IP = e(exe +1 — e)9Pe € edle,
and
exe+1—e)9P = (eze)P’ +1—eccele+1—e.
(

Proof. Suppose that exe+1—e € A9P. Then an argument similar to the one in Theorem
2.5 shows that

(exe)e(exe + 1 — e)9Pe = e(exe + 1 — )P e(exe),
e(exe + 1 —e)9Pe(exe)e(exe + 1 —€)?Pe = e(exe + 1 — e)9Pe.

Let s = (ewe) —(exe)?e(exet+1—e)9Pecand t = (ewe+1—e)—(exe+1—e)?(exe+1—e)9P.
Then
s = (exe) — (exe)’e(exe + 1 — e)9Pe
=e ((ewe +1—¢)— ((exe)* +1—e)e(exe +1 — e)gD) e
:e((eaﬁe—i—l—e)—(

= ete.

exe+1—e)*(exe +1 — e)gD> e

Since t commutes with e, it follows that
1 1 1 1 1
[s™[7 = llet™el[= < [[e]|=-[[e" || |[e]| =

Then t € AT implies that s is quasinilpotent, and hence exe € (eAe)9”. Moreover,
(exe)9P = e(exe +1 —e)9Pe € ede.

Conversely, if exe is generalized Drazin invertible in eAe C A, then by Lemmas 2.2 and
2.4 it follows that

(exe + 1 — )90 = (exe)?’ + (1 —€)9”
= (exe)P +1—e
since exe(l —e) = (1 —e)exe = 0. O

Remark 2.7. In [16], Patricio and Puystjens proved the relevant version for Drazin in-
vertibility. Here we can give another proof of this result.

Indeed, let i(a) denote the Drazin index of a. Suppose that exe + 1 — e € AP with
i(a) = k. Then using the similar argument as in the proof of Theorem 2.5, we can know
that the necessity suffices to prove that (exe)® — (exe)**le(exe + 1 — e)Pe = 0. In fact,

(exe)* — (exe)le(exe +1 —e)Pe

=e ((exe—i— 1—e)f —(eze+1—e)* (exe+1— e)D> e
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and (exe + 1 —e)F — (ewe + 1 — e)f ! (exe + 1 — )P = 0. It follows that exe is Drazin
invertible and i(exe) < i(exe+1—e). Conversely, we can obtain that eze+ 1 — e is Drazin
invertible with i(exe + 1 — e) < i(exe) analogously. This completes the proof.

3. The relation between generalized invertibility in two operator semi-
groups

In this section, let X,Y be two complex Banach spaces and #(X,Y) denote the set of
all bounded linear operators from X to Y. Write Z(X) = Z(X, X). Then #£(X), the
algebra of all bounded linear operators on X, is a Banach algebra, with respect to the
usual operator norm. The symbol Iy (resp., Iy) denotes the identity operator of Z(X)
(resp., B(Y)), and is its unit. Let A € Z(X,Y). Recall that A € #A(X,Y) is regular if
there exists A~ € A(Y, X) such that AA~A = A. The operator A~ € A(Y, X) is called
an inner inverse of A. It is well known that A € #(X,Y) is regular if and only if Z(A) is
closed and complemented in Y and .4"(A) is complemented in X, where Z(A) and 4" (A)
denote range and null space of A € #(X,Y), respectively.

Let E € #(X) such that E? = E. Then we establish the relation of pseudo Drazin
invertibility (resp., generalized Drazin invertibility) between the operators in the semi-
group EA(X)E + Ix — E and the semigroup EZ(X)E in the previous section, which
can be applied to relate pseudo Drazin invertibility (resp., generalized Drazin invertibil-
ity) between the operators in the semigroup AA~AB(Y)AA™ + Iy — AA~ and the semi-
group ATAAB(X)A=A+ Ix — A=A assuming that A=, A~ € A(Y, X) are inner inverses
of A€ B(X,Y). To beginning, we give an auxiliary lemma.

Lemma 3.1. Let A € B(X,Y) be reqular and A=, A~ € B(Y, X) be its inner inverses.
Let E=AA", F=AA, R=AB(X) and 8§ = B(Y). Then ¢ : ESE — FRF defined by
EME — F(A~MA)F is a ring isomorphism.

Proof. Obviously ¢ is well-defined. Let EM1E, EMsFE € ESE. Then it is easy to check
that o(EME + EM3E) = o(EME) + o(EM3E). In addition, since EA = A and
AF = A, it follows that
o(EME - EMsE) = F(A” MiEEMyA)F
= F(A"MA)F - F(A” MA)F
= ¢(EME) - o(EM>E)
and p(F) = ¢(FEE) = F(ATEA)F = FA~ A = F. Hence ¢ is a ring homomorphism.
Let ¢ : FRF — ESE defined by FNF — E(ANAT)E. Analogously, it can de derived
that v is also a ring homomorphism. Moreover, we can obtain that
VY(FNF) = @o(E(ANAT)E) = F(A“ANATA)F = FNF,
Yo(EME) = ¢(F(A"MA)F)=E(AA"MAA™)E = EME.
Therefore, ¢ is a ring isomorphism. O
Theorem 3.2. Let A € B(X,Y) be reqular and A=, A= € B(Y, X) be its inner inverses,
and B € B(Y). Then the following conditions are equivalent:

(1) ' =AA"BAA™ + Iy — AA™ is pseudo Drazin invertible with ind(T") = k.
(2) Q=ATAA"BA+ Ix — A=A is pseudo Drazin invertible with ind(Q) = k.

In this case
PP — AQPP A=AA~— + Iy — AA™
and

PP = ASAATPPA + T — A=A
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Proof. Let ' = AATBAA™ and Qy = A=AA™BA. Then

o(Tg) = ATA(A"BA)ATA = Qy,

(o) =(ATAATBAATA) = AA“(AA"BAAT)AA™ =Ty,
where ¢ and v are defined as Lemma 3.1.

(1)=-(2). Assume that I' is pseudo Drazin invertible with ind(I") = k. Then by Theorem
2.5, 'y is pseudo Drazin invertible with ind(I'g) = k in AA~ZA(Y)AA~. Moreover, FgD =
AA-TPP AA~. Since ¢ is a ring isomorphism by Lemma 3.1, it follows that @(FgD) is the
pseudo Drazin inverse of ¢(I'g) in ASAAB(X)A=A and ind (¢(I'g)) = k. Hence,

QPP = o(TBP) = p(AATPPAA™) = A=A(A TPPA)A=A = A=AATPP A,
Now, from Theorem 2.5, we can obtain that
QPP =P 1 Iy — A=A
= ATAATPPA4+ Iy — A7 A,
and ind(2) = k.

(2)=(1). The proof can be completed by the method analogous to that used above. [
Remark 3.3. In [16, Proposition 5], Patricio and Puystjens presented the relevant result
for Drazin invertibility, which can be proved by an alternative method.

Indeed, the proof is similar to Theorem 3.2. We define ¢ and 1 as Lemma 3.1, and let
I'p = AA"BAA™ and Qy = ASAA " BA. Then ¢(T'y) = Qo and (Qp) = Ty. It follows
that I'g is Drazin invertible with Drazin index k if and only if {2¢ is Drazin invertible with
Drazin index k by the method analogous to the proof (1)=-(2) of Theorem 3.2. Then this
completes the proof that I' is Drazin invertible with Drazin index k if and only if Q is

Drazin invertible with Drazin index k according to [16, Theorem 1]. Furthermore, their
representations of Drazin inverses can be given analogously.

In fact, by an analogous method of Theorem 3.2, we can also obtain the relevant result
for generalized Drazin invertibility by Lemma 3.1. Here we can give an alternative method
to prove it with the help of operator norm.

Theorem 3.4. Let A € B(X,Y) be reqular and A=, A= € B(Y, X) be its inner inverses,
and B € B(Y). Then the following conditions are equivalent:

(1) ' = AA“BAA™ + Iy — AA™ is generalized Drazin invertible.
(2) Q=ATAABA+ Ix — A=A is generalized Drazin invertible.
In this case
90 = AQIPA=AA= + Iy — AA™
and

QIP = ASAATIPA + Ix — A= A.

Proof. (1)=(2). Assume that I' is generalized Drazin invertible. Then by Theorem 2.6

we get that I'g = AA7”BAA™ has a generalized Drazin inverse FgD in AATAB(Y)AA™. It
follows that

9P AA-BAATIP =19°, (3.1)
9P AA~BAA™ = AA"BAATTYP. (3.2)

Multiplying (3.1) and (3.2), respectively, on the left side by ASAA™ and on the right side
by A, we have

(A=AATIPA)(A=AA™BA)(AAATIPA) = A=AATIP A,
(ASAATIPA)A=AA"BA = A=AA~BA(A=AATEP A).
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Let
S = (A=AA"BA) — (A"AA"BA)?(A=AATIP A),
T = (AA"BAA™) — (AA~BAA™) 19",
Now it is enough to show that S is quasinilpotent. In fact,
S = (A=AA"BA) — A=AA~ (BAA™) TP A
= A= ((AA”BAA™) - AA~(BAATTEP) A
= A=TA.
Since AA=T =T, it follows that
IS = I(A=T A"
= |A=T" Al
< [|lAT||= 7= Al
Then nhﬁrrolo ||T"||% = 0 yields nangO HS”H% = 0. We conclude that S is quasinilpotent, and

hence A:AA_FgDA is the generalized Drazin inverse of ATAA™BA in ASAB(X)A=A.
By Theorem 2.6 it follows that

Q9P = AAATIP A+ Ix — A=A
= ATAATIPA+Ix — ATA
since T9P = AAT9P A4~
(2)=(1). If Q is generalized Drazin invertible, then by Theorem 2.6 it can be derived

that Q9 = A=AA™ BA has a generalized Drazin inverse QgD in ASAZB(X)A=A. Tt follows
that

Q4P A=AA~BAQSP = QfP, (3.3)
0IPA=AA"BA = A=AA-BAQSP. (3.4)

Multiplying (3.3) and (3.4), respectively, on the right side by A=AA~ and on the left side
by A, we have

(AQSP A= AA™)(AA™ BAA™)(AQSP A=AA™) = AQSP A= AA~,
(AQIPA=AA")AA"BAA™ = AA" BAA-(AQ§P A= AA7).
Let
P =(AA"BAA™) — (AA"BAA™)*(AQ§P A= AA™),
Q = (ATAA™BA) — (AZAA”BA* Q"

Then it suffices to prove that P is quasinilpotent. Indeed, since A=AQy = QAT A, we
obtain A:AQgD = QgDA:A by Lemma 2.2. It follows that

P=(AA"BAA™) — AA~(BAA™)2(AQIPA=AA™)
— (AA"BAA™) — AA~(BAA™)2(AA=AQIP A7)
= A(ATAATBA - AZAA™(BAAT)2AQ87) A
= AQA~.
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Since QA~ A = @, we have
1P = 1 (AQAT)" |
= AQ A~
< JJAl=- Q= - 1A~ .
Then lim HQ"H% = 0 implies lim_ HP”H% = 0. It follows that P is quasinilpotent, and

hence AQgDA:AA’ is the generalized Drazin inverse of AA"BAA™ in AA-B(Y)AA™.
Therefore by Theorem 2.6, we obtain that

9P = AQSP A= AA™ + Iy — AA™
= AP ATAA + Iy — AA™
since QgD = A= AQ9IP A= A, which completes the proof. (Il
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