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Network science and graph theory are two important branches of
mathematics and computer science. Many problems in engineering and
physics are modeled with networks and graphs. Topological analysis of
networks enable researchers to analyse networks in relation to some physical
and engineering properties without conducting expensive experimental
studies. Topological indices are numerical descriptors which are defined by
using degree, distance and eigen value notions in any graph. Most of the
topological indices are defined by using classical degree concept in graph
theory, network and computer science. Recently two novel degree
parameters have been defined in graph theory: Vertex-edge degree and Edge-
vertex degree. Vertex-edge degree and edge-vertex degree based topological
indices have been defined parallel to their corresponding classical degree
counterparts. Sierpinski networks have important applications engineering
science especially in computer science. Classical degree based topological
properties of Sierpinski graphs have been investigated by many studies. In
this article, vertex-edge degree based topological indices values of Sierpinski
graphs have been computed.

Sierpinski Graflarinin Tepe-Ayrit Temelli Derece Ozellikleri Uzerine
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Ag bilimi ve ¢izge teorisi, matematik ve bilgisayar biliminin iki 6nemli daldir.
Miihendislik ve fizikle ilgili bir¢ok problem, aglar ve gizgelerle modellenir.
Aglarin topolojik analizi, arastirmacilarin pahali deneysel ¢aligmalar
yiiriitmeden, aglar1 bazi fiziksel ve miihendislik ozellikleriyle ilgili olarak
analiz etmelerini saglar. Topolojik indeksler, herhangi bir ¢izgede derece,
uzaklik ve 0z deger kavramlar1 kullanilarak tanimlanan sayisal
tanimlayicilardir. Topolojik indekslerin ¢ogu, ¢izge teorisi, ag ve bilgisayar
bilimlerinde klasik derece kavrami kullanilarak tanimlanir. Yakin zamanda
cizge teorisinde iki yeni derece parametresi tammlanmigtir: Tepe-ayrit derecesi
ve ayrit-tepe derecesi. Tepe-ayrit ve ayrit-tepe derece temelli topolojik
indeksler, klasik derece karsiliklarina parallel olarak tanimlanmistir. Sierpinski
aglart mithendislik bilimi agisindan 6zellikle bilgisayar bilimleri agisindan
onemli bir uygulama alanina sahiptir. Sierpinski ¢izgelerinin klasik derece
tabanli topolojik 6zellikleri birgok c¢alismada incelenmistir. Bu makalede,
Sierpinski ¢izgelerinin tepe-ayrit derece temelli topolojik indeks degerleri
hesaplandi.

To Cite: Ediz S. On Vertex-Edge Degree Based Properties of Sierpinski Graphs. Osmaniye Korkut Ata Universitesi Fen
Bilimleri Enstitiisti Dergisi 2023; 6(1): 151-160.
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1. Introduction

Sierpinski graphs are fractal like graphs. Sierpinski networks have an important place in view of
engineering science especially in computer science. Sierpinski networks have been used in to develop
novel electronic and communication networks to facilitate information analysis in view of network
security systems. There are close relationships between Sierpinski graphs and Hanoi graphs (Hinz et
al., 2013).

Topological indices are used to investigate network topology for physical properties of these networks.
Topological indices are numerical descriptors which are defined by using degree, distance and eigen-
value notions in any graph. Most topological indices are defined by using classical degree concepts in
graph theory, network and computer science. Computing topological indices for Sierpinski graphs has
been intensively rising recently. Until now, many classical degree based topological indices such as
Randic, Zagreb, atom-bond connectivity, geometric-arithmetic, sum-connectivity indices have been
computed as indicated below. Degree-based topological indices and structural properties of the
Sierpinski networks have been investigated in (Liu et al., 2019). Polymeric graphs and networks
modelled by using Sierpinski graphs were examined by means of the general Randic index in
(Estrada-Moreno and Rodriguez-Velazquez, 2019). Classical degree based topological features of
Sierpinski networks were calculated in (Imran et al., 2017). The Graovac-Pisanski index of Sierpinski
networks was reckoned in (Fathalikhani et al., 2020). Computation of Zagreb polynomials and Zagreb
indices of Sierpinski networks was investigated in (Siddiqui, 2020). Certain topological features of
uniform subdivision of Sierpinski networks were calculated in (Liu et al., 2021). General classical
valency based topological properties and polynomials of Sierpinski graphs have been determined in
(Fan et al., 2021). Two novel degree concepts; edge vertex degree and vertex edge degree notions
systematically were defined in (Chellali et al., 2017). Vertex-edge degree and vertex-edge degree
based topological indices have been defined by the present author (Ediz, 2017a), (Ediz, 2017b) and
(Ediz, 2018). It has been shown that vertex-edge degree and edge-vertex degree based topological
indices are possible tools for QSPR researches. After that many researches have been started to study
mathematical and chemical properties of vertex-edge degree and edge-vertex degree based topological
indices. Some related references could be seen the following articles. Edge-vertex and vertex-edge
irregularities of graphs were investigated in (Horoldagva et al., 2019). Neural networks with cellular
structures have been analysed in terms of vertex-edge irregularity points of view in (Husain et al.,
2022). Vertex-edge degree based topological properties of metal trihalides network were computed in
(Abolaban et al., 2021). Vertex-edge domination parameters of networks were calculated in (Zylifski,
2019). Vertex-edge degree and edge-vertex degree based topological features of single walled titanium
dioxide nanotubes were analysed in (Zhang et al., 2021). Vertex-edge degree and edge-vertex degree
related entropies firstly defined and investigated in terms of first Zagreb index entropies of networks
in (Sahin and Sahin, 2021). Hexagon star graphs have been analysed with regard to vertex-edge degree

topological properties in (Refaee and Ahmad, 2021). Edge-vertex based molecular topological features
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DOX, RTOX and DSL Networks were investigated in (Cancan, 2019). Anti-cancer drug conjugates
which contains hyaluronic acid have been investigated with regard to vertex-edge degree based
topological features in (Kirmani et al., 2021).

This topic is a currently popular research area in view of computer science, network science, graph
theory, physics and chemistry (Nacaroglu and Maden, 2017(a); Nacaroglu and Maden, 2017(b);
Akgiines and Nacaroglu, 2019; Hong et al., 2020; Havare, 2021; Colakoglu, 2022; Estrada, 2022).

In this paper, we firstly computed vertex-edge degree based topological properties of Sierpinski
graphs.

2. Materials and Method

In this section, necessary theoretical structures have been given. Let ¢ = (V(G), E(G)) be simple
connected graphs with the edge set E(G) and the vertex set V(G) and u,v € V(G) and uv € E(G)
throughout in paper.

Definition 1. The vertex-edge degree of the vertex v, deg,.v, is the number of all different edges
between the vertex v and the other vertices with distance at most two from the vertex v.

Definition 2. The formula of the first vertex edge degree-based Zagreb alpha index of the graph G is;

M (G) = ZvEV(G) degyev? 1)
Definition 3. The formula of the first vertex edge degree-based Zagreb beta index of the graph G is;
ME*(6) = Tuver()(degveu + degyev) ¥
Definition 4. The formula of the second vertex edge degree-based Zagreb index of the graph G is;
M3°(G) = Xuver(6) degveudegyeV (©)
Definition 5. The vertex edge degree based Randic index of the graph G defined as;

R"(G) = Yuver(e)(degvetidegyev) (4)
Definition 6. A Sierpinski graph, where n> 1,k > 1, S(n, k), has vertex set {7, 2, - - -, k}", and there
is an edge between two vertices u =(uy, Uy - - -, up) and v = (v, Vo, - - -, vy) iffthereisans €{1, 2, - - -,
n} such that:

e u-v forl=72..5s1
® Ut Vs
e U=V and uj= v for I=s+1,5+2,...,n.

Sierpinski graphs, S (n,k), were defined originally in 1997 (Klavzar et al., 1997).

Some examples of Sierpinski graphs, see Figures 1, 2 and 3.
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111 114 141 144 411 414 441 444
" 13 142 143 412 413\ 442 443
121 124 131 134 421 424 31 434
122 123 132 3 422 42 432 433
211 214 241 11 314 341 344
212 213 242 243 312 313 42 343
321 324 31
221 224 231 234 334
222 223 232 233 322 323 32 333

Figure 1. The Sierpinski graph S(3,4) (Klavzar et al., 1997).

(2,2,2)

(0.0,0)

Figure 2. The Sierpinski graph S(2,5)

(1,1,0)

Figure 3. The Sierpinski graphs S(3,3) and S(2,4)

2.20) 2.1.2) 211 (L2,2) (L21) (1,1,2)
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A vertex of S(n, k) of the form i,i, ...,i € {1,2, ..., k} will be called an extreme vertex and the other
vertices are called inner vertices. The degree of extreme vertices is k — 1, while the degree of the inner
vertices is k. The edges of S(n, k) that lie in no induced Ky are called bridge edges. Note that bridge

edges consist of the vertices (i, j, ...,j) and (j, i, ..., i) for i # j.

3. Results and Discussion

In this section we begin to compute vertex-edge numerical descriptors for the Sierpinski graphs.
Following lemmas are indispensable tools for our calculations.

Lemma 1. (Daniele, 2009) S(n, k) has k extreme vertices with degree %(k" —1)—1and k™ —k
inner vertices with degree k.

Lemma 2. (Daniele, 2009) S(n, k) has % (k™ — 1) edges.

From the definition of the Sierpinski graphs and above lemmas, we can directly state the following
observation and lemmas.

Observation 3. Let S(n, k) be a Sierpinski graph. S(n, k) consists of two kinds of edges according to
with endpoints. The first kind of edges are with endpoints inner-extreme vertices and second kind of
edges with endpoints extreme-extreme vertices.

Lemma 4. Let S(n, k) be a Sierpinski graph then the number of the first kind of edges (inner vertex-
extreme vertex) is k(k — 1).

Proof. There are k extreme vertices each of them adjacent to k — 1 vertices. That is there are k
extreme vertices each of them incident to k — 1 edges. From this, we get that S(n, k) has k? — k edges
with end points are between inner and extreme vertices.

Lemma 5. Let S(n, k) be a Sierpinski graph then the number of the second kind of edges (extreme
vertex-extreme vertex) is g (k™ =2k +1).

Proof. By Observation 3, we know that there are k2 — k edges with end points are between inner and
extreme vertices. If we subtract this value from the total value of edge number g(k" — 1), then we
get the desired result.

Lemma 6. Let v € S(n, k) and k > 3 ,then v lies on exactly W different triangles.

Proof. Any triangle of S(n, k) lies in only the components of S(n, k) that is complete graphs K. And

we know that a vertex of any complete graph K; and remaining two vertices constitute a triangle
graph. Therefore let v € S(n, k) and k > 3 ,then v lies on exactly (%) =W different

triangles.
Lemma 7. (Sahin and Ediz, 2018) Let G be a connected graph and v € V(G) then deg,.v =

Yuen(v) deg(u) — n,, where n, is the number of triangles in which contains the vertex v.
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Lemma 8. Let S(n, k) be a Sierpinski graph, v € S(n, k), v is an extreme vertex and k > 4 ,then

(k—-1)(k+2)

degyeV = .
Proof. Every neighbour of an extreme vertex has the degree k. And an extreme vertex has k — 1

neighbours. Therefore ¥, cn)deg(u) =k(k —1). We know that every extreme vertex lies in

exactly (k_l)zﬂ different triangles. Therefore, we get that deg,.v = Yyenw)deg(w) —k+ 1=

(k=D (k-2) _ (k=1)(k+2)
2 - 2 '

Lemma 9. Let S(n, k) be a Sierpinski graph, v € S(n, k), v is an inner vertex and k > 4 ,then

k(k—1)

deg,ov = k(kz_l).

Proof. Every inner vertex has a neighbour of extreme vertex with degree kK —1 and has k — 1

neighbours of inner vertex with degree k. Therefore, for any inner vertex v, we can write that

Yuen) deg(w) = (k + 1)(k — 1). Also, we know that every inner vertex lies in exactly (-1)(kt2)

_ (k=1)(k+2) _

triangles. Thus, we get that degy,ev = Yyenw)ydeg(w) —k+1=(k+1)(k—1) >

k(k—1)
-

And now, we can start to compute vertex-edge degree based topological indices of Sierpinski
networks with the help of above observations and lemmas.

Proposition 10. The first ve-degree Zagreb alpha index of the graph S(n, k) is M{"¢(S(n, k)) =

—1)2 2 —1)21,2
G 1)4(k+2) +(kn_k)(k Z) K2

Proof. The first ve-degree Zagreb alpha index of the graph S(n, k) is defined as; M{V¢(S(n, k)) =

Yvevistmiy) degrev®. We know that S(n,k) has k extreme vertices with vertex-edge

(k-1)(k+2)

degree and k™ —k inner vertices with vertex-edge degree @ from the above

observations and lemmas. By using these facts in the the first ve-degree Zagreb alpha index formula
we get:

(k—1)?K?
4

MEe(S(n, k) = k EER y en gy
Proposition 11. The first ve-degree Zagreb beta index of the graph S(n, k) is Mf”e(S(n, k)) =
k(e = D2(e+ 1) + 5 (k" = 2k + Dk - 1).

Proof. The first ve-degree Zagreb beta index of S(n k) is defined as;

MEYe(S(n, k) = Yuversmi)(degpeu + degyev). From the Lemmas 4 and 5, we know that a
Sierpinski graph has the number of the first kind of edges which consists of end points are inner vertex

and extreme vertex is k(k — 1). And again a Sierpinski graph has the number of the second kind of

edges which consists of end points are inner vertices is g (k™ — 2k + 1) . The vertex-edge degree of an
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(k—-1)(k+2) k(k

2_1) (see Lemmas 8

extreme vertex is and the vertex-edge degree of an inner vertex is

and 9). By using these facts in the first ve-degree Zagreb beta index formula we get:

(k - 1)2(k +2) k(kz— Dy +§(kn — 2k + Dk(k - 1)

MP(S(n,k)) = k(k — 1)(

= (k= D2(k + 1) +% (k" — 2k + D) (k - 1.

Proposition 12. The second ve-degree Zagreb index of the graph S(n, k) is M¥°(S(n,k)) ==
E =130k +2) +5 (k- D2 - 2k + 1),

Proof. The second ve-degree Zagreb index of is defines as
M3¢(S(n, k) ) = Yuver(s(nk) ) degveudegyev. From the Lemmas 4 and 5, we know that a Sierpinski
graph has the number of the first kind of edges which consists of end points are inner vertex and
extreme vertex is k(k — 1). And again a Sierpinski graph has the number of the second kind of edges

which consists of end points are inner vertices is S(k” — 2k + 1) . The vertex-edge degree of an

(k=1)(k+2) k(k

extreme vertex is and the vertex-edge degree of an inner vertex is % (see Lemmas 8

and 9). By using these facts in the second ve-degree Zagreb beta index formula we get:

(k-Dk+2)k(k-1) k_ K2 (k — 1)2
5 S (k" =2k + )

M3e(S(nk)) = k(k — 1)

= (- 12k + 2 +5 (k- D2 — 2k + D).

Proposition 13. The ve-degree Randic index of the graph S(n, k) is

RY(S(n, k)) = 2k(k(k + 2))"1/2 + ﬁ(k” — 2k +1).
Proof. ~ The  ve-degree  Randic index of the graph  S(n,k) defined as
R¥(S(n,k)) = Yuver(smi))(degveudegyev) /2. From the Lemmas 4 and 5, we know that a
Sierpinski graph has the number of the first kind of edges which consists of end points are inner vertex
and extreme vertex is k(k — 1). And again a Sierpinski graph has the number of the second kind of
edges which consists of end points are inner vertices is g (k™ — 2k + 1) . The vertex-edge degree of an

(k-1)(k+2) k(k

. . . -1
extreme vertex is and the vertex-edge degree of an inner vertex is T) (see Lemmas 8

and 9). By using these facts in the ve-degree Randic index formula we get:

- — -1/2 201 _ 1\2\~1/2

2 2

= 2k(k(k +2))" Y2 + ﬁ(k" — 2k +1).
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4. Conclusion

Graph theory plays an important role in modelling and studying many networks in computer science.
Networks are analysed by means of topological indices frequently in recent years. The numerical
results obtained from these analyses are important in terms of the characteristics of networks. These
calculations are used to understand and characterize the topologies hidden under these networks.
Thanks to these calculations, applications can have information about the structural properties of the
networks without making expensive experiments. Classical degree-based topological properties of
Sierpinski graphs have been the subject of many studies over the last three years. Vertex-edge based
topological indices were defined in 2018 and the calculation of the values of vertex-edge degree based
indices in network science has been very popular in recent years. In this paper, we firstly computed
vertex-edge degree degree based topological properties of Sierpinski graphs. These calculations are

essential to understand underlying topology of Sierpinski networks.
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