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ABSTRACT. The Euler-Maclaurin (EM) summation formula is used in many theoretical studies and numerical cal-
culations. It approximates the sum ZZ;& f(k) of values of a function f by a linear combination of a corresponding
integral of f and values of its higher-order derivatives f(/). An alternative (Alt) summation formula was presented by
the author, which approximates the sum by a linear combination of integrals only, without using derivatives of f. It was
shown that the Alt formula will in most cases outperform the EM formula. In the present paper, a multiple-sum/multi-
index-sum extension of the Alt formula is given, with applications to summing possibly divergent multi-index series
and to sums over the integral points of integral lattice polytopes.
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1. INTRODUCTION

The Euler-Maclaurin (EM) summation formula can be written as follows (see e.g. [16]):

) Y [ o)+ IO Y B i) - i),
k=0 0 J)!

where f: R — Ris a smooth enough function, B; is the j-th Bernoulli number, and n and m are
natural numbers. The EM approximation is exact when f is a polynomial of degree < 2m + 1.

The EM formula has been used in a large number of theoretical studies and numerical cal-
culations.

Clearly, to use the EM formula in a theoretical or computational study, one will usually need
to have an antiderivative F' of f and the derivatives f(2/=1) for j = 1,...,m in tractable or,
respectively, computable form.

In [19], an alternative summation formula (Alt) was offered, which approximates the sum
S 7Ze f(k) by a linear combination of values of an antiderivative F of f only, without using
values of any derivatives of f:

j=1

n—1 m—1 n—1/2—75/2
(1.2) NGRS Tm,lﬂj‘/ dx f(z),
k=0 j=1-m 3/2=1/2
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where f is again a smooth enough function the coefficients 7, , are certain rational numbers
not depending on f and such that 377" m T, 1+lj| = 1, and n and m are natural numbers.
Similarly to the case of the EM formula, the Alt approximation is exact when f is a polynomial
of degree < 2m.

It was shown in [19] that the Alt formula should be usually expected to outperform the EM
one.

Extensions of the EM formula to the multiple sums, including sums over the integral points
of integral lattice polytopes, have been of significant interest; see e.g. [20, 8,7, 13, 21, 14, 6, 3, 10,
22,18, 4]. In the present paper, a multiple-sum/multi-index-sum extension of the Alt formula
will be given. The main result of this paper, Theorem 2.1, is then extended to sums over the
integral points of integral lattice polytopes as well.

The rest of this paper is organized as follows.

In Section 2, the multi-index Alt formula is stated, with discussion.

In Section 3, an application of the multi-index Alt formula to summing possibly divergent
multi-index series is given. A shift trick then allows one to make the remainder in the Alt
formula arbitrarily small.

In Section 4, the mentioned extension to sums over the integral points of integral lattice
polytopes is presented.

The necessary proofs are deferred to Section 5.

At the end of this introduction, let us fix notation to be used in the rest of the paper:

Suppose that p and m are natural numbers and f: R — R is a 2m-times continuously

differentiable function, with partial derivatives f (@), where a = (ay, .. ., ap) € ZY and Z, =
Z N0, 00).

Generally, boldface letters will denote vectors in R?, in ZP, or in Zﬂ, with the coordinates
denoted by the corresponding non-boldface letters with the indices: x = (z1,...,2,) € R?,

Y=, up) €R?, u= (ur,...,up) € R, v = (v1,...,0p) € R”, n = (ny,...,n,) € Z%,

= (k17.-.,kp) € Zﬁ_,j = (.j17~'~7.jp) S Zg_,i = (il,...,’ip) S Zﬁ_,a = (041,...,0&;0) S Zﬁ_,
and 3 = (f1,...,0p) € ZP. Let I{ A} denote the indicator of an assertion A; that is, I[{ A} :=1
if A is true and I{A} = 0if Ais false. Let |la|| := |laji = a1+ -+ ap; ol == aq!---ap);
x® =t ap? |8 = (1B, - Bl 1i=(1,...,1) € ZE; 0 :=01; jv = (jiv1, ..., JpUp);

j>i1 &L i<y &L g <, forallr € [p] = {1,...,p};

P

[u,v] := H[ur,vr] AX =21 A AZp; VX =21 V- -+ V Tp;
r=1

UAV = (U AV, .. Up AUp); UV V= (U Vor,. .., Uy V Up);

k

Y= X [ axno = (pZrateed [ g,
u [uAv,uvv]

i= iezh : j<i<k
/ ::/ dx f(x)

2. A MULTI-INDEX ALTERNATIVE (ALT) TO THE EM FORMULA

Let RE := [0, 00)?.

The following extension of [19, Theorem 3.1] to multiple sums is the main result of this
paper:
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Theorem 2.1. One has

n—1 ni—1 np—1
(2.3) Zf(k){:Z---Zf(kl,...,kp)}zAm—Rm,
k=0 k1=0  k,=0

where

ml i1 n—1+j/2-i ml -1 n-1+j/2—i
@4 Ani= Y [ - Yy
j=1 j=1 i=

=0 Ji-i/2 izo J —1+i/2—i
(m-1)1 n—1/2-3/2 (m-1)1 n-1/2-3/2
(2.5) = Z Tm,1+|,3\/ = Z Tm,1+\ﬁ|/
B=(1—-m)1 B/2-1/2 B=(1—m)1 —1/2-p/2
(m—1)1 (m—-1)1

n—1/2—-3/2
(2.6) = Y Tmite D, /
a=0

B: |B|=a 7 P/271/2

Z Z /l’ll/?ﬁ/Q
Tm,1+a
a=0 w

B:|Bl=a W /2R

is the integral approximation to the sum Zf{’;é f(k),

P 2 2m 2m
2.7 m-:zll gy Yma = (=1)771 = ,
(2.7) Ym.,j 7:1'7 Jr Ym,j ( ) j (erj)/(m)

P lm/2-3/2] o0
(2.8) Tinj i= HTm,Jy., Tim,j i= Z Ym,j+28 = Z'Ym,j+25a
r=1 B=0 B=0
and R, is the remainder given by the formula
m
R, = a1
(29) 1 1 ) . 1 ml L n—1
X Z o / ds(1—s)"m~ / dv v® nym,jJ'H' Z £ (k + sjv/2).
lleef|=2m 0 -1 j=1 k=0
The sum of all the coefficients of the integrals in each of the expressions (2.4), (2.5), and (2.6) of Ay, is
ml j—1 ml (m,1)1
(210) Zry’m,j Z 1= Z’Y'rn,jjl = Z Tm71+\ﬁ| =1.
j=1 i=0 j=1 B=(1-m)1
If Moy, is a real number such that
n—1
2.11) ‘ S A+ u)‘ < My, forall a with ||a]| = 2m and all u € (—m1/2,m1/2),
k=0
then the remainder R,,, can be bounded as follows:
ml
M, 1
2.12 m| < ot — mgl i
llel|=2m =1
1.0331(7m)(P+1)/2 om
(213) < M2m (2m + 1)' (’me) )
where

(2.14) K= \/% = 0.27754. ..
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and
— _ R —1-t,2
Ay = Jnax, A(t)=0.3081..., A(t):=(01—-t)""" (141 .

If m > 2, then the factor 1.0331 in (2.13) can be replaced by 1.001.

Recall the convention that the sum of an empty family is 0. In particular, if An = 0, then
Yo [(K) = 0= Ap = Ryn.

Also, it is clear that R,,, = 0 if the function f is any polynomial of degree at most 2m — 1.

One may note here that, in each of the formulas (2.4), (2.5), and (2.6), the first expression is a
linear combination of integrals of the form | f; 2 for some A € R? with A < (m—2)1/2. So,
provided that n > (m—1)1, each of these integrals equals the Lebesgue integral of the function
f over the p-dimensional interval [-A,n — 1 + A}, symmetric about the point (n — 1)/2.

In contrast, the second expression in each of the formulas (2.4), (2.5), and (2.6) is a linear

combination of integrals of the form [}’ " for some A € RP; so, each of these integrals equals
the Lebesgue integral of the function f over the p-dimensional interval [A, n + A], whose end-
points differ by the vector n. This observation holds whether the condition n > (m — 1)1 holds
or not.

Remark 2.1. As in [19] in the special case of ordinary sums, here, instead of assuming that the function
f is real-valued, one may assume, more generally, that f takes values in any normed space. In particular,
one may allow f to take values in the g-dimensional complex space C4, for any natural q. An advantage
of dealing with a vector-valued function (rather than separately with each of its coordinates) is that this
way one has to compute the coefficients — say 7., g in (2.6) — only once, for all the components of the
vector function. O

3. APPLICATION TO SUMMING (POSSIBLY DIVERGENT) MULTI-INDEX SERIES

Let us say that a function /': R? — R is an antiderivative of the function f if
FO = f;

that is, if ' is differentiated once with respect to every one of the p arguments of the function F,
then the result of this p-fold partial differentiation is the function f. It is assumed that this result
does not depend on the order of the arguments with respect to which the partial derivatives are
taken. Here and elsewhere in the paper, f and p are as set in Section 1. In particular, it follows
that the function f is continuous. Clearly, this notion of an antiderivative is a generalization of
the corresponding notion for functions on R.

For each set J C [p], let | J| denote the cardinality of .J, and also let

1;=I{1eJ},....I{p e J}).
In particular, 1) = 1 and 1y = 0.

Remark 3.2. A function F on RP is an antiderivative of the function f if and only if one has a repre-
sentation of the form

X p
F(x) :/0 dy f(y) +ch(xlauo,$j—17$j+1»~~,35p)
j=1

forallx = (z1,...,x,) € RP, wherecy,. .., c, are functions on RP~* such that, foreach j € {1,...,p}
3p’1cj(m1, ey X1, T4y ,xp)
6.131 e 6xj_163:j+1 tee 63:p
does not depend on the order of the arquments x1,...,2;-1,%j4+1,-..,%p With respect to which the

partial derivatives are taken.

and all (z1,...,xp) € RP, the mixed partial derivative exists and
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The “if” part of the above statement is obvious. The “only if” part of it follows from the multidimen-
sional version of the fundamental theorem of calculus to be given by Lemma 5.1 in Section 5 (take there
0 and x, respectively, in place of wand v in Lemma 5.1, and note that then F(vy)) = F(v) = F(x)).

In particular, the function F on RP given by the condition F(x) = [ dyf(y) for all x € R?
is clearly an antiderivative of f; thus, there always exists an antzderwatwe of the function f — still
assuming, of course, that f is 2m-times continuously differentiable for some natural m; in fact, just the
continuity of f would be enough for the existence of an antiderivative of f. O

The alternative summation formula presented in Theorem 2.1 can be used for summing
(possibly divergent) multi-index series, as follows.

Theorem 3.2. Let mq be a natural number, and suppose that m > mq. Let F' be any antiderivative of
f. Suppose that

(3.15) F(z) — 0 foreacha € ZE with ||| = 2my

Vx—o00

and the series

ool
Z £ (k + ) converges uniformly in u € [-m1/2,m1/2]

(3.16) P

for each o € 7 with || a|| = 2m,

in the sense that ZL‘;; £ (k + u) converges uniformly as An — oo. Then

Alt n—1
G17) Y )= i (D FK) = Agr(m)) = (<1747, £(0) = Ry g(cx),
k>0 k=0
where (cf. (2.4), (2.5), and (2.6))
(3.18) Aprpm) = > (=1)P7M14) p(n),
0#JCp]
(3.19) mF Z’meZF nl;—1+4+j/2—1i)
(m—1)1
(3.20) = Y Tmapg Fol, —1/2-8/2)
B=(1-m)1
(m—1)1
(3.21) = Y Tmita Y, F(nl;-1/2-35/2),
a=0 B: |Bl=ax

and (cf. (2.9))

m
Ry f(00) == SEmip 1

1 ! m— ! aml s s [e2 s
X Z 5/0 ds (1 —s)? 1/ldvv Z’Ym’j'] +1kz:f( ) (k 4 sjv/2).
- =1 =0

llel|=2m
If condition (2.11) holds for all n € 7%, then one can replace R,,, in (2.12)—(2.13) by R,,, s(00), so that

1.0331(7m)P+1)/2

2m
(2m+1)! '

(3.22) | R, 5(00)] < Map,

(kpm)
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Looking, say, at the expression of A;), p(n) in (3.21), one may note that

(m—1)1
32) AL p(0) =4 p@) =4, £0)= Y Twira », F(B/2-1/2)
a=0 B: |Bl=a
foralln e ZX and J C [p).

The limit Zﬁio f(k) in (3.17) may be referred to as the (generalized) sum of the possibly
divergent multi-index series 33>, (k) by means of the Alt formula (2.3).

Theorem 3.2 is a multi-index extension of Proposition 5.1 in [19].

To compute the generalized sum Zﬁ';o f (k) effectively, one has to ensure that the remainder
Ry (00) can be made arbitrarily small. This can be done as follows.

For any function ~: R? — R and any ¢ € RP, let h. denote the c-shift of h defined by the
formula

(3.24) he(x) :=h(x+c¢)
for all x € RP. Note that, if F'is an antiderivative of f, then F¢ is an antiderivative of f..

Theorem 3.3. Suppose that the conditions of Theorem 3.2 hold. Take any c € Z*,. Then

Alt c—1
(3.25) S k) =D f(k) = App(e) = R, p.e(0),
k>0 k=0
where
(3.26) By je(00) == > (=17 VIR, 5, (c0)
0#JC[p]
(cf. (3.18)).

Under the conditions of Theorem 3.2, the remainder R, ¢ .(c0) can be made arbitrarily small
by making Ac large enough. The price to pay for this will be the need to compute a possibly
large partial sum > 5_¢ f(k) of the series.

Theorem 3.3 is a multi-index extension of Corollary 5.6 in [19].

Example 3.1. In Theorem 3.3, let p = 2 and take any 4-times continuously differentiable function
f: R? — R such that

flz,y)=(x+y+2)In(z+y+2)
for real x,y > 0. Such a function f exists, by Whitney’s theorem [24]; however, only the values of f
on [0, 00)? will matter for the purposes of this example. Then it is straightforward to check by direct
differentiation that for an antiderivative F of f and all real z,y > 0 one will have

Flry)=1t@@+y+2°h@+y+2)— 3@+ )y+1)(@+y+2).

It is also straightforward to verify conditions (3.15) and (3.16) of Theorem 3.2 with mg = m = 2.

It also follows that, for n = (n,n), the term A,, r(n) = Ay g ((n,n)) (defined in (3.18)) is expressed
as a linear combination of certain terms of the form P(n)In(a + bn) or P(n), where P is polynomial
with real coefficients, a is a nonnegative real number, and b is a positive real number. Replacing, in
that expression for A,, p(n), every instance of In(a + bn) by its large-n asymptotics Inn +Inb + & —
% + ﬁ + O(54), after some rather heavy algebra we find

Am,F(n) = Sn + 6n7
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Sp — Sn
70]355 ..........'.'.......................'...l.
-0.1375 !
-0.1395
-0.1415
-0.1435
| | | | | n
0 10 20 30 40 50
FIGURE 1. Graph {(n, s, — Sn): n € {1,...,50}}
where
24/3 dn 5 1 en
.3 2, M 9 s
(3.27) Spi=n hlie‘r’/ﬁ +n ln\/é + 6nln2 5 In 5
and
(3.28) 5n = O(1/n?).
Thus, by Theorem 3.3,
Sn, :=ZZ(k+l)ln(kz+l) =S,+L+r,,
k=1 1=1
where
Alt
L:=> f(k) = lim (s, — S,) €R
k>0
and
(329) Ty = 0p + R2,f,(n,n) (OO) = O(l/n)a

in view of (3.28), (3.26), (3.24), (3.22), (2.11), and (2.14); the universal positive real constant factor in
O(1/n) in (3.29) can be given explicitly. Note that the bound O(1/n) on the error term r,, in (3.29)
can be improved to O(1/n™~1) by choosing the “approximation order” m in formula (3.25) to be any
natural number greater than 2; of course, then the expression for Sy, in (3.27) will have to be replaced by
a more complicated expression.

The convergence of s, — Sy, to the limit L is illustrated in Figure 1, which shows the discrete graph
{(n,sn —S,):ne{l,...,50}}. O
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4. APPLICATION TO SUMS OVER THE INTEGRAL POINTS OF INTEGRAL LATTICE POLYTOPES

Let P be an integral polytope in R?, that is, the convex hull of a finite subset of Z”.

Suppose that P is of full dimension, p. Let V denote the set of all vertices (that is, extreme
points) of P.

By the main result of Haase [11], for each v € V there exist a finite set I, a map I, 3 i —
tv; € {0,1}, amap I, > i — A, ; into the set of all nonsingular p x p matrices over Z, and a

map Iy, 3 i — Jy; into the set of all subsets of the set [ | ={1,...,p} such that
(4.30) [PT=> Y (1) [Cyil,
veViel,

where [-] denotes the indicator/characteristic function,
(4.31) Cyi=v+ AV,i]RJr L= {v+A,x:x€ ]ij i},

HRl G for J C [pl,

Jj€lp]
and

RY — (0,00) ife=0,
‘ [0,00) ife=1

(so that the closure of C, ; is a polyhedral cone, for each pair (v,)). In the case when the
polytope P is simple, decomposition (4.30) was obtained earlier by Lawrence [17]. To extend
Lawrence’s result, Haase used virtual infinitesimal deformations of vertices of P, identified
with regular triangulations of the normal cones at the vertices.

Proposition 4.1. Let A be any nonsingular p x p matrix over Z, and let J be any subset of the set [p].
Then there exist a finite set I, a map I > i — A; into the set of all unimodular p x p matrices over Z,
and a map I > i — J; into the set of all subsets of the set [p] such that

(4.32) [AR] = [AR]].
iel
(Recall that a matrix is called unimodular if its determinant is 1 or —1.)
Thus, one can strengthen the statement on the decomposition (4.30) as follows:

Corollary 4.1. One may assume that all the matrices Ay ; in (4.30)—(4.31) are unimodular.

A similar decomposition, but with polyhedral cones of lower dimensions, was obtained in

[5].

The following corollary is almost immediate from Theorem 2.1 and Corollary 4.1.

Corollary 4.2. Suppose that the function f is compactly supported. Then

(4.33) > f(k) = An(f,P) - Rn(f.P),
ke PNZr
where
(m—1)1
439 AP = Y T S (-DV Y / dx f(x)
B=(1-m)1 vev vy i AL, —(14B)/2)

is the integral approximation to the sum >  f(k) and R,,(f, P) is the remainder given by the
ke PNZP
formula
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1
Ry (f,P) = 22m+p - / ds(1—s)>m! / duu® %, (su)

-1

|a||= 2m
with
Z%JJ"“Z Do (DN Yo e+ Ly +jw/2)
veViel, k>0
and

gv,i(y) == (v + Av,iy)
fory € RP. If My, is a real number such that
‘ Z Z( Zg(o‘) k+u ’ < My, whenever |laf =2m and |u] < (% + 1)1,
veviel, k>0
then
1.0331(7m)(P+1)/2
(2m + 1)!

‘Rm(fa P)| < My, (“pm)%nv

where k is as in (2.14).

Indeed, for J C [p], let
Z} =7 NR} =785 +1,,
where Z; := Z N [0,00). Note that AZP = ZP for any unimodular matrix A over Z. Now
Corollary 4.2 follows by Corollary 4.1 and Theorem 2.1 because

Z f(k): Z f(V+Av,7q):Zf(V+Av,1(q+1J ng1 +1J

keC, ;NZP quJJr ‘ Q>0 q>0
v,i

and

/ 4y guily +11,) = [ ax /(%)
[~1/2-B/2,501) CuitAvi(Lsy ,—(148)/2)

The expression for A,,(f, P) in (4.34) is based on the second expression for A,, in (2.5); of
course, one can quite similarly use any one of the other 5 expressions in (2.4)—(2.6).

Notable differences between the Alt formula in Corollary 4.2 and the EM formula that is
the main result of [14] (Theorem 2 therein) include the following: (i) in [14, Theorem 2], the
summation is over all faces of the polytope P, whereas in (4.34) the corresponding summation
is only over the vertices of P and (ii) instead of the plain summation ), - p,» f(k) in (4.33),
in the corresponding sum in [14] the summands f(k) are weighted (in accordance with the
dimension of the relative interior of the face given that k belongs to that relative interior).

Note also that [14, Theorem 2] is obtained for simple polytopes. In [3], this result was ex-
tended to allow more general weights, and then further generalized to non-simple polytopes
in [4].

The version of the EM formula for polytopes in [6] is given for polynomial functions f in
terms of differential operators of infinite order, with the summation over all faces of the poly-
tope.

It should be possible to extend Corollary 4.2 to the case when the function f is a so-called
symbol in the sense of Hérmander [12] — cf. [14, Theorem 3], as well as conditions (3.15) and
(3.16). (Recall that a function f € C*°(RP) is called a symbol of order N if for every a € Z%.
there is a real constant C,, such that | f(®)(x)| < Cqu(1 + [|x|)V -l for all x € RP; here, as

before, || - || := || - [[1.) One way to attack this goal could be to show that, for any a € Z% such



Approximating sums by integrals only: multiple sums and sums over lattice polytopes 81

that a < (m — 1)1, the essential support (except possibly for a set of Lebesgue measure 0) of

the function
SN () [Cvi+ Avi(l,, — (14 8)/2)]

B: |Bl=a veViel,

is bounded, presumably being just a perturbed version of the indicator of the polytope P; cf.
(4.34) and the equality in [14, formula (89)].

Moreover, in view of the results of Section 3, it appears not unlikely that Corollary 4.2 could
be extended to general polyhedral sets.

5. PROOFS

Proof of Theorem 2.1. Take any k (in Z ) such that k < n — 1 and consider the Taylor expansion

(a
(5.35) fx= > L20) oy Z /ds( )21 f(@)(k + su)

al
ol <2m—1 llel|=2m

for all x € (k — m1/2, k + m1/2], where u := x — k. Integrating both sides of this identity in
x € (k—j/2, k+j/2] (or, equivalently, in u € (—j/2, j/2]) for each j (in Z%) such that j < m1,
then multiplying by 7, j, and then summing in j, one has

(536) Am,k = S’m,k + Rm,k7
where
ml k+j/2
(537) Am,k = Z'Ym,j / de(X),
= k—j/2
o f(2a) 2a+1
38 S M; m Z T
2
L Lo S [ e
llexl|=2m i/
om (! !
(5.39) = 3 [t S s /274 | avve pees siv/2);
laf=2m © 70 j=1 -t

the latter equality is obtained by the change of variables u = jv.
As noted before, in the special case p = 1 Theorem 2.1 turns into Theorem 3.1 of [19]. So,
without loss of generality (w.l.o.g.) p > 2. Write

k+j/2 mi—l o el g4, /2 kitji/2
B T o ) ey L

—i/2 k1=0 kp=0 kp—ip/2 i1 —J1/2
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In view of the multi-line display next after formula (7.7) in [19] (note, in particular, the penul-
timate expression there), the right-hand side of (5.40) can be rewritten as

ni—1 np 1—1 Jrl np—143jp/2—ip kp_1+jp_1/2 ki+j1/2
g . / d;l:p/ dep_1 - / dzq f(x)
i k j k j

k1=0 kp_1= 0 ip=0 p—Jp/2 p—1—Jp—1/2 1—j1/2
Il g, —14j,/2—ip n1—1 np-1-1 p—1tJip—1/2 ki+j1/2
-/ a3 [T e [T a0
ip=0 ip—ijp/2 k1=0 kp—1=0 kp—1—jp-1/2 k1—j1/2
Jp— b 144, /2—ip =l pg—1441 /2—i
:Z/ dxp...Z/ dzy f(x).
ip=0"tr—Jp/2 ip=0Y1—J1/2
So,
n—1 .k{j/2 =1 ,n-14j/2—i
> [ ae=Y | dx £ (x)
k=0 ’k—i/2 i—o /i-i/2
and hence, by (5.37),
ml j—1 n—1+j/2—i
(5.41) ZAmk 2%2/ BETC Zmz/ / dx f(x) = A,
k—j/2 —_o Ji—i/2

Similarly, but using the last expression in the mentioned multi-line display next after formula
(7.7) in [19] rather than the penultimate expression there, we have

=1 n—14j/2—i

ZAmk—Z’VmJZ/ dx f(x).

1+j/2—i

In particular, it follows that the two double sums in (2.4) are the same.
Suppose now that some i and j in Z', and some 3 € Z? are related by the condition 8 =
2i — j+ 1. Then the condition 1 < j <ml & 0 <1i < j — 1 is equivalent to the condition

1-m1<B<(m-1)1&1+[8]<j<ml&(j—-1-18|)/2€Zf.

So,

ml 71 rn-14j/2-i (m-1)1 n—1/2-3/2
(5.42) vaJZ/ - 2 %m71+|ﬁ|/

j=1 i=0 /i-i/2 B=(1-m)1 B/2-1/2
and

ml =1 n-14j/2—i (m-1)1 n—1/2-3/2
Tm 1+|ﬁ\/

(5.43) >y [ -

j=1 j—g Y —1+i/2-i B=(1—m)1 -1/2-8/2



Approximating sums by integrals only: multiple sums and sums over lattice polytopes 83

where

ml

Fatip = > mi H{G-1-18)/2€Z}
j=1+|8|

m

= > Y TG 11— 1BD2ETY)

J1=1+|B1] Jp=1+18p| 7=1

(g {Gr = 1= |B:1)/2 € 24 })
Gr=14|8,|

- 1

Tm,1+|6-| = Tm,1+|8]>
1

ﬂ
Il

in view of (2.7) and (2.8).

Thus, by (5.42) and (5.43), the first double sum in (2.4) equals the first sum in (2.5), and the
second double sum in (2.4) equals the second sum in (2.5).

Also, it is obvious that the first sum in (2.6) equals the first sum in (2.5), and the second sum
in (2.6) equals the second sum in (2.5).

Next, for any « (in Z ) with ||a| <m —1,

ml m

m P P m
G4d) ) ymgiett=>" Z H (Ymgo g2 = T D mgs® ™ = Ha =0}
j=1 Jp=1 r=1

J1=1 r=1j=1

by formula (7.6) in [19]. So, by (5.38),
(5.45) Smx = f(k).

Also, the case o = 0 in (5.44) shows that the first two sums in (2.10), involving the v, s,
are equal to 1. The second equality in (2.10) follows from the equality of the first sums in (2.4)
and (2.5) to each other by taking there n = m1 and f(x) = I{(m/2 — 1)1 < x < m1/2}; then
each of the integrals in (2.4)—(2.6) equals 1.

By (5.39) and (2.9),

n—1
> Bmic=R
k=0

So, (2.3) follows immediately from (5.36), (5.41), and (5.45).
In view of (2.9) and (2.11),

- m 1 ! _ 1 o 4 sax
‘Rm| S Rm = MZm W Z 7| dS (1 - S)Zm ! / dV |V‘ Z |’Ym7J|.] +1~
. 1 —

levl|=2m 0

Computing the integrals here, it is easy to check that R,, equals the upper bound in (2.12). On
the other hand, using the multinomial formula, the definition of v, ; in (2.7), and the Holder
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2m—1

2m
inequality (Zle |vrjr|) <p b [vrjr|?™, we see that

R = 22m 2m'.z|7m“/dv Z
=

|le]|=2m

M2m A .1 1 ) 2m
~22m(2m)! Zl%n,le /O dV(Z_:wr)
M2mp . p 2m 1 om
S amioT 22'm 2m (Z ]Zl |’Ym 31|J1 |’Ym,jp|]p) ler /0 v dv

M?mp
_22m 2m + 1 ! Z |7m7j |]2m+1 (Z I’Ymﬂ

By Proposition 4.4 in [19],

(5.46)

(5.47) Z Y72 < 1.0331m AT m 2L

and for m > 2 the factor 1.0331 can be replaced by 1.001.
It follows from [23] that T'(z 4+ 1)/T'(z 4+ 1/2) > \/x + 1/7 for real > 0. For z = m € N, this

inequality can be rewritten as 2™ / (*™) < v/mm + 1. So, in view of (2.7),

(5.48) Z Ym.ild = 22m/ (2;:) —1<+/mm.
j=1

Collecting (5.46), (5.47), (5.48), and (2.14), we obtain (2.13).
Theorem 2.1 is now completely proved. O

To prove Theorem 3.2, we shall need the following multidimensional generalization of the
fundamental theorem of calculus (FTC).

Lemma 5.1. (Multidimensional FTC) Let F' be any antiderivative of f. Take any u and v in RP.
Then

(5.49) / axf(x) = 32 (=1 VI F(v,),

JC[p]
where vy :=ulp);+vly=u+(v—-u)l,.

For p = 2 and u < v, formula (5.49) appears in the proof of Lemma 6.2 [9]; a version of it for
general p seems to be implicit on page 515 in [15]. Related formulas were given in [2, (II1.1)]
and [1, Lemma 1]. The following simple proof — which is essentially just a p-fold application of
the one-dimensional FTC, plus some organizing — will be given here for readers’ convenience.

Proof of Lemma 5.1. This will be done by induction in p. For p = 1, (5.49) is the usual, one-
dimensional FTC. Suppose that p > 2 and that (5.49) holds with p — 1 in place of p.

Introduce some notation, as follows. For x = (z1,...,2p—1,2p) € R?, let X := (21,...,2p_1),
and similarly define @ and v. Also, for any J C [p — 1], define v ; similarly to v;, but based
on u and v rather than on u and v. For any function h: R? — R and any real z,, let h,,
denote the “cross-section” function from R?~! to R defined by the formula h, (%) := h(x),
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again for x = (z1,...,2,-1,7,) € RP. Note that, for each real z,, the function (F(l{z’}))x is an
P
antiderivative of the function f,.
For real v and v, let A, ,, := 6, — 0., Where ¢, is the Dirac measure at . Consider the signed
product measures

Auy =Dy @ @Ay, ) = Z (,l)pflJlng
JC[p]

and Ayy == Ay, 0, @ @Ay, 10 1, 50that Ayy = Auy @A, , .
Now, appropriately rewriting the right-hand side of (5.49) and then using the Fubini theo-
rem and the induction hypothesis, we have

Z (—1)PVIE(vy) = / dAyy F (rewriting)
JCIp) R
= / Ay, o, (dzy) / dAuy F, (Fubini)
R Rp—1

:/Aupyvp(dxp) Z (—l)p_l_mFxp(\?J) (similar rewriting)
® JClp-1]

> (—1)p_1_“”-/RAup’vp(dxp)Fxp(\?J)

JCp—1]
- Z (—=1)p— -1l / ’ dz, dinp({/J) (one-dimensional FTC)
JClp-1] e r
Up d
— _1)p-1-1Jl v
_/u dz, Z (—1)P i, Fe (V)
P JClp—1]
= / da,, Z (_1)p—1—\J\ (F(l{p}))x ¥7)
tp JC[p—1] '
= / dz, / dx fo, (%) (induction)
= / dx f(x). (Fubini)
This completes the proof of Lemma 5.1. O

Proof of Theorem 3.2. Let
Rm,f(n) = Rma
with R, as defined in (2.9). Then, by (3.16),

(5.50) Rm,f(n) /\I:>oo Rm’f(oo).
Let
(5.51) Ampm) =Y (~1)77V14] p(n) = Ay, p(n) + (~1)PAD, p(n),

JClp]
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in view of (3.18). By (2.3)-(2.4), Lemma 5.1, (5.51), and (3.19),

S F(0) — Ay () + Ry s(n)
k=0

— Ay (1) — Ay p(n)

G = S (4], ) — A7, ()
JCp]
- Z p ‘J‘ ,,TJ( ) ATHQ TJ( ) + A;]n,F—TJ (n) o A;]"'OvF_TJ (Il)),
JC[p]

where Ty = Tj » m,,F is the Taylor polynomial of order 2mg — 1 for the function F at the point
nl; — 1, so that

F®(n1; —1) o
Ty(x) = Z T(X_nl‘]+1>
lleef|<2mo—1
for x € RP.
Consider the monomial P(x) = x* of degree |laf < 2my — 1, so that

P(x) =[1¢_, P.(z), where P.(x) := z*

Takeany r =1,...,pand any J C [p], and let n, ; := n, I{r € J}. Following the lines of the
proof of Proposition 5.1 in [19] for the case when f = P/ and F' = P,, so that the polynomial T
therein coincides with F' = P,, we see from [19, (5.5) and (7.19)] that

m—1
Z Tm,1+|8] Pr(n—1/2=8/2) = G, p,(n) = Gy, p.(n)
B=1—-m
mofl
= > Tmortis P(n—1/2-B/2)
p=1-mg
for any n € Z. So, by (3.20) and (2.8),
(m—1)1
A pm)= > Tuiqp P(nl; —1/2-3/2)
B=(1-m)1
(m=1)1  p
= Z 11 a1 Pr(nrs = 1/2 = 5,/2))
=(1-m)17=1
p -1
= H Z (Tm1118) Pr(nr,g —1/2 = /2))
r=18=1-m
V4 mo—1
=11 (Tmo.14181 Pr(nng —1/2 = B/2)) = A7, p(n).
r=1p=1—mg

Since T’y is a polynomial of degree < 2mg — 1 and A;), »(n) is linear in F, we conclude that

(5.53) Al p(n)—A) 1 (n)=0 forall JC [p].
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Further, the remainder (F—T;)(nl;—14u) at point n1 ; — 1+u of the Taylor approximation
T;of F atnl; — 1 equals (cf. (5.35))

2 1
Z ﬂ'oua/ ds(1—s)?mo~1p@)(n1; — 1 + su),

llex||=2mo 0

which, by (3.15), goes to 0 as An — oo unless J = (). So, by (3.19),

A;]n,F_TJ(n) — 0 and Al p_p,(n) —_0 unless.J =0.

It follows now by (5.53), (3.23), the linearity of A;ﬁh p in F, and (again) (5.53) that the limit of the
last expression in (5.52) as An — oo equals
(=1)7 (A -1, (0) = Apy p_1,(0))
:(_1)13 (A?n,F( ) A?no F(O)) - ( ) (A?n T@( ) A?no T@( ))
:(_1)p (AgnF( ) Aglo F( ))
Now (3.17) follows, in view of (5.50) and (the second equality in) (5.51).
Inequality (3.22) follows immediately from (2.11) and (2.12)—(2.13).

Formula (3.23) follows immediately from (3.21).
Theorem 3.2 is completely proved. O

Proof of Theorem 3.3. Note that

c—1
S f0) =3 fl)Hk < e —1}
k=0 k>0
D
:Zf H Hk, <n.+c¢ — 1} —Ker <k <np+c —1})
k>0 r=1
*Zf Z DIk, <np + e —1Vr e [p]\ J,
k>0 JC[p]
CTSkTSTLT+CT*1V7’€J}
n+c—1 n+c—1 n+c—1
=Y DT = D )+ Y (DY YT f(k)
JC[p] k=cl, k=0 0#JC[p) k=cl,
Hence,
n+c—1
Z f - mo F(nJr )
n+c—1
(5.54) =Zf(k)— ST DY k) = Ay r(n+c)
k=0 0£JCp] k=cl,
c—1 n+c—cly;—1 ~
DY (_1)|J|( Y e, ()~ Ay, (n e - c1J)) R,
k=0 0#JC[p] k=0
where
Ri=— > (-4, 5, (n+c—cly) = Ay, p(n+c).

0#JClp]
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By Lemma 5.1 with F' =1 (and f = 0),

(5.55) Z (-1)I'=0 and hence Z (- = —1.

JC[p] 0#JClp]

Therefore and in view of (3.18) and (3.20),

R= > (-)'IRr,,
07#JC[p]
where
(m—1)1
RJ ::Amg,F(n+c) _Amo’Fclj (n—l—c—clJ) = Z Tm’1+|g‘RJ,ﬁ7
B=(1-m)1
Rip:i= Z (—1)PIKl [H((n+¢)1g) — H(cl; 4+ (n+c—cly)lg)],
0#KClp]
and H(x) := F(x —1/2 — 3/2). Thus,
(m—1)1
(5.56) R=" Y Tmapp ., (1)K Rg,
B=(1-m)1 0£KClp]

where
Rﬁ’K = Z (—1)|J|[H((H+C)1K) —H(C1J+(H+C—C1J)1K)]
0#JClpl
(5.57) :Q#;[ ](—1)"]| [H((n+c)lg) — H((n+c)lg +cl )]
=Y [H(n+o)lk) - H(n+c)lg +cly)] Y (-],
LeLk JETK, L

Lx:={L:LC[pl, L#0, LNK =0}, Jxr:={J:0#JC[p], J\K =L}

For any K C [p] and any L € Lk, the map J — I; := J N K is a bijection of the set Jx 1,
onto the set {I: I C K}, and for any J € Jk 1, the set J is the disjoint union of the sets I;
and L, so that |J| = |I;| + |L|. It follows by (5.55) that for any K C [p] and any L € Lk one
has ZJEJK,L(il)‘J‘ =Y ek (=D)(=1)IET = 0. Looking back at (5.57) and (5.56), we see that

R =0.
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Letting now An — oo and recalling (5.54), (3.17), the definition (3.26) of R, fc(c0), and
formulas (3.23), (3.21), and (3.18), we have

Alt c—1
Do) = k)
k>0 k=0
Alt
=— > (DY fer, (k)
04£7C[p] >0
= Y OY[(=17A0, i, (0) = Rugn, (50)]
0#JC[p]
(m—-1)1
== Rmfe(0) = > (=N miaia DY Flel; +8/2-1/2)
a=0

0#JCpl B: |Bl=c

== R p,e(00) = A, r(c),
which completes the proof of Theorem 3.3. O
Proof of Proposition 4.1. Let a4, ...,a, denote the columns of the matrix A4, so that a, € Z? for
each i € [p] and
C:= AR} = Z R} a;, where g :=1-[J](i).
i€[p]

If the matrix A is unimodular, there is nothing to prove. So, w.l.o.g., | det A| > 2. Then there
is a vector w € Z? \ {0} such that
(5.58) W =wia; + -+ wpa,

for some real numbers wy, . .., w, in the interval [0, 1) (in fact, there are exactly | det A| — 1 such
vectors w). Thus, w.l.o.g. for some k € [p] one has

(5.59) w; >0forje[k] and w; =0forj e [p]\ [k]

For each i € [k], let A; be the (integral) matrix obtained from the matrix A by replacing its i-th
column, a;, by w; then det A; = w; det A and hence

(5.60) 0 < | det A;| < |det A].

We shall see that (4.32) holds with I = [k], the matrices A; just defined, and some subsets
J1, ..., Ji of the set [p].

Then, repeating the step described in the last paragraph — for each of the matrices A4, ..., Ay
in place of 4, in view of (5.60) we shall eventually obtain (4.32) with unimodular p x p matrices
A; over Z, as required. This step relies mainly on the following combinatorial lemma.

Lemma 5.2. Let ay,...,a, C, w, and k be as described above. For each i € [k], let
(5.61) Ci=RIw+ > Rl aj,
JElP\{i}

where the e;;'s are any numbers in the set {0, 1} satisfying the following conditions:
(i) €;j =¢; fori € [k]and j € [p] \ [k];

(i) €4 = EifOTZ' S [k’],

(iii) €;j +ej; = 1 for any distinct i and j in [k];

(iv) for each i € [k|, the condition ¢; = 1 implies €,; < ¢; forall j € [k];
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(v) for each nonempty subset J of the set [k], there is some i € J such that for all j € J \ {i} one has
Eij = 1.
Then

(5.62) [€1= > _lci]-

We also have

Lemma 5.3. Take any e1,...,e, in {0,1} and any k € [p]. Then there exist numbers ¢;; in the set
{0, 1} satisfying all the conditions (i)—(v) in Lemma 5.2.

We shall prove these two lemmas in a moment.

Letting now J; = {j € [p]: €;; = 0} foreach i € [k] (so thate;; = 1 —[J;](j) forall i € [k] and
j € [p]), we will have C; = A;R7 fori € [k], which will complete the step described in the para-
graph containing formulas (5. 58) (5.60). Thus, to complete the entire proof of Proposition 4.1,
it remains to prove Lemmas 5.2 and 5.3.

Proof of Lemma 5.2. Take any x € RP. Let (y1,...,¥p) = (y1(X), ..., yp(x)) denote the p-tuple of

the coordinates of the vector x in the basis (ai, ..., a;,) of R?, so that
(5.63) x= > y;a;.
j€elp]

Also, for each ¢ € [k], let (yi1,...,¥ip) = (¥i1(X),...,Yip(x)) denote the p-tuple of the coordi-
nates of the vector x in the basis (a1, ...,a;—1, W, a;41,...,a,) of R?, so that

X =YiiW + Z Yijaj = Yiiwid; + Z (iw; + yij)a;
jelp\{i} jelp\ {7}
In view of (5.58) and (5.59),
(5.64) vij =y; forie k], j e [p]\I[k]

As for i and j in [k], we have y; = y,;w; and y; = ysw; + yi; = 3)—1 wj + yi5 if j # i, which can
be rewritten as

(5.65) V(i) € [k] x [K] (yZZwL =y and j#i1 = % =7 — Ti),
J
where
y;
rii=ri(x) = w—jj

Note that (5.62) means precisely that C is the disjoint union of the C;’s. Thus, the proof of
Lemma 5.2 will be completed in the following three steps.

Step 1: checking that C; C C for each ¢ € [k]. Take indeed any i € [k], and then take any
x € Cj, so that, by (5.61), yi; € RY forall j € [p]. Then y; € Rf, = R by condition (ii)
of Lemma 5.2 and hence y; = y;w; € RF. Also, by (5.64) and condition (i) of Lemma 5.2,
yj =vij € RE =R forj € [p]\ [k].

Ify; >0, theny; = 2 w; +y;; > y;; > 0forall j € [k]\ {i}, whence y; > 0 forall j € [k]. So,
by (563), x € ¥ e Ry @) + Xjepn R85 © Xy RE 2 = C-

If now y; = 0, then the mentioned condition y; € Rji implies €, = 1. So, by condition
(iv) of Lemma 5.2, for all j € [k] we have ¢;; < ¢; and hence R, C RY, which yields y; =
Low; +yi; =yi; € RE CRE. So, in this case as well, x € C.
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Step 2: checking that the C;’s are disjoint. Take any distinct ¢ and j in [k], and then take
any x € C; NCj. Then y;; € R;:j, whence, by (5.65), r; — r; = y;j/w; € Rj”,. Similarly,
ri —r; € RE, thatis, rj —r; € —RE = R\ R, by condition (iii) of Lemma 5.2. Thus,
r;—r; € Rjij N (R\ R;:j) = (), which is a contradiction.

Step 3: checking that C' C U, Ci- Take any x € C, so that y; € R forall j € [p]. Let

Jx i={i € [k]: r(x) < rj(x) Vj € [k]}.

Then, by (5.65), y;; > 0 for all i € Jx and j € [k]. Moreover, r;(x) > r;(x) for all i € Jx and
jek]\ Jx-

So, again by (5.65), for all i € Jx and j € [k] \ Jx we have y;; > 0, so that y;; € Rg - R;j.
Note that Jx # (). So, by condition (v) of Lemma 5.2, there is some ix € Jx such that for all
j € Jx \{ix} onehase;,; = 1,sothaty; ; € RY, . Thus,y;; € RY forallje [k]\ {ix}. Also,
Yieir € Rjixix — in view of the first equality in (5.65), the condition y; € RY for all i € [p], and
condition (ii) of Lemma 5.2. Moreover, y;,; € RY, forall j € [p] \ [k] - in view of (5.64), the
condition y; € Rjj for all j € [p], and condition (i) of Lemma 5.2. We conclude that y,_ ; € Rjixj
forall j € [p], thatis, x € Cy, C U;eppy Ci-

Lemma 5.2 is now proved. O

Proof of Lemma 5.3. For i € [k] and j € [p] \ [k], let &;; := ¢}, in accordance with condition (i) of
Lemma 5.2.

Similarly, let ¢;; := ¢, for i € [k], in accordance with condition (ii) of Lemma 5.2.

Next, wl.o.g. ¢; isnondecreasing in j € [k]. Let then ¢;; := 1 and ¢;; := 0 for all ¢ and j in [k]
with i < j.

It is now straightforward to check that all the conditions (i)-(v) in Lemma 5.2 hold. In par-
ticular, concerning condition (iv), note that, if ¢; = 1 and ¢;; = 1 for some distinct ¢ and j in [k],
then i < j and hence 1 = ¢; < ¢;, so that £; = 1. Concerning condition (v), for each nonempty
subset J of the set [k], let ¢ := min J; then for all j € J \ {i} one has i < j and hence ¢;; = 1.
Lemma 5.3 is now proved. O

The entire proof of Proposition 4.1 is thus complete. O
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