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ABSTRACT

In this study, the stable numerical solution of the magnetohydrodynamic (MHD) flow in different
geometries is presented using the stabilized finite element method (FEM). Numerical solution of
coupled convection-diffusion type MHD equations have been acquired for the different Hartmann
numbers (M;) and different angles of the MHD flows. The resultant matrix-vector system has been
solved as a whole with the reciprocal MHD flow and boundary conditions. We have observed from
the solution of reciprocal MHD flow when the Hartmann number increases the velocity and the
induced magnetic field of the flows decrease. We have been acquired the stable numerical solution for
the M; = 102 Hartmann number. The obtained stable numerical results are displayed by graphics.
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1. INTRODUCTION

Magnetohydrodynamic flow is popular among researchers, due to the fluid is under the influence of
the magnetic field, such that engineers, medical scientists, etc. Therefore there is a wide range of
theoretical, experimental like in [1-3] and numerical studies about MHD flow. Because of the coupled
nature of the problem the theoretical results can obtain special cases of the problem. Therefore the
numerical methods have been used to obtain the numerical solution of MHD equations. The finite
element solution of fully developed MHD flow in channels has been obtained by Singh and Lal in [4]
for the steady-state form of the problem in the different geometries. The boundary element method
(BEM) solution of MHD flow problems for the high values of Hartmann number has been obtained in
[5]. In [6], numerical solution of the MHD flow problems is obtained using the dual reciprocity
boundary element method(drbem) with the external electrically conducting medium. Aydin and
Selvitopi [7] have been solved the MHD flow problems in an unbounded conducting medium using
stabilized FEM in the pipe and BEM for the exterior region considering rectangular and circular pipe
with the different angle of the induced magnetic field and high values of Reynolds number, magnetic
pressure and magnetic Reynolds numbers. The BEM solution of magnetohydrodynamic channel flows
has been obtained in [8] for the high Hartmann numbers. The numerical methods, FEM, finite
difference method (FDM), BEM and meshless methods, etc., have been applied to obtain the
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numerical solution of MHD flow problems in different geometries i.e. rectangular and circular duct
case until this time.

In general, it has been considered in the studies that there is only one MHD flow in the pipe up to
now. In this study, we have considered two MHD flow in the T-junction. Therefore, this study has two
important novelty according to literature, the first one is the geometry of the pipe and the other is it
has two MHD flow equations in junction. Tezer-Sezgin and Aydin [9] have obtained the numerical
solution of the MHD flow in one, two and three parallel ducts which are separated by conducting
walls and there is only one MHD flow in the all ducts using stabilized-FEM for the high Hartmann
numbers. There are many studies in the literature about fluid flow in T-junction. The flow is organized
in T-junction as division or the combination of a fluid flow. Vimmr and Jon'a“sov’a [10] have
considered the coronary and femoral bypasses model and they solved the non-newtonian blood flow
using finite volume method with the fourth order Runge-Kutta algorithm. In [11] the numerical
modeling and Piv measurement comparison were presented for the division and the combined fluid
flow in T-junction with two inlets and only one outlet. Moshkin and Yambangwai [12] have solved
the pressure-driven startup laminar flows in T-junction using the finite volume method. Bene's, et al.
[13] have been obtained the numerical simulation of the laminar and turbulent flows of Newtonian
and non-Newtonian fluids in T-junction with one inlet and two outlets that the mathematical model of
the flows is Reynolds averaged Navier-Stokes equations using finite volume method with the artificial
compressibility method. Matos and Oliveria [14] have presented the numerical solution of the steady
and unsteady non-Newtonian inelastic flows using the finite volume method in a planar T-junction for
the high values of Reynolds numbers. The volume of the fluid solution of the ferrofluid microdroplets
in T-junction with an asymmetric magnetic field has been given in [15]. In [16] the numerical solution
of the Newtonian, incompressible and thermostatic flow in T-junction has been investigated using the
volume of fluid method. The application of the FEM for the linear and non-linear physical problems
is presented in [17,19].

In the present study, we have obtained the stable numerical solution of the MHD flow in a T-junction
using streamline upwind Petrov—Galerkin (SUPG) type stabilized FEM for the different values of
Hartmann number.

The paper is introduced as follows. In Section 2 physical problem and the mathematical model of the
problem are given. The stabilized finite element formulation of the considered problem is presented in
Section 3. The obtained numerical results using stabilized FEM are given and discussed in Section 4.
The conclusion is given in the last section.

2. MATERIAL AND METHOD
2.1. Physical Problem And Mathematical Model
The steady, reciprocal MHD flow has been considered in a T-junction. In the T-junction, there are two

different flows under the influence of the magnetic field with different angle. The length of the
channel has been assumed enough long and the problem dimension is reduced to two-dimension.
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Figure 1. Problem domain.

The mathematical model of the considered problem is obtained by Navier-Stokes and Maxwell
equations:

v+ i B i 2B ap
i Xi ax Yi ay - i 1
ves, + 1 i ar, Vi g =2 v
i *i ox Yigy

where M, = M;sin6;, M, = M;cos6;, AP, = —1 and AP, = 1. M; is the nondimensional parameter
(Hartmann Numbers), describing M; = ByLyvo //u. Here 6; is the angle between applied magnetic

field and y —axis and L, o, u are the characteristic length, electrical conductivity and viscosity of the
fluid respectively. In the solution domain we have been considered the boundary consitiond as:

V=0, B=1in Qjper
a
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2.2. Stabilized Fem Formulation
Appliying the standard finite element method to the coupled equations in (1), we get weak
formulation using lineer function space L = (H}(Q))? as: Find {V;, B;} € {L x L} such that

B(V;; B;,wy; wp)= (=AP;, wy), V{wy;w,} € {LxL} (3)
where

——3B;
B(Vi; By, wi; wy)=(VV;, Ywy) — (M

X ax’

wy) = (W, Gt wy)+ (VB V) — (M 5, wy) =

X ox’
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Then, the variational formulation is written by the choice of finite dimensional subspaces L, c L,
defined by triangulation of the domain. Specifying a finite element discretisation, the weak
formulation becomes: Find {V;; B;,,} € {Ls X L} such that

B( lhl lh’ Wlh; WZh) ( APlh' Wlh V{Wlh' WZh_} € {Lh X Lh} (4)

We have been decoupled the equations in (1), using the transformations U; = V; + B; and Z; = V; —
B; to be able to apply the SUPG type stabilized FEM technique. Using the transformations U; = V; +
B; and Z; = V; — B;, we obtain the decoupled convection-diffusion type equations as:

__9U; _aui
V2U; + My — + M, — = AP,

Ox dy ] )
viz, 0% 97 M_azi _ap i=1,2

ox Yoy ¢

We have been considered the SUPG type stabilization technique to obtain the smooth behaviour of the
induced magnetic field and the velocity for the large values of Ha which contained in the convection-
dominated convection-duffusion type equations in (4). That is; find {Ul-h,Zih} € {L x Ly} such that

aU aU;
(VU3 9v1,) = ( Tox vlh) (Mya—h'vlh)+
__oz,, 0%,
(V23 W2p) + | Mx—7 2 2y ) + | My &y
—0Uy, aulh _avlh —0vq, 6
(e, G ©

0z, 07 v, __0v,
M,—"+M,—2+ AP, , M, M h
+< =+ 3y + APy, My — L+ M, 5

= (-AP,,vy,) + (AP, v;,)

V{v1,,v2,} € {Lp X Lp}, v1, = Wy, + Wz, Uz, = w;, — w,, With the stabilization parameter [20]

e Pe, > 1
__ J2Ha if k = 7
o= {2 )
T if Pex<1

Here, hy, is the diameter of the eslement K and Pey = hy % is the Peclet number.
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Eventually, using the inverse transformations V; = (U; + Z;)/2 and Z; = (U; — Z;)/2 one can get the
final system of the stabilized FEM discrete formulation for the induced magnetic field and the
velocity:

__0B; __0B; —0V;
(Wi, Vwy, ) — (an—;,w1h> - <My a_yh'wlh) + (VBy,, Vw,, ) — (Mx S e

oy TMy gy M Y79
0B;, __0B;, —ow, __dw (8)
++TK<Mx a;h+My a;‘,Mx axh+Mya_yz>

0w, 0w,
= (—APih, Wlh) + Tk <APih' MxWh + My ayh)

v{w;,w,} € {L,, X L,,}. Then, the solution of the system (8) has been given the induced currents and
the velocity of the fluid.

3. NUMERICAL RESULTS
In this section, we have given the stabilized FEM solution of MHD equations (1) in a T-Junction for

the different Hartmann numbers and different angles. We have been considered the Ha = 1,10 and
100. The angles between MHD flow and y —axis 8, , = /4 and /2.
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Figure. 1. Velocity for M; = 1 and 8, = /2.
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Figure. 2. Velocity for M, = 1 and 8, = /2.
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Figure. 3. Magnetic induction for M, = 1 and 6, = /2.
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Figure. 4. Magnetic induction for M, = 1 and 6, = m/2.
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Figure. 5. Velocity for M; = 100 and 6, = /2.
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Figure. 6. Velocity for M, = 100 and 8, = m/2.
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Figure. 7. Magnetic induction for M; = 100 and 8, = /2.
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Figure. 9. Velocity for M; = 10 and 6, = /4.
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Figure. 10. Velocity for M, = 10 and 8, = m /4.
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Figure. 11. Magnetic induction for M; = 10 and 6, = m /4.
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Figure. 12. Magnetic induction for M, = 10 and 6, = /4.
4. DISCUSSION AND CONCLUSION

The stabilized FEM solution of the MHD equations has been acquired for different Hartman numbers
and different angles between induced magnetic fields and the y —axis in a T-Junction. In Fig.
1,2,5,6,9 and 10, one can observe the velocity contour of the fluid and in Fig. 3,4,7,8,11 and 12 one
can observe the contour of the magnetic induction.

We have been considered the angles 6, = 6, = m/2 with M; = M, = 1 and 100 for Fig. 1. to Fig. 8.
and we have also been considered the angles 6; = 6, = m/4 with M; = M, = 10 for Fig. 9. to Fig.
12. We can see from the figures that the layers occur with changing of the angles. We can observe
from Fig. 3,4,7,8 the boundary layer in the inlet walls occurs for the magnetic induction when the
Harmann numbers increases. We can also observe from Fig. 1,2,5,6 the flow approaches the walls for
the large number of the Hartmann numbers.

One can also say that, the velocity of the first flow is dominant in the inlet and the velocity of the
second flow is dominant in the outlet of the channels. The induced magnetic field is dominant in the
all domain for the 6; = 0, = /2.

As a result, in this work we have focused on the investigation of the MHD flow in different
geometries numerically using SUPG type stabilized FEM. We have determined the dominant velocity
and induced magnetic field of the flows according to the different values of Hartmann numbers and
different angles.

115



Journal of Scientific Reports

Selvitopu, H., Journal of Scientific Reports-A, Number 49, 105-117, June 2022.

ACKNOWLEDGMENT

The author thanks the reviewers for their valuable contributions and suggestions to improve the paper.
In the revised version, all the reviewers’ comments were taken into consideration, resulting in a
substantial improvement with respect to the original submission.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

REFERENCES

Jang, J., Lee, S.S., (2000), Theoretical and experimental study of MHD (magnetohydrodynamic)
micropump, Sens. Actua. A: Phys., 80(1), 84-89.

Kandev, N., Kagan, V., Daoud A., (2010), Electromagnetic DC pump of luguid aluminium:
computer simulation and exprimental study, FDMP-Fluid Dynamics & Materials Processing,
6(3), 291-318.

Bluck, M., Wolfendale, M., (2015), An analytical solution to electromagnetically coupled duct
flow in MHD, Journal of. Fluid Mechanics, 771, 595-623.

Singh, B., Lal, J., (1982), Finite element method in MHD channel flow problems, International
Journal for Numerical Methods in Engineering 18, 1104-1111.

Tezer-Sezgin, M., Aydin, S.H., (2006), Solution of magnetohdyrodynamic flow problems using
the boundary elemenet method, Engineering Analysis with Boundary Elements Method, 30, 411-
418.

Aydin, S.H., Tezer-Sezgin, M., (2014), A DRBEM Solution for MHD Pipe Flow in a Conducing
Medium, Journal Computational and Applied Mathematics, 259, 720-729.

Aydin, S.H., Selvitopi, H., 2018. Stabilized FEM-BEM coupled solution of MHD pipe flow in
an unbounded conducting medium, Engineering Analysis with Boundary Elements Method, 87,
122-132.

Sedathatjoo, Z., Dehghan, M., Hoseinzadeh, H., (2018), A stable boundary elemenets method for
magnetohydrodynamic channel flows at high Hartmann numbers, Numerical Methods for Partial
Differential Equations, 34, 75-601.

Tezer-Sezgin, M., Aydin, S.H., (2020), FEM solution of MHD flow in an array of
electromagnetically coupled rectangular ducts, Progressin Computational Fluid Dynamics, an
International Journal, 20(1), 40-50.

Vimmr, J., Jonasova, A., (2010), Non-Newtonian Effects of Blood Flow in Complete Coronary
and Femoral Bypasses, Mathematics and Computers in Simulation, 80, 1324-1336.

116



Journal of Scientific Reports

Selvitopu, H., Journal of Scientific Reports-A, Number 49, 105-117, June 2022.

[11] stigler, J., Klas, R., Kotek, M., Kopecky, V., (2012), The Fluid Flow in the T-Junction, The
Comparision of the Numerical Modeling and Piv Measurement. Procedia Engineering, 29, 19—
27.

[12] Moshkin, N.P., Yambangwai, D., (2012), Numerical Simulation of Pressure-Driven Startup
Laminar Flows Through a Planar T-Junction Channel, Communications in Nonlinear Science
and Numerical Simulations, 17, 1241-1250.

[13] Benes, L., Louda, P., Karel, K., Keslerova, R., Stigler, J., (20139, Numerical Simulations of
Flow Through Channels with T-Junction, Applied Mathemaitcs Computation, 219, 7225-7235.

[14] Matos, H.M., Oliveria, P.J., (2013), Steady and Unsteady Non-Newtonian Inelastic Flows in a
Planar T-Junction, International Journal of Heat and Fluid Flow, 39, 102-126.

[15] Aboutalebi, M., Bijarchi, M.A., Shafii, M.B., Hannani, S.K., (2018), Numerical Investigation on
Splitting of Ferrofluid Microdroplets in T-Junctions Using an Asymmetric Magnetic Field with
Proposed Correlation, Journal of Magnetism and Magnetic Materials, 447, 139-149.

[16] Li, X., He, L., He, Y., Gu, H., Liu, M., (2019), Numerical Study of Droplet Formation in the
Ordinary and Modified T-Junction, Physics of Fluid, 31, 082101.

[17] Selvitopi, H., Yazici, M., (2019), Numerical results for the Klein-Gordon equation in de Sitter
spacetime, Mathematical Methods in the Applied Sciences, 42(16), 5446-5454.

[18] Selvitopi, H., (2022), Finite difference/Finite element simulation of the two-dimensional linear
and nonlinear Higgs boson equation in the de Sitter space-time, Engineering with Computers, 38,
891-900.

[19] Selvitopi, H., Zaky, M., Hendy, AS., (2021), Crank-Nicolson/finite element approximation for
the Schrédinger equation in the de Sitter spacetime, Physica Scripta, 96, 124010.

[20] Brooks, A.N., Hughes, T.J.R., (1982), Streamline upwind/Petrov-Galerkin formulations for

convection dominated flows with particular emphasis on the incompressible Navier-Stokes
equations, Computer Methods in Applied Mechanics and Engineering, Vol. 32, 199-259.

117



