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1. INTRODUCTION 

In this article all rings are associative with nonzero identity elements. For a ring 𝑅, the Jacobson radical, the 

set of nilpotent elements and the set of unit elements of 𝑅 are denoted by 𝐽(𝑅), 𝑁𝑖𝑙(𝑅) and 𝑈(𝑅) with 

respectively.  

Let 𝐴, 𝐵 be rings, 𝐾 be an ideal of 𝐵 and 𝑓: 𝐴 → 𝐵 a ring homomorphism. We consider the following subring 

of 𝐴 × 𝐵: 

A ⋈f K = {(a, f(a) + k) ∣ a ∈ A, k ∈ K} 

which is called the amalgamation of 𝐴 with 𝐵 along 𝐾 with respect to 𝑓 (D’Anna et al., 2009). 

In Farshad et al. (2021), the authors studied 𝑈𝑈-rings (if 𝑈(𝑅) = 1 + 𝑁𝑖𝑙(𝑅) i.e., rings whose units are 

unipotent (Calugareanu, 2015) and clean like features of the amalgamation ring 𝐴 ⋈𝑓 𝐾 as the followings: 

(1) If 𝐴 and 𝑓(𝐴) + 𝐾 are 𝑈𝑈-rings, then 𝐴 ⋈𝑓 𝐾 is 𝑈𝑈-ring. (Farshad et al., 2021; Theorem 3.2 (1)); 

(2) If 𝐴 ⋈𝑓 𝐾 is a 𝑈𝑈-ring, then 𝐴 is a 𝑈𝑈-ring (Farshad et al., 2021; Theorem 3.2 (2)). 

(3) If 𝐴 ⋈𝑓 𝐾 is a nil-clean ring, then 𝐴 and 𝑓(𝐴) + 𝐾 are nil-clean rings (Farshad et al., 2021; 

Proposition 2.7 (1)) where a ring 𝑅 is clean if each element of 𝑅 is a sum of a unit and an idempotent 

in 𝑅 (Nicholson, 1977), and 𝑅 is nil-clean if each element of 𝑅 is a sum of a nilpotent and an 

idempotent in 𝑅 (Diesl, 2013); 
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(4) If 𝐴 is nil-clean ring and 𝐾 ⊂ 𝑁𝑖𝑙(𝐵), then 𝐴 ⋈𝑓 𝐾 is a nil-clean ring (Farshad et al., 2021; Theorem 

2.10 (1)). 

(5) If 𝐴 ⋈𝑓 𝐾 is a 𝐽-clean ring, then 𝐴 and 𝑓(𝐴) + 𝐾 are 𝐽-clean rings (Farshad et al., 2021; Proposition 

2.16 (1)) where a ring 𝑅 is 𝐽-clean if each element of 𝑅 is a sum of an idempotent and an element 

from 𝐽(𝑅) (Chen, 2010). 

(6) If 𝐴 is 𝐽-clean ring and 𝐾 ⊂ 𝑁𝑖𝑙(𝐵), then 𝐴 ⋈𝑓 𝐾 is 𝐽-clean (Farshad et al., 2021; Theorem 2.18 (1)). 

The main propose of the president paper is to examine 𝑈𝐽, 𝑛­𝑈𝐽 and 𝐽-clean properties of the amalgamation 

ring 𝐴 ⋈𝑓 𝐾. Here, 

• 𝑅 is said to be a 𝑈𝐽-ring if 𝑈(𝑅) = 1 + 𝐽(𝑅) (Koşan et al., 2018); 

• 𝑅 is is said to be an 𝑛­𝑈𝐽-ring if 𝑢 − 𝑢𝑛 ∊ 𝐽(𝑅) for each 𝑢 ∊ 𝑈(𝑅) where 𝑛 > 1 is a fixed integer and 

𝑅 is said to be an ∞­𝑈𝐽-ring if for each 𝑢 ∊ 𝑈(𝑅) there exist 𝑛 > 1 such that 𝑢 − 𝑢𝑛 ∊ 𝐽(𝑅) (Koşan 

et al., 2020) 

Notice that every 𝑈𝐽-ring with nil Jacobson radical is 𝑈𝑈-rings and 𝑅 is a 𝑈𝐽-ring if and only if all clean 

elements of 𝑅 are 𝐽-clean (Koşan et al., 2018; Proposition 4.1); every 𝑈𝐽-rings are 𝑛­𝑈𝐽-rings and hence ∞­𝑈𝐽-
rings. 

We denote by ℤ and ℤ𝑛, respectively, the ring of integers and the ring of integers modulo 𝑛 for a positive 

integer 𝑛. 

2. RESULTS 

Firstly, we start to with the following useful lemma which is about the general properties of the set of units 

and Jacobson radical in an amalgamated ring. 

Lemma 2.1. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵. 

(1) 𝑈(𝐴 ⋈𝑓 𝐾) = (𝑢, 𝑓(𝑢) + 𝑘) ∣ 𝑢 ∊ 𝑈(𝐴), 𝑓(𝑢) + 𝑘 ∊ 𝑈(𝑓(𝐴) + 𝐾). 

(2) 𝐽(𝐴 ⋈𝑓 𝐾) = (𝑎, 𝑓(𝑎) + 𝑘) ∣ 𝑎 ∊ 𝑈(𝐴), 𝑓(𝑎) + 𝑘 ∊ 𝐽(𝑓(𝐴) + 𝐾). 

(3)  
A⋈f𝐾

0×K
⋍ 𝐴 and  

A⋈f𝐾

f−1(𝐾)×0
⋍ 𝑓(𝐴) + 𝐾. 

(4) 𝑁𝑖𝑙(𝐴 ⋈𝑓 𝐾) = (𝑎, 𝑓(𝑎) + 𝑘) ∣ 𝑎 ∊ 𝑁𝑖𝑙(𝐴), 𝑓(𝑎) + 𝑘 ∊ 𝐽(𝑓(𝐴) + 𝐾). 

Proof: (1), (2) and (4) are Farshad et al. (2021) (Lemma 2.5 and Lemma 2.15). 

(3) We have the natural projections 𝜋𝐴: 𝐴 ⋈
𝑓 𝐾 → 𝐴 defined by 𝜋𝐴(𝑎, 𝑓(𝑎) + 𝑘) = 𝑎 and 𝜋𝐵: 𝐴 ⋈

𝑓 𝐾 → 𝐵  

defined by 𝜋𝐵(𝑎, 𝑓(𝑎) + 𝑘) = 𝑓(𝑎) + 𝑘 by D’Anna et al. (2009) (Proposition 5.1). Hence desired canonical 

isomorphisms hold.∎ 

For 𝑛 ∊ ℤ, we consider the following notions adapted by Koşan et al. (2020). 

𝒰𝑛(𝑅) = {𝑢
𝑛−1: 𝑢 ∈ 𝑈(𝑅)} ⊆ 𝑈(𝑅) 

𝒱𝑛(𝑅) = {𝑢 ∊ 𝑈(𝑅): 𝑢
𝑛−1 ∊ 1 + 𝐽(𝑅)} 
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By using above notation, we have 

𝒰𝑛(𝐴 ⋈
𝑓 𝐾) = {(𝑢𝑛−1, (𝑓(𝑢) + 𝑘)𝑛−1): 𝑢 ∊ 𝑈(𝐴), 𝑓(𝑢) + 𝑘 ∊ 𝑈(𝑓(𝐴) + 𝐾)} 

and 

𝒱𝑛(𝐴 ⋈
𝑓 𝐾) = {(𝑢, 𝑓(𝑢) + 𝑘) ∊ 𝑈(𝐴 ⋈𝑓 𝐾): (𝑢𝑛−1, (𝑓(𝑢) + 𝑘)𝑛−1) ∊ (1,1) + 𝐽(𝐴 ⋈𝑓 𝐾)}. 

Lemma 2.2. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵. 

(1) 𝒰𝑛(𝐴 ⋈
𝑓 𝐾) ⊆ 𝑈(𝐴 ⋈𝑓 𝐾) 

(2) If 𝐴 and 𝐵 are commutative rings, then 𝒰𝑛(𝐴 ⋈
𝑓 𝐾) and 𝒱𝑛(𝐴 ⋈

𝑓 𝐾) are subgroups of 𝑈(𝐴 ⋈𝑓 𝐾). 

(3) If 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring, then 𝒱𝑛(𝐴 ⋈
𝑓 𝐾) = 𝑈(𝐴 ⋈𝑓 𝐾) and hence 𝒰𝑛(𝐴 ⋈

𝑓 𝐾) ⊆ (1,1) +

𝐽(𝐴 ⋈𝑓 𝐾). 

(4) An amalgamated ring 𝐴 ⋈𝑓 𝐾 is ∞­𝑈𝐽-ring if and only if ⋃ 𝒱𝑛(𝐴 ⋈
𝑓 𝐾)𝑛∈ℕ = 𝑈(𝐴 ⋈𝑓 𝐾). 

(5) If the amalgamated ring 𝐴 ⋈𝑓 𝐾 is 𝑛­𝑈𝐽-ring such that (𝑛 − 1, 𝑛 − 1) ∊ 𝑈(𝐴 ⋈𝑓 𝐾) then 

𝑁𝑖𝑙(𝐴 ⋈𝑓 𝐾) ⊆ 𝐽(𝐴 ⋈𝑓 𝐾). 

Proof: They are obvious.∎ 

Proposition 2.3. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵, 

and 𝑛,𝑚 ∊ ℕ, 𝑛,𝑚 > 1. 

(1) If the amalgamated ring 𝐴 ⋈𝑓 𝐾 is 𝑛­𝑈𝐽-ring, then (2,2) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) if 𝑛 is an even number. 

(2) If the amalgamated ring 𝐴 ⋈𝑓 𝐾 is 𝑛­𝑈𝐽-ring and 𝑛 − 1 divides 𝑚 − 1, then 𝐴 ⋈𝑓 𝐾 is an 𝑚­𝑈𝐽-ring. 

Proof: (1) We assume that 𝑛 is an even number and 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring. Then 

(−1,−1) = ((−1)(𝑛−1), (−1)(𝑛−1)) ∊ (1,1) + 𝐽(𝐴 ⋈𝑓 𝐾) 

which implies that (2,2) ∊ 𝐽(𝐴 ⋈𝑓 𝐾). 

(2) Since 𝑛 − 1 divides 𝑚 − 1, we get 𝒱𝑛 ⊆ 𝒱𝑚 which implies that 𝐴 ⋈𝑓 𝐾 is an 𝑚­𝑈𝐽-ring by Lemma 2.2 

(3). ∎ 

Theorem 2.4. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵. 

(1) If 𝐴 and 𝑓(𝐴) + 𝐾 are 𝑛­𝑈𝐽-rings (respectively, ∞­𝑈𝐽-rings), then 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring 

(respectively, ∞­𝑈𝐽-ring). 

(2) Let 𝑓: 𝐴 → 𝐵 be a ring monomorphism and 𝑓−1(𝐾) ⊆ 𝐽(𝐴) an ideal. If 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring, then 

𝐴 and 𝑓(𝐴) + 𝐾 are 𝑛­𝑈𝐽-rings. 

Proof: (1) Let (𝑢, 𝑓(𝑢) + 𝑘) ∊ 𝑈(𝐴 ⋈𝑓 𝐾). By Lemma 2.1 (1), we have 𝑢 ∊ 𝑈(𝐴) and 𝑓(𝑢) + 𝑘 ∊

𝑈(𝑓(𝐴) + 𝐾). Since 𝐴 and 𝑓(𝐴) + 𝐾 are 𝑛­𝑈𝐽-rings (respectively, ∞­𝑈𝐽-rings), we obtain that 1 − 𝑢𝑛−1 ∊
𝐽(𝐴) which implies 𝑢 − 𝑢𝑛 ∊ 𝐽(𝐴) and 𝑓(𝑢𝑛−1) + 𝑘 − 1 ∊ 𝐽(𝑓(𝐴) + 𝐾). Hence (𝑢𝑛−1, 𝑓(𝑢𝑛−1) + 𝑘) −
(1,1) ∊ 𝐽(𝐴 ⋈𝑓 𝐾). Therefore 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring. 
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(2) Let 𝐴 ⋈𝑓 𝐾 be an 𝑛­𝑈𝐽-ring. By Koşan et al. (2020) (Proposition 2.9 (1)), 𝐴 and 𝑓(𝐴) + 𝐾 are 𝑛­𝑈𝐽-rings 

because 
A⋈f𝐾

0×K
⋍ 𝐴 and 

A⋈f𝐾

f−1(𝐾)×0
⋍ 𝑓(𝐴) + 𝐾 by Lemma 2.1 (3). ∎ 

Let 𝐼 ⊆ 𝐽(𝑅) be an ideal of 𝑅. By Koşan et al. (2020) (Proposition 2.9 (1)), 𝑅 is an 𝑛­𝑈𝐽-ring if and only if 

𝑅/𝐼 is an 𝑛­𝑈𝐽-ring. 

Corollary 2.5. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵. 

(1) If 𝐵 = 𝐾 or 𝑓: 𝐴 → 𝐵 is an epimorphism, then 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring if and only if 𝐴 and 𝐵 are 𝑛­𝑈𝐽-
rings, since in this case 𝐴 ⋈𝑓 𝐾 = 𝐴 × 𝐵. 

(2) If 𝑓−1(𝐾) = 0, then 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring if and only if 𝑓(𝐴) + 𝐾 is an 𝑛­𝑈𝐽-ring (by Lemma 2.1 

(3) and Koşan et al., 2020; Proposition 2.9 (1)). 

(3) If 𝐾 = 0, then 𝐴 ⋈𝑓 𝐾 is an 𝑛­𝑈𝐽-ring if and only if 𝐴 is an 𝑛­𝑈𝐽-ring (by Lemma 2.1 (3) and Koşan 

et al., 2020; Proposition 2.9 (1)). 

Theorem 2.6. Let 𝑅 be a ring and let 𝑀 be an (𝑅, 𝑅) bimodule. 𝑅 is an 𝑛­𝑈𝐽-ring if and only if the trivial 

extension 𝑇(𝑅,𝑀) is an 𝑛­𝑈𝐽-ring. 

Proof: This is proven in Koşan et al. (2020) (Theorem 3.1). ∎ 

Since 𝑈𝐽-rings are 𝑛­𝑈𝐽-rings, we have following theorem. 

Theorem 2.7. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵. 

(1) If 𝐴 and 𝑓(𝐴) + 𝐾 are 𝑈𝐽-rings, then 𝐴 ⋈𝑓 𝐾 is a 𝑈𝐽-ring. 

(2) Let 𝑓: 𝐴 → 𝐵 be a ring monomorphism and 𝑓−1(𝐾) ⊆ 𝐽(𝐴) an ideal. If 𝐴 ⋈𝑓 𝐾 is a 𝑈𝐽-ring, then 𝐴 

and 𝑓(𝐴) + 𝐾 are 𝑈𝐽-rings. 

In Theorem 2.7, the assumption “𝑓−1(𝐾) ⊆ 𝐽(𝐴)” is not superflous because if we can take 𝐴 = 𝐵 = ℤ4 × ℤ4, 

𝐾 = 0 × 2ℤ4 ⊆ 𝐽(𝐵) = 2ℤ4 × 2ℤ4 and a ring homomorphism 𝑓: 𝐴 → 𝐵 defined by 𝑓((𝑎, 𝑏)) = (0, 𝑎). Then 

𝑓−1(𝐾) = 2ℤ4 × ℤ4 ⊈ 𝐽(𝐴) = 2ℤ4 × 2ℤ4. 

Corollary 2.7. We have the following statements for the amalgamated ring 𝐴 ⋈𝑓 𝐾 of the rings 𝐴 and 𝐵. 

(1) If 𝐵 = 𝐾 or 𝑓: 𝐴 → 𝐵 is an epimorphism, then 𝐴 ⋈𝑓 𝐾 is a 𝑈𝐽-ring if and only if 𝐴 and 𝐵 are 𝑈𝐽-
rings, since in this case 𝐴 ⋈𝑓 𝐾 = 𝐴 × 𝐵. 

(2) If 𝑓−1(𝐾) = 0, then 𝐴 ⋈𝑓 𝐾 is a 𝑈𝐽-ring if and only if 𝑓(𝐴) + 𝐾 is a 𝑈𝐽-ring (by Lemma 2.1 (3) and 

Koşan et al., 2018; Proposition 2.3 (5)). 

If 𝐾 = 0, then 𝐴 ⋈𝑓 𝐾 is a 𝑈𝐽-ring if and only if 𝐴 is a 𝑈𝐽-ring (by Lemma 2.1 (3) and Koşan et al., 2018; 

Proposition 2.3 (5)). 
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3. EXAMPLES 

Example 3.1. Let 𝐴 = ℤ6, 𝐵 = ℤ3 × ℤ3, 𝐾 = 0 × ℤ3 and 𝑓: 𝐴 → 𝐵 defined by 

𝑓(0) = 𝑓(3) = (0,0), 𝑓(1) = 𝑓(4) = (1,1), and 𝑓(2) = 𝑓(5) = (2,2). 

Clearly, 

𝑓(𝐴) + 𝐾 = {(0,0), (0,1), (0,2), (1,1), (1,2), (1,0), (2,2), (2,0), (2,1)}, 

𝐴 ⋈𝑓 𝐾 = {(0, (0,0)), (0, (0,1)), (0, (0,2)), (1, (1,1)), (1, (1,2)), (1, (1,0)), 

(2, (2,2)), (2, (2,0)), (2, (2,1)), (3, (0,0)), (3, (0,1)), (3, (0,2)), 

(4, (1,1)), (4, (1,2)), (4, (1,0)), (5, (2,2)), (5, (2,0)), (5, (2,1))} 

and 

𝑈(𝐴 ⋈𝑓 𝐾) = {(1, (1,1)), (1, (1,2)), (5, (2,2)), (5, (2,1))}, 

𝐽(𝐴 ⋈𝑓 𝐾) = {(0, (0,0)), (0, (0,1)), (4, (1,1)), (4, (1,0))}. 

If we compute 𝑢 − 𝑢𝑛 for 𝑛 = 2, 3, 4; 

𝑢 − 𝑢2 = (1, (1,1)) − (1, (1,1)) = (0, (0,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢2 = (1, (1,2)) − (1, (1,1)) = (0, (0,1)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢2 = (5, (2,2)) − (1, (1,1)) = (4, (1,1)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢2 = (5, (2,1)) − (1, (1,1)) = (4, (1,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢3 = (1, (1,1)) − (1, (1,1)) = (0, (0,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢3 = (1, (1,2)) − (1, (1,2)) = (0, (0,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢3 = (5, (2,2)) − (5, (2,2)) = (0, (0,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢3 = (5, (2,1)) − (5, (2,1)) = (0, (0,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢4 = (1, (1,1)) − (1, (1,1)) = (0, (0,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢4 = (1, (1,2)) − (1, (1,1)) = (0, (0,1)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢4 = (5, (2,2)) − (1, (1,1)) = (4, (1,1)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

𝑢 − 𝑢4 = (5, (2,1)) − (1, (1,1)) = (4, (1,0)) ∊ 𝐽(𝐴 ⋈𝑓 𝐾) 

If we continue in a similar way, we get (𝑢 − 𝑢𝑛) ∊ 𝐽(𝐴 ⋈𝑓 𝐾). 

Example 3.2. Let 𝐴 = ℤ6, 𝐵 = ℤ3 × ℤ3, 𝐾 = 0 × ℤ3 and 𝑓: 𝐴 → 𝐵 defined as follow, 

𝑓(0) = 𝑓(3) = (0,0), 𝑓(1) = 𝑓(4) = (1,1), and 𝑓(2) = 𝑓(5) = (2,2). 
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Clearly, 𝑈(𝐴) = {1,5}, 𝐼𝑑(𝐴) = {0,1,3,4}. Let 𝐾 = {(0,0), (0,1), (0,2)}. Then, 

𝑅 = 𝐴 ⋈𝑓 𝐾 = {(0, (0,0)), (0, (0,1)), (0, (0,2)), (1, (1,1)), (1, (1,2)), (1, (1,0)), 

(2, (2,2)), (2, (2,0)), (2, (2,1)), (3, (0,0)), (3, (0,1)), (3, (0,2)), 

(4, (1,1)), (4, (1,2)), (4, (1,0)), (5, (2,2)), (5, (2,0)), (5, (2,1))}. 

So, 

𝑈(𝑓(𝐴)) + 𝐾 = {(1,1), (1,2), (2,2), (2,1)} 

𝑈(𝐴 ⋈𝑓 𝐾) = {(1, (1,1)), (1, (1,2)), (5, (2,2)), (5, (2,1))} 

𝐼𝑑(𝐴 ⋈𝑓 𝐾) = {(0, (0,0)), (0, (0,1)), (1, (1,1)), (1, (1,0)), 

(3, (0,0)), (3, (0,1)), (4, (1,1)), (4, (1,0))} 

𝑓(𝐴) + 𝐾 = {(0,0), (0,1), (0,2), (1,1), (1,2), (1,0), (2,2), (2,0), (2,1)} 

𝑓(𝑈(𝐴)) + 𝐾 = {(1,1), (1,2), (1,0), (2,2), (2,0), (2,1)} 

and 𝑥(𝑓(𝐴) + 𝐾) = 𝑦(𝑓(𝐴) + 𝐾) then (2,0)(𝑓(𝐴) + 𝐾) = (1,0)(𝑓(𝐴) + 𝐾). However, 

(2,0) ≠ (1,0). (1,2) 

(i.e 𝑥 ≠ 𝑦𝑢). By Koşan et al. (2018) (Corollary 2.5), 𝐴 = ℤ6 is a 𝑈𝐽-ring but we can easily see that 𝑓(𝐴) + 𝐾 

is not a 𝑈𝐽-ring, and so 𝑅 = 𝐴 ⋈𝑓 𝐾 is not a 𝑈𝐽-ring. 

4. J-CLEANESS 

Let 𝑀 = (𝑀𝑖)𝑖=1
𝑛  be a family of 𝑅-modules and 𝜑 = {𝜑𝑖,𝑗} 𝑖+𝑗≤𝑛

1≤𝑖,𝑗≤𝑛−1

 be a family of bilinear maps such that 

each 𝜑𝑖,𝑗 is written multiplicatively: 

𝜑𝑖,𝑗:𝑀𝑖 ×𝑀𝑗 ⟶ 𝑀𝑖+𝑗 

                                      (𝑚𝑖, 𝑚𝑗) ⟼ 𝜑𝑖,𝑗(𝑚𝑖, 𝑚𝑗): = 𝑚𝑖𝑚𝑗 

In particular, if all 𝑀𝑖 are submodules of the same 𝑅-algebra 𝐿, then the bilinear maps, if they are not specified, 

are just the multiplication of 𝐿 (see examples in Anderson et al. (2017) (Section 2)). The 𝑛­𝜑-trivial extension 

of 𝑅 by 𝑀 is the set denoted by 𝑅 ⋉𝜑 𝑀1 ⋉⋯⋉𝑀𝑛 or simply 𝑅 ⋉𝜑 𝑀 whose underlying additive group is 

𝑅⊕𝑀1⊕⋯⊕𝑀𝑛 with multiplication given by 

(𝑚0, … ,𝑚𝑛)(𝑚0
′ , … ,𝑚𝑛

′ ) = ( ∑ 𝑚𝑗𝑚𝑘′

𝑗+𝑘=𝑖

) 

for all (𝑚𝑖), (𝑚𝑖′) ∊ 𝑅 ⋉𝜑 𝑀.  

We could also define the product 𝜑𝑖,𝑗:𝑀𝑖 ×𝑀𝑗 ⟶ 𝑀𝑖+𝑗 as an 𝑅-bimodule homomorphism 𝜑̃𝑖,𝑗:𝑀𝑖⨂𝑀𝑗 →

𝑀𝑖+𝑗; see Anderson et al. (2017) (Section 2) for details.  
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For the sake of simplicity, it is convenient to set 𝑀0 = 𝑅. In what follows, if no ambiguity arises, the 𝑛­𝜑-

trivial extension of 𝑅 by 𝑀 will be simply called an 𝑛­𝜑-trivial extension of 𝑅 by 𝑀 and denoted by 𝑅 ⋉𝑛 𝑀1 ⋉
… ⋉ 𝑀𝑛 or simply 𝑅 ⋉𝑛 𝑀. Morever, 𝑅 ⋉𝜑 𝑀 is naturally isomorphic to the subring of the generalized 

triangular matrix ring 

(

 
 

𝑅 𝑀1 𝑀2 ⋯ 𝑀𝑛
0 𝑅 𝑀1 ⋯ 𝑀𝑛−1
⋮ ⋱ ⋱ ⋱ ⋮
0 0 0 ⋯ 𝑀1
0 0 0 ⋯ 𝑅 )

 
 

 

consisting of matrices 

(

 
 

𝑟 𝑚1 𝑚2 ⋯ 𝑚𝑛
0 𝑟 𝑚1 ⋯ 𝑚𝑛−1
⋮ ⋱ ⋱ ⋱ ⋮
0 0 0 ⋯ 𝑚1
0 0 0 ⋯ 𝑟 )

 
 

 

where 𝑟 ∊ 𝑅 and 𝑚𝑖 ∊ 𝑀𝑖 for every 𝑖 ∊ {1, … , 𝑛}. Any 𝑛­𝜑-trivial extension 𝑅 ⋉𝜑 𝑀1 ⋉… ⋉𝑀𝑛 can be seen 

as the amalgamation of 𝑅 with 𝑅 ⋉𝜑 𝑀1 ⋉… ⋉ 𝑀𝑛 along 0 ⋉𝜑 𝑀1 ⋉… ⋉ 𝑀𝑛 with respect to the canonical 

injection (Anderson et al., 2017). 

Proposition 4.1. If all clean element of 𝐴 and 𝑓(𝐴) + 𝐾 are 𝐽-clean, then 𝐴 ⋈𝑓 𝐾 is a 𝑈𝐽-ring. 

Proof: 𝑥 = (𝑢, 𝑓(𝑢) + 𝑘) which implies 𝑢 ∊ 𝑈(𝐴) and 𝑓(𝑢) + 𝑘 ∊ 𝑈(𝑓(𝐴) + 𝐾). 𝑥 = (𝑢, 𝑓(𝑢) + 𝑘) is a 

clean element of 𝐴 ⋈𝑓 𝐾. Again 𝑢 is a clean element of 𝐴 and 𝑓(𝑢) + 𝑘 is a clean element of 𝑓(𝐴) + 𝐾 by 

Farshad et al. (2021) (Lemma 2.5 (2)). By hypothesis 𝑢 and 𝑓(𝑢) + 𝑘 are 𝐽-clean of 𝐴 and 𝑓(𝐴) + 𝐾 

respectively. Hence 𝑢 = 𝑒1 + 𝑗1 where 𝑒1 ∊ 𝐼𝑑(𝐴) and 𝑗1 ∊ 𝐽(𝐴). 𝑓(𝑢) + 𝑘 = 𝑒2 + 𝑗2 where 𝑒2 ∊ 𝐼𝑑(𝑓(𝐴) +
𝐾) and 𝑗2 ∊ 𝐽(𝑓(𝐴) + 𝐾). Since 1 = 𝑒1𝑢

−1 + 𝑗1𝑢
−1 we obtain that 𝑒1𝑢

−1 = 1 − 𝑗1𝑢
−1 is a unit of 𝐴. Hence 

𝑒1 = 1 which implies that 𝑢 = 𝑒1 + 𝑗1 = 1 + 𝑗1. Similarly, we get that (𝑓(𝑢) + 𝑘)−1 is a unit of 𝑓(𝐴) + 𝐾 

and hence 𝑒2 = 1. 𝑥 = (𝑢, 𝑓(𝑢) + 𝑘) = (𝑒1 + 𝑗1, 𝑒2 + 𝑗2) = (1 + 𝑗1, 1 + 𝑗2). ∎ 

Corollary 4.2. If 𝐴 and 𝑓(𝐴) + 𝐾 are 𝐽-clean rings, then 𝐴 ⋈𝑓 𝐾 is a clean 𝑈𝐽-ring. 

ACKNOWLEDGEMENT  

We would like to thank the referees for their valuable comments and suggestions to improve the article.  

CONFLICT OF INTEREST  

The authors declare no conflict of interest. 

REFERENCES 

Anderson, D. D., Bennis, D., Fahid, B., & Shaiea, A. (2017). On n-trivial extension of rings. Rocky Mountain 

J. Math., 47(8), 2439-2511. doi:10.1216/RMJ-2017-47-8-2439 

Calugareanu, G. (2015). UU rings. Carpathian J. Math., 31(2), 157-163. doi:10.37193/CJM.2015.02.02 

Chen, H. (2010). On strongly J-clean rings. Communications in Algebra, 38(10), 3790-3804. 

doi:10.1080/00927870903286835 

D’Anna, M., Finocchiaro, C. A., & Fontana, M. (2009). Amalgamated algebras along an ideal. In: M. Fontana, 

S-E. Kabbaj, B. Olberding & I. Swanson (Eds.), Commutative Algebra and Its Applications, Proceedings of 

the Fifth International Fez Conference on Commutative Algebra and Applications, Morocco, June 23-28, 

2008, (pp. 155-172), De Gruyter, Berlin. doi:10.1515/9783110213188.155 

https://doi.org/10.1216/RMJ-2017-47-8-2439
https://www.carpathian.cunbm.utcluj.ro/article/uu-rings/
https://doi.org/10.1080/00927870903286835
https://doi.org/10.1515/9783110213188.155


119 
Esra MEMİŞOĞULLARINDAN, Tufan ÖZDİN 

GU J Sci, Part A, 9(2): 112-119 (2022) 
 

 

Diesl, A. J. (2013). Nil clean rings. Journal of Algebra, 383, 197-211. doi:10.1016/j.jalgebra.2013.02.020 

Farshad, N., SafariSabet, S. A., & Moussavi, A. (2021). Amalgamated rings with clean-type properties. 

Hacettepe J. Mathematics and Statistics, 50(5), 1358-1370. doi:10.15672/hujms.676342 

Koşan, M. T., Leroy, A., & Matczuk, J. (2018). On UJ-rings. Communications in Algebra, 46(5), 2297-2303. 

doi:10.1080/00927872.2017.1388814 

Koşan, M. T., Quynh, T. C., & Yildirim, T. (2020). Rings such that, for each unit 𝑢, 𝑢 − 𝑢𝑛 belongs to the 

Jacobson radical. Hacettepe J. Mathematics and Statistics, 49(4), 1397-1404. doi:10.15672/hujms.542574 

Nicholson, W. K. (1977). Lifting idempotents and exchange rings. Trans. Amer. Math. Soc., 229, 269-278. 

doi:10.1090/S0002-9947-1977-0439876-2 

https://doi.org/10.1016/j.jalgebra.2013.02.020
https://doi.org/10.15672/hujms.676342
https://doi.org/10.1080/00927872.2017.1388814
https://doi.org/10.15672/hujms.542574
https://doi.org/10.1090/S0002-9947-1977-0439876-2

