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1. INTRODUCTION

In this article all rings are associative with nonzero identity elements. For a ring R, the Jacobson radical, the
set of nilpotent elements and the set of unit elements of R are denoted by J(R), Nil(R) and U(R) with
respectively.

Let 4, B be rings, K be an ideal of B and f: A — B a ring homomorphism. We consider the following subring
of A X B:

AxfK={@f(a)+k) la€eAkeK}
which is called the amalgamation of A with B along K with respect to f (D’Anna et al., 2009).

In Farshad et al. (2021), the authors studied UU-rings (if U(R) = 1 + Nil(R) i.e., rings whose units are
unipotent (Calugareanu, 2015) and clean like features of the amalgamation ring A =/ K as the followings:

(1) If Aand f(A) + K are UU-rings, then A «/ K is UU-ring. (Farshad et al., 2021; Theorem 3.2 (1));

(2) If A =/ K isa UU-ring, then A is a UU-ring (Farshad et al., 2021; Theorem 3.2 (2)).

(3) If A=/ K is a nil-clean ring, then A and f(A) + K are nil-clean rings (Farshad et al., 2021;
Proposition 2.7 (1)) where aring R is clean if each element of R is a sum of a unit and an idempotent

in R (Nicholson, 1977), and R is nil-clean if each element of R is a sum of a nilpotent and an
idempotent in R (Diesl, 2013);
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(4) If Ais nil-clean ring and K < Nil(B), then A =/ K is a nil-clean ring (Farshad et al., 2021; Theorem
2.10 (2)).

(5) If A =/ K isaJ-clean ring, then A and f(A) + K are J-clean rings (Farshad et al., 2021; Proposition
2.16 (1)) where a ring R is J-clean if each element of R is a sum of an idempotent and an element
from J(R) (Chen, 2010).

(6) If AisJ-cleanring and K c Nil(B), then A =/ K is J-clean (Farshad et al., 2021; Theorem 2.18 (1)).

The main propose of the president paper is to examine UJ, n-UJ and J-clean properties of the amalgamation
ring A =/ K. Here,

e RissaidtobeaUJ-ringif U(R) =1+ J(R) (Kosan et al., 2018);

e Risissaidtobeann-UJ-ringifu —u™ € J(R) foreachu € U(R) where n > 1 is a fixed integer and
R is said to be an co-UJ-ring if for each u € U(R) there exist n > 1 such that u — u™ € J(R) (Kosan
et al., 2020)

Notice that every UJ-ring with nil Jacobson radical is UU-rings and R is a UJ-ring if and only if all clean
elements of R are J-clean (Kosan et al., 2018; Proposition 4.1); every UJ-rings are n-UJ-rings and hence co-UJ-
rings.

We denote by Z and Z,, respectively, the ring of integers and the ring of integers modulo n for a positive
integer n.

2. RESULTS

Firstly, we start to with the following useful lemma which is about the general properties of the set of units
and Jacobson radical in an amalgamated ring.

Lemma 2.1. We have the following statements for the amalgamated ring A =/ K of the rings A and B.
(D) U(Aw K)=(uf+k) lueU@),fw +keU(FfA)+K).

(2 J(Ax K)=(a,f(@+k)lacUA),f(a)+ke](f(A)+K).

Axfk Axfk
(3) oxK = A and m:f(A)+K

(4) Nil(A %/ K) = (a,f(a) +k) | aeNil(A),f(a) + k € J(f(A) + K).
Proof: (1), (2) and (4) are Farshad et al. (2021) (Lemma 2.5 and Lemma 2.15).
(3) We have the natural projections m,: A x/ K — A defined by m4(a, f(a) + k) =aand ng: A x/ K - B
defined by gz (a, f(a) + k) = f(a) + k by D’Anna et al. (2009) (Proposition 5.1). Hence desired canonical
isomorphisms hold.m
For n € Z, we consider the following notions adapted by Kosan et al. (2020).

U,(R) ={u"L:ue UR)} S U(R)

V,(R)={ueUR):u"1el+J(R)}
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By using above notation, we have
Un(A >/ K) = (", (F) + )" ):u € U(A), f(u) + k € U(F(A) + K)}
and
Va(A xS K) ={(w f(w) +k) e U(A =/ K): @, (Fw) + k)" ) € (1,1) + (A =/ K)}.
Lemma 2.2. We have the following statements for the amalgamated ring A =/ K of the rings A and B.
(1) Up(AxS K) cU(A =/ K)
(2) If Aand B are commutative rings, then U, (A «/ K) and v, (4 =/ K) are subgroups of U(4 =/ K).

(3) If A/ K is an n-UJ-ring, then V,(A x/ K) = U(A =/ K) and hence U,(4 x/ K) < (1,1) +
J(A xS K).

(4) Anamalgamated ring 4 </ K is co-UjJ-ring if and only if U,eny Vy (4 ®/ K) = U(A =/ K).

(5) If the amalgamated ring A e/ K is n-Uj-ring such that (n—1,n—1) e U(A =/ K) then
Nil(A =/ K) € J(A «/ K).

Proof: They are obvious.m

Proposition 2.3. We have the following statements for the amalgamated ring A =/ K of the rings A and B,
andn,me N, n,m > 1.

(1) If the amalgamated ring A </ K is n-UJ-ring, then (2,2) € J(A =/ K) if n is an even number.
(2) If the amalgamated ring A =/ K isn-Uj-ring and n — 1 dividesm — 1, then A =/ K is an m-UJ-ring.
Proof: (1) We assume that n is an even number and A x/ K is an n-UJ-ring. Then
(-1,-1) = (D™, (-1D® V) e (1,1) + /(A xS K)
which implies that (2,2) € /(4 x/ K).

(2) Since n — 1 divides m — 1, we get V,, € V,,, which implies that A =/ K is an m-UJ-ring by Lemma 2.2
(3). m

Theorem 2.4. We have the following statements for the amalgamated ring A =/ K of the rings A and B.

(1) If A and f(A) +K are n-UJ-rings (respectively, oo-UJ-rings), then A x/ K is an n-UJ-ring
(respectively, co-UJ-ring).

(2) Let f: A — B be aring monomorphism and f~1(K) € J(A) an ideal. If A x/ K is an n-UJ-ring, then
Aand f(A) + K are n-UJ-rings.

Proof: (1) Let (u,f(w)+k)eU(Ax/ K). By Lemma 2.1 (1), we have u e U(4) and f(u) +k €
U(f(A) + K). Since A and f(A) + K are n-UJ-rings (respectively, co-UJ-rings), we obtain that 1 — u"™"1 €
J(A) which implies u —u™ € J(4) and f(w™ ) +k—1€J(f(4) +K). Hence (u™ %, fw™ 1) +k)—
(1,1) € J(A =/ K). Therefore A x/ K is an n-UJ-ring.
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(2) Let A =/ K be an n-UJ-ring. By Kosan et al. (2020) (Proposition 2.9 (1)), 4 and f(A) + K are n-UJ-rings

Axfk
= f(A) + Kby Lemma2.1(3). m

Axfk
because W = A and m

Let I € J(R) be an ideal of R. By Kosan et al. (2020) (Proposition 2.9 (1)), R is an n-UJ-ring if and only if
R/I is an n-UJ-ring.

Corollary 2.5. We have the following statements for the amalgamated ring A =/ K of the rings 4 and B.

(1) If B = K or f: A — B isan epimorphism, then A =/ K is an n-UJ-ring if and only if A and B are n-UJ-
rings, since in this case A x/ K = A x B.

(2) If f71(K) = 0, then A =/ K is an n-UJ-ring if and only if f(4) + K is an n-UJ-ring (by Lemma 2.1
(3) and Kosan et al., 2020; Proposition 2.9 (1)).

(3) IfK = 0, then A =/ K is an n-UJ-ring if and only if 4 is an n-UJ-ring (by Lemma 2.1 (3) and Kosan
et al., 2020; Proposition 2.9 (1)).

Theorem 2.6. Let R be aring and let M be an (R, R) bimodule. R is an n-UJ-ring if and only if the trivial
extension T(R, M) is an n-UJ-ring.

Proof: This is proven in Kosan et al. (2020) (Theorem 3.1). m

Since UJ-rings are n-UJ-rings, we have following theorem.

Theorem 2.7. We have the following statements for the amalgamated ring A =/ K of the rings 4 and B.
(1) If Aand f(A) + K are UJ-rings, then A =/ K is a UJ-ring.

(2) Let f: A — B be aring monomorphism and f~*(K) < J(A) an ideal. If A x/ K is a UJ-ring, then A
and f(A) + K are UJ-rings.

In Theorem 2.7, the assumption “f ~1(K) € J(A)” is not superflous because if we can take A = B = Z, X Z,,
K =0x2Z, S J(B) = 2Z4 X 2Z, and a ring homomorphism f: A — B defined by f((a, b)) = (0,a). Then
f_l(K) = ZZ4 X Z4 .¢_](A) = ZZ4 X ZZ4

Corollary 2.7. We have the following statements for the amalgamated ring A =/ K of the rings 4 and B.

(1) If B=K or f:A — B is an epimorphism, then A x/ K is a UJ-ring if and only if A and B are UJ-
rings, since in this case A x/ K = A x B.

(2) If f~1(K) = 0,then A =/ K is a UJ-ring if and only if f(A) + K is a UJ-ring (by Lemma 2.1 (3) and
Kosan et al., 2018; Proposition 2.3 (5)).

If K = 0, then A =/ K is a UJ-ring if and only if 4 is a UJ-ring (by Lemma 2.1 (3) and Kosan et al., 2018;
Proposition 2.3 (5)).
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3. EXAMPLES
Example 3.1. Let A = Z¢, B = Z3 X Z3, K = 0 X Z5 and f: A — B defined by

f(0) =f(3)=(0,0), f(1) = f(4 = (1,1),and f(2) = f(5) = (2,2).

Clearly,
fA) + K ={(0,0),(0,1),(0,2),(1,1),(1,2),(1,0), (2,2),(2,0), (2,1},
Awl K ={(0,(0,0)),(0,(0,1),(0,(0,2)),(1,(1,1)),(1,(1,2)),(1,(1,0)),
(2,(2,2)),(2,(20)),(2,(2,1)),(3,(0,0)),(3,(0,1D),(3,(0,2)),
(4,(1,1),(4(1,2)),(4(1,0)),(5 (2,2), (5 (2,0)), (5 21)}
and

u(A = K) ={(1,1,D0)(1,12)(522) 5 210)
J(A ! k) ={(0,00,0)),(0,(0,1)), (4 (1,1), (4, (1,0))}.

If we compute u — u™ for n = 2,3,4;
u—u?=(1,1,D) - (1,1D) = (0,(0,0) € J(4 =/ K)
u—u?=(1,(1,2)) - (1,1D) = (0,(0,1)) € J(4 =/ K)
u-u?=(5(22) - (1L 1D) = (4 1,D) € J(4 =/ K)
u—u? = (5,(21) - (1,1,D) = (4,(1,0) e J(4 = K)
u—u®=(1,1D)-(1,11)=(0,0,0)ej(4 = K)
u—-u?=(1,(1,2) - (1,(1,2)) = (0,(0,0)) € J(4 =/ K)
u—ud = (522) - (522) = (0,(0,0)) € J(4 = K)
u—u? = (5,21) - (521) = (0,(0,0)) € J(4 = K)
u—ut=(1,1,D) - (1,1D) = (0,0,0) € J(4 =/ K)
u—ut=(1,(1,2)) - (1,@D) = (0,(0,1)) € J(4 =/ K)
u—ut=(522)-(1L,1D) = (4 (1LD) € J(4 = K)
u—ut=(5021)-(1L,0D) = (4 (1,0) € J(4 =/ K)

If we continue in a similar way, we get (u — u™) € (A x/ K).

Example 3.2. Let A = Z¢, B =73 X Z3, K = 0 X Z3 and f: A — B defined as follow,

f(0) =f(3)=(0,0), f(1) = f(4) = (1,1),and f(2) = f(5) = (2,2).
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Clearly, U(4) = {1,5}, Id(4) = {0,1,3,4}. Let K = {(0,0), (0,1), (0,2)}. Then,
R=4Ax/ K ={(0,000)),(0,(0,1)),(0,(0,2)),(1,(1,1)),(1,(1,2)),(1,(1,0)),
(2,(22)),(2,(20)),(2,(21)),(3,(0,0)),(3,(0,1)),(3,(0,2)),
(4,(1,1)),(4(1,2),(4 (1,0)),(5,(2,2), (5 (2,0)), (5 (2.D)}.
So,
U(f() + K ={(1,1),(1,2),(22), (2,1)}
U(Aw=/ K)={(1,11),(1,(12),(522),(5 D)}
1d(A =/ K) = {(0,(0,0)),(0,(0,1)), (1, (1,1),(1,(1,0)),
(3,(0,0)),(3,(0,1)),(4,(1,1)), (4, (1,0))}
fA + K ={(0,0),(0,1),(0,2),(1,1),(1,2), (1,0),(2,2), (2,0), (2,1)}
fUM@) +K = {(1,1),(1,2),(1,0),(2,2),(2,0), (2,1)}
and x(f(A) + K) = y(f(4) + K) then (2,0)(f (4) + K) = (1,0)(f (4) + K). However,
(2,0) # (1,0).(1,2)

(i.e x # yu). By Kosan et al. (2018) (Corollary 2.5), A = Z¢ is a UJ-ring but we can easily see that f(A4) + K
isnot a UJ-ring, and so R = A =/ K is not a UJ-ring.

4. J-CLEANESS
Let M = (M;){~, be a family of R-modules and ¢ = {(pi,j} i+j<n  be a family of bilinear maps such that

1<i,jsn-1
each ¢; ; is written multiplicatively:

@i j: My X Mj — My ;
(mum;) — @i (my, my): = mym
In particular, if all M; are submodules of the same R-algebra L, then the bilinear maps, if they are not specified,

are just the multiplication of L (see examples in Anderson et al. (2017) (Section 2)). The n-¢-trivial extension
of R by M is the set denoted by R x, M; x --- x M, or simply R <, M whose underlying additive group is

R @ M; @ --- @ M, with multiplication given by

(g ), i) = () gy
j¥k=i

for all (m;), (m;") € R <, M.

We could also define the product ¢; j: M; X M; — M, ; as an R-bimodule homomorphism @; ;: M;®M; —
M, j; see Anderson et al. (2017) (Section 2) for details.
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For the sake of simplicity, it is convenient to set My, = R. In what follows, if no ambiguity arises, the n-¢-
trivial extension of R by M will be simply called an n-¢-trivial extension of R by M and denoted by R x,, M; X
.. X My, or simply R x, M. Morever, R x, M is naturally isomorphic to the subring of the generalized
triangular matrix ring

R M1 Mz b Mn
0 R M; - My,
\0 0 0 - M /
0 O 0o - R
consisting of matrices
r om;y my, - my
0O r my - my_4
0 0 0 - m
0 0 o - T

where r € R and m; € M; for every i € {1, ...,n}. Any n-p-trivial extension R <, M; & ... < M, can be seen
as the amalgamation of R with R <, M; X ... X M, along 0 <, M; X ... X M,, with respect to the canonical
injection (Anderson et al., 2017).

Proposition 4.1. If all clean element of A and £(A) + K are J-clean, then A x/ K is a UJ-ring.

Proof: x = (u, f(uw) + k) which implies u e U(A) and f(uw) + ke U(f(A)+K). x = (u,f(u) + k) is a
clean element of A x/ K. Again u is a clean element of A and f(u) + k is a clean element of f(A) + K by
Farshad et al. (2021) (Lemma 2.5 (2)). By hypothesis u and f(u) + k are J-clean of A and f(4) + K
respectively. Hence u = e; + j; where e; € Id(A) and j; € J(A). f(u) + k = e, + j, where e, € Id(f(A) +
K) and j, € J(f(A) + K). Since 1 = e;u™! + j;u~! we obtain that e;u~! = 1 — j;u~! is a unit of A. Hence
e, = 1 which implies that u = e; + j; = 1 + j;. Similarly, we get that (f(u) + k)~1 is a unit of f(4) + K
andhencee, =1.x=(u,f(w)+k)=(e1+j,es+j.) =1 +j;,1+j,). m

Corollary 4.2. If A and f(A) + K are J-clean rings, then A =/ K is a clean UJ-ring.
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