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Abstract

We call a group G belongs to the class of groups S]’,, if for every pd-chief factor A/B of
G, ((A/B),) = 1. In this paper, we investigate the influence of some second maximal
subgroups which are related to non-c,-normal maximal subgroups on the structure of 51/9'
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1. Introduction

All groups considered in this paper will be finite. Our terminology and notation are
standard and can be found in [4,7,12]. For every p € 7(G), |G|, denotes the p-part of
|G| and G’ denotes the derived subgroup of G. We write M < G to express that M is a
maximal subgroup of G. Max(G, H) denotes the set of all maximal subgroups M of G
such that H < M. Following Konovalova and Monakhov et al, we let Max(G) denote
the set of all maximal subgroups of G and Maz,(G) denote the set of all second maximal
subgroups of G. Furthermore, Maz3(G) denotes the set of all strictly second maximal
subgroups of G, i.e., for any M € Max(G,H), H < M.

The study of the embedding properties of subgroups in finite groups is one of the most
fruitful research areas in the Group Theory. In particular, the embedding properties of
maximal and second maximal subgroups tend to give additional information about the
group. In terms of normality, we have that G is nilpotent if and only if every maximal
subgroup of G is normal([7]). Also, if every second maximal subgroup is normal in G, then
G is supersolvable([8]). Various generalizations of normality have been given, and many
parallel results obtained on such topics ([10], [13], [15]). Such as, c-normality, cover and
avoidance properties. In particular, the concept of a c-normal subgroup was introduced
by Wang [15]. And they prove that a group is solvable if and only if every maximal
subgroup is c-normal. As an application, Lv and Li [10] localize the above results and
they prove that a group G is non-p-solvable if and only if there exists a maximal subgroup
is non-c,-normal in G.
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It is an important trend to extend the study of solvable groups to non-solvable groups,
which has attracted the attention of many researchers([3],[9]). In this paper, some charac-
terizations for a non-solvable group are obtained by using properties of the second maximal
subgroups which are related to non-c,-normal maximal subgroups. Consider the following
families of subgroups for a given group G.

Definition 1.1. Let G be a group. We define
Maz®(G) = {M| M <G and M is ¢, — normal in G}
Maz®(G) = {M| M < G and M is not ¢, — normal in G}.

Definition 1.2. Let G be a group. We define
(Maz®) (G) = Maz(G) U {M| M € Maz(G) and P" £ My};
(Maz)(G) = {H| H < M with M € (Maz®)'(G)};
T{(G) = {H| H € (Maz3")'(G),YM € Max(G, H) s.t. Hg = Mg};
T5(G) = {H| H € (Mazy?)(G),YM € Max(G, H) s.t. Hg < Mg};
T13(G) = T1(G) VU T3(G);

X5G) = (Mazs?) (G) N Mazs(G).

In 2021, Gao and Miao [6] defined a class of non-solvable groups S, containing every
group G whose every chief factor A/B satisfies one of the following conditions:
(1) A/B is a p-group; (2) A/B is a p -group; (3) |A/BJ, = p.
As a further and continuation of the above research, we defined a new class of non-
solvable groups S,.

S, ={GI((A/B),) =1, for every G chief factor A/B}.

For example, (A5)2 € Sy, (Ag)3 € S3. Obviously, S, contains S;;. Conversely, the reverse
containment does not hold in general and (Ag)s is a counterexample. Furthermore, S]’J is
a saturated formation and the subgroup of 81/7 is closed.

In this paper, some characterizations for a finite group to belong to S;, are obtained by
using the above classes.

2. Preliminaries

Definition 2.1. [10, Definition 1.2] Let H be a subgroup of a finite group G and let p a
fixed prime dividing the order of G. A subgroup H of G is said to be ¢p-normal in G if
there exists a normal subgroup K of G containing Hg such that G = HK and HNK/Hg
is a p/-group.

Lemma 2.2. [10, Lemma 2.1] Let G be a group, H < G and p € n(G).

(1) If H is c-normal in G, then H is cg-normal in G for each q € w(G);

(2) Let N <G and N < H. Then H is cp-normal in G if and only if H/N is c¢p-normal
in G/N;

(3) Let H < K <G. If H is cp-normal in G, then H is cp-normal in K ;

(4) Every p'-subgroup of G is a cp-normal subgroup of G.

Lemma 2.3. [10, Corollary 3.3] Let G be a group. Then G is p-solvable if and only if
every mazimal subgroup of G is c,-normal in G.

Definition 2.4. [5, Definition 2.1] Let A be a subgroup of a group G and H/K a chief
factor of G. We will say that:

(1) A covers H/K if H < K A;

(2) Aavoids H/K if HN A< K;

(3) A has the cover and avoidance properties in G, in brevity, A is a C'AP-subgroup of
G, if A either covers or avoids every chief factor of G.
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Lemma 2.5. [16, Lemma 2.13] Let H be a second mazimal subgroup of a group G and
X € Max(G, H). Assume that N is a normal subgroup of G such that N < X. If N < H,
then X = HN.

Lemma 2.6. [1, Lemma 2.3.4] Let N be a normal subgroup of a group G. A subgroup H of
a group G is a minimal supplement of N in G if and only if HN = G and HNN < ®(H).

Lemma 2.7. [16, Lemma 2.8] Let N be a normal subgroup of G. A subgroup M of a group
G is a minimal p-supplement of N in G if and only if MN = G and M NN < ®,(M),
where ®,(M) =n{H| H<M, P <H and P € Syl,(M)}.

Lemma 2.8. [2, Theorem 2] Let G be a finite group such that, for all primes p, Ng(P)
1s nilpotent where P is a Sylow p-subgroup of G. Then G is nilpotent.

Lemma 2.9. [11, Theorem 2.4] Let G be a group and H be a second maximal subgroup
of G. If H =1, then G is solvable.

Lemma 2.10. [14, Lemma 4] If P is a Sylowp-subgroup of a group G and N < G such
that PN N < ®(P), then N is p-nilpotent.

3. Main results

Theorem 3.1. Let G be a group. If G ¢ SI/), then T15(G) # 0.

Proof. We may assume that T}5(G) = (). Then for any H € (Mazy") (G), H ¢ Ti5(G).
If G is a simple group, then T}3(G) = (Mazs’) (G) # (), which is absurd. We need only
to consider G is not a simple group.

Let L be a minimal normal subgroup of G. We consider the quotient group G/L.
Then the quotient group G/L plainly satisfies the hypotheses of our theorem and L is the
unique minimal normal subgroup of G. By the Frattini argument, we have G = LNg(Ly).
If N¢(Lp) = G, then L, = L, a contradiction. Hence we may assume that Ng(L,) < G
and thus there exists a maximal subgroup M of G such that Ng(L,) < M and Mg = 1.
We claim that M € (Maz®)'(G). If not, by Definition 2.1, there exists a normal subgroup
K of G such that G = MK and M N K is a p/-group, i.e., L, < MNL<MNK isa
p/-group, a contradiction. By hypothesis, H ¢ T74(G) for any maximal subgroup H of M
and so there exists a maximal subgroup M; € Maxz(G, H) such that Hg < (M1)g. Thus
M, = LH < G by Lemma 2.5. It follows from Lemma 2.6 that M N L < ®(M). Thereby
Np(Lp) = Ng(Lp,)NL < MNL < ®(M) is nilpotent.

For any ¢ € m(L)\ {p}, we have G = LN¢g(L,) and there exists a maximal subgroup M»
of G such that Ng(L,) < My and (Ma)g = 1. If My ¢ (Maz®)'(G), then My € Max® (G)
and P’ < (M3),. Based on Definition 2.1 and the fact that (L,)" < P’ < (Ms),, we deduce
that (L,)" is a p/-group, a contradiction. If My € (Maz®)'(G), then Hy ¢ Ty3(G) for any
Hq < M,. With the similar discussion as above and Lemma 2.5, we can obtain H1L < G.
By Lemma 2.6, MoNL < ®(M3). And so Np,(Lg)is nilpotent. By Lemma 2.8, L is solvable.
Further, G € S}, again a contradiction. O

Corollary 3.2. Let G be a group. If T{3(G) =0, then G € S,,.

Theorem 3.3. Let G be a group. If every subgroup H € T{3(G) is a CAP-subgroup of
G, then G € S),.

Proof. We assume that the result is false and let G be a counterexample with minimal
order. By Corollary 3.2, T{5(G) # (. In particular, G is not a simple group by Definition
2.4 and Lemma 2.9. Let L be a minimal normal subgroup of G and consider the quotient
group G/L. Then it is easy to see that our hypotheses is quotient closed, and so by the
choice of G, we see that G/L € S;,. We can also obtain G = LM, where M is a maximal
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subgroup of G such that Ng(L,) < M and Mg = 1. Obviously, M € (Maz")'(G). Oth-
erwise, we conclude that (L,)" = 1 by Definition 2.1 and (L,)" < P’ < M), a contradiction.
Now we consider the following cases separately.

(1) L, = P < M. For any maximal subgroup H of M with P < H, if H € T{3(G), then
H is a CAP-subgroup of G. Since Mg = 1, it follows that H N L = 1 by Definition 2.4,
which implies that |L|, = 1, a contradiction. If H ¢ T|5(G), then there exists a maximal
subgroup M € Max(G, H) such that Hg < (M1)g. By Lemma 2.5, M; = HL < G.
Based on Lemma 2.7 and the fact that ®,(M) is p-closed, we see that M N L < ®,(M)
and L, char MNL 4 M,i.e., L, I M. We claim that (L,)" = 1. If not, we note that M,y
is a Hall p’-subgroup of M and M,y (L,)" < M. Hence we may pick a maximal subgroup H;
of M such that M, (L,)" < Hi. With the similar discussion as above, we get H; ¢ T13(G).
By Lemma 2.5, H; L = GG, again a contradiction. Therefore, G € S]’D, which is absurd.

(2) L, < P = M. Notice that P possesses a maximal subgroup P; such that L, £ P,
by Lemma 2.10. If P, € T{5(G), then P; is a CAP-subgroup of G. We have either
P L =P, or PLNL =1. However, the former case is impossible and the latter case gives
that |L,| < p, a contradiction. If P; ¢ T{3(G), then there exists a maximal subgroup
My € Max(G, Py) such that (P1)g < (M2)g. By Lemma 2.5, My = PL = G, again a
contradiction.

(3) L, < P < M. In this case, we also obtain M N L < ®,(M) and L, < M. Notice
that (L) < Hy for any Hy < M since (L,) < ®(L,) < ®(M). If Hy € T{5(G), then
Hj is a CAP-subgroup of G. It follows from Mg = 1 and Definition 2.4 that (L,) =1,
a contradiction. If Hy ¢ T{4(G), then HoL < G by Lemma 2.5. In view of Lemma 2.6,
MNL<®(M) and so Np(Lp) is nilpotent.

(4) The final contradiction.

For any ¢ € (L) \ {p}, we have G = LN¢(L,). Then there exists a maximal subgroup
Mj of G such that Ng(Ly) < Ms and (M3)g = 1. Clearly, M3 € (Max®)'(G). For any
maximal subgroup Hs of Mjs, if Q < Hj, with the similar discussion as above, we can
obtain HsL < G, M3 N L < ®,(Ms) and L, < Ms. We need only to consider Q £ Hs.
If Hy ¢ T{4(G), then H3L < G by Lemma 2.5. If H3 € T{5(G), then we have either
HsL = Hs or H3NL = 1 by hypothesis. However, the fact taht (M3)e = 1 implies that the
former case is impossible. For the latter case, we have H3L = G or H3L < G. If H3L = G,
then M3 = M3 N HsL = H3(M3 N L) In view of M3 N L < M3 and H3 N (Mg N L) =1,
M3 N L is a minimal normal subgroup of M3. We also obtain L, = M3N L since L, < M3.
Then Np(Lg) is nilpotent, a contradiction. Thus HzL < G. Based on the discussion as
above, for any Hs < M3, H3L < G. By Lemma 2.6, M3 N L < ®(Ms) is nilpotent, which
implies that N, (L) is nilpotent. And so L is solvable by Lemma 2.8. Further, G € SI’), a
contradiction. O

Theorem 3.4. Let G be a group. If G ¢ S}, then X5(G) # 0.

Proof. We assume that X,(G) = . Then H € Maxo(G)\Mazi(G) for any H €
(Mazy?)'(G). Now we consider the following cases:

Case 1: G is a simple group.

There exists a maximal subgroup M such that P < M, where P € Syl,(G). If M ¢
(Maz®)'(G), then M € Maz*(G) and P' < M,. Since Mg = 1, it follows that M
is a p/-group by Definition 2.1, which contradicts P < M. Hence we may assume that
M € (Max®)'(G). Next we divide into the following two cases.

(1) P = M. Then for any P; < P, P, € Mazy(G)\Maxz}(G). Let 7 = {P}M|P, < --- <
PM' < My <G}. Tt follows from P; € Mazy(G)\Maz(G) that 7 is a non-empty set and we
may choose an element PlM1 € 7 of maximal order in 7. We get PlM1 € Maz3(G). Clearly,
M, ¢ (Maz®) (G). Otherwise, P/ € X}(G), a contradiction. So M; € Maz® (G) and
P" < (M)p. Then M; is a p'-group by Definition 2.1, a contradiction.
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(2) P < M. In this case, there exists a maximal subgroup H of M such that P < H.
Since H € Maz2(G)\Maxs(G), there exists a second maximal subgroup HM2 € Max3(G)
such that H < --- < HM? < My < G. Obviously, My ¢ (Maz®)'(G). And Definition 2.1
implies that M> is a p’-group, a contradiction.

Case 2: G is not a simple group.

Let L be a minimal normal subgroup of G and we consider the quotient group G/L.
Then the quotient group G/L plainly satisfies the hypotheses of our theorem. By induc-
tion, we see that G//L € S;. By the Frattini argument, we have G = LNg(Lj,) and there
exists a maximal subgroup M of G such that Ng(L,) < M and Mg = 1. We claim that
M € (Maz®)'(G). If not, L, is a p’-group by Definition 2.1, a contradiction. Then we
consider the following cases separately.

(1) L, = P. In this case, L, = P < M. For any maximal subgroup H of M with
P < H, by hypothesis, H € Max2(G)\Max3(G). Thus there exists a second maximal
subgroup HM3 € Max3(G) such that H < --- < HM < M3 < G. If (M3)g = 1, then
Ms ¢ (Maz®) (@) and so we see immediately that L, is a p’-group by Definition 2.1, a
contradiction. Thereby, (M3)e # 1. Lemma 2.5 gives that Ms = LH < G. By Lemma
2.7 and the fact that ®,(M) is p-closed, it follows that M N L < ®,(M) and L, char
MNL <9 M, ie, L, < M. We claim that (L,)" = 1. If not, we note that M, is a
Hall p’-subgroup of M and M, (L,)" < M. Hence we may pick a maximal subgroup H;
of M such that M,y (L,)" < Hy. Since H; € Max2(G)\Max5(G), there exists a second
maximal subgroup HM* € Max3(G) such that Hy < --- < HM < My < G. If (My)g = 1,
then My ¢ (Max®)'(G) and so L, is a p’-group by Definition 2.1, a contradiction. If
(My)g # 1, then My = LH; = G by Lemma 2.5, again a contradiction. Therefore G € S,
a contradiction.

(2) L, < P. For any q € n(L), we have G = LNg(L4) and there exists a maximal
subgroup Ms of G such that Ng(Ly) < Ms and (Ms)g = 1. In view of Definition 2.1
and the fact that (L,) < P’ < (Ms),, we obtain M5 € (Maz®)'(G). By hypotheses,
Hy € Maxs(G)\Mazs(G) for any Ha < Ms. Then there exists a second maximal subgroup
HMs ¢ Maxs(G) such that Hy < --- < HMs < Mg < G. If (Mg)g = 1, then Mg ¢
(Maz®) (G) by HYs € Max3(G). Moreover, Definition 2.1 and the fact that (L,)’ < P’ <
(Ms), indicate that (L)’ = 1, again a contradiction. If (Mg)g # 1, then Mg = LHy < G
by Lemma 2.5. Lemma 2.6 implies that Ms N L < ®(Ms). Thus Ny (Lg) is nilpotent. In
view of Lemma 2.8, L is solvable. Further, G € Sz’j, again a contradiction. O

Corollary 3.5. Let G be a group. If X5(G) =0, then G € S,,.

Theorem 3.6. Let G be a group. If every subgroup H € X45(G) is a C AP-subgroup of G,
then G € S,,.

Proof. We assume that the result is false and let G be a counterexample with minimal
order. Obviously, X5(G) # () by Corollary 3.5. Moreover, by Definition 2.4 and Lemma
2.9, G is not a simple group. Let L be a minimal normal subgroup of G and we consider
the quotient group G/L. It is clear that the hypotheses of the theorem are satisfied for
the quotient group G/L of G. A trivial argument shows that G has the unique minimal
normal subgroup L. By the Frattini argument, we have G = LNg(Ly). Then there exists
a maximal subgroup M of G such that Ng(L,) < M and Mg = 1. We may assume that
M € (Max®)'(G) by Definition 2.1. Now we consider the following cases separately.

(1) L, = P. For any maximal subgroup H of M with P < H, if H € Maz5(G), then
we have either HL = H or H N L = 1 by hypothesis and Definition 2.4. However, the
former case is impossible and so HNL = 1. Since P < H, we get |L,| = 1, a contradiction.
Hence we may assume that H € Maxzy(G)\Maz3(G) and there exists a second maximal
subgroup HM! € Max3(G) such that H < --- < HM < My < G. If (My)g = 1, then
My € (Maz®)'(G) by Definition 2.1. Thus, HM! € X}(G). Moreover, Definition 2.4 and
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(M1)g = 1indicate that HM1NL = 1. This gives L, = 1, a contradiction. If (M;)q # 1,
then Lemma 2.5 shows that My = HL < G. Since Lemma 2.7 and ®,(M) is p-closed,
it follows that M N L < ®,(M) and L, char M N L Q M, ie., L, < M. Using similar
arguments as in the proof of Theorem 3.4, we also obtain (L,)" = 1. Therefore, G € S,
again a contradiction.

(2) L, < P. For any q € (L) \ {p}, we have G = LNg(L,) and there exists a maximal
subgroup My of G such that Ng(Ly) < My and (M)g = 1. It is easy to check that
My € (Maxz®) (G). Thereby, for H < Mo, if Q < H, then we also obtain HL < G,
which implies that My N L < ®4(Ms) and Ly < My. We now turn to the case Q £« H. If
H € Max3(G), then H is a CAP-subgroup of G. Since (M2)g =1, we have HNL =1 by
Definition 2.4. Thus HL = G or HL < G. For the former case, using similar arguments
as in the proof of Theorem 3.3, we have N, (L,) is nilpotent, a contradiction. And so
HL < G. If H € Mazs(G)\Max3(G), then there exists a second maximal subgroup
HMs € Maz3(G) such that H < --- < HM < M3 < G. If (M3)g = 1, then we can also
conclude that N, (L) is nilpotent or HL < G. For the former case, we have nothing to
prove. Thereby, HL < G. If (M3)g # 1, then M3 = LH < G by Lemma 2.5. Based on
the discussion as above, we always have HL < G for any H < M. In view of Lemma 2.6,
My N L < ®(My), which implies that N7,(L,) is nilpotent. By Lemma 2.8, L is solvable,
a contradiction. g

Theorem 3.7. Let G be a group. If G ¢ S}, then T{3(G) N X5(G) # 0.

Proof. In view of Theorem 3.4, we only need to consider that G is not simple. Clearly,
G/L € S}, where L is a unique minimal normal subgroup of G. Let G = LNg(L,) = LM,
where M € (Maxz®)'(G). We may claim that for any H < M, H ¢ T{5(G). Therefore,
HL < G by Lemma 2.5. Otherwise, first suppose that H; € T{5(G). There exists a chain
of subgroups Hy < --- < HM < M; < G. Also we may assume that M; € (Max®)'(G).
On the other hand, note that HM € Max3(G), then HMt ¢ T{4(G). This shows that
HL < G, which contradicts with the fact Hy € T{5(G). Now we can conclude that L is
solvable since for any H < M, HL < G, a final contradiction. ]

Corollary 3.8. Let G be a group. If T{3(G) N X5(G) = 0, then G € S),.

Theorem 3.9. Let G be a group. If every subgroup H € T{3(G) N X4(G) is a CAP-
subgroup in G, then G € S,.

Proof. Similarly, suppose that G/L € S;,, where L is a unique minimal normal subgroup
of G. Further, G = LNg(L,) = LM, where M € (Maz®)(G) and L, < P. For any
q € m(L), we have G = LNg(L,) = LMy, where M; € (Maz®)'(G). Let Hy < M, if
Q < Hp, we see that H1L < G, My N L < ®y(M;) and then L, I M. For the case
of @ £ Hy, by using similar arguments as in the proof of Theorem 3.6, we also obtain
that H1L < G, which implies that Ny, (Ly) is nilpotent. By Lemma 2.8, L is solvable, a
contradiction. O
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