/

)

Celal Bayar University Journal of Science
Volume 18, Issue 4, 2022, p 355-363
Doi: 10.18466/cbayarfbe.1106792

D. Dénmez Demir

Celal Bayar University Journal of Science

Some Perturbed Trapezoid Inequalities for n-times Differentiable
Strongly log-Convex Functions

Duygu Dénmez Demir'*

, Giilsiim Sanal 2

' Manisa Celal Bayar University, Faculty of Art & Sciences, Department of Mathematics, Manisa, Tiirkiye
2 Istanbul Nisantas1 University, Faculty of Economic, Administrative and Social & Sciences, Department of
Management Information Systems, Istanbul, Tiirkiye
*duygu.donmez@cbu.edu.tr

* Orcid: 0000-0003-0886-624X

Received: 22 April 2022
Accepted: 2 November 2022
DOI: 10.18466/cbayarfbe.1106792

Abstract

The aim of this study is to introduce some inequalities for n-times differentiable strongly log-convex
functions. The perturbed trapezoid inequality is used to establish the new inequalities. It is seen that these
inequalities have a better upper bound than the inequalities obtained for log-convex functions. Besides,
the mentioned inequalities for strongly log-convex functions are reduced to the ones given for log-convex
functions with a suitable choice of the arbitrary constant.

Keywords: Convex function, log-convex function, strongly log-convex function, perturbed trapezoid

inequalities.

2. Introduction

Convex functions have a great importance in different
fields such as pure and applied mathematics,
optimization theory, health, art, etc. Many researchers
focus on convex functions and their expansions. One of
the most important expansions and generalizations that
adds innovation to this subject is the strongly convex
functions. Polyak [1] were firstly investigated strongly
convex functions. For minimizing a function, he
established convergence of a gradient type algorithm via
the strongly convex functions. Some applications of the
strongly convex functions arise in solving linear
systems, linear programming, dual formulations of
linearly constrained convex problems [2], error analysis,
complementarity problems, characterization of the inner
product exponential stability of primal-dual gradient
dynamics [3-6]. For several implementations related to
strongly convex functions, see [7-13]. Merentes and
Nikodem [14] introduced the Hermite-Hadamard type
inequality and the integral Jensen-type inequality for
strongly convex functions. Azcar et. al. [15] derived a
convenient counterpart of the Fejér inequalities for
strongly convex functions.

Recently, the strongly convexity has been frequently
used in the convergence analysis of the approximate
methods for solving variational inequalities and
optimization theory [16]. It has concluded from many
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studies that some properties of strongly convex
functions are merely stronger versions of properties of

convex functions. Continuing to stay motivated in this
evolving field, we discuss perturbed trapezoidal
inequalities for strongly log-convex functions [17].

In this study, some basic definition and theorems are
introduced in the second section. In the third section, the
inequalities previously presented for log-convex
functions will be extended for strongly log-convex
functions.

3. Preliminaries .

Definition 2.1 [18]: Let v:/—>0, O=lc . If

inequality
U(rx+(l—r)y) < ru(x)+(1—r)u(y) 2.1

is satisfied for all x,ye/ and re[0,1], then the

function v is convex on [ .
Definition 2.2 [1]: v:/ =[a,f]c0 — 0 is defined as

a strongly convex function with modulus ¢ if

U(rx+(1—r)y) ey
< ru(x)+(l—r)u(y)—cr(l—r)"y—x"
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where and Vx,yel,re[0,1] and 7 <D is an interval

and ¢ is a positive number. The trapezoid inequality is

introduced for the numerical integration in the
following:

Definition 2.3 [19]: The trapezoid inequality is defined
as

fu(x)dx—%(ﬁ—a)(u(a)"'U(ﬂ))

(2.3)
1 3
<—M -a
M. (f-a)
where U:[d,ﬁ]—)D is assumed to be twice

differentiable on the interval (a,,b’ ) , with the second

derivative bounded on (a, p ) by

M, —supxeaﬂ)|u |<+oo

Donmez Demir and Sanal [20] have introduced some
perturbed  trapezoid  inequalities for  n-times

differentiable convex and log -convex functions. In this

study, we present some inequalities for n -times
differentiable strongly log -convex functions.
Definition 2.4 [21]: If

p(Ax+(1-2)y) <" (x)0" " (») (2.4)

for all x,ye[a,B] and A€[0,1], it is said that the

positive function ¢ is a log -convex function on a real
1 ﬂ

.[U(x)dx_MJr...

2

p—-«a

a

~ (,B—a)"_4 [n(n -1).(n-2).a, +---+4.3.2.a4}

interval I=[a,B]. If ¢ is a positive log -concave

function, then the inequality is inverted. Besides, if

@>0 and ¢" exists on [, then ¢ is log -convex if
and only if go.(p"—((o')z >0.
Definition 2.5 [10]: A  positive function

f:1 <0 —(0,) is strongly log -convex for ¢>0 if

f(Ax+(1-2)y) 0.5
L@ L)) —ea(=2)(x=Y

forall x,yel and A€ (O,l). From the Definition 2.4,

one obtains
f(Ax+(1-2)y)
L@ ] =ea(=A)(x-yy
<Af(x)+(1=-2)f (¥)=cA(1=-2)(x—y)
<max{f (x). £ (0)} -e2(1-2) (x=»)

by the arithmetic-geometric mean inequality.

Lemma 2.1 [22]: Let’s assume that v:7 c0 —0 be

such that I°
represents interior of I, a,f eI’ where a < f and n

n times differentiable mapping on I~

is even number. If 0" e L[a, ], then one obtains

!
2.nla,

(B-a)” [n(n-1)a,++43.a,+32.a+4a, ]

+

[0 (@)+0" " (B)]

2nla,

(,B— )nz[na +- +2a2]

2.nla,

+

[0 (8)-0" )]

[0 (@) 0" (8)]

2nla,

(B-a) |

:—J.(anr” +---+a1r+a0)[u(") (ra+(1—r)ﬁ)+u

2nla,
4. Main Results

Theorem 3.1: Let v:/cO —>(0,oo) be a positive

function having n™ derivativeson I°, a, 8 € I’ where

(ﬂ_a)n—l [a,++a, +2a0][u("

(p)-0" (@)]

(2.6)

(n) (rﬂ+ (l—r)a)Jdr.

is strongly log -

a < B and n is even number. If ‘u( )

convex on [@,f] with modulus ¢>0, then, the

inequality in the following holds:
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1 4 v(a)+v(B)
ﬂ_aau(x)dx—f+---
_(ﬂ—a)" [n.(n—l)z-iz'—af).an+---+4,3.2.a4]|: (n 4)( )+Un—4)(ﬂ):|
(,B—a)H [n.(n—l).an +---+4.3.a,+32.a, +4a2] s s
- 2nla [ (A)- (@)
(,b’—a)n_z[n.an+---+2a2] s s
_ Y [u( (@) +0! )(ﬁ)]
. (B-a)” [;tnn:ran+ a,+2a,| [U("’l) (ﬂ)—u("’l) (0‘)}
_(p-a) @I @)
2n'|a H (ﬁ)Z[ (ﬂ)] [F(l+l)—l"{l+l,—lnU(ﬂ)(ﬂ)ﬂ‘
BN I 0] P B P o al
+U<>(a)zllnm} {F(z+1)—r(z+l,lnm]_—c(ﬁ—a) Om}

Proof 3.1: From Lemma 2.1 and Definition 2.5, it is

concluded that
B
! U(x)dx_w+...
B-a 2
~ (ﬂ—a)n_4 [n(n -1).(n-2).a, +---+4.3.2.a4}

2nla, [U(n_4) (a) +ol (’B)J

(,B—Ol)n_3 [n.(n—l).an +---+4.3.a, +3.2.a, +4a :|

[ (B)-0) (@)]
) (,3 B a)ni [n_a,, et 2a2] |:U(n—2) (a) C) (ﬂﬂ

2nla,

2.nla,

+(ﬁ_a)n_l [an +-ota, +2a0] |:U(n—1) (ﬂ)_u(n—l) (aﬂ

2.nla,

(ﬂ—.an)" {i(%r” +"'+alr+a0)[u(") (rac+(1-r)B)+0" ("ﬁ"‘(l—r)aﬂdr}

2.nla
B-a) |t
it sl st el
HUSOH T P H< o el ],
2l a,| —cr(1-r)(B- ) —c,r(1-r) (B - ) _
U(n)(a)r (n) U(")(ﬂ)y (n)
<(ﬂ a) | o (B)|+|— 0" (a)
2 oottt ) POV P
—r(1-r)(B- ) —cr(l=r)(f-a) |
<(ﬁ—0‘) 2 o™ lr U(")(a) el 1rU(n)(a)" )
- 2.n!.|a|[| "” (ﬁ)u U()(ﬂ) d |1” ﬁ)‘,([ U“)(ﬁ) di
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1], .(n) a " 1
+|a| U(")(IB)U Z(”) Eb; dr+la, U(")(a)U
L™ () 1 "
" B " B
+---+|al|‘u( )(a)ur Z(")Ea; dr+|a0”u( )(a)‘£ Z(")Ea;

o™ («)
n ot (ﬂ)

- 2.n!.|an|

<M[U

Corollary 3.1: Under conditions of Theorem 3.1, it
reduced to Theorem 1 given for log -convex functions

included in Ref. [20] when ¢ is equal to zero.

Theorem 3.2: Let v:I/cD —(0,) be a positive

function having » ' derivatives on I°, a,f € I° where

T_ [F(Hl)—F[iH,—ln i

+---+|a1r|+|a0|)dr

afr—c(ﬁ—a)2 .:[r(l—r)(|anr"

U(”)(ﬁ) C(BaV n |ai|
o ] B=a) 2y |

a < f and p>1 such that %)+%=1 and n is even

number. If the mapping ‘U(")‘q is strongly log -convex

on [a, p ] , with modulus ¢ ,c, >0, then, we obtain:

i
ﬁiaquyh_Egﬁgﬂgﬁ+m
p-a) [n(n-1).(n-2)a,++432a, ] . e
_(pa) [nio o2 %9 @) o0 ()]
B-a) " [n(n-1 a,+--+43.a,+3.2.a,+4a, s s
+( )" [n(n-1) Soie ][U( ()0 )(a)J
—aY na ++42
_(IB 0!) 2[.”’113:1; + az][u(nfz)(a)_'_u(nd)(ﬂ)} (3.2)
p- " n ot |+20 n—1 n-1
+( a) [;"n!‘a a "][U( )(,B)—u( )(a)]
(p-a) | ¢ _lal
nlla Z . L
" ’*0(1p+1)p_
u(")(a) B a U(n)(ﬂ)"_l g
X u(")(ﬂ)q U(M)(ﬂ) —Cl(ﬂ_a)z + U(”)(a) U()(a) cz(ﬂ_a)z
In ot (a) 6 In ot (ﬂ) 6
o) o)

Proof 3.2: Using Lemma 2.1, Definition 2.5 and
Holder's integral inequality [22] and Minkowski's
integral inequality [23], we construct

‘ﬂialu(x)dx_Mer
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(8- a)™ [n.(n=1).(n-2).a,+-+4324,] [U(n_4) (@) +0" (ﬁ)J

2.nla,

B-a n-3 n(n-1).a, +---+4.3.a,+3.2.a, +4a, n-3 n-3
R o0

+

B [nat 2] o o ] Gy

2.nla,

. (ﬂ _a)n—l [an +eta + 2a0] [U(H) (,3)— L) (O‘)J

2nla,

=

|

8 &
S

(anr” +---+a1r+a0)[u(") (ra+(l—r)ﬂ)+u(") (rﬂ+(1—r)a)]dr

o™ (rﬂ+(1—r)a)‘dr}

n
a,r +---+alr+a0|

o (ra+(1—r),8)‘dr+j

! ae ATNe e . Y
x [Hanr"+...+a1r+ao|pdr] [HU(")(ra+(l—r)ﬂ)‘ dr] +[I anr”+..-+alr+a0|pd}’] [”U(")(rﬂ+(1—r)a)‘ dr]
0 0 0 0

nlla,
1 1
u(”)(a)q_l a U(n)(ﬂ)"_l q
oy OL__a@=a | o g @] e (B
] NI
an 0" () an 0" (@)
such that 1/p+1/g =1. Considering the strongly log -
convexity of ‘U(")‘q , then we find
| I ~
I o (ar+(l—r)ﬂ)q dr< I[ ot (a) ot (ﬂ)(l i —clr(l—r)(ﬂ—a)z}dr
0 0
() 7
— () _, i (3.4)
() 0" (B) ¢(f-a)
=" () o (a)) 6
qln u(")([)’)
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J[*

0

q

,Br+1 r )

(n) !
U<n>(ﬂ) -1 ) (3.5)
@] e (B-a)
I P
qln U(")(a)
Using the Minkowski inequality, we have
1 - 1 ! ! 1 . 1
( a,,r”+---+a1r+a0|”di’J" S[I|an prnper/’ +"'+[I|a1|p rpdr]f’ +£J~|ao|p d”jp
0 0 0 0
3.6)
Uanr"+---+alr+a0|pdr]pS ay bt |a1|1 +la,| = |ai|]
g (np+1)/7 (p+1)/7 T (ip+1)”

Substituting (3.4), (3.5) and (3.6) to (3.3) gives Eq.
(3.2).

Corollary 3.2: If ¢, =c, =0, then Theorem 2.2 is

reduced to Theorem 2 given for log -convex functions in
Ref. [20].

Theorem 3.3: Let v:I/cD —(0,) be a positive
function having » ' derivatives on I°, a,f € I° where

1 A v(a)+v(p)
ﬂ_aau(x)dx—f

NEpI

(,3—05)"74 [n.(n—l).(n—z),an Y

a<b and p>1 with %)+%=l and n is even

number. If the mapping ‘U(")‘p is strongly log -convex

on [a, p ] , with modulus ¢,c, >0, then the inequality

in the following holds:

3.7

32.4,]

2.nla,

(ﬁ—a)n_3 [n.(n—l).an +--+43.a,+32.a,+4a :|

[U(H) (a)+ " (ﬂ)}

+

2.nla,
B-a)” na, ++2a .
_( ! 2[.n!.a 2][ ( 2)(a)+

+(ﬁ—a)"_l [an +eota +2a0]

!
2nla,

(

] [F(Hl)—r[iﬂ,pln

1%

360

[0 ()0 (a)]

]I {F(Hl)—l‘{iﬂ,—pln

" (B)
(n)(

=)0 (@)

J2(p)]

B

o™ (a)
o™ (ﬂ)

[REp

—e(p-a)d o]
)J] (ﬁ ) iio(

i+2)(i+3)

(24
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Proof 3.3: Using Lemma 2.1, Definition 2.5 and power = mean integral inequality [24], one obtains

1A v(a)+v(B)
ﬁiu(x)dx—f-k---
_(ﬂ—a)"* [n.(n—l);:!;f).an ++4324a, | [U(H) (@) + 0" (,B)J
(ﬁ—a)H [n.(n—l).an +--+43.a,+3.2.a, +4a2] s s
" 2.nla, [U( )(ﬂ)_U( )(aﬂ
_(ﬂ—oz)"_2 [na,+-+2a,]

[0 (@) +0" 2 (B)]

2.nla,

+(ﬂ— ) [a +- +al+2ao]|: ("1(,3) U(n—l)(a):|

2nla,

S ':[(“ r +--.+a1r+“o)[‘)(n)(’“*(l_r)ﬂ)“)(n)(rﬂJr(l_r)a)]dr

ar +---+a1r+a0HU(")(ra-i—(l—r)ﬂ)‘dr—i—hanr" +...+a1r+a0”U(")(rﬁ-}-(l—r)a)‘dr}
0

1——
r
a,r +---+alr+a0|dr]

1
) —

1
x{( anr" +---+a1r+a0HU(") (ra+(1—r)ﬂ)‘p dr]p +[I anr" +---+a1r+a0HU(") (rﬂ+(l—r)a)‘p dr}p}

0

IA

(fa )(|a [+ +|al|J.rdr+J‘|a0|dr]11

{[jﬂanr" +---+a1r+a0|Uu(") (a) 7o ([ﬁ’)(H)p —clr(l—r)(ﬂ—og)2 }drjp

+U|anr”+---+alr+a0|[u( a)‘ —c,r(1- r)(ﬁa)z}dr}l

SM[% |
Lla,

0

1 1 1-—
r”dr+---+|a]|jrdr+j|ao|er ’
0 0

1
RO YN e, (o\|F »
a, o Yij s o (a) dr+---+a|[o" B 3 rU (a) dr
| | el O )
b u(”)(a ? |
+|a0| n)(ﬁ) j dr— c1 jar”+---+alr+a0|r(l—r)dr
: u(")( d
L -
. U(")(ﬁ) ? S L o™ (ﬂ) P p
a, u(")(a) Ir" dr+---+|al|‘u(")(a) jr dr
() o7 (@)
+
L],,(n) ” 1
+|a0| (")(a)pj 0" (p) dr-c, (ﬁ—a)2 ”aﬂl”" +---+a1r+a0|r(l—r)dr
: U(")(a) )
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1

(B-a)' [ lal ]
< NI
a 2.n!.|an| ,Z;‘i+1

{12

i=0

» )
o (B Ja| pin[ o 2

—i-1

n P U(n)(ﬂ)
+ ‘U()(O.’)‘ ; pll’lU(T(a)

The proof is completed.

Corollary 3.3: Under conditions of Theorem 3.3, if
¢ =c, =0, it reduced to Theorem 3 given for log-
convex functions in Ref. [20].

Competing Interests: The authors declare that they
have no competing interests.
All read and

Authors' Contributions: authors

approved the final manuscript.
Ethics

There are no ethical issues after the publication of this
manuscript.

References

[1]. Polyak, BT. 1966. Existence theorems and convergence of
minimizing sequences in extremum problems with restrictions.
Soviet Math. Dokl 7: 2-75.

[2]. Necoara, I, Nesterov, Y, Glineur, F. 2019. Linear
convergence of first order methods for non-strongly convex
optimization. Mathematical Programming; 175: 69-107.

[3]. Karamardian, S. 1969. The nonlinear complementarity
problems with applications, Part 1. Journal of Optimization
Theory and Applications; 4 (3): 167-181.

[4]. Nikodem, K, Pales, ZS. 2011. Characterizations of inner
product spaces by strongly convex function. Banach J. Math.
Anal.: 1(2): 83-87.

[5]. Zu, DL, Marcotte, P. 1996. Co-coercivity and its role in
the convergence of iterative schemes for solving variational
inequalities. SIAM Journal on Optimization, 6(3): 714- 726.

[6]. Qu, G, Li, N. 2019. On the exponentially stability of
primal-dual gradient dynamics. /[EEE Control Syst. Letters;
3(1): 46-48.

[7]. Noor, MA, Noor, KI. 2019. On generalized strongly
convex functions involving bifunction. Appl. Math. Inform.
Sci.; 13(3): 411-416.

C(i+1)=T|i+1,—pln|———"

. . U
F(1+1)—F i+Lpln U(T

362

@ el

| [P L)
(n)(ﬂ) Ip_c —aPS la,]

@l "= L))

[8]. Mohsen, BB, Noor, MA, Noor, KI, Postolache, M.
2019. Strongly convex functions of higher order involving
bifunction. Mathematics; 7(1028): 1-12.

[9]. Cristescu, G, Lupsa, L. Non-Connected Convexities
and Applications. Kluwer Academic  Publisher,
Dordrechet, 2002.

[10]. Niculescu, CF, Persson, LE. Convex Functions and
Their Applications. Springer-Verlag, New York, 2018.

[11]. Pecaric, J, Proschan, F, Tong, YL. Convex
Functions, Partial Orderings and Statistical Applications.
Academic Press: New York, 1992.

[12]. Noor, MA. 2004. Some developments in general
variational inequalities. Appl. Math. Comput.; 152: 199-
2717.

[13]. Noor, MA, Noor, KI. 2021. Higher order general
convex functions and general variational inequalities.
Canadian J. Appl. Math.; 3(1): 1-17.

[14]. Merentes, N, Nikodem, K. 2010. Remarks on
strongly convex functions. Aequationes Math.; 80: 193-
199.

[15]. Azcar, A, Nikodem, K, Roa, G. 2012. Fejér-type
inequalities for strongly convex functions. Annal. Math.
Siles.; 26: 43-54.

[16]. Noor, MA, Noor, KI, Iftikhar, S. 2020. Inequalities
via strongly (p,h)-harmonic convex functions. TWS J. App.
Eng. Math.; 10(1): 81-94.

[17]. Noor, MA, Noor, KI, K. Iftikhar, S. 2016. Hermit-
Hadamard inequalities for strongly harmonic convex

functions. Journal of Inequalities and Special Functions;
7(3): 99-113.

[18]. Beckenbach, EF. 1948. Convex functions. Bull.
Amer. Math. Soc.; 54: 439-460.

[19]. Dragomir, SS, Agarwal, RP. 1998. Two inequalities
for differentiable mappings and applications to special
means of real numbers and to trapezoidal formula. App!.
Math. Lett., 11(5): 91-95.

[20]. Sanal, G, Dénmez Demir, D. Some inequalities for
n-times differentiable log-convex functions, Manisa Celal
Bayar University, II. International University Industry


https://link.springer.com/article/10.1007/s10107-018-1232-1#auth-I_-Necoara
https://link.springer.com/article/10.1007/s10107-018-1232-1#auth-Yu_-Nesterov
https://link.springer.com/article/10.1007/s10107-018-1232-1#auth-F_-Glineur
https://link.springer.com/journal/10107

Celal Bayar University Journal of Science
Volume 18, Issue 4, 2022, p 355-363

Doi: 10.18466/cbayarfbe.1106792

D. Dénmez Demir

Cooperation, R&D and Innovation Congress, Manisa,
Tiirkiye, 2018, pp.89.

[21]. Paul, M. 2018. Sur les fonctions convexes et les
fonctions sousharmoniques. Journal de Mathématiques Pures
et Appliquées; 7: 29-60.

[22]. Hermite, C. 1883. Sur deux limites d’une integrale
definie. Mathesis; 3: 82-83.

[23]. Dragomir, SS, Cerone, P, Sofo, A. 2000. Some remarks
on the trapezoid rule in numerical integration. Indian J. Pure
Appl. Math.; 31(5): 475-494.

[24]. Sykora, S. Mathematical Means and Averages: Basic
Properties. 3. Stan’s Library: Castano Primo, Italy, Vol. III,
20009.

363





