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ABSTRACT. We consider operator V' on the reproducing kernel Hilbert space
H = H (R2) over some set 2 with the reproducing kernel Ky » (z) = K (2, )
and define A-Davis-Wielandt-Berezin radius 14 (V') by the formula

na (V) = Sup{\/‘<VkH7)\,kH7)\>A|2 + ||Vk’H»AHj14 tAE Q}

and V is the Berezin symbol of V where any positive operator A-induces a
semi-inner product on H is defined by (z,y) 4 = (Az,y) for z,y € H. We study
equality of the lower bounds for A-Davis-Wielandt-Berezin radius mentioned
above. We establish some lower and upper bounds for the A-Davis-Wielandt-
Berezin radius of reproducing kernel Hilbert space operators. In addition, we
get an upper bound for the A-Davis-Wielandt-Berezin radius of sum of two
bounded linear operators.

1. INTRODUCTION

Many researchers in mathematics and mathematical physics are interested in
the Berezin symbol of an operator defined with the aid of a reproducing kernel
Hilbert space. In this context, several mathematicians have conducted substantial
research on the Berezin radius inequality (see [4,|14,|16}[20,[21]). In fact, it is of
interest to academics to get refinements and extensions of this disparity. We show
various inequalities for the A-Davis-Wielandt-Berezin radius of operators on the
reproducing kernel Hilbert space H (2) over some set ) in this study. By using
A-Berezin transforms, we study some lower and upper bounds for the A-Davis-
Wielandt-Berezin radius of some operators. In addition, we get an upper bound
for the A-Davis-Wielandt-Berezin radius of sum of two bounded linear operators.
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We will now outline the preliminary concepts needed to proceed with the findings
of this investigation.

Remember that a reproducing kernel Hilbert space (abbreviated RKHS) is the
Hilbert space H = H (2) of complex-valued functions on some set €2 in which:

(a) the evaluation functionals

() = f(A), A eQ,

are continuous on H;

(b) for every A € Q there exists a function f) € H such that f (A) # 0.

Then, via the classical Riesz representation theorem, we know if H is an RKHS
on , there is a unique element Ky » € H such that h(\) = (h, K3 ) for every
A € Q and all h € H. The reproducing kernel at A is denoted by the element Ky, ».
Further, we will denote the normalized reproducing kernel at A as ky » 1= ﬁ
Let £ (#H) be the Banach algebra of all bounded linear operators on a complex
Hilbert space H including the identity operator 14 in £ (H).

Linear operators induced by functions are frequently encountered in functional
analysis; they include Hankel operators, composition operators, and Toeplitz oper-
ators. The inducing function is sometimes referred to as the symbol of the resultant
operator. In many circumstances, a linear operator on a Hilbert space H also gives
rise to a function on 2. Hence, we frequently examine operators induced by func-
tions, and we may similarly research functions induced by operators. The Berezin
symbol is an outstanding exemplar of an operator-function link. More accurately,
for an operator V € £ (), the Berezin symbol (transform) of V, denoted by V, is
the complex-valued function on 2 defined by

V() i= (Vs k) -

For each bounded operator V on H, the Berezin symbol V is a bounded real-
analytic function on Q. Features of the operator V, are often seen in the features
of the Berezin transform V. F. Berezin proposed the Berezin transform in [8] and
it has proven to be a fundamental tool in operator theory, since many essential
features of significant operators are contained in their Berezin transforms.

The Berezin radius (number) of operator V is defined by

ber (V) := sup |V (/\)’ .
A€Q

The Berezin set and the Berezin norm of operator are defined, respectively, by
Ber (V) := Range (‘7) and ||V|ge, := sup [|[VEu | -
AeQ

The Berezin transform and Berezin radius have been studied by many mathemati-
cians over the years (see [3,4},/14,26]).
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Recall that the Berezin range of an operator V' is a subset of the numerical range
of V,
W (V) ={(Vu,u) - [Jul| = 1}.
It is well knowledge that Ber (V) C W (V), ber (V) < w (V) (numerical radius)
and ber (V) < |[V||g,, - See [5,(9,/18}22,124,127] for further details. Two of these
generalizations are the Davis-Wielandt radius dw (V) and Davis-Wielandt shell
DW (V) of V € L (H) defined by

dw (V) := sup {\/|<Vu,u>2 +[Vull* :uwe H and [jul| = 1} ;

and
DW (V) := {(<vu,u> , HVUHQ) ueHand |uf = 1} CCxR
see [bL[10,/25128].
N (V), its range by R (V) and adjoint of V by V* denote the null space of every
operator V. If U is a linear subspace of H, then U stands for its closure in the

norm topology of H. An operator A € L () is called positive, denoted by A > 0,
if (Au,u) > 0 for all ue H. For V € L (H), the absolute value of V, denoted by

|V, is defined as |V| = (V*V)l/z. Along with the article, A denotes a non-zero
positive operator on H. Notice that any positive operator A induces a semi-inner
product on H defined by

(u,v) 4 == (Au,v)y, , Yu,v € H.

The seminorm induced by (.,.) 4 is given by |lul|, = /(u,u), = ||A1/2u|| for all
u€H.

It can be easily verified that ||.|| , is norm if and only if A is injective and that
the seminormed space (#, ||.|| ,) which is complete if and only if R (4) = R (A).

Definition 1. For V € L (M), the A-Berezin set of (Vkx,kx) 4 is defined by
Bery (V) :={(Vkx,kr) 4 : A € Q}.

Ber4 (V) is a nonempty subset of C and it is in general not closed even if H is
finite dimensional are important to be significant.

Definition 2. (i) A-Berezin transform (also called A-Berezin symbol) V4 is defined
on Q by
VA == (VEx,ka) 4 (A EQ),
(i) The supremum modulus of Bera (V'), denoted by ber (V'), is referred to as
the A-Berezin number of V| i.e.,

bera (V) :=sup [(Vkx, kx) 4],
AEQ

(iii) A-Berezin norm of operators V€ L (H (2)) is defined by
V1[4~ per 7= sup [[AVE 5, -
AEQ
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We get the Berezin number if A = I. As a result of this new idea, the Berezin
number of reproducing kernel Hilbert space operators and the Berezin norm of
operators become more generic. See [15,/19] for further information on A-Berezin
number inequalities.

Definition 3. ([12]) LetV € L (H). An operator U € L (H) is called an A-adjoint
of V if for every A\, u € Q, identity (Vkx, k) , = (kx,Uky) 4 holds.

Definition 4. Let V € L(H (). An operator U € L(H (Q)) is called (A, r)-
adjoint of V' if for every A\, p € Q, the identity (Vk, x. Kk, a) 4 = (Fpn, Uk, 0) 4
holds.

Following [12,/13], notice that the existence of an A-adjoint of V is identical to
the existence of a solution of the equation AX = V*A. Thanks to the Douglas
theorem, these types of equations can be studied and the readers can consult to
Moslehian et al. [23]. In summary, Douglas theorem states unequivocally that
the operator equation VX = U has a bounded linear solution X if and only if
R(U) C R(V). Furthermore, it has just one solution, represented by @, that
satisfies R (Q) C R (V*) among its numerous solutions. This type of @ is known
as the reduced solution or Douglas solution of VX = U. L4 (H) denotes the set of
all operators in £ (#) that admit A-adjoint. According to the Douglas theorem,

La(H)={VeLH):R(V'A) CR(A)}.

Moreover, £ 412 (H) denotes the set all operators admitting A'/2-adjoints. When
we use the Douglas theorem, we get

Lap (H)={VeLH):IN>0, [Vull, <\ul . YueH}.

A-bounded refers to the operator in £ 41/2 (H).

If V€ La(H), then the reduced solution (or Douglas solution) to the equation
AX =V*A is a well-known A-adjoint operator of V, which is represented by V*4.
We observe that

VA = ATV*A,

where AT is the Moore-Penrose inverse of A (see [1,2]). It is commonly known that
the operator V*4 satisfies

AV =V*A, R(V*4) CR(A) and N (V*4) =N (V*A).

Also, note that if V€ L4 (H), then V*4 € L4 (H) and (V*4)™ = P,V P4, where
P, represents the ortogonal projection onto R (A4). Furthermore, if V € L4 (H),
then [|[V*4| = ||V, . In order to reach more results and proofs related to these
classes of operators, the researchers may want to overview [12].

If AV is selfadjoint, that is, AV = V*A, then an operator V € L (H) is called
to be A-selfadjoint. Furthermore, an operator V is said to be A-positive if AV > 0
and we write V' >4 0.
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The Hilbert space (R (Al/z) e .>R(A1/2)) shall be designated simply by R (Al/z)
in the sequal.

Feki in [12] has found some upper bounds for the A-Davis-Wielandt radius of
operators in L4 (H).

Definition 5. For any V € L4, (H (), we define its A-Davis-Wielandt-Berezin
shell and A-Davis- Wielandt-Berezin radius, respectively, by the formulas

Hy (V) = {((ngm, NP ||AkH$AH124) A€ Q}

and

N 2
1 (V) 1= sup 72 0] Vel
AEQ

It is apparent that n4 (V) < dwa (V). For V,U € L4, (H ()) one has
(i) n4 (V) >0 and n, (V) =0 if and only if V = 0;

> lalna (V) if |af > 1
(ii) na (@V)§ =lalng (V) if |af =1

<lafng (V) if |af <1.

(i) ma (V +U) < \/ 2 (na (V) + 14 (U) +4(na (V) 414 (0)));

therefore 14 (-) cannot be a norm on £ (# (€2)). The following property of 14 (-) is
immediate:

ma {bera (V) [V o} <14 (V) < y/ber (V) + VI e (V € L (H).
1)
Recently, Bhanja et al. in [6] have reached some upper bounds for the A-Davis-
Wielandt radius of operators in £4 (H (€2)). The purpose of this article is to find
out some lower and upper bounds for the A-Davis-Wielandt-Berezin radius of re-
producing kernel Hilbert space operators. For this aim, we employ some well-known
inequalities for vectors in inner product spaces (see [6,[7,|11]). We also get an up-
per bound for the A-Davis-Wielandt-Berezin radius of sum of two bounded linear
operators.
In particular, for V€ L4, (H (Q)) we prove that

77?4 (V) < sup beri‘ (ewV + V*AV) —2¢4 (V) mifber (V)
6ER

and

2
7 (V) < inf { (2[1Re (2) Rea (V) + I (2) I (V)| a_per + [V4V = 2Re (V)] ,_y.,)

2 [Re (2V) | 4_per — |21 + ber (V = 21) }.
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2. PREREQUISITES

In the present section, we need some auxiliary lemmas including Buzano [7]
inequality, Dragomir [11] inequality and Bhanja et al. [6] inequality in order to
prove our results.

Buzano [7] made an extension of the Cauchy-Schwarz inequality which states
that for any aq,aq, a3 € H with |jas|| =1

(a1, a3) (a3, az)| < % (Ka1, az)| + llas]| [laz])) - (2)
Dragomir [11] proved the following inequalities.
Lemma 1. Let uy, up € H and z € C. Then the following equality holds:
uall* [Jual® = [(ur, uz)|* = [Jur — zua||® [Jual|* = [(ur — 2uz, us)|*.
We need the following lemmas, given in [6].

Lemma 2. Let uy,ug,e € H with |le| , = 1. Then

1
[{ur, €) 4 (esuz) 4| < 5 (Kunyuz) 4|+ llua]l 4 fuzlla) - 3)
Lemma 3. Let ui,uz,e € H with |le|| , = 1. Then
2 2 2
Jualla lluzlla = (w1, ug) 4|7 = 2[{ur, €) 4 (€, u2) ol (Junll 4 [Juzll 4 = [(u1; uz) 41) -
Lemma 4. Let uy,uqz,e € H and z € C. Then we have the following equality:

2 2 2 2 2 2
l[unla lJualla = [Curs uz) 4" = llur = zually lluzlly = [{ur = zuz, uz) 4"

3. MAIN RESULTS

We use the lemmas from the preceding section to derive additional inequalities
for the A-Davis-Wielandt-Berezin radius of operators on H = H (£2).

Let H = H (©2) be a RKHS. The A-Berezin symbol of operator V € L (H (2)) is
naturally defined the by the formula

VAN == (Ve ko) a = (AVsa, kra) . A € Q

Therefore, L4, (H) := Lar (H(Q)) denotes the set of all operators in £ (H (£2))
admitting (A, r)-adjoints.
For V € L4, (H), its Crawford number c4 (V') is defined by

ca (V) =inf {[(Vu,u) 5| cu € H, [Jull, =1}
(see [27]). We also introduce the number ¢4 (V) := infyeq ’17‘4 (/\)’ . It is clear that

CA (V) S EA (V) S berA (V) .

Our first result in this paper reads as follows.
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Theorem 1. Let V € L4, (H (). Then, the following inequalities hold.
(i) iy (V) = max {ber’ (V) + & (VAV) V][4 per + & (V) },

(i1) 1% (V) = 2max {bers (V) (VAV) 24 (V) VI e |-
Proof. For any A € ), we have
2
14 (V) = [(VEias k) 4|+ I1VEal
. 2

= [(VEua, kH,A>A’2 + (VY kax k)

> ‘?A (A)]2 + inf (V AV gz k)

et ){Ielﬂ HA s VH ) o0
hence, taking supremum over A € ) gives

n% (V) > ber’y (V) + & (V*4V).

~ 2
Moreover, by taking into consideration n% (V) > ‘VA ()\)‘ + ||Vk37{7>\||j14, we see
that
4
14 (V) 2 (V) + [IVEally -
Hence, on taking the supremum over A € 2, we obtain
4
ma (V)2 (V) + VI per

which proves (i).
Let A € Q be arbitrary. It can be observed that

\(Vk:H,A,kH,A)AF F VRIS = 2 [V, kra) 4] VRS (4)
and
2 * A
na (V) > 2|(VEga, k) 4| (V4VEzA kua) ,
> 2| (Vkaa, k) 4| Allelg (V*Vhya kwn)

= 2|(VEkyn, krn) 4| Ca (VAV).
Taking supremum over all A € 0, we thus have
n% (V) > 2bera (V) Sa (V*4V).

From the inequality , we get

ni (V) 2 224 (V) IVEwaly -
Taking supremum over all A € ), we thus have

~ 2

M4 (V) 2264 (V) VI per -

Hence the proof is complete. ([l

Remark 1. It is clear that the lower bound obtained in Theorem (i) is more solid
than that in (1]). Also, both of inequalities in ( [17], Th. 1) follow from Theorem]]
by considering A = 1.
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For A € L(H(9)), we define

‘2
A

m1247ber (V) = /{relg) HVkH,)\

We get an upper bound for the A-Davis-Wielandt-Berezin radius of bounded linear
operators on RKHS in the following result.

Theorem 2. Let V € L4, (H (). Then
n% (V) < sup ber? (eV + V*AV) — 284 (V) mP_pe (V).
0€R

Proof. Let A € Q be arbitrary. Then there exists § € R such that
|(VEras kra) 4| = € (VEan ka) -
Now,
[(VEsxkra) al” + [VERAIL
= (Vi kq-[,,\>124 + (V*4Vky kH,A>2A
= (V. k), + VAV, kH,/\>A)2
—2(e"Vkpn k), (VAVhyx k), -
Hence, we have
2"V k) . (VVEya kan) . + [(VEaa, kH,A>A|2 Vel
— ((eV + VAV ) kg, kan ),
< ber} (emV + V*AV) .
Therefore,
2| (VEagn, kra) 4| (VA Vs, kaa) . + | (Vs k?—L,A>A|2 + Vsl

< sup ber% (ewV + V*AV)
0cR

and so,
~ 2 ;
264 (V)m? _or (V) + ‘(Vk:H’,\,k:%,QA’ + ||VI<:7.[,>\||jl4 < Zugber?4 (e“’V + |V|2A) _
€
Hence, taking supremum over A € €) gives
n% (V) < supber’y (eV + V*4AV) — 284 (V) m? e (V).
0cR
This completes the proof. [
Remark 2. According to the inequality in ( [17], Th. 2),
n? (V) <supber® (e“V + V*V) — 26 (V)mi., (V).
(SN

This shows that the inequality in ( [17], Th. 2) follows from Theorem@ by consid-
ering A= 1.
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We can now show the following inequality for the A-Davis-Wielandt-Berezin
radius of bounded linear operators.

Theorem 3. Let V € L4, (H (). Then
L (b (V4 VAV) £ 8 (V- VAV ) < (1)
< % {ber (V +V*4V) +ber’y (V- V*4V)}.
Proof. Let A € Q be arbitrary. Then
|<Vk7-L k) al” + VRl

(Vs kau) 4 + (Vs Visa) |

2

% |(VE3a k1) 4 — (Vs Ve 4|

= VR ksn) 4 (VA g )

%‘(Vkﬂ k) 4 — (V¥ Vg x, by ,\>A‘2

= SV VAV k) o4 5 [V = VAV s )
2 {0 VAV bk, 7 (V- VAV

Therefore, taking supremum over A € ), we get
n4 (V) > % {bery (V+V*4V)+24 (V- V*V)}.
Similarly,
(Vs ki) al” + [Vl

1 2
= ’ VEw ., kra) 4 + (VkH,MVkH’,QA]

2
[(VEsn, k) 4 — (VErx, Ve A|

)—ll\.’)\)—‘

3 KV VAV ) o 4+ 5 [V = VAV s rea)
Therefore, taking supremum over \ € Q, we get

nh (V) < % {ber’y (V + V*AV) + bery (V — V*4V)}.
Hence completes the proof. O

Now we give upper bounds for the A-Davis-Wielandt-Berezin radius of V €
Lar(H).



A-DAVIS-WIELANDT-BEREZIN RADIUS 191

Theorem 4. Let V € L4, (H (). Then the inequalities listed below are true.
(i) (V) < ||[veav s (vav)y vy
(i6) %y (V) < § (bera (V) + VIR ) + VI per

Proof. Let A € Q be arbitrary. Applying for uy = Vkya, e = ky,» and
uy = Vkyy x, we have that

~ 2
‘V ()\))A + HVkH,,\Hi = [(VEsx, k2a) 4 (Frexs VErA) 4]
+ (VA han, k), (ks VAV Ey ) ,

1
< 5 (IVEwAI + (Vhaea, VEra) )

1
+3 (||V*f“v1~cH,A{|f4 + (V*AV g p, V*AVkH,,QA)

<(V*AV + (veay) V*AV) k2xs kH,A>A
taking the supremum over \ € €2, we have
17 2 4 * A * A *A L yA
igg{\V(A))A + VkH,AHA} <sup (VAV 4 (V) VAV ko k)

This proves (i). The proof of (ii) is immediate from

2 *
[(VEans kra) a|” = [(VEaga, kaga) 4 (kaens ViAkan) 4 | (5)
by applying for u = Vkyx, e = ko, v =V7ky in . The theorem is
proved. O

It is widely known that if V' is A-normaloid then HVQHA = ||V||?4 Hence, both
the inequalities in Theorem [4 becomes equality if V' is A-normaloid can be observed
easily.

We now obtain another upper bounds for the Davis-Wielandt-Berezin radius of
bounded linear operators.

Theorem 5. IfV € L4, (H(Q)), then we have
A W) <3[|(VAV) VA e v (VA V) ma e (VY V)

(6)

A—Dber

—Ca (VAV = V) ma_per (VAV = V).
Proof. Let A € Q be arbitrary. It follows from Lemmas that
(Vs k) 4|
< VAL sl

= 2[(VEx, k2en) 4 (kaeons k) 4| (VRN 1E2enll 4 = [V R Bagn) 4])
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= [Vl + 2| (VErons Er) 4l [Frens V) 4] = 2 [V, kron) | V2,
<NVl + Vel + Ve, V) 4 — 264 (V) [Vl 4
<3V Whin kra) , — 264 (V) ma—ber (V) .

Therefore, we get

2
[(VEsns kan) 4l + VR

1 2 9
=2 (‘VRH,A|2A + <V]€H,)\7/€H,)\>A‘ + ‘HV]{H,AHZ - <VkH,A,kH,A>A‘ )

1
= 5 (KO 4+ V) ks a4+ VAV = V) B k) 4|
1

A

* 2 -~ * *
<5 (3(VAV +V brakin) | =264 (VAV 4 V) mae (VAV + V)
3 ([VAV = V[ ks kan) | =284 (VAV = V) macpe (VAV = V) )
3 * 2 % 2
=S (VA + VI + VAV = VL) kb )
— e (VY + V) ma_per (V4V 4+ V)
—Ca (VAV = V) ma_per (VAV = V)
=3(((V V) VAV £ VY k)
—Ca (VY + V) masper (VAV +V) =4 (VAV = V) ma_per (VAV = V).
Thus, by taking supremum over A € {2, we obtain

sup

~ 2
VAW + vk 4)<3 VAV VAV VAT ) R b
sup (|72 00+ Ikl ) < 35un (((v4) ) bk
—supea (VV + V) ma_per (VAV + V)
A€Q

— 24 (VY = V) ma_per (V4V = V)
which is equivalent to

A (V) <3 H (VAV) A vy 4 yey

A—Dber
- EA (V*AV + V) MA—ber (V*AV + V)

—ea (VY = V) ma—pe: (VAV = V).
This immediately proves @ as required.

We are now able to establish the following theorem.

Theorem 6. Let V € L4, (H(Q)). Then the inequalities listed below are true.
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(1)
4 (V) < TlIelﬂg Selelg {2|r]||cos@ Rea (V) + VAV 4+ sinfImy (V) — TIHA
—l—% [cosOReq (V) + VAV +sinfIma (V) — 27“]”31
+% ||cos@Rea (V) — V*AV 4 sinfTm 4 (V)Hi} .
(i)

4 (V) < }SUP{HCOSHRQA (V) + VAV 4 sinfTma (V)HQA
2 ger

+ HCOSGRGA (V) — V*AV 4 sinfTmy (V)Hi} .

Proof. (i) Let A € Q be arbitrary. Then there exists § € R such that |(Vk7{7,\, kH7>\>A| =
e (VEagx, k2,2) 4 - By applying the Cartesian decomposition of V', we see that

[(VEpns kaa) a| = (€7 Vg, kaa)
= (((cos @ —isinf) (Rea (V) +ilma (V))) kr . Ern) 4
= ((cosfRea (V) +sinf@Imy (V) ko x, k) 4
+i((cos@Imy (V) —sinfRea (V) krx, kaa) 4 -
SO, by |<Vk7.[’)\,k‘7.[’)\>A| € R we get
’<Vk7.[,)\, ]f’H’)\>A| = <(COS€R€A (V) + sin@ImA (V)) kq{’)\, kq.[7)\>A .
Thus, by using Lemma [@] we get for any 7 € R,
[V, kH,/\>A|2 = [{(cos@Rea (V) +sin@Ima (V) kpx, krn) 4
= ||(cos@Rea (V) +sin@Tma (V) kp a5
— |[(cos@Rea (V) +sinf@Imy (V) kpn — qu.[’)\Hi
\%4

’ 2

|
+ !((cosf)ReA (V) +sin0@Ima (V) kg x — rkpa, kH,/\>A|Z
(cos@Rey (V) +sinfImy (V))? ke x, kH’/\>A

(
- <(coseReA (V) +sin0Tma (V) — r1)% kapn, km>A
+ |[((cosORea (V) +sin0Tma (V) = 1) ks x, kan) 4|
- <{(cos€ReA (V) +sin@Im (V)
—(cosORex (V) +sinOTImy (V) — 7"])2} K, km>A

+|{(cosORea (V) +sin@Tma (V) = 1) kzx, ks 4|
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= ((2r (cosORea (V) +sin0Ima (V) = r?I) kax, kan) o
+ |<(cos9ReA (V) +sinfImy (V) —rl) kH,A7kH,)\>A|2-
By using Lemma [4 we obtain
IVEaally = |<V*AVkH,A,k‘H,A>A]2
— ((2rV* AV = 21) kpn, kan ), + [(VAV = 1D) an, ks |
Now,
(Vs kH,A>A‘2 IVl
= <2r {COSGReA V) + V*AY 4+ sin 0 Tmy (V)} ke x, k’H7A>A — or?
+ % [((cos@Rea (V) + VAV +sinfImy (V) = 2rT) ko, k?—t,)\>A‘2
+ % |((cosORea (V) — VAV 4+ sin0Ima (V) kwa, k) o
< 2]|r|||cos@Rea (V) + VAV 4+ sinfImy (V) — rI|

’ 2

1
+ 5 [leos O R (V) + VAV 4 sin6Tma (V) - 201
1 2
+5 HCOSHReA (V) = [V]% +sin§Tm4 (V)HA
<sup {2]r| ||cosORea (V) + VAV +sinImy (V) — 71| ,
0cR
1
+5 [[cosORea (V) + VAV 4 sinbTmg (V) - 201
Lilcos O Req (V) = V4V + sin0Tma (V)|
+§HCOS ea (V) — +sinfTmy ( )HA .
Therefore, taking supremum over all A € Q, we get
n% (V) < sup {2|r[||cos O Rea (V) + VAV 4 sinfImy (V) — rl|
0eR
1
+5 ||cos@Rea (V) + VAV 4 sinfImy (V) — 27"IH2A

—|—% |cosRea (V) — V*AV 4 sin 0 Tmy (V)HZ} .

Because this inequality holds for every r € R, we have the required inequality.
(ii) If we pick r = 0, for example,

4 (V) < }sup{Hcos@ReA (V) + V*AV 4 sin0Tmy (V)HZ
2 oer

+ HCOSE)ReA (V) — V*AV 4 sin 0 Tmy (V)HZ} :
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Following so, we find the inequality shown below.

Theorem 7. Let V € L4, (H(Q)). Then the inequalities listed below are true.

(i)
2

(V) < inf { (2 Re (2) Rea (V) +Im (2) Ima (V)| y_per + |[V*4V — 2Re (ZV)HAfber)
+2||Re (2V) | 4_per — |21 + ber (V = 2D) }.

(7,2) 7’]124 (V) S beri (V) + ||V||j147ber .

Proof. Let z € C. Choosing in Lemma up = Vky x and up = kg », we have for
all A €

IV Eaex

2
‘A ||kH,>\

5 = [Vhra k) al” = 1V Esx = 2hrally Ikraly
— |[(Vkan — 2k, kH,A>A’2 :
Then by using the Cartesian decomposition of V' we have that
IVEwalS = ((Rea (V) krskaa) 1) = (Rea (V = 21) ks kra) )
+ ((Tma (V) kagn, kaen) 4)° = ((Ima (V = 21) by n, kaen) )
+ |[VEun — 2kl
= ((2Rea (V) = Re(2) I) by n, krn) 4 (Re (2) kagon, kpa) 4
+((2Ima (V) —Im (2) I) kg xs kaen) 4 (Im(2) kan, ka4
Vs — 2kunl’y
=2Re(2) (Rea (V) kwx, kra) 4 +2Tm (2) (Tma (V) Eag x, kaa) 4
— (Re (2))* = (Tm (2))” + |
=2 (Re (2) (Rea (V) kpgxn, kun) 4 +Im(2) Img (V) kg, kH,,\>A)
— |2 4+ (VEsn — 2k, VEro — 2k 4
=2 (Re(2) (Rea (V) kax, kpn) 4 +Im (2) QIma (V) kux, k2n) 4)
+ ((V*V = 2Rea (V) kax, kaa) , -
Again by using Lemma [ we get
[(VEzn k) al” = VR = VR — 2kl + [(VEzx — 2k ko) o]
= 2(Re (V) kan, k) 4 — 122 + [(Visr — 2haen, ko) 4| -
So, we deduce that

2

2

Vi — 2kl

~ 2
VA G|+ IVEwaly
< 2(Re (V) kpn, k) 4 — |27 + |(VEpn — zka o, k?—t,)\>A|2
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2((Re(2)Rea (V) +1Im (2) Ima (V) kg x, K20) 4
+ <(V*AV —2Rey (EV)) kH,Av k?—[,)\>A)2‘

for all A € Q. Hence, taking supremum over A € (), and infimum over all z € C, we
have

2
4 () < inf { (2Re ) Rea (V) 4 T 2) g (V)L g+ V74V = 2R (V)] )
+2||Re (V)| 4_per — 217 + ber (V = zD) }.

(ii) Taking z = 0, we get n% (V) < ber? (V) + ||V||il47ber . This proves the required
result. O

Then, we have an upper bound on the A-Davis-Wielandt-Berezin radius of sum
of two bounded linear operators.

Theorem 8. Let U, V € L4, (H (). Then the inequalities listed below are true.
(i) g (U+V)<ny(U)+n4 (V) +bery (UAV + VAU ;
(i5) If UAV 4 V*AU = 0, then ny (U +V) <y (U) +n (V).

Proof. (i) It follows from Definition [5| that

Hy(U+V)= {(((U-l—V) Erxn kua) 45 (U4 V) kg, (U+V) ]4;7.1,)\>A) , AE Q}
= { Uk, krn) o> (Ukax, Uk ) 4)
+ ((VErns k) 4 (Ve VEra) 4)
+ (0, ((UAV + V*AU) kya, kgn) ) s A € Q)

So, Ho (U +V) CHu (U) + Ha (V) + X, where
X ={(0,{(UAV + V*AU) kya, kan) ) : A € QY

This demonstrates (i). The evidence of (ii) is obvious from (i) and A (U*AV + V*4U) =
O, and the proof of theorem is completed. O
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