Igdar Universitesi Fen Bilimleri Enstitiisii Dergisi, 12(3): 1776 - 1789, 2022
Journal of the Institute of Science and Technology, 12(3): 1776 - 1789, 2022
ISSN: 2146-0574, el SSN: 2536-4618
Mathematics DOI: 10.21597/jist.1107648
Research Article

Received: 22.04.2022 Accepted: 30.05.2022

To Cite: Kara N, Kégken Gonce H, 2022. New Solution Approaches for Multi-Objective Solid Transportation Problem
Using Some Fuzzy Aggregation Operators. Journal of the Institute of Science and Technology, 12(3): 1776 - 1789.
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ABSTRACT: A solid transportation problem emerges when the decision variables are represented by
three items: the source, the destination, and the mode of transport. In applications, the STP generally
requires considering multiple objectives such as cost minimization, time minimization, security level
maximization, etc. In this way, a multi-objective solid transportation problem arises. This paper deals
with the solution of the problem and analyzes the effect of several important fuzzy aggregation
operators on the solution of the problem. In this context, the most commonly used aggregation
operators are investigated for this problem. To explain the solution approach, a numerical example
from the literature is given and a Pareto-optimal solution set is provided to offer the decision-maker.
Furthermore, graphical comparisons and sensitivity analysis are presented with the solution obtained.
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INTRODUCTION

In this global world where competition has become very important, companies must find more
detailed and innovative solutions to their problems, reduce transportation costs, and choose
environmentally friendly transportation methods. In this context, it would be more useful to deal with
the solid transportation problem (STP), which is usually obtained by adding a third item, rather than
the transportation problem involving only supply and demand parameters. This third element can be
types of goods as well as modes of transport, e.g., roadways, railways, waterways, and airways.

The multi-objective solid transportation problem (MSTP) problem has been addressed in the
literature by using a multi-objective structure to model STP more realistically. For MSTP, Ahlatcioglu
and Sivri (1988) proposed an efficient solution method by using decomposing techniques to reduce the
dimension.

One of the most important research topics for STPs is the use of fuzzy set theory. This theory
was first introduced by Zadeh (1965). In a lot of applications, the required data for real-life problems
may be imprecise. Thus, an adaptation of fuzzy set theory in the solution method increases the
flexibility and effectiveness of the proposed approaches. This theory has been used for the
development of the applications of solid transportation.

Bit et al. (1993); Kundu et al. (2014) applied the traditional fuzzy programming approach to
MSTP and MSTP with budget constraints, considering the transportation of damageable items,
Pramanik et al. (2013); Ojha et al. (2010) presented new models with the help of the price discount,
and an integrated method based on stochastic programming and AHP. Kaur et al. (2015) developed
fuzzy programming approaches to a real-life transportation problem by using linear, exponential, and
hyperbolic membership functions and analyzing uncertainties of the parameters. Chen et al. (2017)
discussed two mathematical models for the bi-objective uncertain STP. STP having normal random
parameters was provided by Cui and Sheng (2012). Chen et al. (2017) analyzed the MSTP under the
uncertainty theory providing a coal transportation problem as an application. After converting an
uncertain STP into a crisp one, Dalman and Sivri (2017) applied some approaches from the literature.
Singh et al. (2019) developed a generalized model for MSTP with some random parameters. Anuradha
et al. (2019) have utilized a row maxima procedure to solve the bi-objective STP.

Many important studies (Khurana and Adlakha, 2015; Mollanoori et al., 2019; Khurana et al.,
2018; Sadore and Tuli, 2019) have also been made on the multi-index transportation problem which is
an extension of STP. In addition, some of the noteworthy studies on the minimum-cost network
problem, which is formed to model non-symmetrical transportation problems, are also (Khan and
Rafique, 2021; Arslan et al., 2020; Hu et al., 2020).

While the linear membership function is widely applied in the literature, it is seen that nonlinear
membership functions are utilized in some practical applications. Leberling (1981) solved the multi-
objective linear programming problem by a fuzzy method with a nonlinear membership function. Li
and Lee (1991) defined fuzzy multiple objective linear programming and solved it using the
exponential membership function. A fuzzy multi-objective problem was solved using exponential
membership functions in (Rath and Dash, 2017). Peidro and Vasant (2011) applied the fuzzy goal
programming approach with some nonlinear membership functions to solve multi-objective
transportation problems (MTP). Verma et al. (1997) proposed the fuzzy method using some non-linear
membership functions to solve an MTP. Bodkhe et al. (2010) applied to fuzzy method to solve MSTP
using nonlinear membership functions.
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There are many studies using different fuzzy aggregation operators such as “min”, “average”
operator. Oiyas et al. (2022) defined fractional orthotriple fuzzy rough sets and presented Hamacher
averaging and geometric operators and used these operators in applications on service quality of
wireless network selection.Memis et al. (2022) applied a soft decision-making method based on the
aggregation operator of fuzzy parameterized fuzzy soft matrices to a decision matrix and classified the
given test sample. Mahmood and Ali (2022) presented study to start the complex single-valued
neutrosophic settings with the help of Muirhead mean operator.

In this paper, we mainly focus on the MSTP and present new solution approaches by integrating
the fuzzy programming approach with some important fuzzy aggregation operators: Fuzzy AND,
Fuzzy OR, modified Zimmermann’s, augmented max-min, and the hybrid of ,,, and augmented

max-min. These operators have advantages and disadvantages. For example, while the solution
obtained by “min” operator does not guarantee compensatory and Pareto optimality, it is easy
computation. On the other hand, x,,, operator does guarantee compensatory and Pareto optimality.

Also, these operators are very important for multi-objective decision making problem. For these
reasons, it is possible to interpret the solutions generated by the operators. Therefore, a suitable
preferred solution can be chosen from the set of solutions obtained and their membership function
values by the operators and then presented to the decision maker. This is a great advantage for the
decision maker to choose optimistic, pessimistic, or risk-neutral behaviors.

The paper is structured as follows: The Next section introduces the model of MSTP. After
Section 3 provides the fuzzy approaches to MSTP using fuzzy aggregation operators, Section 4
presents a numerical example to present a comparison of the operators. The final section includes some
results.

MATERIALS AND METHODS

The Mathematical Formulation of MSTP
Let the MSTP with m supplies, n demands, and K conveyances have the capacities &, b;,

and e, , respectively. And assume that the cost of p-th objective function Z (x) is denoted by cj,

which corresponds to x;, . Then, an MSTP can be represented as:

m K
minZ (x)=> Z D chXy,  p=L2...,P (1)
i=1  j=1 k=1
s.t. ZZX a ,i=12...,m
j=1 k=1
m K
22 Xa=by L j=12,.
i=1 k=1

>

Ma

Xije ,k=12,.... K ; x. >0.

ijk =—
i=1 j=1

where the subscript on Z (x) and cj, determine the p-th objective function, a; >0 Vi; b, >0 Vj;

m n K
e, >0Vk; ¢l >0, Vi, j,k, p and the balanced equality holds, that is > a,=> b, => e . Let the

i=1 j=1 k=1

feasible region of MSTP given by (1) be denoted by S.
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While the optimal solution concept is discussed in a single objective STP, the Pareto-optimal
solution notion is used in the multi-objective framework. So, we present the following basic
definitions:

Definition 1. X €S is a strongly efficient solution iff there does not exist another feasible point x

such that Z (x) <Z (x") forallpand Z (x) = Z (x") for at least one p.

Definition 2. A feasible point x™ is a compromise solution of MSTP given in (1) iff X is a strongly
efficient solution and Z(x") < min(Z,(x), Z,(¥)..., Z, (X))

New Solution Approaches for MSTP

The first step to implement the fuzzy operators is to design the membership functions of the
objectives. By the individual optimization of each objective in both minimization and maximization
directions, the range of the objective functions can be calculated as follows:
Lpzrpeisnzp(x), Up=rggxzp(x). 2

Using the lower and upper values, the linear and strictly monotone decreasing membership function
can be stated as:

1, Z <L

p p
u,-z
1y (Zy (N =15 L,<Z,<U, 3)
p p
0, Zp>Up

Then, the MSTP can be converted to the following problem:
maxmin z,(Z,(x)) 4)

The new variable A=min x (Z (x)) implies the constraints 4 (Z (x)) > 4. Thus, (4) can be reduced
p

to:

max A (5)
s.t. u,(Z,x)=1, p=12..P

0<A<1;xeS

Problem (5) is the model that subtends to Zimmermann’s min operator. The A~ solution shows the
common satisfaction level of all objectives. That is, the word "common™ means the lowest level of
satisfaction obtained for each objective of (1).

“Fuzzy and” Operator for MSTP

Although the “min” operator model is widely used because of its easy computation, it sometimes
generates a weakly efficient solution (Guu and Wu, 1997; Lee and Li, 1993; Wu and Guu, 2001).
Therefore, we opt for using Werners’ 1, t0 aggregate the membership functions.

For all objectives, after satisfying its most basic satisfaction level, to promote its satisfaction
degree as high as possible we can make the following arrangement:

The "min" operator corresponds to the basic satisfaction level for all objectives. To increase this
basic level even higher, the auxiliary variable 4, can be used in the following way:

1o (Z,(0) = A+ A,
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Here, 2 =min ,(Z,(x)) .

Adapting this arrangement to the model, Werners’ p,,, operator can be written as:
o =70 11,2, + 5L (2 + 1 (Z2) + 41022,

Lano :M+1_T7((i+ﬂl)+(/1+ﬂ,2)+...+(i+/1p)),

Lann :2,+1_T7/(21 + A+ A ).

where y [0,1]. Obviously, if y isequal to 1, then g, is "min"operator. However, if y isequal to
0, then u,,, is "average" operator.

Thus, the compensatory model for MSTP becomes:

max yAND:ﬂ+1_T7/(Al+22+...+/1P) (6)
s.t. u,(Z, X)) =2A+4,, p=12,...,P,

A+, <1, p=12,..,P,

1(Z,0)<1,  p=12...P,

xeS,0<4<1;4, 20, p=12,...,P.
The model (6) generates a strongly efficient solution for MSTP. It is known from the literature that the
o Operator produces strongly efficient solutions. To prove this, (Tiryaki, 2006; Werners, 1988) can

be examined.

“Fuzzy or” Operator for MSTP
If max u,(Z,(x))=a,then u (Z,(x))>« foratleastone pe{12,...,P} and
1, (Z,(X)) = +a, >0 Vp. Werners’ compensatory Fuzzy OR () for MSTP is
1—
Hor =y MaX 41, (Zp(X))+Ty(M(Zl(X))+ﬂ2 (Z, (X)) +...+ 1, (Z,(X)))
1-—
Log :7-a—Ty((a—al)+(a—a2)+...+(a—ap)).
Using this operator, our MSTP becomes

maX,uOR:a—Ty(al+a2+...+ap)
s.t. ‘Llp(zp(x)):a_ap, p=1121--~|P1
1, (Z,(x)) =, forat least one pe{1,2,...,P}
O<a,<a<l, p=L12,...,P;xeS, 76[0,1].
or
max,uOR=a—l_Ty(al+a2+...+ap) (7)

st.  w,(Z,(X))za-a,, p=12,...,P,
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a—apgl, p:1,2,...,P,
1,(Z,()+M 1 >, p=12,...,P

P

dr,<P-1,

r=p

OSapSaﬁl, p=12,...,P

r,e{0,1}, p=12...,P;xeS , y<[0,1].

Here, the objective function of problem (7) maximizes the linear combination of “max operator” and
“average operator” in the solid transportation system.

Modified Zimmermann’s Operator for MSTP
The modified operator of Zimmermann’s can be written as follows:

Hp =y min ﬂp(Zp(X))+(l—y)m§X #,(Z,(X)) -
As can be seen, this operator is a convex combination of the min- and max-operators. With this
operator, our MSTP becomes
max min 1, (Z,00)-+ (1) max 1,(Z, ()]
or
max{y -, +(1-7)-a,}
s.t. u,(Z,x) 2y, pP=12,...,P
1, (Z,(X)) =, foratleastone pe{l2,...,P}
xeS, a,a,€[01].
Choosing a sufficiently large real number M , the model can be converted to the following:
max{y-a1+(1—;/)-a2} (8)
s.t. u,(Z,x) 2, p=12,...,P,
u,(Z,0N+M-r, >, , p=12,...,P

P

dor<P-1,

r=p

xeS;m,a,€[01]; r, {01}, p=12...,P.

Lai and Hwang’s Augmented Max-min operator for MSTP

This augmented max-min operator is defined as:
p

Taking min x,(Z,(x)) =4 , our MSTP becomes
p

max s, = max{/1+5~z,up(zp(x))} (9)
st (Z,x)=4, pe{l2,...,P},
XeS.
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A Hybrid Operator of “Fuzzy and” and Augmented Max-min for MSTP
If min z,(Z,(x)) =4, then the membership functions can be easily defined as x,(Z,(x))=1+4,.
p

Considering this notation with the augmented operator presented in Section 3.5, our MSTP is reduced
to

max {(1+5)-/1+5ZP:/1P} (10)

s.t. w(Z,(X)=A+4, Vvp=1...,P,
A+4,<1; Vp=1...,P,xeS.

RESULTS AND DISCUSSION

In this section, the multi-objective balanced solid transportation problem from the literature have
been solved applying the proposed solution approach. First of all, membership functions for objectives
have been constructed. Then, the problem has been solved by using fuzzy approach with the help of
various aggregation operators. In the last part, the solutions obtained using different operators have
been compared to sensitivity analysis and drawn on graph.

A Numerical Example

Consider the MSTP in (Bit et al., 1993) with the following characteristics:
Supplies: a, =24, a, =8, a, =18, a, =10;
Demands: b, =11, b, =19, b, =21, b, =9;
Conveyances capacities: a, =24, a, =8, a, =18, a, =10;

Penalties of the first objective: ciljk

1123 |4 1123 |4 1123 |4
1115|1210 | 8 1118 (22| 4 |11 11713 |12 |13
2 | 171212130 2 120211910 2 1191|2218 |23
3114|2520 |21 3 |11 |34 |16 |23 3 112|33|15 |22
4 1222418 |13 4 118 |35|21 |23 4 113132 |14 |20

Conveyance 1 Conveyance 2 Conveyance 3
Penalties of the second objective: cﬁk

11234 11234 1123 ]| 4
1|6 (10|11 10 1 (71639 18 |5 |76
2 | 13|12 |20 | 17 2 18| 2|15]|15 2 11| 9 |13 |13
3|5 |11|10] 15 3169|514 3| 7| 7| 2|18
4 |13 |17 |12 | 18 4 |6 11|16 |14 4 | 6 18|12 | 7

Conveyance 1 Conveyance 2 Conveyance 3
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Let the feasible region of the example is determined by the following constraints:

X =10,

and denoted by S .

With the individual minimization of the objectives, the lower and upper bounds of the
objectives are obtained as: L, =703, U, =877 L, =293, U, =537. Then, the membership functions
877—-2,(x) 537-27,(x) The

174 244
X3 =13.96, X, =10.04, X,,, =8, X5, =9.04, X, =1.92, X,,, = 7.04, ”
wi
X413 = 0.04,X,,, =0.96, X,,, =4.08, x,,, =4.92
A=02,272,=75124, 4, =0.72,Z,=360.64, 1, =0.72 .
Using (6), the Fuzzy AND model of the example is:

are: (X)) = 1, (X) = fuzzy model corresponds to (5) generates the

following solution X,: X, :{

1—
max ﬂAND=/1+Ty(A1+AQ) (11)
st.  xeS$

w,(Z,(xX) =4+, p=12

A+4,<1, p=12

Xp 20,1=1234; j=1234; k=123; 1,4,20;p=12.
The solutions to the problem (11) corresponding to the y values in 0.1 increments in the interval [0,1]
are given in Table 1. So, the “fuzzy and” operator generates the following three different solutions:
Xip1 =8, Xip5 =3, X1z =13, X5, =8, Xy, =10, X355 =8, }

X,, X, X, where X, =
B ’ {X413:1’X441:9

X, = {Xm =11, X3 =13, X320 =8, X312 =10, X33 =8,
s =

} and X, =X,.
X413 =1 Xy = 6, Xpsz = 3

Tablel. The solutions generated by the Fuzzy AND operator.

y=0 y=0.1 Yy=20.2 Yy=03-y=1
X, X X3 X4
My 0.93 0.93 0.83 0.72
TA 0.59 0.59 0.66 0.72
z; 715 715 733 751.24
z, 394 394 376 360.64
Using (7), the Fuzzy OR model of the example is:
1-y
Max foq :a_T(al+a2) 12)

st. w,(Z,())za-a,, p=12,
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a-a,<1, p=12,

wy(Z,(0)+M -1 >0, p=12

n+r,<1,0<g,<a<l, p=12

r,e{01}, p=12;xeS , y<[0,1] .

The solutions of the problem (12) corresponding to the y values in 0.1 increments in the

interval [0,1] are given in Table 2. So, the Fuzzy OR operator generates the following seven different
solutions: X=X, Xg =X, and

X5 ={X5 =3, X3 = 21, Xy =8, X33, =9, Xgpp =1, X, =8, X1, =1, X, =9} :
Xg ={ X120 = 2, %03 = 2, X130 = 20, Xppp =8, Xg1; =10, Xgp, =7, Xgp3 =1, X1, =1, Xy =9},

X ={Xi2 =2, %03 = 2, X135 = 20, Xy, =8, X5y, =11, X5, =6, Xy =1, X, =1, X3 =9},

Xy ={ X1 =16, Xy =3, X3 =5, X =8, X5, =11, X35, =7, X35 =9, X,y =1}.

Table 2. The solutions generated by the Fuzzy OR operator

y=0-0.1 y=02 - 0.4 y=0.5- 0.6 y=0.7 y=0.8 y=0.9 y=1
X5 X6 Xy Xg Xq X10 X1
I 0.72 0.93 0.29 0.18 0.14 0.06 1
n, 0.72 0.59 0.96 0.99 0.99 1.00 0
Zq 751.24 715 826 846 852 866 703
Zy 360.64 394 302 296 295 293 537

Similarly, the aggregation model presented in Section 3.3 is constructed, and the results are
given in Table 3. So, the Modified Zimmermann’s operator generates the following six different
solutions: X, = X, X;3= X, X, = X;, X=X =X,, Xjg=X;, X;;=X,.

Table 3. The solutions generated by the Modified Zimmermann’s operator

y=0 y=0.1 y=0.2 y=03-0.5 y=0.6 y=07-1.0
X12 X13 X14 X35 X16 X17
1 1 0.14 0.29 0.93 0.83 0.72
773 0 0.99 0.96 0.59 0.66 0.72
z4 703 852 826 715 733 751.24
Zy 537 295 302 394 376 360.64

For the operators presented in Sections 3.4 and 3.5, Lai and Hwang’s augmented max-min
operator, the parameter & is chosen as 107" similar to the literature. With this assumption, both
operators generate the solution X, .

Comparison and Sensitivity Analysis

In (Bit et al., 1993), the solution of the example is reported as follows:

X, =10.243, X, =13.857, X,,, =8, X3y, =1.714, X;;, =9.143, X;;, = 7.143, X,,, =0.857, X,,, =0.143,
X, =4.286, X, =4.714, A =0.716, Z, = 749.2853, Z, = 362.2860.

Satisfaction values of objectives for this solution are z4 =0.7334 and x, =0.7166. As can be seen,

only one Pareto-optimal solution is obtained in (Bit et al., 1993). However, in our study, using many
aggregation operators, several solutions are obtained that can be presented to the decision-maker.
Considering changing economic and market conditions, the decision-maker will have several
solutions, and this increases the applicability of the solutions.
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To show the effectiveness of the selected aggregation operators more clearly, sensitivity analyzes were

made and presented in Figurel - Figure 3.

2

1
02
0,8
0,7
0,6
05
04
0,3
0.2

0,1

0
0 02 0,4 06 0,8 1 ¥

— L —f

Figure 1. Sensitivity analysis of » for g, operator.

0 0,2 04 0,6 0,8 1 Y
—H — i

Figure 2. Sensitivity analysis of - for x., operator.

J7.

,
0 02 04 0,6 08 4

—H — i
Figure 3. Sensitivity analysis of  for Modified Zimmerman’s operator.

Figure 1 shows that u,,, is the decision type in which the common satisfaction level of all

objectives is maximized. Since the DM wants all objectives to be satisfied at the highest possible level
without ignoring any of them, the absolute difference and fluctuation between the satisfaction levels
are as small as possible. Thus, the DM behaves between pessimistic and risk-neutral. In Figure 2, the
difference between the satisfaction levels of the objectives is quite large, and thus the fluctuation is
apparent. This indicates that the common satisfaction level is not taken into account and that a decision
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is made in the tendency of optimistic and risk-neutral. By the convex combination of the min and max
operator, Figure 3 represents a decision between the optimistic and pessimistic decision behaviors.
In the comparative analysis of the results, we can infer from following conclusions:

e The fuzzy solution provides the solution with the highest common satisfaction for both
objectives.

e For y=1 (“min” operator) and y =0 (it means “average’’ operator), our compensatory z,n
model generates the same solution as the solution obtained by the fuzzy approach and a
different Pareto optimal solution, respectively.

e Werners’ u,,, operator also guarantees the least satisfaction degree for all objectives as fuzzy

solution.
e Werners’ . operator almost satisfies at least one objective, while the others are less satisfied,

thus it generates the solution between the “max” operator and the “average’” operator, which
matches with optimistic and risk-neutral decision behaviors, respectively.
e Werners’ pu,,, and u., operator generate the most a variety of optimal solution set that can

be presented to the decision maker. Here, x,,, Or ., Operators can be selected according to
the decision maker's point of view. If the DM behaves close to optimism, then the . operator
should be selected. While he behaves close to pessimism, ,,, operator should be applied.

e Modified Zimmermann’s operator gives the widest set of Pareto optimal solutions as it
generates all solutions between the min and the max operator thanks to the convex
combination. In the numerical example discussed in the study, the modified operator parameter
is taken with an increment of 0.1 and all solutions except X, and X,, are obtained. If this

parameter increment is reduced to 0.05, this operator will be able to generate all solutions. In
this respect, it would be appropriate to choose this operator as a decision-maker who demands
many solutions according to all kinds of risk behaviors.

e The aggregation operators presented in Modified Zimmermann’s - A Hybrid Operator of Fuzzy
AND and Augmented Max-min operator give the same solutions as the remaining operators. In
this context, applying these operators will not make a significant difference.

Aggregation operators given above present a large number of alternative solutions in paper. Thus,
these obtained solutions offered many alternative options to the decision maker. However, the min
operator gave the largest set of solutions obtained from all operators. In this context, applying these
operators have not made a significant difference.

CONCLUSION

First of all, the problem was solved with the fuzzy approach by forming membership functions
for each objective due to its widespread use. For the optimization of the multi-objective structure,
membership functions are combined by using Werner's ,,,, Werner's u.,, the Modified

Zimmermann's operator, Lai, and Hwang's augmented max-min operator, and the hybrid operator of
Werners' and Lai-Hwang's operators. Thus, new approaches have been developed to provide various
solutions for MSTP. Considering that the transportation problem and even its three-dimensional
version have many applications, the utility of the proposed approaches emerges. As a result of the
proposed approaches and sensitivity analyzes, we concluded that the s, and z,,, operators can be
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used by optimistic and pessimistic decision-makers, respectively. Thus, a convenient solution can be
selected from the set generated by the operators ,,, and u., based on the risk attitude of the
decision-maker. If the decision-maker is indecisive about his/her risk attitude or demands as many
possible solutions as possible, the modified Zimmermann's operator can be selected since it generates
all solutions from the min to the max operator, which matches with pessimistic and optimistic
decisions. The Lai and Hwang’s augmented max-min operator, and the hybrid operator of Werners’
o and Lai-Hwang’s operator did not produce different solutions. In future studies, fully
fuzzyl/interval/fuzzy number forms of MSTP and/or associated with different sorts of membership
functions and/or multi-item forms can be considered.
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