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ABSTRACT

In this paper, we consider pointwise slant submersions from locally product Riemannian
manifolds. We first give a necessary and sufficient condition for a curve on the total manifold to
be a geodesic and then focus investigate new Clairaut conditions for considered submersion. In a
main theorem, we find a new necessary and sufficient condition for a pointwise slant submersion
to be Clairaut in case of its total manifold is locally product Riemannian manifold. Finally, we
present an illustrative example for this kind of submersion which satisfies Clairaut condition.
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1. Introduction

O'Neill [20] and Gray [10] introduced Riemannian submersion between two Riemannian manifolds for
the first time. In differential geometry, to equate geometric structures described on the above mentioned
manifolds, Riemannian submersions are utilized broadly as differential maps. Riemannian submersions have
important application areas in medical imaging, in robotics theory and Kaluza-Klein theory and many
more. Afterwards, Watson [38] introduced almost Hermitian submersions and then Sahin [28] presented the
concept of anti-invariant submersions and Lagrangian submersion from almost Hermitian manifolds onto
Riemannian manifolds and this concept studied in [21, 32, 11, 5, 26, 15]. We refer interested readers to [31] and
references therein for current progress and applications of Riemannian submersions. Sahin [30] generalized
anti-invariant submersions, showing the advantages of study the geometry of the total manifold of semi
invariant submersions and the same idea investigated by Ozdemir et al. [21] and [14]. Most of the studies
related to Riemannian, almost Hermitian or contact Riemannian submersions can be found in the book [9].
Then, some researchers studies some different types of Riemannian submersions such as generic submersion
[1,7,23,27], slant submersion [29, 17, 12, 16], semi-slant submersion [22], pointwise slant submersion [4, 8, 18],
hemi-slant submersion [33], conformal semi-slant submersion [2] and pointwise semi-slant submersions [24].
Pointwise slant submersions from locally product Riemannian manifolds are natural generalizations of anti-
invariant submersions from locally product Riemannian manifolds which were studied in [36].

In the investigation of geodesic upon a surface of revolution, a well known Clairaut’s theorem [6] says that
for any geodesic ¢ on the revolution surface M, the product rsina is constant along ¢, where a(s) be the
angle between ¢(s) and the meridian curve through ¢(s), s € J. He also introduced and studied the theory
of Riemannian submersions which satisfy a generalization of Clairaut’s theorem. Then by following this
study, Clairaut submersions have been studied different kinds of structures. Allison [3] presented Lorentzian
Clairaut submersions. Lee et al. [19] considered Clairaut anti-invariant submersions with total Kaehler
manifolds. Clairaut anti-invariant submersions whose total manifolds are Sasakian and Kenmotsu were given
by Tastan and Gerdan [34] and in [35], the authors also investigated Clairaut anti-invariant submersions
from cosymplectic manifolds. Clairaut anti-invariant submersions whose total manifold is paracosymplectic
manifold are given in [13] with characterization theorems.
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In [31], Sahin investigated Clairaut conditions for pointwise slant submersions from a Kaehler manifold
onto a Riemannian manifold and the author studied pointwise slant submersions by providing a consequence
which defines the geodesics on the total space of this type submersions.

In this paper, we consider Clairaut pointwise slant submersions from a locally product Riemannian manifold
(L.p.R manifold) onto a Riemannian manifold. In Section 2, we give some expressions that we will need in the
next subsequent section. In Section 3, we investigate pointwise slant submersions by providing a consequent
which defines the geodesics on the total space of these types of submersions. We also give a non-trivial example
of the Clairaut pointwise slant submersions whose total manifolds are locally product Riemannian.

2. Preliminaries

In this section, we give the definitions and terminology used throughout this paper. We recall some necessary
facts and formulas from the theory of Riemannian manifold.

2.1. Locally product Riemannian manifolds

In this section, we give brief information for locally product Riemannian manifolds.
Let M, be a (m + n)-dimensional smooth manifold given a tensor P of type (1,1) such that

P? =1, (P#4+I), (2.1)

where [ is the identity morphism of tangent space T),M, at p € M. If M is equipped with the structure P,
then (M, P) is an almost product manifold. If an almost product manifold (M., P) admits a Riemannian
metric g;;, such that

9x1, (PV1, PVa) = g5y, (V1, Va) ot gy, (PV1,Va) = gy, (V1, PV2), (2.2)

where Vi,Vo € TMy, then we say that M, is an almost product Riemannian manifold. An almost product
Riemannian manifold M, is called a 1.p.R manifold if

(Vi-P)Va =0, (2.3)
where V1, V5 € TM; and V is the Riemannian connection on M, [37].

2.2. Riemannian submersions

In this section, we recall the fundamental definitions and notions of a Riemannian submersion

Let be a surjective mapping ¢ : M, — N between two Riemannian manifolds (M, g,;,) and (Ng,gx,)
such that dim(M ) > dim (Ng) , is called a Riemannian submersion if it satisfies the following conditions:

(). The fibers ¢~ !(a),a € N, are r—dimensional Riemannian submanifolds of M, where r = dim(M ) —

In which case, for a vector field X; on M, if it is always tangent to fibers then it is called vertical and if it is
always orthogonal to fibers then it is called horizontal. If a vector field X; on M, is horizontal and ¢—related to
a vector field X;, on N g, then it is called basic, i.e., foralla € Ng, 0. X1, = X144.(a), Where ¢, is the derivative
map of .

(ii). p«q preserves the length of the horizontal vectors.

In which case, we get g;;, (X1,Y1) = g5, (0« X1, 0 Y1), forall ¢ € M, and for any horizontal vectors X;,Y; €
(ker p,)* at g,

A Riemannian submersion ¢ : M, — N specifies two (1,2) types of tensor fields 7 and A on M, by the
following formulas [20]:

T(E,G) = TeG = hV,gvG + vV,ghG, (2.4)

A(E, G) =AgG = UﬁhEhG + hthvG, (25)

for all E,G € x(M ), where h and v denote the horizontal and vertical projections, respectively. It is easy to
see that Ax and 75 are skewsymmetric operators. o
Let X1, X, be horizontal and V1, V5 be vertical vector fields on M, then we get

1
AXng = —AX2X1 = §'U [X17X2} s (26)

dergipark.org.tr/en/pub/iejg 284


https://dergipark.org.tr/en/pub/iejg

M.Polat

T, Va = Ty, Vi (2.7)
From (2.4) and (2.5), we get A
Vv, Va =Ty, Va + Vy, Va, (2.8)
Vv, X1 =Ty, X1+ hVy, X1, (2.9
Vx, Vi =Ax,Vi +vVx, Wi, (2.10)
Vi, Xz = Ax, Xo + hV x, X3, 2.11)

for any X, X € I'(ker )+ and V4, Vs € T'(ker ¢,). Also, if X; is basic then hVy, X1 = hVx, Vi = Ax, Vi. We
observe that the horizontal distribution is totally geodesic if and only if A =0. From above equation, we can
also see that on the fibers, 7 take actions as the second fundamental form.

Let ¢ : M — N be a surjective mapping between two Riemannian manifolds (M, gy, ) and (N g, gx,,)-
Then for E,G € T (T'M ) the second fundamental form of ¢ is described as

(Vo) (B,G) = V.G — ¢. (VEG), (2.12)

where V is the Riemannian connection and V* is the pull-back connection. From [18], the second fundamental
form is well-known to be symmetric. Besides, ¢ is called totally geodesic if (Wgo*) (E,G)=0forall E,G €
I'(TMyp).

The fibers of ¢ is called totally umbilical if

T, Vo = gnp,, (V1, V) H, (2.13)
for any V4, V, € T'(ker ¢.), here H is the mean curvature vector field of the fiber of ¢ [21].

2.3. Pointwise slant submersion

In this section, we present results on the geometry of pointwise slant submersions from locally product
Riemannian manifolds.

Definition 2.1. [25] Let ¢ : (M, g5z, P) = (Ng,gx,,) be a Riemannian submersion. Where (M, g5;, , P) is an
almost product Riemannian manifold and (Ng, gy,,) is a Riemannian manifold. If the Wirtinger angle a(V')
between PV and the space (ker ¢.), is independent of the choice of the nonzero vector V' € I' (ker ¢,) ,at each

given point g € M, then ¢ is called a pointwise slant submersion. The angle « is called the slant function of
the pointwise slant submersion.

s

Definition 2.2. [25] If the slant function o = 7 at ¢ of the pointwise slant submersion, then a point ¢ in a
pointwise slant submersion is called totally real. In the same way, if the slant function of the pointwise slant
submersion o = 0 at ¢, then a point ¢ is called a complex point. If the slant function of the pointwise slant
submersion is neither a totally real nor a complex Riemannian submersion, then a pointwise slant submersion
is said to be proper.

Remark 2.1. [18] If the slant function « of the pointwise slant submersion is globally constant, then a pointwise
slant submersion is called slant, means that, « is also independent of the choice of the point on M. In this
state, the constant angle « is called the slant angle of the slant submersion. If every point of M, is a totally real
point, then a pointwise slant submersion ¢ is called totally real.

We can say that slant submersions, anti-invariant and invariant submersions can be given as examples of
pointwise slant submersions. We will give an example for proper pointwise slant submersions.

Example 2.1. Let R® be the standard Euclidean space with the standard metric g;;, . Suppose that P; and P,
are the almost product Riemannian structures on R’ such that

{ Pa(557) = %,Pz(a%g) = azal’PQ(B%g) = Ber }
Pa(5a;) = 503 Pa(55) = 50
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Now, we define product structure P, on RS by
P, =sinaP; + cosabs.
Then we say that (R°, P, g;7, ) is an almost product Riemannian manifold. Define a map ¢ : R° — R? by

T+ T4 s

V2 V2

).

80(331,552@3,1147335) =(

Then we have ) ) ) ,
e :Sp“”{vl A a}

0 0 0
ker o, )t =spand X1 = — 4+ —, Xo = vV2—, 5.
(ker ¢.) P {1 8x1+5az4 2 \[axg,}
¢ is a Riemannian submersion. Moreover, ¢ is a pointwise slant submersion with slant function « such that

a = Cos—l(sina\;zgosa)'

Let ¢ be a pointwise slant submersion from lLp.R manifold (M,gy,,P) onto a Riemannian manifold
(NR,9gx,) Forany V; € I'(ker ¢.), we set
PV1 = ¢V1 + le, (214)

where ¢V} € I'(ker p,) and wV; € T'(ker ¢, )+. Also, for X; € T'(ker ¢, ) we write,
PX, = BX, +CX, (2.15)
where BX € I'(ker ¢,) and CX; € I'(ker ,)*. We can denote (ker ¢, )+ such as

(ker <,0*)L = w(ker ¢.)Ln,

where 7 indicate the orthogonal complementary distribution to w(ker ¢.) in (ker ¢, )*.
Theorem 2.1. [25] Let (M, g5z, , P) be a Lp.R manifold and (N, gy, ) a Riemannian manifold. A Riemannian
submersion ¢ : (M, g7, , P) — (N g, gx,,) is a pointwise slant submersion if and only if there exists a slant function o
such that for Vi € T'(ker @..)

$? = cos® aV. (2.16)

Lemma 2.1. [25]Let ¢ : (My, g5, P) = (Ng,gy,) be a pointwise slant submersion from Lp.R manifold onto a
Riemannian manifold . Then, for any Vi, Vs € T'(ker ¢,) we have

9nr,, (¢Vl7 ¢V2) = COSQ agnr,, (V17 V2)7 (217)
9ir, WV, wVa) = sin? agyr, (Vi, Va).

3. Clairaut pointwise slant submersions from locally product Riemannian manifolds

In this section, we give a new necessary and sufficient condition for a pointwise slant submersion to be
Clairaut in case of its total manifold is locally product Riemannian manifold. Finally, we present an illustrative
example for this kind of submersion which satisfies Clairaut condition.

Definition 3.1. [6] Let ¢ : (My,g57,) — (Nr,9x5,) be a Riemannian submersion and ¢ a geodesic on M. If
there exists a positive function 7 on M, such that the function (r o <) sin « is constant, then ¢ is called a Clairaut
submersion. Here a(s) is the angle between the horizontal space at ¢(s) and ¢(s), for any s € J.

In [6], Bishop introduced Clairaut submersion and he obtained the necessary and sufficient condition for a
Riemannian submersion to be a Clairaut submersion as follows:

Theorem 3.1. [6] Let ¢ : (Mp,g51,) — (Nr,9x,) be a Riemannian submersion between two Riemannian manifolds
with connected fibers. Then, ¢ is a Clairaut submersion with the function r = €” if each fiber is totally umbilical and has
the mean curvature vector field H = —grad3, here according to g5z, , gradp3 is the gradient of the function f3.
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Herein, after giving several supporting results, we state new Clairaut conditions for pointwise slant
submersions.

Theorem 3.2. Let ¢ : (My,g5,) — (Nr,gy,) be a pointwise slant submersion from a lp.R manifold onto a

Riemannian manifold. If ¢ : I, C R — M, is a regular curve, then s is a geodesic if and only if the following equations
hold:

0 = —2sin2a¢(a(s))Vi + cos® a {@Vlvl + vﬁxl‘ﬁ} (3.1)

+H(Ty, + Ax, )wdVi + Bh{Vy,wVi + Vx,wVi }
+o(Ty, + Ax, )wWr) + Ty, X1,

0 = cos®a{Ty,Vi +Ax,Vi} (3.2)
+h {vvlmbvl + Vx,woVi + Vi, X1 + Vx, X1 }
+Ch {Vy,wWi + Vx,wVi } +w((Ty, + Ax,)wVi) + Ax, Xi.
where V1 (s) and X1 (s) denote the vertical and horizontal parts of the tangent vector field <(s) of <(s), respectively.

Proof. Lets: I C R — M, be a regular curve and Vi (s) and X (s) are the vertical and horizontal parts of the
tangent vector field <(s) of <(s), respectively. Since M, is a locally product manifold, we get

Ves(s) = P(VesPs(s))

= PV P(Vi(s) + Xu(s))
Pvé(s)Pvl(S) + PVé(S)PXl(s)).

Using (2.14) and (2.3), we can write
Vi)$(8) = P(Ve(s) (0Vi + wVi)(s) + Ve Xa(s).

Again using (2.14) and (2.3), we get

Ves(s) = Ve PoVi+ Ve PwVi + Ve Xa

= V9™ V1 + VewoVi + PVewVi + Ve X1

By Theorem 2.1, we have

Vi)6(8) = Ve cos® aVi + VeswoVi + PV wVi + Ve X1
On the other hand, from the definition of covariant derivative and after some calculations, we obtain

Viss(s) = —2cosasinai(a(s))Vi + cos®a {(Viuvi +Vx, W1}
+Vv,woVi + Vx,woVs + PVy,wVy + PVx,wV; + Vy, X1 + Vi, X1

Using (2.14), (2.15) and (2.8)-(2.11), we get

<l

(s)S(s) = —sin2ai(a(s))Vi + cos® a {Tv1 Vi+Vy,Vi+ Ax, Vi + 0V, Vl}

Ty, wéVi + WV, wdVi + Ax,wdVi + hVx,weVi
+WV1 (BwVh + Cle) + ﬁxl (BUJV1 + CwVy) + vvl X1+ vxle

= —sin2ac(a(s))Vi + cos® {Tlel + @VlVl + Ax, Vi +vVx, Vl}
+h {Vy,woVi + Vx,wVi + Vv, X1 + Vx, X1 }
+(TV1 + Ax, )W¢V1 + Bh {ﬁvlel + lele}
+Ch{Vy,wV1 + Vx,wVi} + BTy,wVi + BAx,wV
+CTV1LL)V1 + CAXlwW + Tlel + AXle

= —sin2as(a(s))V1 + cos® a {TV1 i+ @Vl Vi+Ax, Vi +vVx, Vl}
+h {ﬁVILU(val +§X1w¢‘/1 + ﬁlel +§X1X1} + (Tv1 + Axl)W(ﬁ‘/l
+Bh{Vy,wVi + Vx,wVi} + Ch{VywVi + Vx,wV1 }
+o((Tv, + Ax, )wV1) + w((Ty, + Ax, )wVi) + Ty, X1 + Ax, X1
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If we take into account the horizontal and vertical parts of this equation, then we acquire
hV:5s(s) = cos® a{Ty,Vi + Ax,Vi}
+h {Vy,woVi + Vx,woVi + Vi, X1 + Vx, X1 }
+Ch {ﬁvlwvl + ﬁxlwvl } +w((Tv, + Ax,)wW1)

+Ax, X;.
and
vVesé(s) = —sin2ai(a(s))Vi + cos® a {@Vlvl + yﬁxlvl}
+(Tv, + Ax, )JwoVi + Bh {vvlwvl + ?Xlwvl}
+o((Tv, + Ax,)wV1) + Ty, X,
Now, ¢ is a geodesic if and only if V¢ = 0, then (3.1) and (3.2) come from the last equations. O

Theorem 3.3. Let ¢ be a pointwise slant submersion from a L.p.R manifold (M ,, g5z, , P) onto a Riemannian manifold
(Ng, 9ng)- Letc: 1o C R — M, be a reqular curve, then ¢ is a Clairaut submersion with the function r = €? if and
only if the following equation hold:

o2 d 9, ((Tv, + Ax,)woV1) + Bh {Vy,wVi + Vx,wVi }
+o((Tv, + Ax, )wV1) + Tv, X1, Vi(s))
= {2tanas(a(s)) — gu, (9radB,<(s)) } g, (V1, V1)
where Vi (s) and X, (s) denote the vertical and horizontal parts of the tangent vector field <(s) of <(s), respectively.

Proof. Let ¢(s) be a geodesic on M, V;(s) = vs(s) and X;(s) = hq(s). Let vk be constant speed of ¢ on M, that
is, k = gy1, (c(5),5(s)) = s(s)]|* . Thence we conclude that,

911, (Vi(s), Vi(s)) = ksin® p(s) (3.3)
9ii1,, (X1(s), X1(s)) = kcos® p(s). (34)
Differentiating (3.3), we have

d —

011, (Vi (5), Va (9)) = 2055 (Vo) Va(9), Va () = 2k sim p(s) cos p(s)

So, it follows that

— . d
911, (Ve Vi (), Vi () = Isin p(s) cos p(s) 2.
From (2.8)-(2.11), we have

bsinp(s) cos p(s) 2 = gy, (Vo Va(s), Vi(s)) (35)
= 9i1, (Vvi()V1(8) + Vi, () Vi(s), Va(s))
= gu, (Tv,V1 + Ax, V1 + Vv, Vi +0Vx, Vi, Vi(s))
= g, (Vi Vi + 0V x, V1, Vi(s)).
On the other hand, from (3.1), we have
cos® a {?VlVl +vVx, Vl} = 2sin2as(a(s))V1 — (Tv, + Ax, )woVs

—Bh {ﬁvlwvl + ﬁxlwvl}
—o((Tv, + Ax,)wVi) — Ty, X1.
If this equation is substituted in (3.5), then we have
91, (sin 2a¢(a(s))Vi = (Tv, + Ax, JweVh)
—Bh {ﬁvlwvl + ﬁxlwv’l} — ¢((TV1 + AXl )le) — T\/le, Vl(s))

d
= kcos? asin p(s) cos p(s) @,

ds
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Now, ¢ is a Clairaut pointwise slant submersion with r = €? if and only if - ((r o <) sin p(s)) = 0. Therefore

d

. dp : dp
£((65 0¢)sinp(s)) =0 < (6’8 0¢) (Eg(s) sin p(s) + cos p(s)g) = 0.
Since r is a positive function, then
dg . dp
Eg(s) sin p + cos P = 0.
By multiplying this with non-zero factor & sin p, then we have
—%c(s)k sin? p = k cos psin p%. (3.6)

Since the right-hand sides of equations (3.3) and (3.6) are equal, then we have

. d
sin205(a(3))xr, (Vi, Vi) — cos” 02 <(s)au, (Vi, V)

— 951, (T, + Ax,)wéVh) + Bh {Vy,wVi + Vx,wVi }
+o(Tv, + Ax, )wV1) + Ty, X1, Vi(s)).

2

By multiplying this with non-zero factor sec’« and since %g(s) =< [B](s) = g5z, (gradfB,<(s)) =

gnr, (gradB, Vi(s) + X1(s) = g1, (gradB, X1), we obtain

{2tan as(a(s)) — g, (gradB,<(s) } g1(Vi, V1)

— g2 d 9 ((Tv;, + Ax,)woV1) + Bh {Vy,wVi + Vx, w1 }
+¢((TV1 + AX1 )wvl) + TVle, Vl(s)) :

Hence the theorem is proved. O

Let ¢:(My,g5,,P) — (Nr,g5,) be a pointwise slant submersion with slant function . ¢ is a slant
submersion if the function « is constant. So, we can give the following results, which are not difficult to prove.

Theorem 3.4. Let o : (My, gy, ,P) — (Nr,gx,) be a slant submersion from a l.p.R manifold onto a Riemannian
manifold. If ¢ : I, C R — M, is a reqular curve, then < is a geodesic if and only if the following equations hold:

0 = cosla {@Vlvl + ﬁxlvl} 4 (T, + Ax, )woVi (3.7)
+Bh {Wvlwvl + lewvl} + ¢((TV1 + AX1 )le) + Tlel,

0 = cos®a{Ty,Vi +Ax,Vi} (3.8)
+h {Vy,woVi + Vx,woVi + Vi, X1 + Vx, X1 }
+Ch {?vlel + ﬁxlel} + w((Tvl + Ax, )le) + Ax, Xy,

where V1 (s) and X, (s) denote the vertical and horizontal parts of the tangent vector field <(s) of <(s), respectively.

Corollary 3.1. Let ¢ : (My, g5z, P) = (Ng,gx,,) be an anti-invariant submersion with o = 5. In this case

0 = (Tv, + Ax,)woVi1 + Bh {vvlwvl +§X1WV1}
+o((Tv, + Ax, )W) + Ty, Xa,
0 = h{VywoVi+ Vx,woVi+ Vi, X1 + Vi, X1}
+Ch {ﬁvlwvl + ﬁxlwvl} +w(Ty, + Ax,)wV1) + Ax, X1,

the equalities satisfy if and only if every fibre is totally geodesic.
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Theorem 3.5. Let ¢ : (My, g5, ,P) — (Ng,9x,) be a slant submersion from a l.p.R manifold onto a Riemannian
manifold and let < : I, C R — M, be a regular curve, then o is a Clairaut submersion with the function r = € if and
only if the following equation hold:

sec? o QML((TV1 —I—AX1 )w¢V1) + Bh {ﬁvlw‘/i -‘rﬁxlwvl}
+o((Tv, + Ax,)wV1) + Ty, X1, Vi(s))

= 91, (gradB,<(s))gsr, (V1, V1)
where V1 (s) and X1 (s) denote the vertical and horizontal parts of the tangent vector field <(s) of <(s), respectively.

Theorem 3.6. Let ¢ be a Clairaut pointwise slant submersion from a Lp.R manifold (M 1, gy;, , P) onto a Riemannian
manifold (N g, g,,) with totally umbilical fibers with the function r = €. Then, gradf € T'(n).

Proof. For any V' € I'(ker ¢, ), from (2.13) and (2.17) we have

TovoV = —gn1, (#V,¢V)gradp
= —cos? ag1(V,V)gradp.

From (2.8), we get
VovoV — @¢V¢V = — cos? agyr, (V,V)gradp.

From (2.14) and again from (2.8), we have
P(TyyV + @qst) —TypywV — hVgywV — @¢V¢V = — cos? agyr, (V,V)gradp.
Since fibers are totally umbilical, then we get
P%Vv — hVvwV — @qﬂ/d)V = —cos? agyr, (V,V)gradp.
If we take the inner product of both sides with wV, then get

9i1, (PVovV,wV) — gy, (WevwV,wV) — gir, (VevoV,wV)
= —cos®agy, (V,V)g, (gradB,wV).

From (2.8), (2.14) and after some easy calculations, we have
cos? agyr, (V. Vg, (gradf, wV) = 0.

So, Since ¢ is a pointwise slant submersion, then gradg € I'(n). O

Theorem 3.7. Let ¢ be a Clairaut pointwise slant submersion from a l.p.R manifold (M, gy;, , P) onto a Riemannian
manifold (N g, g,,) with the function r = e®. Then

—sinaV(a) + gy, (V, Ty.wV) = g, (V, TywV* + VyoV+), (3.9)

for any vertical unit vector field V. Furthermore, if o has totally umbilical fibers then V'V € T'((ker ¢,)*).

Proof. Let V' € I'(ker ¢, ) be any unit vertical vector field. From (2.16), there exists a unit vertical vector field V'
such that ¢V = (cosa)V*. For V € T'(ker ¢.), Using (2.1), (2.2), (2.3) and (2.8)-(2.11) we get

VyPV = Vy(cosaV* +wV)
= VycosaV* +VywV
= —sinaV(a)V* +cosaVyV* + VywV
= —sinaV(a)V* +cosa(TyV* + VyV*) + TywV + hVywV.

On the other hand, the 1.p.R manifold property (Vi P)V = 0,

(VyPV) = P(VyV)=PTyV +VyV)
BTV 4+ CTyV + ¢V V + wVy V.
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Comparing the vertical components of the resulting equation, we get
—sinaV(a)V* + cos aVyV* + TywV = BTV + ¢V V.
Thus, if we take the inner product with V+,we have
—sinaV(a)gy, (V=,V*) + gy, (cos aVy V=, V=) + gy (TywV, V)
= g(BTYV.V") + gy, (9VvV, V7).

Using the facts that V- is unit vertical vector field and the tensor T is skew-symmetric and substituting
¢V = cos aV* in last expression, we get

—sinaV(a) + gy, (TvV*,wV) = g1 (Tv V,wV*) + g1, (@VV, PV).
Using (2.7) in the above equation, we obtain (3.9). O

From Theorem 3.7, we can give the following result.

Corollary 3.2. Let ¢ be a Clairaut pointwise slant submersion from a L.p.R manifold (M, gy;, , P) onto a Riemannian
manifold (N g, g,,) with the function r = ®. Then, ¢ is a slant submersion if and only if

g1, (Tv V=, wV) = g5, (TvV,wV*) + g7, (Vv V, ¢V 7). (3.10)
holds.

Corollary 3.3. Let ¢ be a Clairaut slant submersion from a Lp.R manifold (M, gy, , P) onto a Riemannian manifold
(Nr,9gx,)- From Theorem 3.6, we know that gradf € T'(n), then using (2.13) in (3.10), we obtain

T¢,VwV = va(]ﬂ/.

Now, we give an example of a Clairaut pointwise slant submersion from a 1.p.R manifold (M, g5;, , P) onto
a Riemannian manifold (N g, gy,,) with the function r = e”.

Example 3.1. Let M be an Euclidean space given by
My = {(w1, 22,23, 34,25) € R® : (w2, 23,24, 35) # 0,21 # 0} .
We define the Riemannian metric gy;, on M, by
gz, = € 2 dz] + e 2 dad + 2e7 2 dx} + e 2 dad + e 2 da.

We take the almost product Riemannian structure (P,,gy;,) on M given in Example 2.1. Let Ny =
{(v1,v2,v3) € R*} be a Riemannian manifold with Riemannian metric g5, on N given by

INg = e 2" dv? + e Fdvs 4 2e 2" dov3.

A P—basis can be given by

0 0 0 0 0
e =e'—— g =€ —,e3 ="' — ey ="' —,e5 = " — 5,
ory Oxa O3 T4

onT,M, and
i 2 2o )
! oy’ 2 oy2’ 3 dys |’
on T, Ng forall g € M, . Now, we defineamap ¢ : (M, P,g5;,) = (Nr,9x,) by

L2 — &3 T4 — s

<P($1,96273037334)=( \/5 , \/i ,$1)~

Then, we have
ker p, = span{Vi = ex +e3, Vo =es + €5},
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ker o, J‘:sp(m Xi=ey—e3,Xo=€4—e5,X3=¢€1}.
P

Hence it is easy to see that
9, (XlaXl) = 9Ng (90* (XZ) y Px (XZ)) = 27

for i =1,2,3.Thus ¢ is a Riemannian submersion. Moreover, ¢ is a pointwise slant submersion with slant

function « such that a = cosfl(g‘\’/s%). Now, we will find smooth function 3 on M, satisfying TV =

—9x1, (V,V)gradp, forall V € T (ker ¢.) . We can simply calculate that

F%2 = 1>F§2 = Fg2 = F%z =0,
T3 = 2,15 =T3=T3=0,
P4114 = 1 I‘44 = FZ4 = F34 =0,
F%5 = 17F44 = F24 = Fi4 =0,

other connection coefficients are zero. And

- o 0 o - - oy O
v6262 = 62 laim?v€263:07ve362:07v€3e3:2 2 1873}1,
V. e, = ehliﬁe:0§ €4=O§6=€2w1i
e €4 61'1, e €5 s Ves s Vesth ax17
v62€4 O,v6265 = O,ve?’ezl = O,ve4€5 = 0,
78462 = 0,ve463 :07v6562 :0,ve5€3 =0.
Hence, we have
_ 0 — 0
VinVi = 3¢ — Vy,Vh = 26> —,
iVl € 8.’1517 Vo V2 & 81‘1
VvV = Vi, Vi=0.

Now, if we take V = A\ V] + X V5 for A\i, A2 € R then
Ty V = NTy, Vi + \aTv, Va + 201 Ao Ty, Va.

From (2.8)-(2.10), by direct calculations, we have
2 2y 20, O
TyV = (34 + 209 o

Since V' = A1V} + A2V%, then by direct calculations, we obtain
g, (V,V) = (3M\] 4+ 2A3).

Moreover, for any smooth function 3 on R?, the gradient of 3 with respect to the metric g;;, is given by

vE = Z ML@J; 836]

1,j=1
w08 0 2000 0 1,08 0
31‘1 8LE1 31‘2 8%2 2 81’3 6I3
98 0 | 2098 0

2w1
(& .
+ 6.1‘4 61‘4 8.1?5 8%5

Hence V3 = —e?21 8%1 for the function 8 = —z;. Therefore it is easy to see that Ty V = —gy;, (V,V)gradg. Hence
¢ is a Clairaut pointwise slant submersion.
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