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1. Introduction

Complex numbers, Dual numbers and Hyperbolic numbers arise in many areas such as coordinate
transformation, dynamic analysis, displacement analysis, static analysis, velocity analysis, rigid body
dynamics, matrix modeling, geometry, mechanics, mathematics, physics, kinematics and transformation.
Horadam (Horadam, 1963) introduced the concept, the complex Fibonacci numbers, called the Gaussian
Fibonacci numbers GF, = F, + iF,,_; where F, € R,i? = —1 and F,,nth Fibonacci numbers. Fjelstad and
Gal (Fjelstad and Gal, 1998) defined the hyperbolic numbers H = h + jh* where h,h* € R,j2 =1 and j #
+1. Clifford (Clifford, 1871) described the dual numbers D = d + ed* where d,d* € R,e2 =0 and € # 0.
Messelmi (Messelmi, 2022) expressed the dual-complex numbers Z = z + ez* where z,z* € C,¢% = 0 and
e # 0. There are a number of studies in the literature concerned with these numbers (Catarino, 2019; Giil,
2020; Soykan, 2021; Vajda, 1989; Giirses, Sentiirk and Yiice, 2021). Fjelstad and Gal (Fjelstad and Gal, 1998)
inspected the extensions of the hyperbolic complex numbers to n-dimensions and they gave n-dimensional
dual complex numbers in algebra and analysis. Matsuda (Matsuda, Kaji and Ochiai, 2014) et al. inspected the
two-dimensional rigid transformation which is more concise and efficient than the standart matrix presentation,
by modifying the ordinary dual number construction for the complex numbers. Majernik (Majernik, 1996)
gave three types of the four-component number systems which are formed by using the complex, binary and
dual two-component numbers. Akar (Akar, Yiice and Sahin, 2018) et al. introduced arithmetical operations on
dual-hyperbolic numbers. They investigated dual hyperbolic number and hyperbolic complex number valued
functions. Brod (Brod, Szynal-Liana, Wloch, 2020) et al. formulated any bihyperbolic number by w = x; +
Jxo + j1x3 + jox4. Addition, substraction and multiplication of bihyperbolic numbers and was defined as
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witwy, = (g +y1) £ +y2) £j1(x5 £ y3) +Jja(xs £ ys)
wy Xwy = (X1Y1 + X2Y2 + X3Y3 + X4Ya) +j(X1Y2 + X291 + X3V + X4Y3)
+j1(X1Y3 + X2Y4 + X3y1 + X4Y2) + j2(X1Vs + X33 + X3Y2 + X471).

Table 1
Multiplication scheme of bihyperbolic numbers.
x 1 j )
1 1 j J1 Ja
J J 1 J2 J1
J1 J1 J2 1 '
J2 J2 J1 J 1

Forn € Ny, Pell and Pell-Lucas numbers are defined by the recurrence relations, respectively, in the following
way: Pyyo = 2Py + Py, P =0,P; =1and Quy2 = 2Q,41 + Qn, Qo = 2, Q1 = 2. The nth Pell and Pell-
Lucas number are also formulized as P, = % and Q, = a™ + ", wherea =1+ V2,8 =1—+/2. These
formulas are called as their Binet’s formulas (Koshy, 2014).

Many researchers have studied several areas of these number sequences. Brod (Brod, Szynal-Liana, Wloch,
2021) et al. examined a new one-parameter of bihyperbolic Pell numbers. They also gave some important
features of these newly defined numbers. Soykan and Gécen (Soykan and G6cen, 2020) introduced the gene-
ralized hyperbolic Pell numbers over the bidimensional Clifford algebra of hyperbolic numbers. Azak and
Giingor (Azak and Gilingor, 2017) defined the dual complex Fibonacci and Lucas numbers and gave the well-
known properties for these numbers. Aydin (Aydin, 2019) investigated the hyperbolic Fibonacci sequence and
the hyperbolic Fibonacci numbers and also gave some algebraic properties of them. Dikmen (Dikmen, 2019)
introduced the hyperbolic Jacobsthal numbers and presented recurrence relations, Binet’s formula, generating
function and the summation formulas for these numbers. Petoukhov (Petoukhov, 2019) desribed the applica-
tions of two-dimensional hyperbolic numbers and their algebraic two-dimensional extensions in modeling
some genetic phenomena. He also gave the properties of hyperbolic numbers and their matrix representations.
Bilgin and Ersoy (Bilgin and Ersoy, 2020) studied the four-dimensional real algebra of bihyperbolic numbers.
They also showed conjugates, three hyperbolic valued moduli, real moduli and multiplicative inverse of this
numbers.

2. Gaussian-bihyperbolic Pell and Pell-Lucas Numbers

In this sections, the Gaussian-bihyperbolic Pell and Pell-Lucas numbers will be defined. A variety of algebraic
properties of Gaussian-bihyperbolic Pell and Pell-Lucas numbers are presented in a unified manner. Some
identities will be given for Gaussian-bihyperbolic Pell and Pell-Lucas numbers such as Binet’s formulas, ge-
nerating function formulas, d’Ocagne’s identities, Catalan’s identities, Cassini’s identities and some sum for-
mulas. The properties of Gaussian-bihyperbolic Pell and the Pell-Lucas numbers will also be obtained using
their matrix representation.

Horadam (Horadam, 1963) introduced the concept, the complex Fibonacci numbers, called the Gaussian Fi-
bonacci numbers GE, = F, + iF,,_, where E, € R,i? = —1 and F,, the nth Fibonacci numbers. In view of
this definition, we will call Gaussian numbers as the numbers whose components are formed by ordering the
consecutive terms of a number sequence from largest to smallest. After these explanations, we can give the
following definition.

Definition 2.1. For n € N, the Gaussian-bihyperbolic Pell and Pell-Lucas numbers are defined by

GPny3 = Ppys +jPuip + j1Ppyr + 2B
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GQnt3 = Qni3 +JQn+2 +j10n+1 +J20n
where P, and Qy, are the nth Pell and Pell-Lucas numbers. j, j; and j, denotes (j2 = jZ = jZ = 1;],j1,j, #
T1).
GPO:]_2]1+5]2,GP1:1+]1_2]2,GP2:2+]+]2,
GQy=2-2j+6j;—14j,,GQ1 =2+ 2] —2j; +6j,,GQ, =6+ 2j +2j;, — 2j,, ...

GP, = 2GP,_, + GP,_, and GQ,, = 2GQ,,_; + GQ,,_, are a recurrence relationship between Gaussian-bihy-
perbolic Pell and Gaussian-bihyperbolic Pell-Lucas numbers.

Let GP,.5 and GP,. 5 be two Gaussian-bihyperbolic Pell numbers. The addition, substraction and multiplica-
tion of the Gaussian-bihyperbolic Pell numbers are given by

GPoy3 + GPyy3z = (Pay3 £ Pyy3) +j(Pavz £ Ppi2) +j1(Par1 £ Poya) +j2(Pa £ Pp)
GPay3 X GPpi3 = (Pay3Ppss + Pay2Pyyz + Par1Poyr + PoaPp)
+j(Pa+3Pb+2 + Pa+2Pb+3 + Pa+1Pb + Pan+1) +j1(Pa+3Pb+1 + Pa+2Pb + Pa+1Pb+3 + Pan+2)
+j2(Pa+3Pb + Pa+2Pb+1 + Pa+1Pb+2 + Pan+3)-
Lemma 2.2. Let B, and Q,, be the Pell and the Pell-Lucas numbers, respectively. The following relations are
satisfied (Koshy, 2014)
I BnPryr — Ppgr Py = (_1)an—nP£
" Pmpn+r + Pm+rpn — ZQm+n+r_(_1) Qm-nQr

8

-1
iii. [ =Q"%
. P

n —2n
V. Xko1 Pog-1 =7
Pony1—1
——

V. k=1Pax =
Similar equations for Pell-Lucas numbers is obtained.

Definition 2.3. The negaGaussian-bihyperbolic Pell and the negaGaussian-bihyperbolic Pell-Lucas numbers
are defined by

GP_, = (_1)n+1[Pn — JPnt1 T Jj1Pny2 _jZPn+3]
GQ_n = (=1)"3[=Qpn + jQns1 — j10Qn+2 + j2Qna3]
where P, and Q,,, are the nth Pell and Pell-Lucas numbers.

Corollary 2.4. Let GP, and GQ,, be the Gaussian-bihyperbolic Pell and the Gaussian-bihyperbolic Pell-Lucas
numbers, respectively. The following relations are satisfied

I 2(Gpn+1 + GPn) = GQn+1 vii. GQn+1 + GQn = 4'GPn+1
ii.  2(GPyy1—GP) =GO, viii.  GQn41 — GQ,, = 4GP,
iii. GPyq+GP,_y =GO, iX.  GQuyq+GQp_q = 4GPyyq
iv.  GPn4, — GP,_, = 2GP, X.  GQpiq—GQp_q = 2G0Q,
V.  GPyyy +GP,_, = 6GP, Xi.  GQpyz +GQpu_y = 6GQ,
vi. GP,.,—GP,_, =2GQ, Xii. GQpip —GQ,_n = 16GP,

Proof.

. 2(GPpy1 + GPy) = 2(Pyyq + Py + j1Pro1 +JoPnz + Py + jPuoy + j1Paz + j2Pps3)
=2(Ppy1 + B) + 2J (P + Pro1) + 21 (Proq + Pr2) + 2j2 (P2 + Pp3)
= Qn+1 +JQn +J10n-1 +J20n—2 = GQny1.

The remaining equations can be proven by the same method.

Theorem 2.5. (Generating Function Formula) Let GB, be the Gaussian-bihyperbolic Pell numbers. Generating
function formula for these numbers is as follows
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(U — 2j1 + 5j2) + t(1 — 2j + 5j; — 12j,)

h() = 1—2t—t2

Proof.

Let h(t) be the generating function for Gaussian-bihyperbolic Pell numbers as h(t) = Y5, GP,t™. Using
h(t), 2th(t) and t?h(t), we get the following equations, th(t) = Yo, GB,t™ 1, t2h(t) = Yoo GP,t™2.
After the needed calculations, the generating function for Gaussian-bihyperbolic Pell numbers is obtained as

GP, + GP,t — 2GP,t

h(t) = 1—2t—t2
h(t) = (U — 2j1 +5j2) +t(1 = 2j + 5j; — 12j,)
1—2t—t2 '

Similarly, the generating function formula for Gaussian-bihyperbolic Pell-Lucas numbers is obtained.

Theorem 2.6. (Binet’s Formula) Let GP, be the Gaussian-bihyperbolic Pell numbers. Binet’s formula for this
numbers is as follows

d\an—3 +[)’5ﬁn—3

a—p
where @ = a3 +ja? +jia' +j, a=1+~v2and g = B3 +jB% +j 1B  +j,. B =1 —/2.
Proof.

GP, =

Gh, =Py +jPyq + j1Ppy +j2Py3

_ an+Bn i an—1+Bn—1 i an—2+Bn—2 i a,n—3+Bn—3
_( a—-p )+J( a—pB )+h( a-f )+12( a-pB )
aB(ad+jat+jiat+jp) | BT3B+ 4B +)2)
= +
a-B a-fB
&an—S +'éﬁn—3
a-—p '

Similarly, Binet’s formula for Gaussian-bihyperbolic Pell-Lucas numbers is obtained.

GP, =

Theorem 2.7. (d’Ocagne’s Identity) Let GP, be the Gaussian-bihyperbolic Pell numbers. d’Ocagne’s identity
for this numbers is as follows

GhnGPry1 — GPpy i GPy
= j[(_l)n(Pm—n—l - Pm—n+1)] +j2 (_1)n[Pm—n—3 - Pm—n—l + Pm—n+1 - Pm—n+3]-

Proof.
GPnGPny1 — GPpy 1 GPy = (B + jPm—1 + j1 P2 + J2Pim—3) (Pryr + JPy + j1Prno1 + j2Pn2)
—(Pms1 +jPn + j1Pmo1 + J2Pm—2) (Py + jPy_1 + j1Pag + j2Pr_3)
= Jj(=D"(Pm-n-1 = Pmn-n+D] + 2 (D" [Pp_n-3 — Pm—n—1 + Pm_ns1 — Pm—nasl-
Similarly, d’Ocagne’s identity for Gaussian-bihyperbolic Pell-Lucas numbers is obtained.

Theorem 2.8. (Catalan’s Identity) Let GP, be the Gaussian-bihyperbolic Pell numbers. Catalan’s identity for
this numbers is as follows

GPB} = GPpyrGPyy = 2J(=1)" TP [Pr_y = Pryq] + jo (“ )" B Pr_g — Proy + Pryy — Prysll.
Proof.
GP? = GPpyrGPyy = (Py + jPp_y + j1Pu_p + j2Pp_3) (Py + jPoq + j1Pnoz + j2Pn_3)
—(P + jPnyr—1 + j1Prsr—2 + J2Prar—3) Par + jPay—1 + j1Par—2 + j2Pnr-3)
=2j(=D)""P[Proy = Pryt ] + jo (D) TR [Pros — Proy + Pryr — Prysl
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Similarly, Catalan’s identity for Gaussian-bihyperbolic Pell-Lucas numbers is obtained.

Theorem 2.9. (Cassini’s Identity) Let GP, be the Gaussian-bihyperbolic Pell numbers. Cassini’s identity for
this numbers is as follows

GP? = GPpy1GPyy = —4j(~1)"1 = 12j,(=1)" .

Proof. If r = 1 is taken in the Catalan’s identity, Cassini’s identity is obtained. Similarly, Cassini’s identity
for Gaussian-bihyperbolic Pell-Lucas humbers is obtained.

Theorem 2.10. Let GP, be the Gaussian-bihyperbolic Pell numbers. In this case
i ER GP = () g () gy () 4, (B2)
i 0= () 0 (5 o (o) s ()
i st = (257) 43 () 0 (257 £ (257
Proof.
i Xk=1GPx = Xk=1(Px + jPx—1 + j1Pi—2 + j2Pr-3)
Yoy GPy = Xy P+ SR2h P+ ja Xh221 P+ j2 20225 P
YU GPy = (Qn+21—1) n (an—l) +i, (Qn—21+1) +, (Qn_22—3).

The remaining sums can be proven by the same method.

Theorem 2.11. Let GP, be the Gaussian-bihyperbolic Pell numbers. For any positive integer n, we have the

matrix representations of these sequences with both negative and positive indices are as follows

1]"[GP2 GPl] [GPn+z GPn+1
0 GPy GPO GPn+1 n

) o) = larrn]
21 6p, GPn+1

] GP, Gpl]:[GP—n+2 Gp—n+1]
=21 6P, GP, GP_,,1 GP_,

[ o Tenl=lorrn
11 GP,| = |GP_,i4

Proof.

)OO RO RPN

i. For the prove, we utilize induction princible on n. The equality hold for n = 1. Now assume that the

equality is true for n > 1. Then, we can verify for n + 1 as follows

[2 1’“‘1[GP2 GP1]= 2 1 [2 1]n[GP2 GPl]
10 GP;, GP, 1 oll1 ol [GP, GP

— 2 1 [GPn+2 GPn+1]= GPn+3 GPn+2
10 GPn+1 GPn GPn+2 GPn+1 .

Thus, the first step of the theorem can be proved easily. Similarly, the other steps of the proof are concluded
by induction on n. Matrix representations for Gaussian-bihyperbolic Pell-Lucas numbers are obtained analo-

gously.
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3. Conclusion

This study presents the Gaussian-bihyperbolic Pell and Pell-Lucas numbers. We hope that these newly defined
number sequences may be used in many areas such as quantum physics, applied mathematics, kinematic, dif-
ferential equations and cryptology. Since this study includes some new results, it contributes to literature by
providing essential information concerning these new numbers. Therefore, we hope that this new number sys-
tem and its properties that we have found will offer a new perspective to the researchers.
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