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Abstract

We provide estimates for the periodic and antiperiodic eigenvalues of non-self-adjoint Sturm-Liouville
operators with a family of complex-valued trigonometric polynomial potentials. We even approximate
complex eigenvalues by the roots of some polynomials derived from some iteration formulas. Moreover,
we give a numerical example with error analysis.
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1. Introduction

In the present paper, we consider the operators T(v), for s = 0,1, generated in Ly[0, 7| by the differential
expression

—y"(x) +v(2)y(x) (1.1)

and the boundary conditions
y(m) =e™y(0),  y'(7) =ey(0), (12)

which are periodic and antiperiodic boundary conditions, where v is the complex-valued trigonometric polynomial
potential of the form

—1i2x

U(l’) =v-1€ + ,U2€i4a:, V_1,V2 € C. (13)

Note that, the trigonometric polynomial potential (1.3) is a PT-symmetric potential if v_1, v2 € R. For the properties
of the general PT-symmetric potentials, see [1-6] and references therein. Here, we only note that, the investigations
of PT-symmetric periodic potentials were begun by Bender et al. [7].
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It is well known that the spectra of the operators Ty(v) and T (v) are discrete and for large enough n, there are
two periodic (if » is even) or antiperiodic (if n is odd) eigenvalues (counting with multiplicities) in the neighborhood
of n?. See the basic and detailed classical results in [8-11] and references therein.

The eigenvalues of the operators Ty(0) and 71(0) are (2n)? and (2n + 1), for n € Z, respectively and all
eigenvalues of Ty (0) and 73 (0), except 0, are double. The eigenvalues of Ty (v) and T3 (v) are called the periodic and
antiperiodic eigenvalues and they are denoted by p,,(v), for n € Z and A, (v), for n € Z — {0}, respectively.

It is well known that (see [10-12]), if v is real-valued, then all eigenvalues of the operator T (v) are real, for all
s € (—1,1], and the spectrum o(T'(v)) of the Hill operator T'(v), generated in Ly (—00, 00) by expression (1.1) with
the real-valued potential (1.3), consists of the real intervals

[yi= (o), A1 (v)], T2:=[1(v),p-1(v)], Tz:=[uy1(v),A2(v)], Ta:=[Apa(v),p2)],...,

where 1o(v), fi—n (), fi4n(v), forn = 1,2, ... are the eigenvalues of Ty (v) and A_,, (v), Ayp(v), forn = 1,2. .. are the
eigenvalues of 7’ (v) and the following inequalities hold:

to(v) < A=1(v) € A1 (v) < po1(v) < pga(v) < A2(v) < Apa(v) < p—2(v) < prya(v) < -+

The bands I'1, I's, . .. of the spectrum o (T'(v)) of T'(v) are separated by the gaps

Ari= o1 (@) A (0), Ag = (1), a1 @) Ag = (Aa(v), Asa(v)), ..

if and only if the eigenvalues at the endpoints of the intervals are simple. In other notation, I';, = {,,(s) : s € [0, 1]},
where v1(s), 72(s), . . . are the eigenvalues of T (v), called as Bloch eigenvalues corresponding to the quasimomentum
s. The Bloch eigenvalue v, (s), continuously depends on s and ~,,(—s) = v,(s).

Obviously, p—, (v) and pi4,(v), forn =1,2,... are the (2n)th and (2n + 1)th periodic eigenvalues; A_,, (v) and
Agn(v), forn =1,2,... are the (2n — 1)th and (2n)th antiperiodic eigenvalues, respectively.

If one of the numbers v_; and vy is zero and the other is real in (1.3), then all eigenvalues of the operator Ty (v),
except 0, are double and they are equal to (2n)2. This fact was proved for the first time in [13]. This case was
investigated also in [14-16].

In this paper, we provide estimates for the eigenvalues of Tj(v), when v_;,v2 € C. We even approximate
complex eigenvalues by the roots of some polynomials derived from some iteration formulas. Finally, we give a
numerical example with error analysis using Rouche’s theorem.

It is well known that [17]

|tan (V) = g (0)] < st[gp ] lv(z)| = M,
xze |0,

[Atn(v) = Axn(0)] < sup lv(z)] = M,
ze[0,m

forn=1,,2..., where
pan(0) = (20)%, Agn(0) = (20— 1)
and M < |v_1] + |vz| < 2¢, ¢ = max{|v_1], |v2|}. Moreover, for n = 0, |o(v)| < M holds. Therefore, we have

(2n)* = M < |un| < (20)° + M (1.4)

and
[l — (2K)%] > [(2n)® — (2K)*| — M = 4|n — k|[n + k| — M > 42n — 1| = M,

for n € Z and k # £n. In particular, if n = 1, we have |p41]| < 4+ M and
a1 = (26)%] > [|pa| = (2K)%] > 16 — |paa| > 12 = M, (1.5)
for k > 2. Besides, if |n| > 2, we have |, | > |pu—2| > 16 — M and
|0 — (2k)%| > ||p—a| = (2K)?] = 2| —4 > 12 = M, (1.6)
for k # +n. The analogous inequalities can be written for the antiperiodic eigenvalues from
(2n —1)2 = M < [Agn| < (20— 1)* + M,

forn=1,2,....
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2. Main results

We shall focus only on the operator Tj(v) which is associated with the periodic boundary conditions. The
investigation of 7} (v) is similar. From now on, when we use the notation (,,, we mean the (2n)th and (2n + 1)th

periodic eigenvalues p—,(v) and p4,(v), forn = 1,2, .... In order to obtain iteration formulas, we use the equations
(,UN _ (271)2)(\111\/, 61127195) — (U\I/N, ei27m)7 (2'1)
(i — (20)2) (U, €7 2%) = (0, e 20), 22)

which are obtained from
—U(2) +v(@)UN(z) = unUn(z),

by multiplying both sides of the equality by e?>"® and e~>"®, respectively, where ¥y (z) is the eigenfunction
corresponding to the eigenvalue py. Iterating equation (2.1) k times, the way it was done in the paper [18], we
obtain

k k
(tn — (2n)* — Z a;(tin)) (W, €)= (von + Z b;(tn)) (W, € 2™) = rp(in), (2.3)
j=1 j=1
where
UnyUng * " Un;V—n;—ng—-—n
a(ﬂn) = 2 El 2 J ,
G D DU s R i S TR e e
Vs U * Urs U2y — 1o — oo — s
bi(1tn) = 1ina " Ony Ut —nany ,
Tk(ﬂ ) = Z UnqUny * " UnyUnyyy (U\Ijna eiQ(ninlimin’H—l)w)
n) — .
o T = 0= )2 — @00 =~ 1))
l
Here, the sums are taken under the conditions n; = —1,2, >~ n; # 0,2n for ! = 1,2,...,k + 1. Note that, for the

i=1
trigonometric polynomial potential of the form (1.3), we have v; = 0 fori # —1,2.
Similarly, iterating equation (2.2) k times, we obtain

k k
(.Un - (2”)2 - Z a; (Nn))(ana eii%z) - (U—Qn + Z b; (l‘n))(\ljna ei%z) = Tl:(ﬂn)a (2.4)
Jj=1 j=1
where
UnyUny ** " Un; Vg —ng——n
aj (n) = Z

[n = 2 +n1))%] - [n — 20+ 01 4+ + 1))

* _ UnyUng = * ’Unjv72nfn17n27~~-fnj
D e R | T R Eas e ok

('U\Ijn, e—i2(n+n1+~-+nk+1)w)

le,(,ufn) = Z [’un — (12<n2+ nl);g] k+1['un — (2(71 +n e+ nk+1)>2]-

M1,M2,. 3, N+1

!
Here, the sums are taken under the conditions n; = —1,2, Y n; # 0, —2n forl = 1,2, ..., k + 1. Since the potential v
i=1
is the trigonometric polynomial potential of the form (1.3), we have the followings, after some calculations:

az;_1(tn) = azj—1(pn),  a3;_o(pn) = azj—2(pn) = a3;(un) = az;j(pn) =0, (2.5)

for j =1,2,.... Now, in order to give the main results, we prove the following lemma. Without loss of generality,
we assume that ¥, (z) is the normalized eigenfunction corresponding to the eigenvalue .
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Lemma 2.1. The statements
(@) |pn|? + |qn|* > 0, where p, = (9,,,e2"*) and q,, = (¥ ,,, e~1217),
(b) limy, o 71 (Hn) =0, limy o0 7']: (,un) =0,
hold in the following cases:
(1) if max{|v_1], |va|} = ¢ < 97/50, forn =1,
(i) ifc<2t—1,forn>tt=23,...

Proof. (a) Assume the contrary, p, = 0 and ¢, = 0. Since the system of the root functions {e?*** /\/7 : k € Z} of
To(0) forms an orthonormal basis for Ly[0, 7], we have the decomposition

W, = pnei2nx + qnefian + Z (\117“ eiQk:x) ei2k
kEZ,k#+n
for the normalized eigenfunction ¥,, corresponding to the eigenvalue p,, of Ty(v). By Parseval’s equality, we obtain
Z |(\Iln,ei2kz)|2 — .
k€L k#+n
On the other hand, by (1.4)-(1.6), we have
16— M < |pp| <16+ M,  |ug—4]>12—M,  |ug — 36| > 20— M. 2.7)

First, we consider the case n = 1, namely, the case (i). Using the relations (2.1) and (2.6), the Bessel inequality, and
taking

(001,1) = v_1 (¥, ei%) + v (W1, 67i4w) = v9(¥yq, efi4"’”),
(v\Ijla 6_i4w) = 'Ufl(\:[jl, €_i2w) + UQ(\I/l, e—iSw) = 02(\:[11’ e—iSz)

into account, we obtain

ORI R CLe U L Rl
kEZ k#+1 | ]? k0,41 |1y — (2k)22
[va| | (0T, &%) 3 (0P, e257)[2
alPlin — 62T —64F © 2= " — 167
ctr(2c)? 1 ;
< + Z |(’U‘I’17622k$)|2
—92(19 — 92(60 — 90)2 9.2
(4= 20)(12 —20)(60 — 20) (12— 20) 4=
_ 47 (97/50)° m(97/50)* _ 137
—_— ™
= (3/25)2(203/25)2(1403/25)2 © (203/25)2 ~ 100
which contradicts >, ;1 21q [(¥1,€2F7) 2 = 7.
Now, we consider the case (ii), namely the case ¢ < 2t — 1, forn > ¢, ¢t = 2,3, .... Using

(2n)* = 2¢ < |pa| < (20)° 4 2¢,
we obtain

|0 = (2k)%] = |pn — (2(n = 1))?| 2 (2n)? = 2¢ — (2(n — 1))?
—42n—1)—2c> 42t — 1) —2(2t — 1) = 4t — 2.

Therefore,

) W] i2kx |2
Z (T, €720) |2 = Z [(vWn, =)

_ 2|2
k€L, k#+n kEZ,k#+n |Nn (Qk) |
1 2k m(2c)?
< - \Ijny i2kx 2<7< 7
e, 2, [t F S e <

kEZ,k#+n
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which contradicts 35, 5 121, [(¥n, €2%)[* = m and completes the proof of (a).
(b) By the definition of rj(i,,) and the conditions imposed on the summations, the number of each of the greatest
summands
(,U_l)Qk—l ('UQ)k+1 (,U\Ijl’ e—i4:c)

p(py = 16)FH1 (py — 36)% =1 (py — 64)%1

and )
(’U—l)2k71 (,U2)]€Jr1 ('U\IIQ, 6722517)

5 (2 — 4)%

of r3x_1(p1) and 7311 (p2) in absolute value, is not greater than 4*. Therefore, using (2.6), (2.7) and M < |v_1| +
|va| < 2c and considering the greatest summands of rs,_1 (1,,) in absolute value, we obtain for case (i)

|r3k (M1)| 4k|’U |2k 1|U |k+1M\f - 4k 2k—1 k+120f
= il — 16[5F 1y — 36]F— 1|y — 641 = (4 — 2¢)(12 — 26)+1(32 — 2¢)F—1(60 — 2¢)F—1
2,/m4%(97/50)3k+1
< 284 > 2
= (3/25)(203/25)F+1 (703 /25)F1(1403 /25)F 1 ~ 028 ‘ﬂ438) k2

and for case (ii)

4k|1},1‘2k_1"l}2|k+1Mﬁ - 4kc3k+12ﬁ

rak—1(pn)| < |ran—1(p2)| <

|2 |* |2 — 4[2F (16 = 20)k(12 — 2¢)%*
4k33k+12\f \F 4k27k _ \f(i)k
10762F 10836F ~ ~V™\107

Thus, in any case |r3;—1(un)| < aa®, for some constant > 0 and 0 < a < 1, which implies limy_, o 7% (tn) = 0
Similarly, we prove that limj_, o, 75 (1) = 0. O

Now, we consider the statements of Lemma 2.1 for the case n = 0:

Lemma 2.2. If max{|v_1|, |v2|} = ¢ < 36/25, for n = 0, then the statements (a) |(¥o,1)| > 0 and (b) limy_ o0 7 (110) = 0
are valid.

Proof. (a) Assume the contrary (¥y, 1) = 0. Isolating the terms |(¥¢, e=%?)|? and |(¥y, €**)|? in Parseval’s equality,

we can write _ ‘ _
|(\P0,6712I)|2 + |(\I’0,612x)‘2 + Z |(qjo’612kz)|2 [
k0,41

First, we estimate |(v¥g, e~*2*)|? 4 | (v, €'27)|%. Using (2.1), the relations

o —4[ >4~ M,  |po—16/>16 — M,  |uo — 36 > 36 — M, (2.8)
and
(vWg, e ) = v_1(Vg, 1) + va(Tg, e~ %) = vy (T, e 167),

('U\Ifo, ei2:p) _ 071(@0,€i4i) + 02(\:[/0, 67i2z)’

(vTg, %) = v_1 (Vg %) 4+ vy (Vg, 1) = v_1 (T, e'07),
we obtain , |va (v, e~ 6%)] 2¢2/m_ 2(36/25)2y/7 137

(%o, ™) < 120 —736| S @620 = (828/25) 100

and

(0T, €27)] < |(v-1)*(q%0,€")| | [(v2)*(qTo, ")
’ = o —16[[po — 36 |po — 4f[po — 36
2c3 /7 2¢3\/1
= 16 -20)(36 —2¢) (4 —20)(36 — 20¢)
2(36/25)% /7 2(36/25)%/7 37
= (328/25)(328/25) | (28/25)(828/25) ~ 10’
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and hence,
[(vWy, 671‘2””)\2 + |(vPy, ei2"’”)|2 <m/9. (2.9)

Using (2.1), (2.8), (2.9) and the Bessel inequality, we obtain

Z (W eizkz)|2:|(v\110,e*izz)|2 (v, ei27)[2 Z (0, ei2k)|2

KEZ, k0 1o — 4f2 o =4l S5y Iwo — (2R)7P2
™ 1 )
< + Z ‘(U\IJ(), 612k1)|2
— 9.2 92
94 —2c)2 " (162 4=,
™ 4(36/25)*r w w  3lw

< - =" <,
=9(28/25)2 ' (328/25)2 11 20 220 "

which contradicts 3 <5 120 [(¥o, ¢”***) | = 7 and completes the proof of (a).
(b) The number of the greatest summand
2(11_1 )2k—1 (02)k+1 (U\IIQ, 6—1‘63:)
(ko — 4)* (no — 16)*~* (1o — 36)*

of 73;—1(po) in absolute value, is not greater than 4*. Hence, using (2.8) and M < |v_1| + |v2| < 2¢, we obtain

‘ ( )| - 4k2|v_1|2k71|02‘k+1M\/7Tr 4k+103k+1ﬁ

T3k—

Sh=1WHOILS 1 TR T g — 16[F 1[0 — 36[F = (4 — 2¢)FF1(16 — 2¢)F—1(36 — 2¢)F
ﬁ4k+1(36/25)3k+1

1
= (28/25)F1(328/25)F1(328/25)F 68vm(5)" s k=2

which implies limy_, o0 71 (120) = 0. O

Now, letting & tend to infinity in the equations (2.3) and (2.4), we obtain the following results. First, we consider
the case n > 2.

Theorem 2.1. If max{|v_1],|v2|} =c <2t —1,forn >1t,t =23, ..., then uis an eigenvalue of Ty(v) if and only if it is a
root of the equation

o0

(= 20) =3 asja ()= D bi() 35 () =0 (210)

j=1 j=1

lying inside the circle Cy, := {p € C : |u — (2n)?| = 2c} and each of the series in equation (2.10) converges uniformly to an
analytic function on the disk D,, := {n € C : |u — (2n)?| < 2¢}.

Proof. (a) By Lemma 2.1, letting % tend to infinity in the equations (2.3) and (2.4), we obtain

(n = (20)* = " agj-1(pn))pn = (van + b (1)) ans (2.11)
j=1 j=1

(,un - (271)2 - Z a;j-l(,“n))‘]n = (U—2n Z b;(,un))pna (212)
j=1 j=1

where p, = (¥,,, e?"*) and ¢,, = (¥,,, e~ 2"®). If one of the numbers p,, and g, is zero, then the proof is obvious.
If they are both different from zero, multiplying these equations side by side and then cancelling the term p,, g,
by (2.5), we have

(i — 20)% = 3" ajo1 (1)) = (V20 + > b (1)) (V=20 > b5 (1)) = 0. (2.13)
j=1 i=1 j=1

Since vy, = v_g,, = 0 for n > 2, the eigenvalue p of Ty(v) is a root of (2.10).
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Now, we prove that the roots of (2.10) lying in the disk D,, are the eigenvalues of Ty. The equation f(u) :=
(1 — (2n)?)? = 0, has two roots in the disk D,, and

[f ()l = lpn — (20)°* = 4¢2,

for all u,, € C,,. Define the function

9(m) = (= @n)* = 3 azja ()= D2 bj() Y b5 () =

Estimating the summands of |ag;—1(n )|, [b;(12n)| and [b} (un)| for n = 2, we obtain

27 [v_q [* vy’

ol |po — 4271

2j71|v_1|2j72|v2|j+1

|2 po — 4292

Y e U
a7 | g — 4[%7
for j > 1. Using the relations |uz| > 16 — 2c and |pg — 4] > 12 — 2¢, it follows by the geometric series formula that

i| 4 ( )| < i| ' ( )| < 2¢3 N 226 N 2309
2 @31l = 2 18812 600 (12— 2¢) T (16 — 20)2(12 — 2¢)® (16 — 2¢)3(12 — 2¢)5

las;j—1(p2)| <

|bsj—2(p2)] < 035 (p2)] < ;o (214)

208 2¢3 226

= 1
16201220 " T @6 -2012=2097 T (1620712 —20)3 T ")
_ 2¢° 1 _ 2¢%(12 — 2c¢) - 12.3° 18
(16 —2¢)(12 —2¢) 1 — m (16 —2¢)(12 — 2¢)2 — 2¢3 " 360 —54 17’
2 205 2208
bi(un) <Y b
Z‘ (11n)| Z' 3i-2012)l < G550 * @6 — 20213 =207 T (16— 2012 =207
_ c? (1+ 2c3 + 226 T
~ (16 — 2¢) (16 — 2¢)(12 — 2¢)2 (16 — 2¢)2(12 — 2¢)*
_ c? 1 _ c2(12 — 2¢)? - 18
(16 - 20) 1 — ps 2 (16 -20)(12-20)2 —2¢3 ~ 17’
and that
> & C4 07 clO
b ()| < b, g
Z 155 Gan)l < z:: 195 (1)l < G552 =202 * {6 —202(12 =200 T (16 = 20)°(12 — 200
oA L+ 3 N b o)
T (16— 20)(12 — 2¢)2 (16 — 2¢)(12 — 2¢)2 (16 — 2¢)2(12 — 2¢)*
c* 1 - ct < 34 B g
T (16— 20)(12 — 2¢)2 _m © (16 —2¢)(12 —2¢)2 — ¢~ 360 —27 37
Hence,

190tn) = F ()] < 2l —= 202D lasj—1 ()| + (3 lasj—1 (1)) *+ D lbg ()] D 155 (1)
j=1 j=1 j=1 j=1

- 8c*(12 — 2¢) ( 2¢3(12 — 2¢) )2
(16 — 2¢)(12 — 2¢)?2 — 2¢3 (16 — 2¢)(12 — 2¢)% — 2¢3
c2(12 — 2¢)? ct 5

- 4c”.
(16 — 2¢)(12 — 2¢)? — 2¢3 (16 — 2¢)(12 — 2¢)? — 3 =

Therefore, |g(1) — f(p)| < |f(w)| holds for all y € C,,. By Rouche’s theorem, g(u) has two roots inside the circle
C). Hence, Ty has two eigenvalues (counting with multiplicities) lying inside C,,, which are the roots of (2.10). On
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the other hand, equation (2.10) has exactly two roots (counting with multiplicities) inside C,,. Thus, u € C,, is an
eigenvalue of T} if and only if, it is a root of (2.10) and the roots of (2.10) coincide with the eigenvalues p1—,, and 4,
of To.

Now, in order to estimate Z lag; 1 (kn)l, Z |V (11r,)| and Z b5’ (kn )|, first we estimate the summands |a3; _ (112)],
Jj=1
b} (2)| and |67 (u2)|, by dlfferentlatlng agj_l(ug) bj(p2) and b7 (p12) with respect to po:

|d(a3j—1(#2))| D U el 1 |d(b§j(ﬂz))| B A o e Y P
dpiz 2|7 | — 427 dps 29 |pal g — 4|2+ -
o) a2 P
dpz |M2|27 dpo |/‘2|]|M2 _ 4|23_1 ) 2 4,

and hence, we have

im, ( )|<§:‘a/ ()] < 92,3 . 9306 . 94,9 .
2 a1 W)l = 2 1% 1201 g9 0 (12— 26)2 T (16 — 20)2(12 — 20)F (16 — 2¢)3(12 — 2¢)0

22¢3 2¢3 226
= (1 —+ —+ + .- .)
(16 — 2¢) (12— 2¢)2 ' (16 — 2¢)(12 — 2¢)2 ' (16 — 2¢)2(12 — 2¢)*
_ 4 1 _ 4¢? - 43 6
(16 = 20)(12 = 20)° 1 — 2@y (16— 2)(12-2¢)> =28~ 360 — 54 17’
and
2 805 7
B ()| < SO0 < ¢ i
Z 1050l < z_: 1Y5j—2012)| < G650 T (16 = 20)(12 = 20)[(16 = 20)(12 = 207 =27 ~ 37’
9ct 27
b*/ " < b ke
Z' (him)l Z' 3(02)l < (5 50B(6 — 2012 = 207 = 37] © 149
Therefore, each of the series aszi—1(tn), b; () and b*% (), converges uniformly to an analytic function
2. 93] 2 Vi 2 V5 8 y y
j= j= j=
on the disk D,,. O

Now, to estimate the periodic eigenvalues ;1—; and p11, we consider the case n = 1. In this case, substituting
bgj_l(/,bl) = O, b3j_2(/11) = O, fOI'j > 1, and Z b;(,ln) = bT(Hl) = (v_l)z/,ul, in (23) and (24) as k — oo, by
j=1

Lemma 2.1, we obtain

(n1—4- Z (1347‘71(/11))2— (U;)Q (v — Z bs;(p11))= 0. (2.15)

Therefore, we have the following results.

Theorem 2.2. If max{|v_1],|va|} = ¢ < 97/50, for n = 1, then y is an eigenvalue of Ty (v) if and only if it is a root of the
equation

> V_1 2’1)2 V_1 2=
e SN IR 2.16)
j=1 j=1

lying inside the circle Cy := {u € C : |u| = 4 + 2c} and each of the series in equation (2.16) converges uniformly to an
analytic function on the disk Dy := {pu € C : |u| < 4+ 2¢}.

Proof. (a) Equation (2.16) follows from (2.15). Let F(u) := (p —4)* = 0 and

G(p):=(p—4- Za3j_1(u))2—(v_1) 2 (v:) Zbgj(u) —

1



Computing eigenvalues of Sturm-Liouville operators 37

Then, |F(p1)| = |u1 — 4/ > (Ju1| — 4)? = 4¢?, for all y; € C;. Using the estimations

o . o
(3/2)7Jv_1[*|va|?
az;— 2.17
2 Jossa o) jz:IulHul—-16P|u1-36P o — 61 17
B 3¢3(32 — 2¢)(60 — 2¢) _ 9
(4+ 20)[2(12 — 2¢)(32 — 2¢)(60 — 2¢) — 3¢3] 50’
00 00 2j_1|'u_1|2j|1]2|j+1
bs; < . - - 2.18
2 by )| < 2 f T =T — 36Ty — 6270 218)
- c*(32 — 2¢)(60 — 2c¢) - 7
(4 +20)(12 — 20)[(12 — 2¢)(32 — 2¢)(60 — 2¢) — 2¢3] ~ 250°
and
S 2 o[ ¥ |va)!
a _ . .
_721' o) Z 2|y — 1617 |y — 3671 ey — 64771
- 40 (32 — 2¢)(60 — 2¢) - 3
4+ 26)2[(12 —2¢)(32 —2¢)(60 — 2¢) — 2¢3] 50’
> 25+ |20y i+
Z [b3; (k)] < Z '+1| - |‘—1 1
= lpal[pa = 1617+ g — 3617 g — 64J7
. 4¢4(32 — 2¢)(60 — 2¢) T
(4 +2¢)2(12 — 2¢)[(12 — 2¢)(32 — 2¢) (60 — 2¢) — 2¢3] ~ 500’
for all y; € C1, and arguing as in the proof of Theorem 2.1, by Rouche’s theorem, we complete the proof. O

Finally, in order to estimate the first periodic eigenvalue ji9, we consider the case n = 0. By Lemma 2.2, we have:

Theorem 2.3. If max{|v_1],|v2|} = ¢ < 36/25, for n = 0, then y is an eigenvalue of Ty (v) if and only if it is the root of the
equation

2
8 —(&il?? (u2(4 =T Za?vl (2.19)

lying inside the circle Cy := {u € C : |u| = 2c} and the series in equation (2.19) converges uniformly to an analytic function
on the disk Dy := {p € C : |u| < 2¢}.
Proof. (a)lterating pun (¥ n,1) = (v¥n, 1), for N = 0, k times, by isolating the terms containing (¥, 1) gives

k
(1o =" aj(110)) (Wo, 1) = 7y (po)- (2.20)

Jj=1

Letting & tend to infinity in (2.20), by Lemma 2.2 and (2.5), we obtain (2.19). Let

Hmw:u—éx?i;:o
and
K(p) ::u—ias- 1(u)=u—(wl)2v2— A ZGB i
= (n—4?2 (- 4 —16 -
Then,

(o) = [lol — =2l |5 9 o€
o — 4] (4 —2c)
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for all py € Cp. Using the estimations

2|v_1[?|vg] -
|K (o) — H(po)| < o — Al — 16] + ) lasj—1(po)|
=2

| <
|0 — 4| 1o

2Jv_1|?[vs| i 2 v_1 [ |val?
1o — 4|0 — 16 o — 4P o — 16771 o — 3671
2[v_1/*|v2] 27 vy [7]va)/
2.21
(4 —2¢)(16 — 2¢) + g —2¢)+1(16 — 2¢)771(36 — 2¢)I~ @21)
2c3 4c8 47

S 4—20(16—20) T (4= 20)%[(4 — 2)(16 — 20)(36 — 20) — 2] 100

and
) 00 2j+1|v_1|2j|’l}2|j
/!
i < - - -
]Z:; (3711 Z 1o — 417721 — 1617~z — 36]7
_ i 294 [y_ 1| |wg|?
2 (4—2¢)72(16 — 2¢)~1(36 — 2¢)7-
- 8¢P U
(4 —2¢)3[(4 — 2¢)(16 — 2¢)(36 — 2¢) — 2¢3] 100
and arguing as in the proof of Theorem 2.1, by Rouche’s theorem, we complete the proof. O

In order to estimate eigenvalues numerically, we take finite summations instead of the infinite series in the
equatlons (2. 10) (2.16) and (2 19). When we say the (3k)th approx1matlons we mean the equations containing

Z as;j—1(w), Z b;(p) and Z b3 (p) instead of Z as;—1(w), Z b;(p) and Z b} (u). For instance, in the cases n = 0,
j=
n=1landn= 2 the (Sk)th approx1mat1ons of (2 19) (2.16) and (2.10) are

2
o ((Zi)zl;); e 2(4 - 16 Z%J ! @22)
u 2 (v_1)%v (v
(n=4= asj1(n) — _1# 2 - : Z bs;j(p) =0, (2.23)
j=1 j=1

and
k , 3k 3k
p=16—> agi1(n) =D () D bi(p) =
j=1 j=1 Jj=1

respectively. Then, by (2.14), (2.17), (2.18) and (2.21), we have the following estimations for the remaining terms of
the series in these equations:

DIFHRISIED STRSIEDS e
2. Gaimrfo)l= 31 HOS 2 907 1(16 — 2¢)i-1(36 — 2¢) 1
j=k+1 j=k+1 j=k+1
9k+1.3k+3 1
< _ “ < 2.41(—)k,
(4 — 2¢)FF1(16 — 2¢)F~1(36 — 2¢)F1[(4 — 2)(16 — 2¢)(36 — 2¢) — 2¢7] 162
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forn =0;
(3/2) [v_1]*val’
azj—1(p1)|< lazj—1(p1)| < ‘ — —
|j:zk;rl 7 ’ j:zk;rl 7 j:zk;rl (4 —2¢)(12 — 2¢)7(32 — 2¢)7-1(60 — 2¢)7 1
) 9 k+1 .3k+3 1
< 2B/ < 11.25(—)*,
(4 —2¢)(12 — 2¢)k(32 — 2¢)+=1(60 — 2¢)*—1[2(12 — 2¢)(32 — 2¢)(60 — 2¢) — 3¢?] 1170
0o oo 00 2j—1|v71|2j‘v2|j+1
b3 < b3 . . -
|Z 3](“1)|— Z | 3](/“’1)| < Z (4_20)(12_20)_]-{—1(32_20)]—1(60_20)]—1
j=k+1 Jj=k+1 Jj=k+1
2kc3k'+4 1
< — — < 1.8(=—=)",
(4 —2¢)(12 — 2¢)*+1(32 — 2¢)k=1(60 — 2¢)F—1[(12 — 2¢)(32 — 2¢)(60 — 2¢) — 2¢3] 877

forn =1;and

= = = 2 |v_y1 ¥ |va]?
|Zk:+la3j’l(“2)’§ A;IMM’NM)' = Zk:ﬂ (16 — 2¢)i (12 — 2¢)2 1
J= J= J=
_ 2k+103k+3 _ 18( 3 )k
(16 — 2¢)% (12 — 2¢)2k=1[(16 — 2¢)(12 — 2¢)? — 23] 174207 °
S = oY o (2
bsi_ < bsi_ . .
‘j;l 3j 2(#2)‘— j:zk;d' 3j—2(p2)] < j;l (16 — 2¢)7 (12 — 2¢)%i 2
_ 2k03k+2 _ g(i)k
(16 — 2¢)*(12 — 2¢)2k—2[(16 — 2¢)(12 — 2¢)2 — 2¢7] 174207 °
o0 o0 o0 : s
O A ™
bx < bx . -
| Z 3(h2)| < Z 1955 (p2)] < Z (16 — 2¢)7(12 — 2¢)
j=k+1 j=k+1 j=k+1

C?)k:+4 9 3 X
< _ —
16 — 2¢)# (12 — 2¢)2*[(16 — 2¢)(12 — 2¢)? — ¢?] 37(40) ’

<1

for n = 2. Obviously, we have better approximations as k grows.

Now, we approach the periodic eigenvalues by the roots of the polynomials derived from the (3k)th approxi-
mations (2.22) and (2.23), the way it was done in [19]. For example, for n = 0 and n = 1, the sixth approximations
are

Qolp) = 1 — (0—1)2’022 O 20wp)ve 2(v_1)*(va)*
(=42 (p=4(p—16) (u—4)3(u—16)(1 — 36)
B 2(v-1)*(va)? 3 2(v-1)*(v2)? _0
(n—4)2(n—16)%(n —36) (1 —4)(u—16)%(u — 36)(u — 64)

and
g )P () (v-1)*(v2)?
Qulb) = =406 (= 10)(u—50) = 167 = 36) = 6)
_ (U71>4(U2)2 _ (071)4(712)2 )2
(1 —16)2(n —36)*(p — 64) (1 —16)(1 — 36)*(n — 64)(p — 100)
C(ve)Pur (ve)t(ve)? 2(v_1)%(vg)? ~0
I (e —16)2  p?(p—16)3(u — 36)(u — 64) 7
respectively. Then, the corresponding polynomials are
Po(p) := (1 —4)* (1 — 16)* (10 — 36) (12 — 64)Qo (1), (2.24)
and
Pr(p) = p® (1 —16)* (1 — 36)* (1 — 64)° (1 — 100)*Q1 (1), (2.25)

respectively. By the same token, we can derive polynomials to approximate the other periodic eigenvalues, as well.
Now, we present a numerical example.
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Example 2.1. Consider the potential v(z) = €'*® + ¢~***. In this case, v_1 = vy = 1, and we have the following
approximations for the first periodic eigenvalues po, p1—1 and p—q:
First, we show that yq is the eigenvalue lying inside the circle

co = {p € C: |p— 0.0978293068037| = 8.8 x 10~5}.
The root of the polynomial P, (1) defined by (2.24), lying in the disk Dy = {x € C : |u| < 2}, is
z1 = 0.0978293068037.
The other roots of Py(u) are

zg = 3.43962569257, 23 = 3.99479646224, =z, = 4.45733974252,
z5 = (16.0052043612 — 0.002330545926517), 2z = (16.0052043612 + 0.002330545926517),
z7 = 36.0000000654andzg = 64.0000000081.

Using the decomposition

Qolp) = (r—2z1)(p—2) - (b — 2s)
(1 —4)3(p — 16)? (1 — 36) (1 — 64)
we obtain by direct calculation | Qo ()| > 7.0297 x 1078, for all sz € co. On the other hand, again by direct calculations,
we have

K (1) — Qo(1)] <D lasj—1(1)] < 6.8948 x 1075,
7j=3

for all 1 € cg. Therefore, by Rouche’s theorem, equation (2.19) has only one root inside the circle ¢y. Thus, using
Theorem 2.3, we conclude that 1 is the eigenvalue lying inside the circle c.
Now, we show that p_; and 1, are the complex eigenvalues lying inside the circles

c_1:={p e C:|u— (3.9817022865 — 0.000001935824943317)| = 2.4 x 10~ '1}.

and
c1:={p e C:|u— (39817022865 + 0.000001935824943317)| = 2.4 x 10’11}.

respectively. The roots of the polynomial P;(x) defined by (2.25), lying in the disk D1 = {u € C : |u| <
6} are 1 = (3.9817022865 — 0.000001935824943317), zo = (3.9817022865 + 0.00000193582494331%) and x34 =
(0.0156946762466 + 0.000000001038902733997). The other roots of P; () are

x5,6 = (15.6169913038 £ 0.443784473665i), x7,s = (16.1045835081 £ 0.60324291928),
xg = 15.4238418891, 10,11 = (16.5675433687 £ 0.2913634149497), 12 = 35.6520094578,
r13,14 = (35.8640598326 £ 0.3429684356577), 15,16 = (36.3114986519 + 0.2418421873191),
z17,18 = (63.9746729986 + 0.044045369207:), 19 = 64.0506554041,
Zoo = 99.9999172995, x2; = 100.000082697.

Using the decomposition

e a)(p—an) (i)
Q) = 2 16 — 36)3 (s — 64 — 100)2

by direct calculations, we obtain |Q1(x)| > 1.0992 x 10711, for all u € c_; and |Q1(x)| > 1.0992 x 10711, for all
1 € c1. On the other hand, one can easily calculate that

G0) = @ul40] < 2= 41+ laa()] + o)) 3 laas-a()] + (5 haajoa )+ 3 P00 < 7180 520722
=3 =3 =3

for all £ € c_1 U ¢3. The proof follows from Rouche’s theorem and Theorem 2.2; equation (2.16) has one root inside
each of the circles ¢_; and ¢; and p_; and p44 are the complex eigenvalues lying inside c_; and ¢;, respectively.



Computing eigenvalues of Sturm-Liouville operators 41

3. Conclusion

In this paper, we have given estimates for the periodic eigenvalues, when v_1, v, € C. We have even approx-
imated complex eigenvalues by the roots of some polynomials derived from some iteration formulas. Finally,
we have given a numerical example with error analysis using Rouche’s theorem. In this paper, we have given a
practical way to calculate the eigenvalues of the operator Tj(v). The method used in this paper can be extended to
compute the periodic eigenvalues of the Hill operator for different classes of potentials.
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