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NEW SUMMABILITY METHODS VIA ¢ FUNCTIONS
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Department of Mathematics and Science Education, Istanbul Medeniyet University, Istanbul,
TURKIYE

ABSTRACT. In 1971, the definition of Orlicz $ functions was introduced by Lin-
denstrauss and Tzafriri and moreover in 2006, the notion of double lacunary
sequences was presented by Savas and Patterson. The primary focus of this ar-
ticle is to introduce the double statistically g—convergence and double lacunary
statistically E—convergence which are generalizations of the double statistically
convergence and double lacunary statistically convergence . Addition-
ally, some essential inclusion theorems are examined.

1. INTRODUCTION AND BACKGROUND

In 1951, Fast [6] and Steinhaus independently put forward the idea of statis-
tical convergence. Some fundamental characteristics of statistical convergence were
established by Schoenberg in 1959, and by Fridy |7] and in 1985 in the case of
single sequences, and by Mursaleen and Edely in 2003 in the case of multiple
sequences. Ever since, numerous studies of single sequences have been devoted to

this subject, such as ( [4], [5], [16], [27]).

We recall that the concept of convergence for double sequences was presented by
Pringsheim as follows:

Definition 1. @/ A double sequence y = (yr s) has Pringsheim limit w (denoted
by P —limy = w) if for every € > 0 there exists N. € N such that |y, s — @| < ¢,
whenever r,s > N,.

In the recent past, the concept of statistical convergence for double sequences
was studied by Mursaleen and Edely as follows: A double sequence y = (yys)
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of real numbers is double statistically convergent to w if for each € > 0,
1
P— lim —|{(r,s)eNxN:r<z s<w:|y s —w|>e}| =0.
zZ, w—00 ZUW

In such a case, we can symbolize with sto—lim y = w, and Sy will represent the class
of all statistically convergent double sequences. There are several papers dealing
with double statistical convergence (see [2], |12], [19], [22], [23]). Also, in [24] the
concept of lacunary statistically convergence for double sequence was introduced as
follows:

Definition 2. The double sequence ®¢,, = {(r¢, sy)} is named double lacunary if
there exist two increasing sequences of integers such that

ro =0, Ye=re—Te_1 00 as §— 00,
and

so=0, 7,=8y,—8Sy—1 =00 as n— oo.

— T = S - .
Also, rey = ¢Sy, Ve = VeVns Ce = 7’5751’ Cp = P Cep = CeCyy and D¢y is
determined by
Jen={(r,s) :rec1 <r <re and sy—1 < s < sy}
We now consider the concept of double lacunary statistically convergence as

follows:

Definition 3. [2// Let ®¢ ,, be a double lacunary sequence. The double sequence y
is Sy, , — P—convergent to w if for every e > 0,

1
P —lim— [{(r,s) € Je,p : |yrs —w| > €} =0,
&n Ve '

where the vertical bars denote the cardinality of the enclosed set.

Additionally, Lindenstrauss and Tzafriri [15] presented the following definitions.

Definition 4. [15] A function ¢(7) : [0,00) — [0, 00) is called an Orlicz function if
() is continuous, non-decreasing and conver with ¢(0) =0, ¢(r) >0 for 7 >0,
and ¢(1) = 00 as T — 0.

Definition 5. [15] An Orlicz function Z)(l) is said to satisfy the /o condition for
all values of T, if there exists a constant M > 0 such that

o(27) < M .¢(7), (r>0).

Krasnoselskii and Rutitsky [14] also showed that A, condition is equivalent to
the condition

$(m) <M(1) 4(r), (120),
for all values of [,7 > 1. Recently, some papers have been dealing with Orlicz
function (see [1], (3], [8], 19], [10], [11], [13], [17], [21]).
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The main goal of this paper is to extend some sequence spaces defined by Orlicz
functions from ordinary (i.e., single) sequences to double sequences. To accomplish

this goal we present a new notion of double lacunary statistically a—convergence7 as
more generalizations of the double statistically convergence [18] and double lacunary
statistically convergence [24]. Also, we examine some inclusions relations.

2. MAIN RESULT
We now present some definitions, which will be needed in the further section.

Definition 6. Let% be an Orlicz function. A sequence y = (yrs) is said to be
¢—double convergent to w if P —lim@(y, s — w) = 0. In such a situation, w is
7,8

called the g—limit of (yr,s) and symbolized by ¢ —limy = .

Note 1. ]fa(y) = |y|, then b—double convergent notions coincide with usual dou-
ble convergence. Also, it is simple to control, if y = (yr s) is ¢—double convergent
to w, then any of its subsequence is ¢—double convergent to w.

Definition 7. Leth be an Orlicz function. A sequence y = (yrs) is said to be
double statistically p— convergent to w if for each € > 0,

1 ~

P —lim— {r§z7s§w:¢(yr’s—w) 25}‘ =0.
zZ,w ZW

w s called the double statistical ,(57 limit of the sequence (yrs) and we symbolize

Sy — ¢ limy = @ or Yr.s i w(Se — 5) We will denote the class of all double

statistically ¢p—convergent sequences by So — ¢ .

Note 2. If;b(y) = ly|, then Sy —&3 convergence coincides with double statistically
convergence.

Definition 8. Letgg be an Orlicz function. Let us define new sequence spaces
o115 and Ne,, — ¢ as follows:

1 Zw
~ — = rs) - s P—l — r,s :O
o1l {y (4. : for some @, P~ lim (Zw > bl w>> }

r,s=1,1

and

~ 1 ~
No, ,—¢ =y = (yrs) : for some w, P—lim | — Z O(Yrs—w) | =0
7 &n o\ Ve,
" (r,8)€den
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Note 3. If ¢(y) = |y|, then the spaces lo1,1l5 and Ne, —¢ coincide with lo1.1]
and Ng, , , respectively, which were considered in [24).

Definition 9. Letgb be an Orlicz function, and ®¢ ,, be a double lacunary sequence.

A sequence y = (yr,s) is said to be double lacunary statistically ¢— convergent to w
if for each e > 0,

1 -
P —lim — {(r, s) € eyt P(Yr,s —w) > EH =0.
&1 Ve

In this case, we write Ss, , — g)limy =W Or Yrs LS (S, — 5) We will denote

the class of all double lacunary statistically ¢—convergent sequences by Se., — ¢ .

Note 4. If 5(1/) = ly|, then Ss, —;;; convergence coincides with Se, , — conver-
gence, which was studied by Savas and Patterson [2/).

Example 1. Let qNb(y) =y? and ¢, = (25,3"). It is quite clear thatgb satisfies the
Ao condition. Let us define the sequence (yrs) as follows:

{\/rs, r=2%and s = w?, (z,w) € N x N;
Yr,s =

1 .
VL otherwise,

then the sequence (yrs) is S, , 75 convergent to 0 despite the fact that (ys) is
not convergent. To confirm, we obtain the following

1 -
P—lim—|<(r,s) € Jey : s — T 25}‘
im == [{(r9) € Jen: Sl = )

. 1 _ _ ~
= P*l?’,}w‘{(m)e(% L3 x (3173 Blyrs — 0) 2 e

6
_ ~ €-1 of 1oy, 2
= P l?g oé—137-1 [{(r,s) € (257,25 x (371,37 : y2, > e}

< P—Z?ZL#HTS2QS§3U1yg,528}{

. 6
= P-lim——[{r<zs<w:yl, >e}=0.

This demonstrates that the double sequence (y,s) is Se, —5 convergent to 0 even
(yr,s) is not convergent.

Example 2. Let 5 be an Orlicz function with gb(y) = ly|, P¢y be any double
lacunary sequence, then the sequence (y,s) defined by y, s = r*s?, for every (r,s) €
N x N is not S, , —5 convergent. To verify this let us hold any w € R. Then
w<0orw>0.Ifw<0, choose e = %, then for every (r,s) € Nx N,

R(e)={(r,s) € e : [yrs —w| > €} = Je e
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Hence, for w <0,

1 1
P —lim — |{(r,s) € Je,, : —w|>e}f|=lim—|Je | = 1.
= 1) € Jen <l = ] 2 <) = i |

If w > 0, then there exists (19, 50) € N x N in such a manner yp,—1,59-1 < @ <
Yro,s0- 1T this circumstances, if w < 1, by taking € = %min {w, 1 — w}, we obtain

R(e) ={(r,s) € Je : |yrs — @] 2 €} = Jgy
Also, if w > 1, by taking € = $ min {w — Yry—1,60—1, Yro,s0 — T}, We get
R(E) = {(7", S) € Jfﬂl : ‘yr,s - ’ZD| > E} = Jfﬂ?'

Thus, for w >0,

. 1
P —lim —[{(r,s) € Jen : [yr,s — @| > €}
&1 Ve
. 1
= P—lim—|Jey| =1.
&1 Ve

Definition 10. A double sequence y = (yrs) is said to be double ?J>— bounded with

regard to the Orlicz function ?43, if there exists M > 0 such that %(yns) < M, for
every (r,s) € N x N.

In subsequent theorem, we present the relationship between the spaces No, , —
¢ and Sp, ,— ¢ and demonstrate that these two concepts are equivalent for double
¢— bounded spaces.

Theorem 1. Let O, = (1¢,5,) be a double lacunary sequence, then

(1) yrs K @(Ns,, — ¢) implies Yr.s 5 w(Ss,., — @), and converse is not true.
. ~ P ~ P ~
(2) Ify is double p— bounded and y, s — w(Se, , —¢) then yr s = w(Na, , —¢).

Proof. (1) Provided that e > 0 and y, £ @(Nas,, — ) , then

Z ’(yg(yr,s - w) Z Z 5(:%“,5 - Tﬂ)
(r,s)€Je n (r,8)€Je,n
g(yr,s—W)ZE

{(Tvs) € Jem: O(yrs — @) > a}‘

where the first result follows. In order to demonstrate the converse part, we will
consider a double sequence which is in Sp, , — ¢ but not in Ng,  — ¢. For this,

> €

let ¢(y) = |y|, proceeding as in Savas and Patterson [24], ¢, be given and the
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sequence (y, ) is defined by

1 2 3 e, 0
2 2 3 - Ve 0
Yrs = : : : : : :
STer STem o0 7o, O
0 0 0 0 0 0
Note that y, s is not double bounded. It was displayed in Savas and Patterson [24]
that ;s LY 0(Ss,,). However, y, s is not convergent to 0 (Ng, ). From Note

2.3 and 2.4 we conclude that ¥, , K8 0(Sa,, — 5), vet y, s is not convergent to 0
(Ns, — #). Therefore, (No,, — ¢) C (Sa,, — ¢).

(2) Let yr s £ (S, — E) and y is double ’qvﬁf bounded, in other way fgf;(yr,s) <
M for every (r,s) € N x N. For ¢ > 0, we obtain
1 ~ 1 ~ 1 ~

— Z QZ)(yT,S - w) = Z ¢(yr,s - w) + — Z ¢(yr,s - w)
T (r9)e de Ten (r9ee. TEn (r5)e e
a(?hys_w)zg g(?h*,s—w)<5
Mo -
< MH(T,S)EJE,n:qﬁ(yr,s—w)ZsH—i—a

TVem
which gives us the result.
O

Note 5. From (1) and (2) of the above theorem, we conclude that if y is double
¢— bounded, then Se., — ¢ = No,, — .

In the following theorems we examine the relationship between Sg,  — qz and
So — ¢ under certain restrictions on ®¢ ,, = (r¢, sy).

Theorem 2. For any double lacunary sequence ®¢, and any Orlicz function qu5,
So — ¢ limy = @ implies Se,, — ¢ limy = @ if and only if liminf (> 1 and
3

li??lnz'nfz,7 > 1. Provided that limginf Ce =1 and limninfz,7 =1, then there exists
a double bounded Sy — ¢ double sequence that is not Se,, — ¢ .

Proof. (Sufficiency) Suppose that liminf (. > 1 and liminf Zn > 1, then there
exists a & > 0 such that Ce > 1+ ) afld Zn > 146 for su?ﬁciently large ¢ and 7,

Yem )
T¢m > 146"

which implies that If y, s £ w(Se — a), then for every € > 0 and for
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sufficiently large £ and 7, we are granted the following

{(r, 5) € Jey a(yr,s —w) > e}’ = ;iz’”‘éln H(r, s) € Jey : d(Yr,s — @) > e}‘
1—(1;6;7 {rgrg,sgsn:%(yns—w)ze}‘.

Vem

IN

Thus, yrs i @ (S, — 24;)
(Necessity) Assume that liminf(, = 1 or liminf Zn = 1 and consider a se-
3 n

quence which is Sy —q~ﬁ convergent, but not Se,., — 5 convergent. For this, let
#(y) = |y| and let us select a double subsequence (e ,z = r¢5,5) of the double

1 s 1 iy 1 Mgl 2
acunary sequence P, , such that e <1+ I <1+ 7 e, > 4, and
. _ i 5o i
::i 11 > j where {7 > & + 2 and 17 > 15_, + 2. Also, let us define y = (y;7) by
-
L i (r8) € e i, =1,2,3...
bi 0, otherwise.
Then for any real w, we are granted the following
1 -
— Y y;;—w’ 1wl fors,j=1,23, ..,
Vezmy Tegon=
and

1
Ly

15 Jen

yig — | = Il for € # & and 5 £ 1.

That means

P — lZ’ITLi {(T’, S) € ng : 5(1/7”,5 - w) > 5}’ 7é 0.
&1 Ve

Therefore, y is not S’¢,M — (75 convergent to w. However, y is So — Eb—convergent,

since if £ and ¥ are any quite enough large integers we can identify the unique 7

and j for which re,—1 < t < Ter -1 and Spr—1 < T < Snpr—1s and we write the

following

1 tv ~ 1 tv
w,z (b(%%?) R %5‘
7,j=1,1 1,j=1,1

Te—1 Sny—1
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Te—1m5—1 n T§7*1787 i Ve Sny—1 i 7577?7}

<
Te—1m5—1  Te—1my—1  Tg—-1m—1  Te—1m5-1
Vo Ve, Ve, Vo
S 1 + J _"_ >4 7 J
Snz—1 Te-1 Te—1m5-1
Sy — Sp—— _ _ —
S 1 + ( 73 "3 1) + (T§7 Tfffl) + Tﬁ? rfi* 1 8777 8"77‘* 1
Sny—1 Ter—1 Té¢z—1 Snz—1

7 ST
1 1\ 11

< (1+,)+(1+,)+,,—1
i i) oi

1 1 11

< I+=+=+==

[ )
as f — oo and ¥ — oo, it follows that 7,7 — oco. Thus, from Note 2, y is Ss — ¢
convergent. O

The following example demonstrates that there exists a S, — 5 convergent

sequence which has a double subsequence that is not S, , — ¢—convergent.

Example 3. Let O, = (25,3") be the double lacunary sequence, g(y) = |y| be an
Orlicz function and (yrs) is defined by

rs, r=2%ands=w?(z,w) ENxN
Yr,s = .
otherwise

rs?
then the sequence (yr,s) is Sa,, — 5 convergent to 0. However, (yrs) has a double

subsequence, which is not Se, , — ¢ convergent.

Theorem 3. For any lacunary sequence ®¢ , and any Orlicz function a, Se., —

E;Vs limy = w implies 52—35 limy = @ if and only if lim sup ¢ < oo and lim supz77 <
3 n
oo. If limsup(, = oo and lim supz77 = 00 then there exists a double bounded
3 n

So, ., —5 summable sequence that is not So — a

¢
Proof. 1f lim sup (, < co and lim supzn < 00, then there is an H > 0 such that
3 n

Ce < H and Zn < H for all ¢ and n. It is assumed that Yr,s it (S, — a), and
let

New = |{(r.) € Jew : 90 =) 2 <}

)
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By the definition of Se, , —q~25 convergent and given any ¢’ > 0, there is an &,,1y € N
such that % < g for all £ > &, and n > n,. Now let
sM
M =maz{Ney:1 << & 1<n<n}

and let z and w be any integers satisfying r¢_1 < z < r¢ and 5,1 < w < s,; then
we can write

1 ~
L <e s<w: . -=) > <
Zw
1 ~
< 7‘{T§T§,S§5n:¢<yns_w)ZE}‘
7‘5_1877_1
1
= 7{]\[171+N2,2+"'+Nfo+177)0+1+'”+va77}
7‘57187771
M2
< §on
Te—15n—1 oo
1 Neot1,m,+1 Ne,
— 7§0+1,n0+1A oot 76,777"
Te—18p—1 Veog+1,m+1 Ve
o GomM?
Te—15n—1
1 N¢
—( sup i ){'Y T + }
Te—15n—1 ¢>¢,& n>n, Ve fot o] o
< §oM noM +€/7"£ —Tey Sy~ Sng
re—1 Sp—1 Te—1 Sp—1
M no M = M noM 7
< §oM ng +€/C§<77 < €o L+6/H2.
Te—1 Sp—1 Te—1 Sp-1

For converse, suppose that lim sup (, = oo and lim zsupa7 = oo and consider a
n

sequence which is Se,, — 5 convergent, but not Sy — 5 convergent. For this, let
¢(y) = |y| and select a double subsequence (re,,) of the double lacunary sequence
®¢) = (re, sy) such that (¢ > 4 and ¢, > Jj define a double bounded sequence
Yy = (Yzw) by

{1, Teem1 <2 < 21 & sy-—1 <w < 28, for i, 7=1,2,3...
Yzow = ‘ ‘

0, otherwise.

Hence, y € Ng,, but y ¢ |o1,1|. From [24], y is Sg, , -convergent. The above Note
2.4 implies that y is Se, , —¢ convergent, but y is not Sy —convergent. Consequently,

by above Note 2 implies y is not Ss — ¢ convergent.
O
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By combining the above two theorems let us present following theorem.

Theorem 4. Let ®¢ ,, be any double lacunary sequence; then So —a = Ss,, —a
if and only if
1 <liminf (e <limsup(e < 00
3 3

and 3 3
1 <liminf ¢, <limsup(, < oo.
n n
Theorem 5. Let ®¢ ,, be any double lacunary sequence and% be an Orlicz function.
If the sequence (yr,s) is Se, , —¢ convergent, then Se, , — ¢ limit of (y,s) is unique.

Proof. Let Sg, , — fgiv)limy,«,s = wo and Sg, —fqiv) limy, s = kog. Then

1 -
P —lim — {(r,s) € Jen : ¢(Yrs — wo) > 6}‘ =0

&1 Ve
and 1
P —lim — {(r,s) € Je t ¢(Yrs — ko) > 6}‘ =0
&1 Ve
ie.

P—lim 1 {(r, 5) € Jeg b(Yr.s — o) < 6}‘

&n Yen
1 ~
= 1=P—lim— {(r,s) € Jem t O(yYr,s — ko) < EH :
&n Ve

Let us consider such (r,s) € J¢, for which both of a(yr’S —wp) < € and
&(Yr,s — Ko) < € are true. For such (r,s) € J¢ , we have

¢ (;(wo - Ko)) = ¢ (;(wo — Yros + Yrs — no))

1~ 1~
< §¢(yr,s — W) + i(b(yns — Kg) = €.
O

For the consequence we presume the Orlicz function which fulfils As condition,
unless otherwise claimed.

Theorem 6. If (y,s) and (z,s) are Ss, , —24; convergent and a is any real constant,
then

(1) (yrs+zrs)is 5@511—55 convergent and Sg, —¢ lim (Yr,s+2r,s) = Sa,, —
limyys + Se,, — ¢lim 2.,
(2) (ayrs) is Sa., — ¢ convergent and Sg,., — ¢ lim (ay,s) = a.Sp,, —

@ limyy,s.
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Proof. Since ¢ fullfils the Ay— condition, then there exists M > 0 such that ¢(2y) <

M;&(y), for every y € R.
(1) Let Sp, , — plimy, s = L and Sg,, — ¢ lim z,s =@

i.e.
1 ~
P —lim — {(r, s) € ey O(yrs —w) > 5}‘
5,77’)/5,7,
1 -
= O:P—lim—’ r,S) € Jey: P(2rs — K 25‘
im = [{(r9) € Jen: 9ler 1) 2 ¢}
i.e.
1 -
P—lim—|q(r,s) € Jep: rs — W) < € ‘
im == [{(r8) € Jen: Olora — =) <}
1 -
= 1=P—lim— {(7’73)6J§,n5¢(2r,s_“)<€}‘-
5777'}/5’7,

€

Let us consider such (r,s) € J¢, for which both of i(ym —w) < 7= and
q?(zr,s — k) < = are true. Then for such (r,s) € J¢ ,, we are granted the following

2M
g((yr,s + ZnS) —(@+k) = 5((%,5 — @)+ (2rs — K)) < (75(2(%,5 — @) + 2(2p,5s — K))
< M(g(y,é —w)+ 5(2’7-,5 —K)) =M. <2j\4 + 2?\4) =e.
Therefore,
P—limL {(r $) € Jew t O(Yrs + 2.5 — @ — K) <5}‘ =1
£ ’ng 5 &mn r,s r,8
i.e.

1 ~
P —lim — {(r,s) € Jey: O(Yrys + 2rs — @ — K) ZE}’ =0
&1 Ve

that means
Se,., — 5 lim (yr,s + 2rs) =@ + K = Sp, , — % limy, s + Se,, — 5 lim z .
(2) Let p € N such that |a] < 2P and S, , — ¢ lim Yr,s = w, then

1 ~
P —lim— r,s) € Jep: s — W) < E ‘:1.
im o [{(19) € Jen: Olors = ) <}

Let us consider such (r, s) € J¢ ,, for which 5(yr,s —w) < 55, then

¢(a(yr,s —w)) = 5(|0‘| (yr,s —w)) < 5(21)(97",8 —w))

< 2pab(yr’s —w) < 2p.28—p =e.

Hence,

1 ~
P—lim—|<(r,s) € Je. : O(a(yr s — <e ‘:1,
im = [{(n) € e s datuns — =) <}
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1
P —lim— |3 (r,s) € Jep : s — >ebl=0.
e {(9) € Jey: Blalyns =) 2 <}

Thus, Sp,, — & lim (ayrs) =y = a. Sa, — & lim Yr,s- This concludes the proof
of the theorem. O
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