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Abstract

In this paper, we propose a weak Galerkin finite element method (WG-FEM) for solving
two-point boundary value problems of convection-dominated type on a Bakhvalov-type
mesh. A special interpolation operator which has a simple representation and can be easily
extended to higher dimensions is introduced for convection-dominated problems. A robust
optimal order of uniform convergence has been proved in the energy norm with this special
interpolation using piecewise polynomials of degree £ > 1 on interior of the elements and
piecewise constant on the boundary of each element. The proposed finite element scheme
is parameter-free formulation and since the interior degrees of freedom can be eliminated
efficiently from the resulting discrete system, the number of unknowns of the proposed
method is comparable with the standard finite element methods. An optimal order of
uniform convergence is derived on Bakhvalov-type mesh. Finally, numerical experiments
are given to support the theoretical findings and to show the efficiency of the proposed
method.
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1. Introduction

It is well known that singularly perturbed problems (SPPs) exhibit so-called boundary
layers which are regions where the derivatives of the solution vary rapidly. The presence
of these boundary layers leads to oscillations in numerical approximation and causes dif-
ficulties for finding an accurate numerical approximation in standard numerical methods
such as the classical finite difference (FD) methods or the standard finite element methods
(FEMs) and makes these methods unstable and unsatisfactory unless the mesh size is mod-
erately smaller than the perturbation parameter [11]. Thus, uniform convergent numerical
methods which produce stable and more accurate approximate solution independent of the
perturbation parameter have been proposed and analyzed in the literature; see e.g., the
books [11,16,17,21] and references therein. One of the efficient way of handling singu-
larly perturbed problems is to use layer-adapted meshes. Boundary layers can be resolved
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by designing layer-adapted meshes if we know a priori knowledge of the structure of the
layers. The commonly used layer-adapted meshes for solving SPPs include Shishkin-type
meshes and Bakhvalov-type meshes, see e.g., the standard FD methods [6,11] and con-
forming FEMs [25,34] on Shishkin-type meshes or Bakhvalov-type meshes. The authors
in [5] show that the numerical solution of convection-dominated problems still has some
oscillatory behaviour even if the layer-adapted meshes are used in the discretization. To
overcome these oscillations, an additional stabilization is added in the numerical schemes.
Examples of stabilized numerical schemes for SPP of convection-diffusion type include
the FD method of up-winding flavor [1,7,12,27], the streamline-diffusion finite element
method [13,15,26] and the discontinuous Galerkin methods [8,9,22, 33,37, 38]. Further
descriptions and investigations on these methods for SPPs can be found in the recent
books [11,21] and references therein. Since Shishkin-type meshes have simpler structure
and clear analysis, many articles have been devoted to uniform convergence of SPPs on
Shishkin-type meshes; see e.g., [12, 14,21, 24] and references therein. Unfortunately, a
logarithmic factor will be present in the error bounds when one uses a Shishkin-type mesh
and this factor deteriorates the optimal order of convergence. Consequently, in general,
Bakhvalov-type meshes have better numerical results than Shishkin-type meshes. This
superior feature is much more noticeable in higher-order schemes (see, e.g., [11, p. 10]
and [35, p. 10]). On the other hand, unlike Shishkin-type meshes, the transition points
of Bakhvalov-type meshes which are located between the fine and the rough parts of the
meshes are independent of the number of mesh points. However, these transition points
make convergence analysis of FEM more subtle on Bakhvalov-type meshes and require
construction of different numerical approaches. More precisely, the difficulty arises from
instability of the standard Lagrange interpolant in L?-norm on the interval which is the
last mesh interval of the fine part and is neighbor to the coarse part of Bakhvalov-type
meshes for convection dominated problems. Therefore, there are limited papers dealing
with SPPs of convection-dominated type on Bakhvalov-type meshes. The authors in [23]
and [3] consider the conforming linear FEM using a quasi-interpolation technique and
investigate the optimal order uniform convergence of the conforming FEM using linear
elements on Bakhvalov-type meshes. However, the obtained results in these works are
limited to only linear finite element in one dimensional cases. It is not easy to extend
these obtained results to the uniform convergence of FEM using higher-order finite ele-
ments in one and higher dimensions for SPPs of convection-dominated type. Recently, the
optimal uniform convergence of FEMs using high order elements for SPPs of convection-
dominated type on Bakhvalov-type meshes has been studied in [35]. The standard FEM
is applied to SPPs of convection-dominated problems on Bakhvalov-type meshes and the
optimal order of uniform convergence is obtained with the introduction of a novel inter-
polation operator in [35]. The conforming FEM can still produce some little oscillations
in the discrete solution when it is applied to SPPs of convection-dominated problems.
Therefore, we propose a stabilized FEM to improve the convergence results of [35].

In this paper, we consider the WG-FEM initially developed in [31] for solving second
order elliptic problems. The key feature of this method is that the classical derivative
is replaced by weak derivative in the corresponding variational formulation in a way that
completely discontinuous functions have been allowed to use in the numerical scheme which
has a parameter independent stabilizer. The weak Galerkin method has been studied and
applied to a variety of problems including Stokes equations [32], interface problem [18],
Maxwell equation [19], fractional time convection-diffusion problems [28], and singularly
perturbed elliptic equations in one and higher dimensions [10, 29, 30].

The uniform convergent weak Galerkin method has been presented in [39] for con-
vection dominated problems. However, the obtained results are only available for linear
convection-dominated problems on a piecewise uniform Shishkin mesh. To the best of
the authors knowledge, optimal uniform convergence of the WG-FEM on Bakhvalov-type
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meshes has not been presented for SPPs of convection-diffusion type so far. The main goal
of this paper is to present robust optimal order uniform convergence in the energy norm
on Bakhvalov-type mesh for convection-dominated problems. Unlike reaction-diffusion
problems, the standard Lagrange interpolation for convection-dominated problems on
Bakhvalov-type meshes is not suitable for robust uniform convergence because of instability
issues of the Lagrange interpolation. Therefore, we adapt a special interpolation operator
introduced by Zhang and Liu in [35] on Bakhvalov-type meshes for convection-dominated
problem.

The rest of the paper is organized as follows. In Section 2, the WG-FEM scheme for
the singularly perturbed convection-diffusion problems is constructed and the stability
of the proposed method is studied. We also discuss the error estimates of the proposed
method for SPPs of convection dominated type in Section 2. Various numerical examples
are given to confirm the theoretical findings in Section 3. Finally, we summarize the
theoretical findings in Section 4.

Throughout this article, we use C for generic constants independent of ¢, N, and the
mesh size h which may be different in each location.

2. Convection-diffusion problems

In this section, we consider the following singularly perturbed convection-diffusion prob-
lem: Find v € C%(0,1) N CJ0,1] such that

Lu = —eu"(z) — b(z)u'(z) + c(x)u(z) = g(z) in 2= (0,1),
uw(0) =0, wu(l)=0,

where 0 < £ < 1 is a small perturbation parameter and b, ¢ and g are sufficiently smooth
functions such that

b(x) > p >0, c(x) >0, c(z)+ %b’(x) >~%2>0, Vzel, (2.2)

(2.1)

for some positive constants $ and . Under the assumption (2.2), the problem (2.1) has a
unique solution in H2(£2) N H}($2) for all g € L2(£2) [25], [34]. The analytical solution of
problem (2.1) exhibits an exponential boundary layer of width O(g|lng|) at = 0 if the
perturbation parameter 0 < ¢ < 1 is arbitrarily small (see [21]).

2.1. A decomposition of the solution

In this section, we recall some important properties for the derivatives of the solution of
(2.1). The following lemma provides the bounds for the solution of (2.1) and its derivatives
and the solution decomposition. The proof of the lemma can be found in [ Lemma 8.1,[21]].

Lemma 2.1 ([21]). Let q be a positive integer. Assume that the condition (2.2) is satisfied
and b, c and g are sufficiently smooth functions. The solution u of (2.1) has the following
solution decomposition

u=R+L, (2.3)
where the reqular part R and the layer part L satisfy LR =g and LL =0 and

RO@) < 110w < Ce e (<) pro<iza (2.4)

2.2. Bakhvalov-type mesh

Bakhvalov mesh is originally introduced and constructed for the layer functions in SPPs
in [2]. The mesh points of the Bakhvalov mesh are given in terms of a piecewise C'
continuous mesh generating function. The transition point of the Bakhvalov mesh is not
explicitly determined since it contains a nonlinear equation, see e.g., [21]. For this reason,
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the mesh generating function of Bakhvalov mesh leads to various kind of meshes that are
called Bakhvalov-type meshes.

For convection-diffusion problems, we will consider the following Bakhvalov-type mesh
presented in [23]. The main feature of this mesh is that the mesh generating functions
are not in C' and its transition point is known. The mesh generating function for the
Bakhvalov-type mesh is given by [23]

—%In(1-2(1—e)t), forte0,1/2]

— t — /B ) ) ) 2.
v=¢lt) { 1—d(1—1), for t € [1/2,1]. (25)
Here, o will be determined later and d is the constant such that ¢(¢) is continuous at

t=1/2.
Assume that N > 4 is an integer. We define the mesh points as

Tn = (tn), tn:%fornzo,l,...,]\f.

Figure 1 depicts the Bakhvalov-type mesh generated by the mesh generating function (2.5)
on [0,1] with 0 = 3,8 =1and e = 1072

esh generating function

Uniform mesh points

Bakhvalov-type mesh

Figure 1. Bakhvalov-type mesh with transition point (denoted by green circle).

Denote the mesh by I, = [x,—1,2,] and the mesh size by h, = =, — 2,1 for n =
1,...,N and set Ty = {I,,n =1,...,N}. For each interval I, € Ty, the unit normal is
defined as ny, (z,) = 1 and ny, (z,—1) = —1. For simplicity, we use the notation n rather
than ny, .

Note that the transition point is 2y, = 7 = —% Ine and that exp(—rn/2/e) = 7.
Thus, in order to resolve fully the boundary layer, we choose o such that €7 is sufficiently
small.

We have the following lemma on Bakhvalov-type mesh (2.5) which can be proved using
the ideas in [35].

Lemma 2.2. On Bakhvalov-type mesh (2.5), the mesh sizes hy, = rp—xp—1,n=1,2... . N
have the following properties

hy <hy <---<hyns1, (2.6)

hN/2—1 = 0(6), (27)

Ce < hyjpp <CN7Y, (2.8)

hn=0(N"1Y, n=N/2+1,...,N, (2.9)
N

hy exp(—Bxp_1/e) < Ce?N7"  forO0<v<k+1landl<n< 5 = 1, (2.10)

where C' is a positive constant independent of N and €.
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Lemma 2.3. On Bakhvalov-type mesh (2.5), the mesh sizes hy, = ©p—xp—1,n=1,2... . N
have the following lower bound

o€ _1
> __°
TN 42 5 In(e +2N77), (2.11)
o€ N
2> —n(e), n="-,... N, 2.12
oz S In(e), n=3 (212
. N
hp > CeN™, n:1,2,...,5. (2.13)
where C' is a positive constant independent of N and €.
Proof. 1t follows from the definition of the mesh points (2.5) that
Ty = —%"‘" In(1 - 2(1 — £)(N/2 — )N)
- —%‘5 In(1+ (1 —&)(2/N — 1))
oe 2
=2 “1-
o lne+ 3 (1-)
oe 2
> %% il
which proves (2.11). Using (2.5), we get
N
xnzl—d(l—%), for n =" N, (2.14)
Note that if % <n < N, then % < % < 1 holds true. This implies that 0 < 1 — % < %
Since d = 2(1 + % In(e)) is a positive number for a given £ > 0, we are led to
d n
——<—d(l—-—=) < 2.1
;< —dl-5) <0 (2.15)
Using (2.15) in (2.14), we obtain, for n = %, ..., N
n
n=1—d(l— —
. (1-2)
d o€
>1l—=—=1—-(1+—1
> 5 (1+ 5 n(e))
o€
= ——In(e),
5 ()
which proves (2.12). From Lemma 2.2 and (2.5), we have
N
hp >hy =21 — 20 = —%gln(l —2(1—e)N~Y) forn = 1,...,5. (2.16)

Since e < 1, we have 1 — 2(1 —¢) < 1— % (e.g., ¢ < 5 which is realistic in the SPPs).
Using the basic fact that if 0 < 1 —2 < 1—y < 1, then —In(1 —y) < —In(1 — z), we
obtain

_In(1 - %) < —In(l— %(1 _ o). (2.17)

Let f(x) := x+In(1 —2) for x € (0,1). Then f'(z) = —1%; < 0 for 2 € (0,1). This shows
that f is a decreasing function on (0,1). Thus we have x 4+ In(1 — z) = f(x) < f(0) =0
when z € (0,1), or equivalently, we obtain —In(1 — z) > x if 0 < x < 1. Hence, it
follows that —In(1—+) > & for N > 4. This last inequality, (2.17) and (2.16) imply that
h, > CeN~! which proves (2.13). Thus, the proof is completed. O
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2.3. WG-FEM for convection-diffusion problems

In this subsection, we introduce the notions of weak functions and weak derivatives.
Then, we will construct the WG-FEM scheme for the problem (2.1) based on the weak
derivatives.

A function u = {ug, up} on the interval I,, = (z,—_1,zy,) is called a weak function such
that up € L?(I,,) and u, € L>®(d1,) with I, = {z,_1,z,}. Here, ug is the value of u
inside of the interval (x,,—1,x,) and u; is the value of v on the boundary of the interval
01, which can be different from the trace of ug on the boundary.

We denote the space of weak functions W(I,,) on the interval I,, by

W(In) = {u = {uo, up} : ug € L*(In), vy € L®(O1)}.
The inclusion map
Iw(u) = {ulr,,ulor, }, Yue Hl(In)

embeds the local Sobolev space H'(I,,) into the weak function space W(I,,).
For a given integer k > 1, we define a local WG finite element space Sy (I;,) as follows:

SN(In) = {u = {uo,ub} : 'LL()’[n € Pk(In), ublajn € IP()((?I,J VI, € ‘IN}, (2.18)

where Py (I,,) is the set of polynomials on I,, of degree at most k and Py(01,,) is the set of
constant polynomials on 9I,,. A global WG finite element space Sy consists of u = {ug, up}

such that ug|s, € Px(I,,) for n =1,..., N and wu; has a single value at the nodes x,, of the
partition Ty. Let S%; denote the subspace of Sy defined by
S = {u = {ug,up} : u € Sn, up(0) = up(1) = 0}. (2.19)

Now, we define the weak derivative of a weak function u = {ug, up} € Sy as follows.

Definition 2.4. For any weak function u € Sy(I,), the weak derivative d j,u €
Pr_1(I,) of u = {up, up} is defined on I,, as the unique polynomial satisfying the following
equation

(dw,1,u0)1,, = —(u0,v")1, + (up, v0)or,, Vv € Pp_1(ly), (2.20)
where

(w, 2)1, :/I w(z)z(x)dr, and (w, zn)s;, = w(wy)z(zn) — W(Tp-1)2(Tp-1)-

We also define a weak convection derivative for approximating the convection part Su’
as follows.

Definition 2.5. For any weak function u € Sy(I,,), the weak convection derivative
dﬂfu’ 1, U € Pi(I,) of u = {ug,up} is defined on I,, as the unique polynomial satisfying the
following equation

(dy, 1,u,0)1, = —(uo, (Bv) )1, + (up, Bom)or, Vv € Pr(ly). (2.21)
Then the weak derivatives d,u and ds’u of a weak function u on Sy is given by

(dwt)lr, = duw,1,(ulr,),  (dou)lr, = dy, 1, (ulr, ), Vu € Sy

We adapt the following notations for the sake of simplicity:

(w.0),, = [ wla)ola)ds,  (u0or, = ulwn)o(ea) + ulzn1)o(n1)

N N N

(u7v) = Z (u,v);n, <u7v> = Z <u7 U>3In7 Hu||2 = Z (u7u)§n

n=1 n=1 n=1
With the aid of the above definitions, the WG-FEM solution of the problem (2.1) is to
find an approximate solution uy = {ug, u} € S% satisfying the following equation [39]:

a(un,vn) = (g,v0), Yuon = {vo, v} € SK, (2.22)
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where the bilinear form a(vy,vy) is defined as follows: for any vy € Sy

a(un,vn) = blun,vn) + sq(un,vn) + sc(un,vn), (2.23)

b(un,vn) = e(dyun, dwon) + (cug — deuN,vo), (2.24)
N

sd(uN, 'UN) = Z<Qn(uO - ub), (1)0 - Ub))BIm (2.25)
n=1
N

se(un,on) = Y (bn(ug — up),v0 — Vb)o_1,, (2.26)
n=1

where 0_I,, = {z € 0I, : b(x)n < 0}, and ¢, > 0,n = 1,...N is the penalization
parameter given by

N, forn=1,2,...,N/2
gnz{’ orn=12...,N/2, (2.27)

1, form=N/2+1,...,N.
The choice of the penalization parameter is an important issue in the uniform error

analysis below. For the uniform convergence of the proposed method, the penalization
parameter is taken as N in the fine part of the domain, see Lemma 2.13.

2.4. Stability of the WG-FEM

The following multiplicative trace inequality and the inverse inequality from [20] will
be used frequently in the analysis.

02200 < Cl 02000, + Il o) o€ HYT),  (228)

i llz2(r,y < Chatlowllzzgr,y, Vo € Pi(ln), (2.29)

lonllze@r,) < Chy Plonllzegr,), VY1 < p < 00, Yon € Pr(n). (2.30)

Following [39], we introduce an energy norm ||| - |||z in Sy as follows: for vy = {vg, v} €
SN,

llowll12 = elldwon |* + yvoll* + on 3 + sa(ow, vn), (2.31)

where the seminorm | - |, is given by
N-1

lon %= D" enl V(o — )2 (7)),

n=0

1
5, n=20
with ¢, =<¢ 2’ ’ and z;7 = lim u(xy, + ).
n {1’ n=1,...,N -1, n t—0,t>0 (n )
We also introduce the discrete H' energy norm || - ||s in Sy + Hg () defined as
lonlF = el Dvoll” + [[yvoll? + [on]i + sa(vw, vn), (2.32)
w
where Dw = I which is occasionally denoted by w’ is the ordinary derivatives of a
x

functions w(x).
We point out that a function w € Hg () can be interpreted as a weak function w =
{wo, wp} with wo = w|r, and wy, = w|sy, for I,.

The following lemmas show that the norms ||| - ||| and || - ||s defined by (2.31) and
(2.32), respectively, are equivalent in the WG finite element space Sy and the bilinear
form a(-,-) given in (2.22) is coercive in the ||| - |||--norm.

Theoretically, the preferred norm does not affect the measured errors much. However,
we take advantages of the norm defined by (2.32) numerically. The H!-seminorm involves
only the interior value ug of the weak function uy, therefore computing the errors in this
norm is less expensive.
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Lemma 2.6 ([39]). Let vy = {vo,vp} € S. Then there are two positive constants C; and
Cs such that

Cilllonllle < lllowlls < Csfllonllle- (2.33)

Proof. The proof is similar to the ones given in Lemma 3.1 and Lemma 3.2 of [39], so we
omit the proof here. O

Lemma 2.7. Let vy = {vg, v} € S?V. Then there is a positive constant C' such that
a(vn,vn) > ||on]| 2. (2.34)

Proof. For any vy = {vo, vy}, wny = {wo,wp} € SV, it follows from the definition of the
weak convection derivative (2.21) and integration by parts that

—(dfqu,wo) = (o, (bwo)’) — (vp, bnwy)
= —(bv, wo) + (bn(vg — vp), wp), (2.35)
and

—(d%wn, vo) = (wo, (bvg)') — (wy, bnvg)

= (wo, (bvo)l) — <wb, bn(vo - Ub)>, (236)
where we have used the fact that
N
(bnwy, wy) = Z[(bvbwb)(xn) — (bvpwy) (Tn—1)]
n=1

= (bupws)(1) — (bupws)(0) = 0,
because v, and wy, are well-defined at the inter-boundaries and vy, wy € S%, that is,
Ub(l) = wb(l) = Ub(O) = wb(O) =0.
Taking vy = wy and summing together (2.35) and (2.36), we get
1 1
_(dZ;UN, vg) = 5(()/1}0, Uo) -+ §<bn(vg — Ub), Vo — ’Ub>. (2.37)

We can easily derive the following relation

1
sc(vn,vN) + §<bn(vo —vp), V0 — Vp) = |UN|12L.

The above equality, (2.37) and the assumption (2.2) reveal that

1
—(dbun + cvo, vo) + se(vn,un) = ((c+ 56’)1)0,1)0) + lon 2 > |lywol® + o2 (2.38)
The definition of the bilinear form a(-,-) and (2.38) lead to

a(vy,vn) > C(e(duwon, dwon) + [[yol® + [ox 2 + sa(on,on)) = C[luw |12

We complete the proof.

In light of Lemma 2.7 and the bilinear form (2.22) , we deduce that
Hunllle < Cllgll,

which in turn implies the discrete problem (2.22) has a unique solution. The existence
follows from the uniqueness.

As a result of Lemma 2.6 and Lemma 2.7, we conclude that the bilinear form a(-, ) is
also coercive in the energy like norm || - || defined by (2.32).

Lemma 2.8. Let vy = {vg,vp} € S’JOV. Then there is a positive constant C' such that
a(vn,vN) > CH’UNH%. (2.39)



858 S. Toprakseven

2.5. Error analysis of the WG-FEM on Bakhvalov-type mesh

In general, the standard Lagrange interpolation is used in error estimates of FEM for
SPPs. In [23], the author pointed out the Lagrange interpolation on Bakhvalov-type
meshes leads to instability in some part of the mesh intervals in the error analysis of
convection dominated problems. Recently, Brdar and Zarin studied FEM for SPPs using
a Clément quasi-interpolant operator in [3]. Unfortunately, the analysis is limited to
only linear FEM and can not be applied to higher order methods in [3]. We consider
a special interpolation operator introduced by Zhang and Liu [35] for our uniform error
analysis. This interpolation operator is defined as follows: Write z};' := x;, + Z2hp41 for
n=0,...,N—1land m=0,...,k — 1 and set %, = zy. We define the interpolation Pu
of the solution u based on the regularity (2.3) of the solution u as

Pu:= R + 7L, (2.40)
where R! is the standard interpolation of R given by
N N—1 k-1
R(z) = R(@))0n(x)+ D > R(aio(x),
n=0 n=0 m=1
and
N N-1 k-1
nlx)= Y Lzp)h(x)+ > > Lo (x), (2.41)
n=0,n7% n=0n#Y -1 m=1

where 0,, and 0] are the piecewise nodal basis functions with respect to nodes x,, and z",
respectively.
The well-known interpolation result [4, Theorem 3.1.4] states that for k =1,2,...,

w —w'| i) < Ch T Hwl g ,y, Yw € H* (L), 0<1<k+1, (2.42)
Hw — wIHLOO(]n)S Chﬁ+1‘w,wk+1,oo(1n), Yw € Wk+1’oo(fn), (243)

where W*+1:2°(],) is the standard Sobolev spaces.

Clearly, Pu is continuous on I,, and the weak function {Puls,,Pulsr, } which is again
denoted by Pu belongs to Sy .

Let us define the operator

k—1
PL(z) = L(xO%)HO% (x) + Z L(x“%lil)ﬁnﬁil(m).
m=1

Observe that the operators P, 7 and P are related as follows [35]:
rL(z) = L' —PL(z), Pu=ul —PL(x), (2.44)

20, N 2-1)U[T N2, TN 20,2 N/2-1]U[TN/2,TN])

where L and u! are the standard Lagrange interpolation of L and the solution u, respec-
tively. Observe that wL(z) is the Lagrange interpolation of L except on the problematic
region which is contained in the last interval of the fine part and is neighbor to the coarse
part of the Bakhvalov-type mesh defined by (2.5) while PL(z) is the redefined standard
Lagrange interpolation on the problematic region. This explains the equation (2.44). Since
the standard Lagrange interpolation of L and the interpolation operator wL(x) agree ex-
pect the problematic region, the equation (2.45) follows.

Since PL is a continuous operator we have [|[PL||% = ¢|PL'||*> + |yPL||?>. Hence we
have the following result.

Lemma 2.9 ([36]). Assume that o > k + 1. Then there holds
|PL||s < CN~*+D), (2.46)
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Lemma 2.10. Assume that o > k + 1. On Bakhvalov-type mesh (2.5), we have

I(R— RNl p2g) < CN=RHD 1= 01,2, (247)
IL = LM || poo(a) + IR = BT || ooy + llu — u || poe () < CN~HFD, (2.48)
1L = LYooy + 1R = B llz2(o) + llu = u' |2y < CNTEFD, (2.49)
N/2
> IE = L) O e,y < CEVZINEETD =12, (2.50)
n=1

N

o ML =LV, < ONTEFY 1 =1,2, (2.51)
n=N/2+1

Proof. The first estimate follows from the interpolation bounds (2.42) and the fact that
hp <CN- !'forn=1,...,N.
From (2.43) and (2.4), one can show that for 1 <n < N/2 -1

L = LMooz, < ChyHLEY oo, < CemEHDpgtte= o/ < NZ0HD - (2.52)

where (2.10) with v = k + 1 is used in the last step. For N/2 < n < N, using the fact
that || L'|| ee(r,) < CllLll oo (1, (2:4), (2.11) and (2.12) we obtain

1L = L7 poe(r,y < W Ellzoo(r) + 1L | oo,y < Ce™ P18 < ONT, (2.53)
where ¢ < N~! is used. Combining (2.52) and (2.53) and using the fact o > k + 1, we
conclude that

IL — LY|| ooy < ON~HHD, (2.54)
Similarly, using the fact that h, < CN~! forn = 1,..., N and |R(k+1)\ < C, we have
IR — R0y < CREFREFD| o ) < ON~HD - Collecting this estimate, (2.54) and

(2.3) give (2.48). Holder inequalities and (2.48) imply the estimate (2.49).
Using again (2.42), (2.4) and (2.10) with v =k + 3/2 — [ for [ = 1,2, we obtain

N/2-1 N/2-1
S - L0y, <€ Y RHEDILE, L
n=1 n=1
N/2—1
<c' Y hi(k+3/2fl)‘L(k+1)|%Oo(1n)
n=1
N/2-1
<C Y 2D exp(—281, 4 /e)
n=1
N/2-1 )
e S (1 1/
n=1
N/2—-1
< Oe20k+1) 3 2(k+3/2-1) \r—2(k+3/2-1)
n=1

< Cel2 Ny—2(k41-D)

where we use inclusion relationships among the LP(I,,) spaces in the second inequality

since I, has a finite measure. More precisely, HL(kH)HQLQ(In) < hnHL(kH)H%OO(In).
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For n = N/2, using the triangle inequality, the inverse estimate, (2.4) and Lemma 2.2
we obtain

1L = LDYON 21,5y < CILV1Z2

N/2

<C LDV dz + Ch 2| LY )2

> N/2—1( ) N/QH HLQ(
N2y —204+1y 7 1|2

<C ot e % exp(—2Bz/e) dx + Chiyg | L HLOO(IN/2)

< Ce' " exp(—2Bz /a1 /2) + Ch]_v%ﬂ exp(—2Bry/3-1/€)

< Ol N—20 < o120 N —2(k+1)

)+ LD 72

Ingo Ingo Iny2)

Iny2)

where we use inclusion relationships among the LP(I,,) spaces in the third inequality and
the fact that HLI||LOO([N/2) < Ll (1y,,) in the fourth inequality.

For § +1 <n < N, using (2.42), (2.4) and Lemma 2.2, we arrive at

N N
S =HO e, < > RO
n:%-l—l ”:%"'1

N
<C Z hi(k+3/2_l)|L(k+l)|2L°°(In)

n:%—l—l

IN

N
o Z hi(k+3/2*l)572(k+1) exp(—25$n—1/5)

n:%—l—l

N
<C Z N—2(k+3/2—l)€—2(k+1) exp(—2ﬁxN/2/€)
n:%Jrl
< ON—2k+1=0) =2(k+1) 20~ N—2(k+1-0)

)

where we use inclusion relationships among the LP(I,,) spaces in the second inequality.
Thus we complete the proof. O

Lemma 2.11. Assume that o >k + 1. Then there holds
InL — Llls < CN~~. (2.55)

Proof. Since L is continuous we have ||[7L — L||% = ¢||[(rL— L)'||>+ ||y(wL — L)||*>. From
(2.44) we get

L — LI < e|(L — LIYJ? + 2L — LD + [PLJ2.
Due to Lemma 2.9 and the inequalities (2.50) and (2.51), we get
|nL — L|js < CN~F.
The proof is now completed. O

Now, we will derive the following error equations that will be play an essential role in
the error analysis in the sequel.

Lemma 2.12. Let u be the solution of the problem (2.1). Then for any vy = {vo,vp} €
SQ, we have the following error equations

—e(u”,v9) = e(dw(Pu), dyon) — T (u,vN), (2.56)
(cu,vo) = (cPu, vo) — To(u, vN), (2.57)
—(bu',v0) = —(db, (Pu), v0) — T(u, vn), (2.58)
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where
TV (u,on) = —e((u — Pu),vh) + (' — (Pu)’, (vo — vp)m), (2.59)
To(u,vn) = ((u — Pu), (bvg)') + (u — Pu, bvgn), (2.60)
T5(u,on) = (¢(Pu — u), vp), (2.61)

and P is defined by (2.40)

Proof. Notice that the interpolation operator P is continuous on I, that is, Pu € C(I,)
for any v € H'(I,), n = 1,...,N. Thus, the weak derivative of the interpolation
operator d,(Pu) is equivalent to the classical derivative, i.e., dy,(Pu) = (Pu)’ for any
u € H'(I,,). Therefore, the commutativity property in [39, Lemma 3.4] holds true for the
interpolation operator P defined by (2.40). The rest of the proof is similar to the proofs
of Lemma 3.5 and Lemma 3.6 in [39] where a special interpolation is used on the uniform
Shishkin mesh. To avoid a repeat, we refer to the reader to [39]. O

Lemma 2.13. Assume that u € H*1(02) and o, is given by (2.27) and 0 > k+1. Denote
R! by the standard Lagrange interpolation R and wL denotes the interpolation defined by
(2.41). Then the interpolation Pu = R' + 7L satisfies the following bound

N o 1/2
{Z ;\I(u - U’U)’Iliwazn)} <CON7F.

n=1 ="

Proof. From (2.44), we have u — Pu = u —u! + PL. Owing to the triangle inequality and
the inverse inequality (2.29)

1w — Pu)' |l r2or,) < 1w — ") |l r2gor,) + I(PLY | 12(01,,)
< [(w = u")llz2(a1,) + Chy IP L p2(1,,)-

Recalling (2.27), one has

h—l
n <C forn=1,...,N.
On
Then, by Lemma 2.9 we have
Y, ¢ "2 N Iy/)2 N 2 2
> =P Niaor,y < €32 -l =) IEagor, + 3 - ha*IPLIEaq, )
n=1 &N n=1 =N n=1 &M
N EQ
< O( X M=) e, + N7H). (2.62)
n=1 &M

It remains to bound the first term on the RHS of the above inequality. For the sake of
simplicity, we write v —u! = & = €gr 4+ €7, with g = R — R and &, = L — L',
The triangle inequality implies that

g2 12 g? 712 72
S o < X = (IR0, + 1€LI32(0r,) )- (2.63)

I,eTy =P I,eTy =7

The trace inequality (2.28) states that

1€-lZ201,) < b 1€RNZ2 1) + IR 201 [1€RN 221, (2.64)
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From (2.47), Lemma 2.3 and the penalty parameter (2.27), we get
N

Z 0 HfR”L?(aIn < C ho 15172 ()t 1€RN L2t I€R N L2(1,))
n=1 "

N/2
( 3 €kl +*N Z [
n=N/2+1
2 1N/2 / 7 (2'65)
+ N Nkll2 o I€RN 2 ()

n=1
N

+e& Y Ekllean €kl 2, )
n=N/2+1
< CeN~2,
where we have used that e N < 1.

Next, using the same argument along with the inequalities (2.50) and (2.51) we arrive
at

N 52 N 82
> —letlzeony < C Y — M €L T2y + 16l L2 1621 2(2))
n=1 QTL n=1 Q

N/2

(Z 161132z, + €°N Z [
n=1 n=N/2+1
N/2
+ N1 Z €L L2y €20 22 (5 (2.66)

N
SCHED DI 151 P 174 P2y

n=N/2+1
< C(N—Qk: +€N—2k +N—2k: +5N—2k)

< CN72%,

where again the fact that e N < 1 is used.
Combining the inequalities (2.65) and (2.66) gives

2
€ _
Y €2 or,) < CNT.
This last inequality and (2.62) give the desired result. Thus, we complete the proof. [

We will derive an error equation for the discretization error n = Pu — uy which will be
used in the error analysis below.

Lemma 2.14. Let u and uy € S?V be the exact solution and the WG-FEM solution of
problem (2.1) and (2.22) on Bakhvalov-type mesh (2.5), respectively. Then we have the
following error equation for n = Pu — uyn

a(Pu—un,vy) = T(u,vy), Yoy €SS, (2.67)

where T (u,vn) = T1(u, vn)+To(u, vn)+T3(u, vy ). Here, Ty (u,vn), To(u, vn) and T5(u, vy)
are defined by (2.59), (2.60) and (2.61), respectively.

Proof. Testing (2.1) by the test functions vy = {vg, vy} € S%, we obtain
—e(u”,vo) — (b, v0) + (cu,v0) = (g,v0). (2.68)
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Using the fact that Pu is continuous in §2, we have s.(Pu,vy) = sq4(Pu,vy) = 0. Plugging
the equations in (2.59), (2.60) and (2.61 ) into the above equation (2.68), we arrive at

a(Pu,vn) = b(Pu,vn) = (g,v0) + T(u,vN). (2.69)
Subtracting (2.22) from the equation (2.69) yields the desired equation (2.67). Thus, the
proof is now completed. [l

Lemma 2.15. Assume that u € Hk“(()) and the penalization parameter o, ts given by
(2.27). If o > k+ 1, then we have, for any vy = {vo,vp} € S¥

T(u,vn) < ON||lun||s, (2.70)
where C' is independent of N and €.

Proof. In order to prove (2.70), we estimate 77 (u, vy ), Ta(u, vy) and T3(u, vy ) individu-
ally. By the triangle inequality, we obtain

TN (u,vn)| < el((u—Pu),vp)| + €l{(u — Pu), (v — vp)n)| =: Ry + Ra.

We first estimate R;. Using Cauchy-Schwarz inequality, (2.47), (2.50) and (2.51) of Lemma
2.10 and Lemma 2.9 , we arrive at

|Re| < e[ (u—uY[|e?|vh]| + el (PLY [ [Jvoll
<Ol (NF 47 ANH 4 N7F) 4 N-ED oyl (2.71)
< CN"*lun]ls-

For Ry, it follows from the Cauchy-Schwarz inequality and Lemma 2.13 that

N
[Re| < el(w—Pu), (vo — w)m)ar, |

n=1

N
<Y ell(w—Pu)| r2(a1,)llvo — vbll L2 (a1,)

2 (2.72)
N 2 VN 2
< Zl pRLAC Tu}’ll%?(afn)} {Zl onlvo = “b”%%afn)}

< CN_ksilm(vN, UN)-
As a result of (2.71) and (2.72), we have
Ty (w,0n)] < ONH[luns. (2.73)

Let To(u,vn) = (u — Pu, (bvg)') + (u — Pu,bugn) =: 81 + 83. Using the relation (2.40),
we have

81 = (u— Pu, (bvg)") = (&g, (bvo)") + (L — wL, (bvg)')
= (&g, (bvo)') + ((L — wL),b'vg) + (L — 7L), bvy)

where ég = R — R!.
Using the fact that R! = R on 01, integration by parts on the first term on the RHS
of the above equation and the Cauchy-Schwarz inequality yield

(&r» (bvo)') + (L — 7L),b'vo) <C(II€ + 1L = 7Ll ) owls-
Then, using (2.47) and (2.55) we obtain
(&R, (bvo)) + (L — 7L),b'vp) < CN~¥|lun|ls < CN*|loy]ls. (2.74)
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The last term ((L — wL), bvj) can be estimated as follows:

N N

: b(L — L), dx +/

2 2
N
N2

(£ =), bup) = [

0

b(L — wL)v)dx

N
+/N b(L — L')v), dx
2
=21+ Zo + Zs,

where we have used (2.45). The Holder inequalities, the Cauchy-Schwarz inequality, (2.4)
and (2.10) with v = k + 1 imply that

N_9
2 T
zl<CY [ - gl
n=1 Y%n-1
e
<C Y L= L' peorllvoll
n=1
&9
<C Z hﬁJrlgf(kJrl)efoi/s . h;L/2”U6HL2(In)
n=1 (275)
L_o
2
<Ce? > N E gl 12,
n=1
1/2 1/2
17 2(k+1 / 17 2 /
<C > NEED e Y llvollze
n=1 n=1

< N~ oy s,

where we have used (2.6), (2.7) and (2.43).
The Cauchy-Schwarz inequality, the inverse inequality and (2.48) reveal that

1Z3] < CIL = L 2(fa sp o) 1901 22 (2 )
< ON~MHD - N lwg |l £ < CN7¥||vo]|.

[xN/Q»mN])

Only |, = [% -2, % — 1], it follows from (2.41) that nL(z) = L' — L(2% 1)99\, (@)
v N_)UN_

Thus, if 0 > k + 1 we arrive at

:c%71 ,
b(L — wL)vjdx

N_o

TN _ TN _
<o [ r- Ll gl + Lyl [ 710, vhlda)
T TN _, 2
2

2
N_o

2 2

<0 (L= Llmy_ + 1Ly )l bl
< O et Ny B ey )
2 B} 5

< C(N~F+HD 4 N=)||ug|ls < ON~FHD]jyg] s,
(2.77)

where we have used the Hoélder inequalities, (2.42), (2.43), (2.10) with v = k£ + 1 and
o>k+1and (2.7).
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On Iy = [% -1, %}, it follows from (2.44) that wL(x) = L(z% )0% (x). From (2.48),
y N )V
when 0 > k + 1 we get P

TN
/ ¥ b — xL)ohde

N

2

N N
< (LG |/2 % (@) ojlde+ [ |L) ugla)
——1

)
(2.78)
1’1%]))

—1

(aaueﬂumqw
2 2

L 2wy axnlvollzoey

1T p)

aexlvollceey o
2 2

iz

o1.1/2 —o
<O (Y + 22N Ilinay ey

< O ANT2 £ N7 eolls < ON~FFfug s,

where we have used ¢ < N~! and the facts that

HL|’L2([1%71@%]) <2 N77 and HQO%HLQ([zﬂil,x%]) < Ch}\/{/QQ
Thus, it follows from (2.77) and (2.78) that
|Zy] < CN~E ) oy 5. (2.79)
From (2.75), (2.76) and (2.79) we have
(L — L), bvy) < CN~¥loy]|s. (2.80)
As a result of the estimates above, we obtain
81| < CN~F||luy]|s. (2.81)

We next estimate the second term 8o. With the help of (2.44) and using the assumption
that ¢ > k + 1, we arrive at

|(PL, buon)| = [(PL, b (vo — vp) )|
< |2 (oaya-a) (oo =) (o) [+ |E (2a-1) (0 (o0 = 00)) (w30, )
<CoN-D (’(UO — up) (%\//2 1)’ + ‘ vo — V) (%N/2 1)‘)
2) 1/2

2
o |(vo —vp) (QJN_1> +oxn_y|(vo—wp) <1'1+;1_1>
< ON""HIE(g)sq (v, o) < CN~FH D |loy s,
1 —1 1/2 .
where K(p) := (QN/%Q + QN/Qil) and we have used (2.4) and (2.11) in the second
inequality. From (2.81) and (2.82), we get

(2.82)

< CK(g)N~*+1 <QN
2

Ty (u,vy)] < CN~F||loy]|s. (2.83)
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We finally estimate T5(u, vy). By making use of the Cauchy-Schwarz inequality and the
estimates (2.47)-(2.49) of Lemma 2.10 and Lemma 2.9 we get

N/2
|T3(u, vn)| §C<||§RH||UO| + > M€zl llvoll 2,
n=1
N
+ 3 ealalenliz, + [PL o ) 050
n:%+1 )
SC<N(k+1) L2 (D) () +N(k+1)> lonlls
<CN~F D joy]|s.
From (2.73), (2.83), and (2.84), we have
T (u,on)| < N7*|Jonls,
which is the desired result (2.70). Thus we complete the proof. O

Theorem 2.16. Let Pu be the interpolation defined by (2.40) of the exact solution wu €
HM1(Q) and uy € S% be the WG-FEM solution computed by (2.22) on the Bakhvalov-
type mesh for the problem (2.1), respectively. Assume that o > k + 1. Then we have the
following estimate

|1Pu — un|ls < CN7F,

where C' is independent of N and €.
Proof. With the help of Lemma 2.8, we have

a(Pu —uy, Pu —uyn) > C||Pu — un||3. (2.85)
Choosing vy = Pu — up in the error equation (2.67) yields

a(Pu —un,Pu—uyn) =T (u,Pu— uy).
Using Lemma 2.15, we have

a(Pu — uy, Pu—uy) < CN7F||Pu— uy||s,

which together with (2.85) gives the desired result. Thus we complete the proof. ([l

Theorem 2.17. Let u’ be the Lagrange interpolation of the exact solution v € H*1(Q)
and uy € S be the WG-FEM solution computed by (2.22) on the Bakhvalov-type mesh
for the problem (2.1), respectively. Assume that o > k + 1. Then we have the following
estimate

lu’ —unlls < CN7F,
where C' is independent of N and .
Proof. Using (2.44) and the triangle inequality, we have ||u! — uy||s < ||Pu — un]||s +

||PL||s. Lemma 2.9 and Theorem 2.16 imply the desired result. The proof is now com-
pleted. O

Theorem 2.18. Assume that u € H*T1(Q) is the exact solution and u' is the Lagrange
interpolation of the solution of the problem (2.1), respectively. Assume that o > k + 1.
Then we have the following estimate

lu—u'l|ls < ONTF,

where C' is independent of N and €.
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I

Proof. Since £ =u —u' is continuous in {2, we have |£|, = s4(§,&) = 0. Then,

€115 = el 20y + V€172 (- (2.86)
Using (2.49) of Lemma 2.10, we have
€] < CN 2D, (2.87)
From (2.47), (2.50) and (2.51), we have
N/2 N
el€ 13200y = e (IR 1220y + Do N€LIZocry + D N€LIZ2 (1)
n=1 n="141 (2.88)

< Ce(N7 4 e IN"H 4 N7H) < ONT,
Combining (2.86), (2.87) and (2.88) leads to
l|u —ull|s < CNF.
The proof is now completed. ([l
The main theorem of this section is the following.

Theorem 2.19. Assume that u € HFT1(Q) is the evact solution and uy € S% is the
WG-FEM solution computed by (2.22) on the Bakhvalov-type mesh for the problem (2.1),
respectively. Assume that o > k + 1. Then we have the following estimate

||U - UNHS < CN_ka
where C' is independent of N and .

Proof. By Theorem 2.17, Theorem 2.18 and the triangle inequality, we conclude the
desired result. g

3. Numerical experiments

In this section, we give several numerical experiments to verify computationally the the-
oretical convergence results obtained in Theorem 2.19. All the calculations are calculated
in MATLAB R2016a and all integrals in the proposed method are approximated by using
the 5-point GaussLegendre quadrature rule. Let en be the error between the exact solu-
tion and the approximate solution on the Bakhvalov-type mesh with N elements. Then
we compute the order of convergence OC(N) by the formula

We first present the convergence rate of the WG-FEM solution uy = {ug, up} obtained by
(2.22) and the exact solution u in the || - ||g-norm given by (2.32). Besides, we investigate
the error © — uy in the L?-norm and the discrete L>-norm defined by, respectively,

N 1/2
lu = uoll2(y) = {Z [Ju — u0||%2(1n)} ;

n=1

and

|u — up|| oo () = omax, [u(2n) — up ()]

Example 3.1. Consider the following singularly perturbed problem adapted from [35]

—eu"(z) — (3 — )/ (z) +u(z) = f(z) x€(0,1),
{u(m)(:L(l)(:o_)U @) =i =ebD) (3.1)
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generating function

Uniform mesh points

° 10°
® _10°
b ® 107

Bakhvalov-type mesh

Figure 2. The Bakhvalov-type mesh (2.5) for various values of € with e = 1073,
e=10"%and e = 10".

epswlon=10'3 i
—O- epsilon=10
epsilon=10"| 4

Figure 3. The exact solution of the problem in Example 3.1 with ¢ = 1073,
e=10"%2and e = 1071

where the function f is chosen such that the exact solution is given by
u(z) = cos(ga:)(l — exp(—2z/¢)). (3.2)

For the values of ¢ = 1073, e = 1072 and £ = 10}, we plot the exact solution of (3.1)
in Figure 3. We observe that there is a boundary layer near x = 0 for small €.

For the Bakhvalov-type mesh (2.5), we take 0 = k + 1 and 8 = 2. We plot the
Bakhvalov-type mesh (2.5) for various values of ¢ in Figure 2.

We report the history of convergence of the WG-FEM in the || - ||s-norm for Example
3.1 with e = 1072,107%,1077, k = 1,2,3,4 and N = 2", = 3,...,8 in Table 1. It is

clear indication that the convergence rate of order k in the || - ||s-norm is obtained and
we numerically confirm the result of Theorem 2.19. We plot the errors in the || - || s-norm,
L?-norm and the discrete L>-norm for Example 3.1 with ¢ = 107 on log-log scales in
Figure 4. We observe that the order of convergence in the || - ||g-norm is O(N~*) which

supports the conclusion of Theorem 2.19. Furthermore, Table 2 and Table 3 indicate that
the proposed WG-FEM has the optimal order of convergence of O(N _(k“)) in the L*-
norm and the discrete L*°-norm. Theoretical results for the optimal convergence rates in
these norms can be accomplished using the techniques such as the corresponding discrete
Green’s function to the problem and weighted estimates. This will be investigated in a
future study.
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N |lu—unlls OC |lu—unl|ls OC [[u—unl|ls OC
k=1 e=10"% e=10"° e=10""

8 4.3403e-01 - 4.3445e-01 - 4.3455e-01 -

16 2.3353e-01  0.89 2.3370e-01 0.89 2.3371e-01 0.89
32 1.2117e-01  0.95 1.2126e-01 0.95 1.2126e-01 0.95
64 6.1744e-02 0.97 6.1785e-02 0.97 6.1786e-02 0.97
128 3.1170e-02 0.99 3.1191e-02 0.99 3.1191e-02 0.99
256 1.5661e-02  0.99 1.5672e-02 0.99 1.5672¢-02 0.99
012 7.8496e-03 1.00 7.8549e-03 1.00 7.8550e-03 1.00
k=2 e=107" e=10"° e=10""

8 1.4188e-01 - 1.4209e-01 - 1.4209e-01 -

16 3.9821e-02 1.83 3.9883e-02 1.83 3.9882e-02 1.83
32 1.0475e-02  1.93 1.0491e-02 1.93 1.0491e-02 1.93
64 2.6807e-03 197 2.6849e-03 1.97 2.6848e-03 1.97
128 6.7771e-04 1.98 6.7878e-04 1.98 6.7877e-04 1.98
256 1.7036e-04 1.99 1.7063e-04 1.99 1.7062e-04 1.99
012 4.2705e-05 2.00 4.2773e-05 2.00 4.2772e-05 2.00
k=3 =107 e=10" e=10"

8 4.6352e-02 - 4.6461e-02 - 4.6462e-02 -

16 6.8032e-03 2.77 6.8199e-03 2.77 6.8200e-03 2.77
32 9.0639e-04 2.91 9.0862e-04 2.91 9.0865e-04 2.91
64 1.1640e-04 2.96 1.1669e-04 2.96 1.1669e-04 2.96
128 1.4730e-05 2.98 1.4766e-05 2.98 1.4767e-05 2.98
256 1.8520e-06 2.99 1.8566e-06 2.99 1.8566e-06 2.99
012 2.3216e-07  3.00 2.3273e-07 3.00 2.3274e-07 3.00
k=4 e=10"° e=10"° e=10"7

8 1.4931e-02 - 1.4978e-02 - 1.4978e-02 -

16 1.1583e-03 3.69 1.1622e-03 3.69 1.1622e-03 3.69
32 7.8256e-05 3.89 7.8520e-05 3.89 7.8523e-05 3.89
64 5.0432e-06 3.96 5.0602e-06 3.96 5.0604e-06 3.96
128 3.1941e-07 3.98 3.2049e-07 3.98 3.2050e-07 3.98
256 2.0086e-08 3.99 2.0154e-08 3.99 2.0154e-08 3.99
012 1.2602e-09 3.99 1.2636e-09 4.00 1.2637e-09 4.00

Table 1. The numerical errors in the || -||s norm and their orders of convergence

for Example 3.1
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N llu —uollr2¢r,) OC |[u—wuollr2g,) OC |lu—uollr2,) OC
k=1 =103 e=10"° e=10"7

8 6.1483¢-03 - 6.4609¢-03 - 6.4768¢-03 -
16 1.4839¢-03 2.05 1.5604¢-03 2.05 1.5623¢-03 2.05
32 3.6509e-04 2.02 3.8449e-04 2.02 3.8488e-04 2.02
64 9.0317¢-05 2.02 9.5510e-05 2.01 9.5615e-05 2.01
128  2.2227e-05 2.02 2.3802e-05 2.00 2.3833¢-05 2.00
256  5.3495¢-06 2.05 5.9394¢-06 2.00 5.9498¢-06 2.00
512 1.2283e-06 2.12 1.4825e-06 2.00 1.4864e-06 2.00
k=2 =103 e=10""° e=10""

8 4.2873e-04 - 3.7702e-04 - 3.7658¢-04 -
16 5.4863¢-05 2.97 4.8085¢-05 2.97 4.8026¢-05 2.97
32 6.7713¢-06 3.02  6.0502¢-06 2.99  6.0450e-06 2.99
64 8.0207e-07 3.08 7.5712e-07 3.00 7.5729¢-07 3.00
128  9.0940e-08 3.14 9.4485e-08 3.00 9.4731e-08 3.00
256 1.0218e-08 3.15 1.1756e-08 3.01 1.1844e-08 3.00
512 1.3038e-09 2.97 1.4554e-09 3.01 1.4806e-09 3.00
k=3 =103 e=10"° e=10""

8 7.9959¢-05 - 2.6925¢-06 - 1.9916e-05 -
16 1.3509¢-05 2.56  2.0709e-06 3.36  1.9149¢-06 3.37
32 1.8595¢-06 2.86 1.8895e-07 3.45 1.8003e-07 3.41
64 2.2406e-07 3.05 1.6457e-08 3.52 1.5171e-08 3.56
128  2.4313e-08 3.20 1.1724e-09 3.81 1.0755e-09 3.81
256 2.4613e-09 3.31 1.0916e-10 3.91 7.0681e-11 3.92
512 1.9872e-10 3.63 7.0457e-12 3.95 4.5248¢-12 3.96
k=4 =103 e=107" e=10""7

8 1.2658¢-05 - 2.6925e-06 - 2.3915e-06 -
16 1.0946e-06 3.53 1.2603e-07 4.41 1.0919e-07 4.45
32 7.5175e-08 3.86 5.6907e-09 4.46 4.9693e-09 4.45
64 4.3268¢-09 411 2.3271e-10 4.61 2.0448¢-10 4.60
128  2.2571e-10 4.26 8.2572¢-12 4.81 6.9458¢-12 4.87
256  8.7364e-12 4.69 2.7548¢-13 4.90 2.2374e-13 4.95
512 3.1961e-13 4.77 8.8520e-15 4.95 7.1101e-15 4.97

Table 2. The numerical errors in the L?-norm and their orders of convergence
for Example 3.1
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N llu —upl|poo(r,) OC  |[u—wp|lporg,) OC |lu—up|lpe=(g,) OC
k= e=10"3 e=10"° e=10"

8 6.4371e-03 - 6.1521e-03 - 5.9496e-03 -
16 2.9132¢-03 1.14 2.8997¢-03 1.09 2.8870e-03 1.04
32 8.4071e-04 1.79 8.3915e-04 1.79 8.3833e-04 1.78
64 2.3173e-04 1.86 2.3133e-04 1.86 2.3126e-04 1.86
128  6.0347e-05 1.94 6.0255e-05 1.94 6.0250e-05 1.94
256  1.5401e-05 1.97 1.5379¢-05 1.97 1.5378¢-05 1.97
512 3.8905e-06 1.98 3.8856e-06 1.98 3.8855e-06 1.98
k=2 =103 e=10"° e=10""

8 1.7868¢-03 - 1.8305e-03 - 1.8496e-03 -
16 1.8774e-04 3.25 1.9062e-04 3.26  1.9090e-04 3.28
32 1.4028¢-05 3.74 1.4546e-05 3.71 1.4556e-05 3.71
64 1.0389¢-06 3.76 1.1619e-06 3.65 1.1635e-06 3.65
128  7.1667e-08 3.86  9.9040e-08 3.55 9.9410e-08 3.55
256 3.7472e-09 4.26 9.4948e-09 3.38 9.5871e-09 3.37
512  4.8182¢-10 2.96 1.0176e-09 3.22  1.0403e-09 3.20
k=3 =103 e=10""° e=10""

8 1.2865¢-04 - 1.2983¢-04 - 1.2984¢-04 -
16 1.0720e-05 3.58 1.0741e-04 3.59 1.0742¢-04 3.59
32 8.1671e-07 3.71 8.1704e-07 3.71 8.1705e-07 3.71
64 5.8389¢-08 3.80 5.8395e-08 3.80 5.8365e-08 3.80
128  3.8467e-09 3.92  3.8469¢-09 3.92 3.8469e-09 3.92
256  2.4994e-10 3.94 2.4505e-10 3.94 2.4544e-10 3.94
512  1.5740e-11 3.98 1.5790e-11 3.98 1.5781e-11 3.98
k=4 ¢=10"3 e=10""° e=10""

8 1.1480e-05 - 1.0988e-05 - 1.0983¢-05 -
16 4.7924e-07 4.58 4.4839¢-07 4.61 4.4816e-07 4.61
32 1.8278¢-08 4.71 1.6797e-08 4.73 1.6731e-08 4.73
64 6.3773e-10 4.86 6.0005e-10 4.80 6.0028e-10 4.80
128  2.0781e-11 4.93 1.9500e-11 4.94 1.9523e-11 4.94
256  6.7244e-13 494 6.1513e-13 4.98 6.1554e-13 4.98
512 2.1141e-14 4.99 1.9257e-14 4.99 1.9285e-14 4.99

Table 3. The numerical errors in the discrete L>°-norm and their orders of con-

vergence for Example 3.1
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Figure 4. Convergence rates of there norms using (a) Linear and (b) Quadratic
element functions for Example 3.1 with ¢ = 107°.
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4. Conclusion

In this work, we introduce and analyze a WG-FEM for the one-dimensional singularly
perturbed problem of convectiondiffusion type. We introduce two stabilization terms for
discretization of the diffusion term and convection term in order to derive an optimal and
uniform error estimate for the convection dominated problems. The parameter-free error
estimates in the corresponding energy norm of the proposed method is established on
Bakhvalov-type mesh using high order elements. The present method and analyses can be
extended to higher dimensional SPPs since the construction of the interpolation operator
is simple and is suitable for the analysis of the WG-FEM. We will study this direction in
upcoming paper.

Acknowledgment. The author would like to thank the two anonymous reviewers for
their very careful reading of the manuscript and insightful comments and suggestions that
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