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Abstract

In this article, simultaneous identification of the time-dependent lowest and source terms
in a two-dimensional (2D) parabolic equation from knowledge of additional measurements
is studied. Existence and uniqueness of the solution is proved by means of the contraction
mapping on a small time interval. Since the governing equation is yet ill-posed (very
slight errors in the time-average temperature input may cause relatively significant errors
in the output potential and source terms), we need to regularize the solution. Therefore,
regularization is needed for the retrieval of unknown terms. The 2D problem is discretized
using the alternating direction explicit (ADE) method and reshaped as non-linear least-
squares optimization of the Tikhonov regularization function. This is numerically solved by
means of the MATLAB subroutine [sqnonlin tool. Finally, we present a numerical example
to demonstrate the accuracy and efficiency of the proposed method. Our numerical results
show that the ADE is an efficient and unconditionally stable scheme for reconstructing
the potential and source coefficients from minimal data which makes the solution of the
inverse problem (IP) unique.
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1. Introduction

Multi-dimensional parabolic equations are mathematical models arise in various pro-
cesses such as financial market behaviour, seawater desalination, bioheat transfer, fluid
dynamics, etc., see [5-8, 18] to mention only a few. Solvability of inverse problems for
a multi-dimensional parabolic equation has been attracted attention by many authors.
Amongst these inverse problems, great interest is paid to determining the lowest order
coefficient in the parabolic equation, especially when this coefficient is dependent only
on time. Authors studied the determination of the solely time-dependent diffusion co-
efficient in a two-dimensional parabolic equation with different boundary and additional
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measurements in [2,37,40]. In the references [1,4,35], and [36], authors considered the
inverse time-dependent lowest term identification problem with various classical (Dirich-
let, Neumann, and Robin) and non-classical boundary conditions. On contrary of these
references authors investigated the solvability of the inverse problem for both space and
time-dependent coefficient in [46]. The authors in [13] investigated the inverse problem
of estimating a discontinuous parameter in a quasi-variational inequality involving multi-
valued terms. Zeng et al. [49] studied a dynamical system called a differential variational-
hemivariational inequality of elliptic type and a nonlinear evolution inclusion problem in
a Banach space while the authors in [50] considered a mixed boundary value problem
with a nonhomogeneous under very general assumptions on the data. Yamamoto [48] has
obtained the Holder stability estimate for the parabolic equation with the unknown coef-
ficient in a general domain with smooth boundary. In references [38,39] multidimensional
inverse problems for the parabolic equations are also investigated in general domains with
smooth boundaries.

In recent years, the authors numerically investigated various inverse problems related
to the determination of time-dependent coefficients [20-22,24-27, 31-34, 43]. The au-
thors in [12] estimated free boundary coming from two new scenarios, aggregation pro-
cesses and nonlocal diffusion. Snitko [47], theoretically, and Huntul [23], numerically,
investigated the inverse problem of determining the time-dependent reaction coefficient
in a two-dimensional parabolic problem. Furthermore, Huntul et al. [28,29] studied
numerically the inverse problems for reconstructing the unknown coefficients in a third-
order pseudo-parabolic equation from additional and nonlocal integral observations, re-
spectively. Huntul et al. [30] identified the time-dependent potential in a fourth-order
pseudo-hyperbolic equation from additional measurement.

In this article, we study the two-dimensional parabolic equation to identify the time-
dependent lowest and source function coefficients along with the solution function theoret-
ically, i.e. existence and uniqueness, and numerically, for the first time, in the rectangular
domain, using the initial, homogeneous boundary conditions and the additional data as
over-specification conditions. The pre-eminent goal of the current work is to undertake
the theory and numerical aspect of this problem.

The paper is organized as follows. The proposed inverse problem has been mathemati-
cally developed in Section 2. The existence and uniqueness of the solution of the inverse
problem is proved in Section 3. Section 4 briefly explains the scheme for solving the direct
problem by means of ADE. The description of numerical procedure to solve the minimiza-
tion of the nonlinear functional has been given in Section 5. The computational outcomes
for benchmark test example on the topic are discussed in Section 6. Finally, concluding
remarks are revealed in Section 7.

2. Mathematical formulation of the IP

We consider an inverse problem of recovering the time-dependent coefficients a(t) and
b(t) in the two-dimensional parabolic equation

zt(2,y,t) — a(t) (z220(2, Y, 1) + 24y (2,9, 1)) = a(t)z(z,y,t) + b(t)g(z, y, 1) + f(z,9,1),
(x7 Y, t) € QT: (21)

subject to the initial condition

2(,y,0) = p(x,9),  (2,y) € Qay, (2.2)
the homogeneous boundary conditions
2(0,y,t) = z(1,y,t) =0, (y,t) €[0,1] x [0, T, (2.3)

2(z,0,t) = z(z,1,t) =0, (z,t) €[0,1] x [0,T], (2.4)
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and over-specification conditions

// Ay, t)dedy = Ey(£), te0,T], (2.5)
Qzy

wo,08) + [[ Kiwp)atayOidedy = Batt), te 0.7, (2.6
sz
where Q7 = Quy X [0,T], Qqgy is the rectangle [0, 1] x [0,1], a(t) € C[0,T] with «(t) > 0,
(x(]ayﬂ) S (07 1) X (07 1)7 K<$7y) € C(Q$y)7 Sp(xﬂl/)’ g(m.vyat)? f(l',y,t), El(t)7 and E2<t)
are given functions. Physical situations in which the measurement Fs(t) in (2.6) depends
on time occur in mass (energy), damage and radioactive decay applications, [10,11].

3. Existence and uniqueness of the solution of the IP

In this section, first we will give eigenfunctions and eigenvalues of the auxiliary spec-
tral problem and define two useful Banach spaces. Then we will set the existence and
uniqueness theorem of the solution of the inverse initial-boundary value problem for the
two-dimensional parabolic equation and and prove this theorem by using Banach fixed
point theorem.

The spectral problem corresponding to the inverse problem (2.1)—(2.6) is

Wa::):(l‘a y) + Wyy(x,y) + ,LLW({L‘, y) = Oa (‘/an) € mea

W(0,y) = W(l,y) =0, 0<y<1, (3.1)

W(x,0) =W (z,1) =0, 0<z<1,
where p is the separation parameter. The eigenvalues and eigenfunctions of problem (3.1)
are

fimp = (mm)? + (kn)?, mk=1,2, ...,

and

Wi k(x,y) = 2sin(mnz) sin(kry), m,k=1,2,...
The problem (3.1) is self-adjoint. It is easy to seen that v/2sin(mnz) and v/2sin(kny)
are complete orthonormal systems on [0,1]. Thus the set of eigenfunctions W, j(z,y) is

complete in Ly(Q4y) and forms an orthonormal system on @y, see [35].
Now let us give the following spaces which are Banach spaces:

I:

m=

Br = { ;cy7 ii mk:cy): Zm,k(t)EC[O,T],
1k=1

(ZZMmk” mk ”C[OT])> <+OO},

1/2
with the norm |[[2(z,y,1)[/ 5, = ( DYy 1( |ka;( )HC[O,T})Q) / which is
related with the Fourier coefficients of the functlon z(x,y,t) by the eigenfunctions
Wi k(2 y) = 2sin(mnz) sin(kny), m, k=1,2,....
II: Er = By x C[0,T] x C[0,T] with the norm

lo(z,y, )l gy = 12(2, 9, Oll 5, + el o,y + 10O 0,77 5

where v(x,y.1) = {=(z,,1), a(t), b(t)}.
Before giving the main theorem let us set and prove the following Lemmas:

Lemma 3.1. Let the assumption
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(Al): Y E 22 (Q:r:y) y Pazxy Prayr Payy Pyyy € Lo (Qxy) )
90(55’0) = 90(337 1) = ¢I($70) = @I(xv 1) = QOyy(QS,O) = Soyy(xv 1) =0,0<z<1,
©(0,y) = o(1,y) = 022(0,4) = ¢aa(1,y) =0, 0 <y < 13

be satisfied. Then, the estimates

Z Z ( |<Pm k‘) < ||90xmm('7')||L2(sz)a

m=1k=1

2
, ) SHSD:):xy("')HLg(Qxy)’

K
NE

(m2 km

3
I
)
=
I
H

|SO7TL k‘|> < ||Soyyy("')H]:Q(Qacy)7

hE
M8

3
Il
-
e
I
A

2
(mk27'('3 |80m7]c‘) S ”Soxyy(" )||L2(Q9cy) ’

NE
NE

k=1

3
I

are valid.

Proof. Let us show the first one of these estimates is true and the others can be proven
analogously. Since

Ok ://Q o(z, y) Wik (x, y)dzdy,
Ty

where Wy, (2, y) = 2sin(mnz) sin(kmy), using integration by parts under the assumption
(A1), we get

Om ke = / Oraz(T,y)2 cos(mmx) sin(kry)dxdy.
sz

—1
(mm)?
The term 2 cos(mmnx)sin(kmy) is complete and form an orthonormal system in La(Qgy),
because v/2 cos(mmz) and v/2sin(kmy) are complete orthonormal system on [0, 1]. Thus
from the Bessel’s inequality

>3 (mn

m=1 k=1

2

O

Here the notation C%2(Q,,) means that all partial derivatives exist and continuous that
include at most two derivatives with respect to the first and second variables.
Analogously, we can get the estimates for fy, 1(t) and gy, x(t) as

Lemma 3.2. Let the assumption

(A2): f(x7y7t) € C(QT)afaca fy,fa:aca fyya fﬂcy e C*? (Q:ch) , Vt € [O’T]vfx:myfyyyafmyyyfzxy €
L2 (QT) ) f(ﬂl’,(),t) = f(wv 17t) = fz(x,O,t) = fx(l’, lvt) = fyy(x70>t) = fyy(xa 17t) =
0, (:L'at) € [Oal] X [OaT]a f(07y7t) = f(layvt) = fzx(oayvt) = fxm(layat) =
0,(y,t) € [0,1] x [0, TT;

be satisfied. Then, the estimates

32 3 (P as®))” < e Dlzius

m=1k=1

> (2 @) < oo Dl

k=

10¢
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52 30 (6 s ) < e Dl

Z Z (mk27r3 |fm,k(t)|)2 < ([ fayy (- 'vt)HLz(sz)'

are valid.

Lemma 3.3. Let the assumption

(A3): g(z,y,t) € C(Q1), 92> Gy, 9w+ Gyy» Gy € C*2 (Qay) , Yt € [0, T, 9zaws Gyyys Goyy: Jzay €
LQ (QT) ) g(x, 07 t) = g(x7 17 t) = g;c(x, 07 t) = g;c(a?, 17 t) = gyy(xa 07 t) = gyy(xy 17 t) =
0, (z,t) € 0,1] x [0, T], g(0,y,t) = g(1,y,t) = g22(0,4,t) = gza(1,9,1) = 0, (y,1) €
[0,1] x [0,T7;

be satisfied. Then, the estimates

32 3 () 19 a®])” < gsas1 Dl

m=1k=1

2,3 2
(m2k7® 1gm s ®)) < lgzay (8 1500, )

NE
NE

3
I
-
e
i
H

2
() 1gmas ) < 9w+ Ol

NE
NE

3
I
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-
i
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2
(k27 g (])” < N (8 10 00 -

NE
NgE

Il
—

m=1k=1

are valid.

Theorem 3.4. Let the assumptions of Lemma 3.1, Lemma 3.2, Lemma 3.8 and
(Ag): Ex(t) € CM0,T], [fp(x,y)dedy = E1(0);

(As): Ex(t) € CU0.7). plao,yo) + JJ K (2. )p(e. y)dady = E(0),
be satisfied, and D(t) = E1(t)g2(t) — Ea2(t)g1(t) # 0, vt € [0,T], where
91(t) = [, 9(z.y, t)dzdy, and g2(t) = g(zo,y0,t) + [f K(z,y)g(z,y,t)dzdy. Then, the

zy
inverse problem (2.1)-(2.6) has a unique solution for small T

Proof. For arbitrary a(t),b(t) € C[0,T], to construct the formal solution of the inverse
problem (2.1)—(2.6), we will use the Fourier (Eigenfunction expansion) method. In accor-
dance with this, let us consider

z(z,y,t) Z szk Wink(2,y), (3.2)
m=1 k=1
is a solution of the inverse problem (2.1)-(2.6), where W, (z,y) are the eigenfunctions
and iy, 1 are the eigenvalues of the corresponding spectral problem.
Since z(z,y,t) is the formal solution of the inverse problem (2.1)-(2.6), we get the
following Cauchy problems with respect to z,;(t) from the equation (2.1) and initial
conditions (2.2),

2 k() + i k(1) 2k (t) = Ry (5 2, 0, b), (3.3)
Zmk(0) = YmE, mk=1,2,.., )
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where
R ) (t; 2,0,b) = a(t) 2 1k (t) + b(t) gk (t) + frnk(t),

Zm k(1 // (2,9, ) Wi k(2 y)dady,  frm k() //f (x,y, )W k(x, y)dady,
sz Q/Dy

Gm. k(1 / 9(z,y, )Wy, k(z,y)dxdy,  ©mk —//@ Wn (2, y)dxdy.
sz sz

Solving (3.3) we obtain
t t t
Zmk(t) = Pmre Jo 1 ols)ds +/ R ) (s; 2,a,b)e” Jo pmamydr g o (3.4)
0

Substitute the expression (3.4) into (3.2) to determine z(x,y,t). Then, we get

o) =3 [gom,ke Jo et / R (55 2,0, b)e ™ 2 #mse @i g w0y (3.5)

m=1 k=1

Let us derive the equations of a(t) and b(t). If we integrate the equation (2.1) from (0, 0)
to (1,1) with respect to = and y, and consider the additional condition (2.5), then we have

a(t)Ex(t) + b(0)gs (1) = E4(8) — f1(t) = a(t) [ (zau + 2y) didy, (3.6)
me
where
— [[ tw.y.ydzdy, 00 = [[ gty )dzdy.
Since
Zypg = — i i )2 sin(mmrz) sin(kmy),
m=1k=1
Zyy = — Z Zm ki (t )2 sin(mmz) sin(kry),
m=1 k=1
we get

// Car b 2y)dedy = —23°3 zmnlt “T)"(’;m) ()™ — 1) [~k 1]

Quy m=1 k=1
0, if m or n is even,
oo oo H2m—1,2k—1 s
—8 Zm:l Zk:l ngflygkfl(t)mn_"i)(w, if m and nare odd.

Thus from the equation (3.6), we obtain

Al B (1) + b(0)gr (1) = BL(1) — fa(t) + Bas ii a1kt () T (37)

Similarly, we can obtain

a(t)E2(t) + b(t)QQ(t) = Eé(t) - f2(t) + Oé(t) i io: Am,klum,kzm,k(t)v (38)
m=1 k=1
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where

folt) = oo )+ [[ K@) (o t)dody,

sz
92<t) = 9(1'0790775) + // K(x,y)g(w,y,t)dxdy,
sz
A = Wonslao.) + [[ K@) Wi (a,)dody.
Qacy

To derive the equations of a(t) and b(t), let us solve the system of equations (3.7) and
(3.8) for a(t) and b(t). Thus we get

a(t) = Dl<t) [Ei (t)g2(t) — E5(t)g1(t) + g1(t) fo(t) — g2(t) f1(2)
+a(t) mf; kfjl (892<t>z2m1,2k1<t> (Qm’“f”;)*(;;’“jl)ﬁz - gl<t>Am,kum,kzm,k<t>) ] , (3.9)
and
M0 = 7 | B3O (1) = B (D) + B0 1(0)
CEWAB+a® 3 S <El () At 2 (8)
m=1 k=1
—8Es(t)22m-1,25-1(t) (Qm‘f";)‘(gz’“jwﬂ : (3.10)
where

D(t) = E1(t)ga2(t) — E2(t)g1(t) #0, Vte€[0,T].

We obtained the system of Volterra integral equations (3.5), (3.9) and (3.10) with respect
to z(x,y,t), a(t) and b(t). The inverse problem (2.1)—(2.6) and the system (3.5), (3.9) and
(3.10) are equivalent. In other words, solving the system of integral equations (3.5), (3.9)
and (3.10) is equivalent to solve the inverse problem (2.1)—(2.6).

To prove the existence of a unique solution of the system (3.5), (3.9) and (3.10) we need
to rewrite this system into operator form and to show that this operator a contraction
operator. To this end let us denote v(x,y,t) = {z(z,y,t),a(t),b(t)} is a triplet of the
functions z(z,y,t),a(t), and b(t) and consider the following operator equation

v=®(v), (3.11)

where ®(z) = {¢1, 2, d3} and ¢1, P2 and ¢3 are connected with the equations (3.5), (3.9)
and (3.10), respectively, i.e.

¢1(U) = i i _f(: P, k0(s)ds

m=1k=1

Pm k€

t t d
+ / Rim (552, a,b)e” J mm el Tds] Wi (2, 9), (3.12)
0
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P2(v) = Dl(t) [Ei(t)gz(t) — E5(t)g1(t) + g1(t) fa(t) — g2(t) f1(t)

0o 00 [h2m 1.2k
@ t) Z Z (892 Zmel,Zkfl(t) (2m _2 1)(12?:_11)71_2 — 0 (t)AM,k‘Mm,kzm,k(t)> ] 7(3'13)
m=1k=1

and

¢3(v) = Dl(t) [Eé(t)El(t) — E1(t)Ex(t) + Ea(t) f1(t) — Ex1(t) f2(t)

i:é i;l (El A etk Zm k (t) — 8Ea(t) zom—1,26—1(t )(Zmu—QT)(;Zk—ll)ﬂ) ](3.14)
It is easy to see that

poty < [(mm)? + (km)?] [ + k) = (mm)® + mPher® + mk?r® 4+ (kr)?,
and

Ansl = | Wanslao,0) + [[ K (@, 9)Wona(e,)dody
Qxy

= |2sin(mmxo) sin(kmyo) + //K(x, y)2sin(mmx) sin(kmy)dzrdy
Q:vy

IN

2 1+//]K(x,y)]dxdy <k, k — constant.
sz

Now we can prove that ® is a contraction operator. Let us carry out this proof in two
steps.

I) Let us demonstrate that & maps Er onto Er continuously. Stated in other words,
we require to show ¢1(v) € Br and ¢2(v),¢3(v) € C[0,T] for arbitrary v(z,y,t) =
{z(z,y,t),a(t),b(t)} with z(x,y,t) € Br, a(t),b(t) € C[0,T] .

Let us start with showing that ¢1(v) € By, i.e. we need to verify

1/2
(Z > (e (01 mk(t>HC[07T])2) < +oo, (3.15)

m=1k=1

where

(1) (1) = RES (20 1(0)).

After some manipulations under the assumptions (A;)—(As), using the estimates in Lemma
3.1, 3.2, and 3.3, we obtain

Jr(61) < My(T) + Mo(T) [l oy + Ms(D) la®) gy 122y Dl g, (3.16)

where
MUT) = 4( [zl M iy(@uy) + 1020 M pyi@ny) + 12280 M aiony)
+ [[oyyy (- )HLz sz)) - 4T( | fraa (s '7t)HL2(sz) + [ faay (- '7t)HL2(sz)
+ ||f:cyy('v ) t)HLQ(Qw) + nyyy('v ) t)HLQ(Qw) )v M2(T) = 4T< ||gzxx(" " t)HLQ(Qxy)

+ [|gzay (-, 'at)HLQ(QIy) + | gayy (- 'at)HLQ(QIy) + 1gyyy (-, '7t)HL2(sz) )» M3(T) = 4T.
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Since z(x,y,t) € Br, and a(t), b(t) € C[0,T], the right hand side of Jr(¢1) is finite. Thus
¢1(v) belongs to the space Br.
Now let us verify ¢2(v), ¢3(v) € C[0,T]. From the equation (3.13) and (3.14) we have

[$2()ll o, < N1(T) + No(T) 16 [l opo,27 + Na(T) la(®)lcro.zy 12(2, 9, D g5 (3:17)
and
[@3(0)llcpo,ry < Ba(T) + Ra(T) [[6(8) | 00,0y + B3(T) lla(®) | cpo,ry 12(2 9, 0) | 5., (3:18)

where
1 /
N(T) = 5 192() [l 0,7 (HEl(t)HC[O,T] + Hfl(t)HC[O,T])
+lo®lleror (1B Olleoa + 12Ol ) + @ lopr (31 g2l op.r
+Co [ il 1 ()l oy ) [nsam(., Mis@ey) + 19225 M a0
+1Payy (s M in@uyy + 100w Mo,y + T (Mfewa Dl

+ Hfza:y(7 '7t)HL2(sz) + Hf:vyy(’a 7t)||L2(sz) + ”fyyy('7 ’t)HLQ(sz) )] }7

1
No(T) = 5{T ”a(t)HC[O,T] (801 HQQ(t)HC’[O,T] + C2 [Am il Hgl(t)HC[O,T]) [Hgmaz(v 'at)HLQ(sz)

+ Hg:mcy(v "t)HLQ(Qxy) + ngyy('v "t)HLQ(Qxy) + Hgyyy('a K t)HLQ(Qxy)‘| }’

T
N3(T) = 5 el o1y (801 l92(O)ll o,y + C2 [ Ak Hgl(t)HC[o,T}) ;

and

1
R(T) = 5{ B2l o,y (”Ei(’f)HC[o,T} + Hfl(t)HC[O,T}) + [E1(®)ll o,y (HEé(t)HC[o,T]
+ ||f2(t)HC[0,T}> + lla(®)ll o1 (801 B2l o,y

+Ca | A i [Es (D)l ey )

22z (., -)HLQ(sz) + lzay (-, -)HLQ(sz) + layy (- -)HLQ(QW)
(s M iaansy + T (s Ol ainyy + MianCr s Ol aiusy + M Dll o

+ ||fyyy('a "y t)HLQ(sz) )‘| }a

T
Ry(T) = 5{ el cpo,ry (SCI 1E2()llco.77 + C2 [Am k] HEl(t>HC[O,T]) l”gx:cx(w SO L2(Q0y)

+ ngxy(a '7t)HL2(sz) + chvyy('a '7t)HL2(sz) + Hgyyy(', 7t)HL2(sz)‘| }7

T
Ry(T) = = la@ll ooz (3C1 1B2(t)llogor) + Co | Am i IEx Dl cpor)
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where ¢ is a constant such that

0o 0o 1/2
1
0<d< D), C 5
oy POl = <Z [(2m — 1) + (2k 1)]2 ﬂ2>

m=1 k=1
1/2
(7;112 m+ k)’ ) '

The right hand sides of (3.17) and (3.18) are bounded. Thus, ¢2(v) and ¢3(v) are contin-
uous in other words ¢2(v) and ¢3(v) belong to the space C[0,T]. Since ¢;1(v) € Br and
¢2(v), p3(v) € C[0,T], we can conclude that ® maps Ep onto itself continuously.

IT) In this step our aim is to show @ is contraction mapping operator. Assume that
let v; and vy be any two elements of Ep. We know that

[@(v1) = @(v2)ll g, = 161(v1) — @1 (v2) | g, + [[B2(v1) = D2(v2)llcpo. 1y + 93(v1) = D3(v2)llcpo.y -

where

vi = {#(2,9,0),d'(®),b' (1)}, i=1,2

Now consider the following differences

p1(v1) — ¢1(v2) = ZZ/ R py(s: 2 a',b")

m=1 k=1

Ry (5 2. a2 )| e e O gy (), (3.19)

P2(v1) — Ppa(v2) = alt) Z Z <(§i2(_)f)2(;];1_2k1_);2 (Z%m—l,Zk—l(t) - z%m—l,%—l(t))

=1 (8) A bt (20(8) = 7201 (0)) )3.20)

and

Ba0n) — da(z) = 2 5 5 (E1<t>Am,wm,k EMOEEN0)
1) =i

— éﬂEf( Ju )?;k ljli) - (Z%m71,2k71(t) - Z%mfl,Qkfl(t)> ) (3.21)

As in the estimates (3.16)—(3.18), we can obtain from the last equations

|p1(v1) — (Z51(1)2)HBT < My(T Hbl _ b2H

clo,T)
(D[], 0! = 0oy + 26D 0oy [ =2, G22)
[62(01) = 2(02)llcromy < NaA(T) [0 =82
(D)2, ! =gy + 25D ol [+ =, 329
and
Ids(01) = d3(e2)llopory < Ra(T) [0 =07
HRAD) 2], o = o o+ B o | =, 29

From the these inequalities it follows that

1@ (v1) = @(v2) |, < C(Tva',2%) |Jvr — w2l (3.25)
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where

Br

O(T,a', 2%) = max {MQ(T) + No(T) + Ro(T), Ms(T) HzQHBT + Ny(1) |2

+15(T) HZQHBT  Ms(T) Hach[O,T] + Ny(T) HalHC[O,T} - Aa(T) HalHC[O’T] }

For sufficiently small T such as C(T,a', 2?) tends to zero, i.e. 0 < C(T,a',2?) < 1 for
sufficiently small T". This implies that the operator ® is contraction operator.

Thus from the first and second steps the operator ® is contraction mapping operator
and maps Ep onto itself continuously. Then in regard to Banach fixed point theorem the
solution of the operator v = ®(v) exists and unique. O

4. Numerical solution of the Direct problem

We consider in this section, the direct initial boundary value problem given by equations
(2.1)—(2.4), where a(t), b(t), a(t), g(x,y,t), ¢(.,.) and f(x,y,t) are known and the solution
z(x,y,t) is to be determined. We subdivide Q7 into Mj, My and N subintervals of equal
step lengths Az, Ay and At, where Az = 1/M;, Ay = 1/Ms, and At = T/ N, respectively.
At the node (i, j,n), we denote 27, := z(z;,y;,tn), where z; = iAw, y] = jAy, t, = nAt,
a™ = altn), b" = b(ty), a" = altn), 97 = 9(@i,y;,tn) and f7 = f(xi,y;,t,) for
i=0,M;,j=0,Ms, n=0,N.

4.1. Alternating direction explicit (ADE) scheme

Based on the method described in [3,9,45], in this section an unconditionally stable
numerical procedure for solving nonlinear a two-dimensional parabolic equation (2.1) with
initial and boundary conditions (2.2)—(2.4) will be described.

Let u;'; and v;’; be the solutions of the following equations which are multilevel finite
difference dlscretlzatlon of equation (2.1):

~n+1 ~n n _amn n+1 n+1 n _an n+1 n+1
Yig —Y%g _ n (“z‘+1,j Yig R N R e e ey N B e 1)

At (Ax) (Ay)?

n n+1
n [ Wi T Ui nom L m s T i TR—
- f +b gi,j+ 4,57 i=1,M -1, j=1,My—1, n=0,N, (4'1)

1 1 1 1 1
vl o Vel ~Vig —vh vk e ol o
At (A2)? e
+1
_ N UZj +U’Zj n_n n s AMa 1 1 —
=a f +b g27j+ INE Z—Ml , , ]—MQ—l,l, n—O,N (42)
Rearranging the terms in (4.1) and (4.2), we obtain the explicit calculations of u”jl and
Uf;rl as follows:

Wl = AT+ Bl ) Ol )+ D" (bl + 1)
i=1,M,—1, j=1,My—1, n=0,N, (4.3)

Tf;_l A n +Bn( :L—:—llj—i_vl 1])+Cn( :bj——f}l—i_vzg 1)+Dn (bng?] fn])a
i=M —1,1, j=My—1,1, n=0,N, (4.4)
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where
o L=A" n (At)a™ 0 (At)a™
DY T (A2)2(1 4+ An)’ T (Ay)2(1 4+ An)’

At a” o™ a”
Dpr = A = At _ 2.
T+ ((A:r)2 TayE 2 )

The initial (2.2) and homogeneous boundary conditions (2.3) and (2.4) are given as

u?’j = U?,j =p(zi,y5), 1=0,My, j=0,Ms, (4.5)
ug; =vy; =0, upy;=vp,,; =0, j=0,My, n=1N, (4.6)
U?OZ ZOZO, 'LL;:L,A]M2 :'U;‘rszz(), i:O,Ml, n:1,N (47)

From (4.3), T-L;rl can be computed explicitly. In this case, calculations proceed from the
grid point close to the boundarles x=0and y =0, as 4, j increasing. The needed values
such as u:“rllj, uz;ﬂl, ijr Wigq; and w';y will be known from initial and boundary
conditions (4.5)—(4.7). Similarly, v?jl can be calculated explicitly from (4.4) beginnig at
the boundaries £ = 1 and ¥y = 1 and marching in a ssquence of decreasing ¢ and j, i.e.
1=M—1,M;—2,...,1, j = My —1,Ms —2,...,1. These values are then substituted into

the simple arithmetic mean approximation

n+1 + UnJrl

byt = (4.8)

The double integral in (2.5) and (2.6) is approximated using the trapezoidal rule [15,17],
as follows:

1 1 1
t)dzdy = 0,0,¢ 1,0,¢ 0,1,¢t 1,1,¢
/0 /0 Z(iﬁay; ) x y 4]\4—1]\4—2 Z( » n)+Z( ) n)+2( - n)+z( - n)
Mp—1 Mp—1 Mao—1 Ma—1
+2 3 2(2i,0,t) +2 > 2(wi, 1, tn) + 2 Z (0,95, tn) +2 Z (1,95, tn
=1 =1
Mg 1M;—1

+4Z Z 2(xi, Y5, tn) n=1,N, (4.9)

1 r1 1
| K@ty dady = i |K0.002(0,0,80) + K(1,0)2(1,0,1,)

Mi;—1
K(0,1)2(0,1,tn) + K(1,1)2(1,1,t,) +2 > K(24,0)z(x,0,1,)
=1
Mi—1 Ms—1 Mso—1
i=1 j=1 j=1

Mo—1 M;—1
+4 3" Y Kl )2z, ta) |, n=1,N(4.10)

5. Numerical solution of the IP

In this section, our goal is to obtain simultaneously stable reconstructions for the coef-
ficients a(t) and b(t) and the temperature z(z,y,t), satisfying equations (2.1)—(2.6). The
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inverse problem can be formulated as a nonlinear least-squares minimization of the least-
squares objective function given as follows.

2
// z(x,y, t)dedy — Eq(t)

2
+ z(:no,yo,t)—I—//K(:L',y)z(:z:,y,t)dxdy—Eg(t) , (5.1)
Quy
or, in discretizations form
2
// x,y, tp)dzdy — E1(ty,)
n=1|4°%
N 2
+ 3 |#@o,t) + [[ K@)y tdedy = Bat)| . (52
n=1 O

where z(z,y,t) solves (2.1)—(2.4) for given a(t) and b(t), respectively. The minimization of
the objective function (5.2) is performed using the MATLAB toolbox routine lsqnonlin,
which does not require supplying by the user the gradient of the objective function, [41].
This subroutine attempts to minimize a sum of squares, which starts from initial guesses,
based on the physical constraints a(¢) and b(t). Thus, the lower and upper bounds for
the coefficients a(t) and b(t) are —10% and 102, respectively. These bounds allow a wide
search range for the unknown. Moreover, within Isqnonlin, we apply the interior-reflective
Newton approach based Trust Region Reflective algorithm [14].

6. Numerical results and discussion

In this section, we present numerical results for the terms a(t) and b(t) together with
the temperature z(z,y,t), in the case of exact and noisy data (2.1)—(2.6). We employ the
root mean square errors (RMSE), in order to assess th accuracy of the numerical results,
defined as follows.

-T N 9 1/2
RMSE(&) N Z ( Numemcal n) _ aEzact(tn)) ] , (6.1)
n=1
-T N 9 1/2
RMSE(b) N Z (bNumerzcal ) _ bE:cact(tn)) ‘| ) (6.2)

For simplicity, we take T' = 1.
The inverse problem given by (2.1)—(2.6) is solved subject to both exact and noisy
measurements (2.5) and (2.6). The noisy data are numerically formulated as follows:

Et,) = Ey(tp) + €ln, E$*(tn) = Ea(tn) + €2,, n=1,N, (6.3)

where €1,, and €2,, are random variables generated from a Gaussian normal distribution
with mean zero and standard deviations o1 and oy given by

o1 = max |E1(t)|xp, o2 = tg&%!&(tﬂxp, (6.4)

where p represents the percentage of noise.
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Let us investigate the problem proposed in equations (2.1)—(2.6) with unknown coeffi-
cients a(t) and b(t), with the input data:

ply) = ~(~1+2P27 (14 ), 2(0,0,8) = 2(Ly, ) =0, a(t) = =,
2(2,0,t) = 2(z,1,t) = 0, g(z,y,t) = 23> (—1 + 2)3(—1 4 y)3¢!,
fla,y,t) = Ze;(—l + )% (=1 4+ y)°y* (=20(1 + 1) — 20(=1 + 2)%2® (=1 + y)**
+20t(—1 4 2)2% (=1 4+ y)%y* + (1 + 8)(2(=1 + 9)*y* — 92(—1 + y)*y
—223(2 — 9y + 9y%) + 2 (2 — 9y + 9y?) + 22(2 — 9y + 18y* — 18y + 9y*))), (6.5)

1 1 et
Ei(t) = t)dxdy = ——— 6.6
1(t) /0 /0 2@y, t)dady = ——oaor (6.6)
Lol 545785¢!
FE = K —__ oRtod )
o) = (@00, )+ [ [ Klo)aleny dady =~ 2o (67)
where
x90=0.5, yo=0.5, K(z,y) =1,
and
3401e%
D(t) = Eq(t t) — Fo(t t) = t 1 .
where

1 1 et
gl(t)—/o /0 g(x,y,t)dxdy—m,

(t) = (0505t)+/1/1K(x Vol t)ddy — 25
92 = g\Y.0,U.9, o Jo yY)a\r,y, y_5017600

We observe that the conditions of Theorem 1 is fulfilled and thus, the uniqueness condition
of the solution is guaranteed. In fact, it can easily be checked by direct substitution that
the analytical solution is given by

Z(I, y>t) = —ﬂj‘5y5($ - 1)5(y - 1)56t7 (l’,y,t) € @7 (69)
and
alt)=t, b(t)=1+t, tel0,1]. (6.10)

First, we assess the accuracy of the direct problem (2.1)—(2.4) with the input data (6.5)
when a(t) and b(t) are known and given by (6.10). The numerical results for the interior
temperature z(z,y,t) have been obtained in excellent agreement with the analytical so-
lution (6.9) and therefore they are not presented. Apart from the interior temperature,
other output of interest is the data (2.5) and (2.6), which analytically is given by (6.6)
and (6.7). Figure 1 shows that the analytical and numerical solutions (6.9) obtained with
M; = My = 10 and with various numbers of time steps N € {10, 20,40} are in very good
agreement. Also, the RMSE defined by

] 11/2
1 N . 2
RMSE(EI) = N Z (E{wmemcal(tn) _ Efxad(tn)) 7 (6.11)
L n=1 i
r 1 N o 2- 1/2
RMSE(E) = | > (B3 (t,) = B5™(ta)) | (6.12)
L n=1

indicated in Table 1, shows more clearly their decreases as the grid size becomes smaller.
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Figure 1. The analytical (6.9) and approximate solutions for the temperature
z(z,y,1), with absolute errors for Az = Ay = & and with: (a) At = &, (b)

At = % and (c) At = 4—10, for the direct problem.

Table 1. The RMSE values ((6.11) and (6.12)) for Fy(t) and Es(t), with M; =
Ms = 10 and with various N € {10, 20,40}, for direct problem.

M, = M, = 10 | RMSE(E;) | RMSE(E3)
N =10 5.4607E-8 | 2.2271E-8
N =20 3.0359E-9 | 6.6868E-9
N =40 1.9196E-9 | 2.7236E-9
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Now, we investigate the inverse problem. We fix M; = My = 10 and N = 40 and
start the investigation for reconstructing the unknown coefficients a(t) and b(t) and the
temperature z(x,y,t) in absence of noise in the measured data (6.3). We take the initial
guesses for the vectors a and b as follows:

a®(t,) =a(0) =0, ®°(t,)=b(0)=1, n=1,N. (6.13)

The objective function (5.2), as a function of the number of iterations, is plotted in Fig-
ure 2(a). From this figure, it can be seen that a fast monotonic decreasing convergence
is achieved in about 19 iterations to reach a very low prescribed tolerance of O(1072%).
The exact (6.10) and approximate solutions to the functions a(t) and b(t) are portrayed
in Figures 2(b) and 2(c). It is observed that the numerical outcomes are accurate with
RMSE(a) =0.0110 and RMSE(b) =1.1928E-4. No regularization was found necessary to
penalise the nonlinear least-squares objective functional (5.2) for p = 0 noise. Neverthe-
less, for higher amounts of noise the instability in retrieving the coefficients a(t) and b(t)
will become apparent and regularization would need to be employed.

(a) (b)
10 \ \ \ 1.2
—Exact solution
1+ |~ Numerical solution s
= it o
ool % |nitial guess Erzer
c 52
2 08 B 8
2
3 2.4787x 102!
2 10715} 506
8
o L
o) 0.4
1020t
0.2}
(0% ‘ ‘ ‘ 0 . " - N
0 5 10 15 20 0 0.2 0.4 0.6 0.8 1
Number of iterations t
(<)
2
—Exact solution
—o- Numerical solution
1.8 |~ Initial guess
16}
5
1471
121
1 s & & &
0 0.2 0.4 0.6 0.8 1

t

Figure 2. (a) The objective function F' (5.2) versus no. of iterations, and the
approximate and analytical exact curves (6.10) for: (b) the potential a(t) and (c)
the source b(t), in absence of noise and regularization.
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Next, we associate 1%, 3% noise with the simulated data (2.5) and (2.6), as in equation
(6.4). It is significant to note that the inverse problem is not well posed therefore, we
anticipate that the cost function needs to be regularized for the sake of stability and
accuracy in results. Figures 3 and 4 show visuals of the reconstructed terms a(¢) and b(t).
From Figures 3(a), 3(c) and 4(a), 4(c) it is clear that, as expected, we obtain inaccurate
and unstable solutions with RMSE(a) = 0.3209 and RMSE(b) = 0.0086 for p = 1%, and
RMSE(a) = 0.5520 and RMSE(b) = 0.0100 for p = 3%, respectively, as the problem is
noise sensitive and ill-posed. Hence, regularization process is crucial for stable solutions.
For this, we penalise the objective function F' (5.1) by adding /3 (Ha(t)H2 + Hb(t)H2) to it,
where 5 > 0 is the Tikhonov’s regularization parameter to be chosen. Then, in discretised
form of Tikhonov functional recasts as

N N
Fs(a,b) = F(a,b) + (Z [@a" + > [b"}2> : (6.14)
n=1

n=1

(a) (b)
1 1.2
— Exact solution M
11 7o p=1%, p=10"
08r o 19, 52107 -y
p=1%, =10 5™
Ros >
0671 e
= S wbﬁb | =
© ¥y w
0.4 § Foox k.
> Ry ) &
P T>\ /? PS > >
0.2+ /bbb)ﬁ &b} ‘
? >
| [
\
0 . . ) ) 02 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
(c) (d)
2 2
—Exact solution
by | O p=1%, =10
187 1 1.8 |2 p=1%, s=107
)7
1.6 1.6
5 5
1.4 14
¢
1.2 4 1.2
1 L L L L 1 L L L I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t t

Figure 3. The approximate and analytical (6.10) solutions of the potential a(t),
and the heat source b(t), for p = 1%, with 8 € {0,1078,1077}.
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The regularization parameter 3 is chosen to be 107%,10~7 for p = 1% noise (see Fig-
ures 3(b) and 3(d) obtaining RMSE(a) € {0.0605,0.0329} and RMSE(b) € {0.0063,0.0031},
and B € {1076,1075} for p = 3% noise (see Figures 4(b) and 4(d) obtaining RMSE(a) €
{0.1491,0.1189} and RMSE(b) € {0.0087,0.0081}, which provide stable and comparatively
accurate approximations for the functions a(t) and b(¢). We have also investigated higher
amounts of noise p in (6.4), but the results obtained were less accurate and therefore,
they are not presented. Although not presented, it is illustrated that the regularized cost
function Fj versus no. of iterations monotonically decreasing convergence is observed.
Other details about the RMSE values ((6.1) and 6.2)), and the no. of iterations, with and
without regularization are listed in Table 2. Eventually, from Figures 2-4 and Table 2, it
is observed that the MATLAB simulation results are fairly stable and accurate.

(a) (b)
15 : : 14
— Exact solution . 1oL [~Exact solution 24
—¢ p=3%, =0 A ’ A

x x /| —% p=3%, =10 //\
/ P L |- p=3%, =105 )

0.8
- __ 06
T F
0.4+
0.2}
0.5f ' 0% ] s
\, //
021% f/
1 0.4
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
(c) (d)
2 - 2
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—-p=3%, =10
1871 “ ] 181 |- p=3%Y ﬂ=10'5
X A
\\f“ (]
X
1.6 / 1.6
5 5
1.4 xd 1.4
i
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1.2 / 1.2
7
1 % L L L L 1 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Figure 4. The approximate and analytical (6.10) solutions of the potential a(t),
and the heat source b(t), for p = 3%, with 8 € {0,1076,1075}.
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Table 2. RMSE values, and no. of iterations, with p € {1%,3%} noise, with
§€1{0,1072,107%,1077,107%,107°,1074}.

p | B RMSE(a) | RMSE(D) [ Tter
0 0.3209 0.0086 30
1079 | 0.0893 0.0080 10
1% | 1078 | 0.0605 0.0063 10
107 | 0.0329 0.0031 10
1076 | 0.0472 0.0043 10
0 0.5520 0.0100 40
1077 | 0.2251 0.0099 20
3% | 1076 | 0.1491 0.0087 20
107° | 0.1198 0.0081 20
1074 | 0.1237 0.0089 20

7. Conclusions

The article considers the problem of identifying the time-dependent potential and force
terms in the two-dimensional parabolic equation with homogeneous boundary conditions
and the time-average temperature observations. The unique solvability of the solution of
the inverse problem on a sufficiently small time interval has been proved by using of the
contraction mapping. The proposed work is novel and has never been solved theoretically
nor numerically before. The direct solver based on the ADE technique was employed.
The resulting non-linear optimization problem was solved computationally by means of
the MATLAB subroutine [sgnonlin. Since the problem under consideration was ill-posed,
therefore, the Tikhonov regularization was utilized in order to tackle the stability. The
numerical results show that ADE is an accurate, stable and robust regularization method
for reconstructing the time-dependent potential and force terms from time-average tem-
perature observations. The main difficulty in regularization when we solve the inverse
problem is how to choose an appropriate regularization parameter 5 which compromises
between accuracy and stability. However, one can use techniques such as the L-curve
method [19] or Morozov’s discrepancy principle [44] to find such a parameter, but in our
work we have used trial and error. As mentioned in [16], the regularization parameter
is selected based on experience by first choosing a small value and gradually increasing it
until any numerical oscillations in the unknown coefficients disappear.

Future work will concern inversion of real physical measurements data (5) and (6) to
reconstruct the time-dependent lowest and source terms in a 2D parabolic equation in
the context or the heat transfer coefficient in the context of fins used in condensers and
evaporators,[42].
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