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Investigation of Lateral and Vertical Dynamic Responses of a Full Car Model 

Exposed to Sine Road Input 

Mustafa EROĞLU*1 

 

Abstract 

 

In this study, the full car model, which is exposed to a sinusoidal road input, has been examined to 

ensure the driving safety of the vehicles and the comfort of the passengers. In this context, the full 

car, including lateral and vertical movements, is modeled with fourteen degrees of freedom. The 

second-order equations of motion of the modeled vehicle were obtained using the Lagrangian 

method and reduced to first-order equations of motion using the state-space form. Then, these 

equations of motion were solved precisely in the time domain using the Euler method in the Matlab 

environment. To examine the lateral movements and the rotations of the vehicle in the pitch and 

roll axis, a sine wave with a wavelength of 5 m and an amplitude of 0,1 m was applied to the wheels 

of the vehicle. In the analysis, the right front wheel is exposed to a sinusoidal road input at t=0 s, 

while the left front wheel is exposed to a sinusoidal road input after the vehicle moves 2,5 m. Thus, 

both the pitch and roll motion of the vehicle will be examined in detail. In the study, four different 

vehicle masses 500 kg, 1000 kg, 2000 kg, and 3000 kg were taken into consideration and the effect 

of different vehicle masses on passenger and vehicle dynamic behaviors was investigated. In 

addition, the situation of passing vehicles at variable speeds from the given disruptive road input 

has also been examined. The maximum dynamic responses of the passenger and the vehicle were 

examined when the vehicle speed changed from 3 m/s to 50 m/s by 0,1 m/s. In the study, it has 

been observed that the vehicle mass and certain vehicle speed have effects on the vertical and 

lateral displacements and accelerations of the passenger and the vehicle. 

 

Keywords: Full car model, passive suspension system, ride holding, passenger comfort 

 

 

 

1. INTRODUCTION 
 

Vehicle suspension systems are mechanical systems 

positioned between the wheels and the vehicle body 

to minimize the vertical vibrations of vehicles 

exposed to disruptive road inputs. The performance 
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of the suspension systems is important in terms of 

vehicle driving dynamics and the comfort of the 

passengers carried. The main purpose of suspension 

systems consisting of spring, damping elements, and 

connection equipment is to ensure the driving safety 

of the vehicle and the comfort of the passengers. 
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It is expected that both driving safety and passenger 

comfort will give the highest performance in 

vehicles. However, it is very difficult for both of 

them to give maximum performance in passive 

suspension systems. Because driving safety and 

passenger comfort are parameters that affect each 

other. Traditionally, passive suspension systems 

used in many vehicles have only spring and damping 

elements, and their coefficients are fixed but cannot 

be changed. In passive suspensions, there are semi-

active and active suspensions that allow for external 

control. Within the scope of simulation and analysis 

of suspension systems, Agarkakli et al. performed 

the passive and active suspension analysis of the 

quarter car model exposed to different road inputs 

[1]. Again, using the quarter car model, Nagarkar et 

al. made optimization and control in 

Matlab/Simulink environment with PID and LQR 

controller [2].  

 

Yildirim and Esen examined the dynamic behavior 

in the vertical direction only by using a full vehicle 

model, taking into account different road inputs and 

different vehicle speeds [3]. The most used 

controller as an active controller in vehicle 

suspension systems is usually fuzzy logic. Yagiz et 

al. studied the active suspension control of a five-

degree-of-freedom car model using fuzzy logic [4]. 

Salem and Aly proposed an active suspension 

system to ensure the driving comfort of the quarter 

car, which was modeled as two degrees of freedom 

using a fuzzy logic controller [5]. Fuzzy logic 

controllers and PID type controllers are used as a 

hybrid. In this context, Singh and Aggarwal 

controlled the passenger seat vibrations of the semi-

active quarter car model using hybrid fuzzy logic 

and the PID approach [6]. Again, the same author 

reduced the vibrations of a three-degree-of-freedom 

quarter-car by using fuzzy logic and a self-adaptive 

fuzzy logic controller modeled as a hybrid [7]. 

Swethamarai and Lakshmi designed a hybrid fuzzy 

logic and PID controller in the active quarter car 

model to minimize the vibrations affecting the driver 

[8]. 

 

Eroğlu et al. investigated the dynamic responses of 

the car using a fuzzy logic controller with PID in the 

car-bridge interaction model using a quarter car [9]. 

In some studies, bridges where high-speed trains 

pass have been modeled as Euler-Bernoulli beams 

and analyzed [10]. 

 

In the literature, it has been seen that vehicle models 

are generally modeled as quarter models for 

convenience. In some studies, controllers such as 

H∞, and LQR have been preferred to minimize the 

vibrations affecting the vehicle and passenger by 

using the quarter vehicle model [11-13]. In some 

studies, the dynamic behavior of bridges modeled as 

beams without using active controllers has been 

investigated using a tuned mass damper [14]. 

 

In most of the studies given above, car models are 

generally considered quarter or half models. In 

addition, almost all studies have examined the 

dynamic behavior of vehicles only in the vertical 

direction. In this study, the vehicle model can be 

modeled as having fourteen degrees of freedom and 

can be examined in dynamic responses in the lateral 

direction. With the full vehicle model, dynamic 

displacements and acceleration values affecting the 

passenger were examined according to the mass of 

the vehicle and the speed of the vehicle. 

 

2. FULL CAR MODEL 
 

In this section, the definitions of the full car model 

exposed to sinus road input will be made. When both 

lateral and vertical movements of the full car model 

examined in this study are examined, the full car 

model is modeled as fourteen degrees of freedom. 

Fourteen independent degrees of freedom are shown 

in Figure 1. In addition, a full car model and a 

passenger seat are also included in the model. Thus, 

lateral and vertical dynamic behaviors affecting both 

the passenger and the vehicle can be examined. 

When the parameters in Figure 1 are examined, the 

mass of the passenger is represented by md, the mass 

of the vehicle is represented by mc and the mass of 

the wheels is represented by mw. Icx and Icy 

represent the mass moments of inertia about the roll 

and pitch axis, respectively. The kdz, cdz, kdz and kdy 

parameters represent the vertical and lateral 
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suspension coefficients between the passenger seat 

and the vehicle, respectively. While kw1z, kw2z, kw3z 

and kw4z represent the stiffness coefficients in the 

vertical direction between the vehicle and the wheel, 

kw1y, kw2y, kw3y and kw4y represent the lateral stiffness 

coefficients. Similarly, cw1z, cw2z, cw3z, and cw4z 

represent the damping coefficient in the vertical 

direction, while cw1y, cw2y, cw3y, and cw4y represent the 

damping coefficient in the lateral direction. The 

parameters kr1, kr2, kr3, and kr4 represent the stiffness 

coefficient of the tire. rdz and rdy describe the 

vertical and lateral displacement of the passenger, 

respectively, while rcz and rcy describe the vertical 

and lateral displacements of the vehicle. While rw1z, 

rw2z, rw3z, and rw4z describe the movement of the 

wheels in the vertical direction, rw1y, rw2y, rw3y and 

rw4y describe their movement in the lateral direction. 

In addition, the roll and pitch movements of the 

vehicle are represented by Өcx and Өcy. r1, r2, r3, and 

r4 represent the sinusoidal effect coming from the 

road to the wheels. Distances a and b define the 

length of the vehicle's center of mass to the front and 

rear wheels, respectively, while distances c and d 

define the distance to the right and left wheels. The 

lengths e and f define the distances from the 

passenger seat to the center of mass of the vehicle. 

The values of all given parameters are shown in 

Table 1. 

 

To examine the dynamic responses of the full car 

model, it is necessary to obtain the equations of 

motion for each degree of freedom. In this study, the 

Lagrangian method was used to obtain the equations 

of motion. The kinetic energy, potential energy, and 

damping function of the full car model are given in 

Equations (1-3). 

 

Using equation (1-3), the Lagrangian expression can 

be written as follows. The generalized coordinates of 

the full car model are taken as in Equation 5. 
 

2 2 2 2 2 2 2 2

1 2

2 2 2 2 2 2

3 4 1 2 3 4

1

2

d dz d dy c cz c cy cx cx cy cy w w z w w z

k

w w z w w z w w y w w y w w y w w y
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E

m r m r m r m r m r m r

  +
 
 
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+ 

=
+ + + + +
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1 2

3 4 1 2 3 4

       
( ) ,  

      

T

dz dy cz cy cy cx w z w z

w z w z w y w y w y w y

r r r r r r
t

r r r r r r

   
=  
  

η      (5) 

 

Using the Lagrangian method, the fourteen equations of motion of the full car model are obtained 

as follows. 

 

Vertical displacement of the passenger: 
 

0d dz dz cz cy cx dz dd z cz cy cxzm k r r e f c r er r f     + − + − + − + − =     (6) 

 

Lateral displacement of the passenger: 
 

0d dy dy cy cx dy dy cydy cxm k r r c rr h hr   + − + − =  + +     (7) 

 

Vertical displacement of the car body: 
 

1 1

2 2 3 3

4 4

1 1

c dz dz cz cy cx w z cz w z cy cx

w z cz w z cy cx w z cz w z cy cx

w z cz w z cy cx dz dz cz cy cx

w z cz w z

c

cy x

z

c
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k r r a d k r r b c

k r r b d c r r e f

c r r a c

r    

   

   

 

   − − + − + − − −   

   + − − + + − + −   

  + − + + − − + −   

 + − − −  2 2

3 3 4 4 0

w z cz w z cy cx

w z cz w z cy cx w z cz w z cy cx

c r r a d

c r r b c c r r b d

 

   

 + − − + 

   + − + − + − + + =   

  (8) 

 

Lateral displacement of the car body: 
 

1 1 2 2

3 3 4 4

1 1 2 2

3 3 4 4 0

c dy dy cy cx w y cy w y w y cy w y

w y cy w y w y cy w y dy dy cy cx

w y cy w y w y cy w y

w w

c

y cy y w y cy w

y

y

m k r r k r r k r r

k r r k r r c r r

c r r c r r

c r r c r

r h

h

r





     − − + − + −     

    + − + − − − +     

   + − + −   

   + −

+

+ − =   

  (9) 

 

 

Pitch motion of the car body: 
 

1 1

2 2 3 3

4 4

1 1

cy dz dz cz cy cx w z cz w z cy cx

w z cz w z cy cx w z cz w z cy cx

w z cz w z cy cx dz dz cz cy cx

w z cz w

c

z cy

yI k e r r e f k a r r a c

k a r r a d k b r r b c

k b r r b d c e r r e f

c a r r a

   

  







  



   + − + − − − − −   
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− − − − 2 2

3 3 4 4 0

cx w z cz w z cy cx

w z cz w z cy cx w z cz w z cy cx

c c a r r a d
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  

   

   − − − +   

   + − + − + − + + =   

(10) 

 

Roll motion of the car body: 
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1 1

2 2 3 3

4 4

1 1
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c
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  







  


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   + − − +   
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 (11) 

 

Vertical displacement of the right front wheel: 
 

 

1 1

1 1 1 1

1

1 0

w w z cz w

r

w z cy cx

w z w z cz w y

z

z c cx

m k r r a c

k r

r

r c r r a c

 

 

 − − − − 

 + − − − − − = 

     (12) 

 

Vertical displacement of the left front wheel: 
 

 

2 2

2 2 2 2

2

2 0

w w z cz w

r

w z cy cx

w z w z cz w y

z

z c cx
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r d

dr c r a

 

 

 − − − + 

 + − − − − + = 

    (13) 

 

Vertical displacement of the rigth rear wheel: 
 

 

3 3

3 3 3 3

3

3 0

w w z cz w

r

w z cy cx

w z w z cz w y

z

z c cx

m k r r c
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 



+

+ −

+ −

− − 

 − − − = 

    (14) 

 

Vertical displacement of the left rear wheel: 
 

 

4 4

4 4 4 4

4

4 0

w w z cz w

r

w z cy cx

w z w z cz w y

z

z c cx

m k r r

k r r c r r
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b d

 

 

 − − + 
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+

+ = 

    (15) 

 

Lateral displacement of the rigt front wheel: 
 

11 1 1 1 0w w y cy w y yw y w cy w ym k r r c r rr    − − − − =         (16) 

 

Lateral displacement of the left front wheel: 
 

22 2 2 2 0w w y cy w y yw y w cy w ym k r r c r rr    − − − − =         (17) 

 

Lateral displacement of the rigt rear wheel: 
 

33 3 3 3 0w w y cy w y yw y w cy w ym k r r c r rr    − − − − =         (18) 

 

Lateral displacement of the left rear wheel: 
 

44 4 4 4 0w w y cy w y yw y w cy w ym k r r c r rr    − − − − =         (19) 
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Figure 1 Full car model 

 

The second-order equations of motion of the 

passengers, vehicles, and wheels in the vertical and 

lateral directions are given above. The obtained 14 

differential equations are reduced to 28 first-order 

equations of motion by using state-space forms. 

Thus, when the sinusoidal road input is applied to the 

wheels of the full car, as in Figure 2, the dynamic 

responses of the vehicle and the passenger can be 

examined in the Matlab program environment by 

using the Euler method. 

 

 

Table 1 Full car parameters 
Full car model 

Driver mass (md) 

Car mass (mc) 

100 kg 

2000 kg 

Wheel mass (mw) 

Mass moment of inertia of car around pitch axis (Өcy) 

Mass moment of inertia of car around roll axis (Өcx) 

45 kg 

1500 kg.m2 

1680 kg.m2 

Primary suspension stiffness coefficient (kdz) 

Primary suspension stiffness coefficient (kdy) 

8000 N/m 

14000 /m 

Secondary suspension stiffness coefficient (kw1z, kw2z, kw3z, kw4z) 

Secondary suspension stiffness coefficient (kw1y, kw2y, kw3y, kw4y) 

25000 N/m 

14000 N/m 

Tyre stiffness coefficient (kr1, kr2, kr3, kr4) 150000 N/m 

Primary suspension damping coefficient (cdz) 

Primary suspension damping coefficient (cdy) 

600 Ns/m 

1600 Ns/m 

Secondary suspension damping coefficient (cw1z, cw2z, cw3z, cw4z) 

Secondary suspension damping coefficient (cw1y, cw2y, cw3y, cw4y) 

1000 Ns/m 

1600 Ns/m 

Distance between front wheels and center of the car (a) 1.4 m 

Distance between rear wheels and center of the car (b) 1.7 m 

Distance between right wheels and center of the car (c) 0,75 m4 

Distance between left wheels and center of the car (d) 

The vertical distance between driver and center of the car (e) 

The lateral distance between driver and center of the car (f) 

0.75 m 

0.5 m 

0.05 m 

In this study, the sine input to the car wheels is given using the following formulas 
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Lateral displacement of the left rear wheel: 
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v




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   (20) 

In Equation 19, the value represented by v 

represents the car speed and represents the 

wavelength. 

 

 

Figure 2 Road input in sine form 
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3. NUMERICAL SIMULATION 
 

In this study, dynamic behaviors affecting both the 

vehicle and the passenger will be examined by using 

a sinusoidal road input. Two different situations 

were taken into consideration during the analysis. 

These; the effect of vehicle mass and variable 

vehicle speed. The road input with a wavelength of 

5 m and an amplitude of 0.1 m given in Figure 2 is 

included in the wheels of the vehicle. When the 

figure is examined, the front wheels of the vehicle 

do not enter the disruptive input at the same time. 

First, the right front wheel is exposed to sinusoidal 

road input, while the left front wheel is exposed to 

disruptive road input after passing a distance of half 

the wavelength. Thus, the rotation of the vehicle 

around its axes will be examined. 

 

In the analysis, the car speed was taken as a constant 

20 m/s. The length of the road input with the sine 

function is accepted as 25 m. The total analysis time 

was taken as 6.25 s. 

 

3.1. Effect of Car Mass 

 

In this section, the dynamic responses of the vehicle 

and the passenger in the vertical and lateral 

directions will be examined if the vehicle mass is 

500 kg, 1000 kg, 2000 kg, and 3000 kg. 

 

In Figure 3 and Figure 4, the displacement and 

acceleration values of the passenger and the vehicle 

in the lateral and vertical directions are given. It can 

be seen from the graphs that while the vertical 

displacement of the passenger decrease as the 

vehicle mass increases, the lateral displacements 

almost do not change. However, with the increase in 

vehicle mass, it takes time to dampen the vertical 

displacements. For example, if the vehicle mass is 

500 kg, the vertical displacements are damped when 

the vehicle travels approximately 60 m, while if the 

vehicle mass is 3000 kg, the vehicle must move more 

than 120 m for full damping. 

 

When Figure 3c is examined, the vertical 

acceleration of the passenger increases to 

approximately 18 m/s2 if the vehicle mass is 500 kg, 

while the maximum vertical acceleration of the 

passenger is approximately 6 m/s2 if the vehicle 

mass is 3000 kg. In other words, with the increase in 

vehicle mass, the vertical acceleration value 

decreases 3 times. 

 

When Figure 4 is examined, both the lateral and 

vertical dynamic responses of the vehicle decrease 

with the increase in vehicle mass. The vertical 

displacement graphs of the vehicle in Figure 4a are 

similar to those in Figure 3a. Similarly, according to 

the vertical acceleration graph of the vehicle, the 

acceleration of the vehicle decrease 3 times as the 

vehicle mass increases. In addition, the lateral 

dynamic responses of the vehicle in Figure 4 are also 

highly affected by the vehicle mass. 
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Figure 3 The effect of vehicle mass on the dynamic responses of the passenger in the lateral and vertical 

directions 

 

 

Figure 4 The effect of vehicle mass on the dynamic responses of the car in the lateral and vertical 

directions 
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3.2. Effect of Variable Car Velocity 

 

In this section, the situation of the car passing over 

the sinus road profile at different speeds is examined. 

In Figure 5-7, when the vehicle changes from 3 m/s 

to 50 m/s in 0.1 m/s intervals, the maximum lateral 

and vertical displacements and acceleration values 

are examined. 

 

When Figure 5 is examined, the maximum dynamic 

responses of the passenger in the vertical direction 

occur when the vehicle speed is about 10 m/s, while 

the maximum dynamic responses in the lateral 

direction occur when the vehicle speed is about 9 m/s.  

In all 

 

graphs, the maximum displacement and acceleration 

of the passenger decrease as the vehicle speed exceed 

10 m/s. The lateral and vertical displacement and 

acceleration graphs of the vehicle in Figure 6 are 

quite similar to the ones in Figure 5. However, in 

Figure 6c, it is seen that the vertical acceleration 

value of the vehicle increases when the vehicle speed 

exceeds 27 m/s. In addition, the maximum vertical 

acceleration values affecting the passenger and the 

vehicle exceed the uncomfortable acceleration value 

that affects the human being. The uncomfortable 

acceleration value affecting the human is 0.49 m/s2 

according to the ISO 2631 standard [15]. 

 

 
Figure 5 The effect of car speed on the maximum lateral and vertical dynamic responses of the passenger 
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Figure 6 The effect of vehicle speed on the maximum lateral and vertical dynamic responses of the car 

 
In Figure 7, the maximum pitch and roll movements 

are examined according to the speed of the car. While 

the roll response of the car increases until the car 

velocity is about 10 m/s, it is seen that the maximum 

roll motion decreases as the car velocity increase after 

this velocity. In Figures 7b and 7d, the car's maximum 

pitch motion occurred when the car velocity was 20 

m/s. 
 

 

4. CONCLUSION 
 

In this study, lateral and vertical displacements and 

acceleration graphs of the full car model with fourteen 

degrees of freedom model with the passenger are 

given. In addition, the roll and pitch movements of the 

car were also examined. With the increase in the mass 

of the vehicle, the vertical displacements of the 

vehicle and the passenger decrease considerably, 

while the lateral displacement of the passenger almost 

does not change. However, the lateral displacement of 

the vehicle decreases as the mass increases. In 

addition, the vehicle's maximum dynamic response 

occurs when the car speed is approximately 10 m/s. 

Finaly, The effect of car mass and car speed on these 

dynamic responses has been examined with graphics, 

and as the car mass increases, the vertical 

displacement and acceleration values of the car 

decrease, while the damping of these values is 

delayed. At certain values of the car velocity, the car's 

maximum dynamic responses occur.  
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