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Abstract

In this paper, we study the existence of solutions for a new problem of hybrid di�erential equations with
nonlocal integro multi point boundary conditions by using the proportional fractional derivative. The pre-
sented results are obtained by using hybrid �xed point theorems for three Dhage operators. The application
of theoretical conclusions is demonstrated through an example.
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1. Introduction

In the last few decades, fractional di�erentiation and fractional integration have found many applications
in various �lelds of science and engineering. That is why this theory has gained widespread attention and
signi�cance; see, for example, the papers ([1]-[11]). Various approaches of fractional derivatives have been
proposed and the most well-known types are Riemann-Liouville, Caputo, Hadamard, Caputo-Fabrizio, mean
square fractional derivatives, and so on;(see [13]-[26]).
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A new class of mathematical modelings based on hybrid fractional di�erential equations with hybrid or
non hybrid boundary value conditions has piqued the interest of numerous academics; see [1, 6, 18, 19, 27]).
Hybrid di�erential equations are signi�cant because they incorporate a variety of dynamical systems as
special instances. In addition, hybrid di�erential equations may be found in a wide range of applications in
applied mathematics and physics; see [12, 14, 25].
M.I. Abbas and M.A.Ragusa [1] treated the following hybrid fractional di�erential equation problem: aD

δ,ρ,υ
(

u(t)
Ψ(t,u(t))

)
= Φ(t, u(t)), and t ∈ [a, b]

aJ
δ,ρ,φ

(
u(t)

Ψ(t,u(t))

)
t=a

= λ ∈ R,

where 0 < δ < 1, ρ ∈ (0, 1], aD
δ,ρ,υ is the proportional fractional derivative of order δ with respect to

a certain continuously di�erentiable and increasing function υ with υ′(t) > 0 for all t ∈ [a, b], aJ
1−δ,ρ,υ is

the left proportional fractional integral of order (1 − δ) with respect to a continuously di�erentiable and
increasing function υ; Ψ : J × R → R∗ and Φ : J × R → R are continuous functions.

In the present research work, for t ∈ [0, 1] , we study the following problem:

0D
α,ρ,φ

[
0D

β,ρ,φ
(
u(t)−(0Jσ,ρ,φF)(t,u(t))

G(t,u(t))

)]
= H(t, u(t)), t ∈ J = [0, 1] ,

0J
1−α,ρ,φ

(
0D

β,ρ,φ
(
u(t)−(0Jσ,ρ,φF)(t,u(t))

G(t,u(t))

))∣∣∣
t=0+

= λ,

0J
2−β,ρ,φ

(
u(t)−(0Jσ,ρ,φF)(t,u(t))

G(t,u(t))

)∣∣∣
t=0+

= 0,

0J
1−β,ρ,φ

(
u(t)−(0Jσ,ρ,φF)(t,u(t))

G(t,u(t))

)∣∣∣
t=0+

= (0J
σ,ρ,φu) (ζ) , ζ ∈ ]0, 1[ .

(HP)

Here, we take ρ ∈ (0, 1], 0D
α,ρ,φ, 0D

β,ρ,φ as the proportional fractional derivatives of orders, 0 < α <
1 < β < 2, and 0J

1−α,ρ,φ, 0J
1−β,ρ,φ, 0J

2−β,ρ,φ, 0J
σ,ρ,φ are the left proportional fractional integrals of orders

(1− α), (1− β) , (2− β) and σ respectively, λ ∈ R and φ : J → R is a function such that φ′(t) > 0. For all
t ∈ [0, 1] , F,H : J × R → R and G : J × R → R∗ are given functions satisfying some assumptions that will
be speci�ed later.

2. Preliminaries

Let C =C(J,R) be the Banach space of all continuous mappings from [0, 1] to R endowed with the norm
∥u∥C = sup

t∈[0,1]
u(t).

We introduce some notations and de�nitions of proportional fractional derivative, see [15, 20, 21]. Let
φ : J → R be an increasing function with φ′(t) ̸= 0 for all t ∈ J and for all t, s ∈ J, (t > s) , we pose

φ (t, s) = (φ(t)− φ(s)) .

De�nition 2.1. [20] Take ρ ∈ (0, 1], α ∈ C, Re Re (α) > 0, φ ∈ C1[a, b], φ′(t) > 0. The left and right
fractional integrals of the function x ∈ L1[a, b] with respect to another function φ are de�ned by

aJ
α,ρ,φx(t) =

1

ραΓ (α)

∫ t

a
e

ρ−1
ρ

φ(t,s)
φ(t, s)α−1φ′(s)x(s)ds, (2.1)

Jα,ρ,φb x(t) =
1

ραΓ (α)

∫ b

t
e

ρ−1
ρ

φ(s,t)
φ(s, tα−1φ′(s)x(s)ds, (2.2)

respectively.
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De�nition 2.2. [20] Take ρ ∈ (0, 1], α ∈ C, Re Re (α) > 0, φ ∈ C1[a, b], φ′(t) > 0. The left fractional
derivative of the function x ∈ Cn[a, b] with respect to another function φ is de�ned by

aD
α,ρ,φx(t) = Dn,ρ,φ

(
aJ

n−α,ρ,φx
)
(t)

=
Dn,ρ,φ

ρn−αΓ (n− α)

∫ t

a
e

ρ−1
ρ

φ(t,s)
φ(t, s)n−α−1φ′(s)x(s)ds, (2.3)

and the right fractional derivative of x with respect to φ is de�ned by

Dα,ρ,φ
b x(t) =∗ D

n,ρ,φJn−α,ρ,φ
b x(t) (2.4)

=
∗D

n,ρ,φ

ρn−αΓ (n− α)

∫ b

t
e

ρ−1
ρ

φ(s,t)
φ(s, t)n−α−1φ′(s)x(s)ds,

where n = [Re Re (α)] + 1,Dn,ρ,φ = Dn,ρ,φ· · ·Dn,ρ,φ︸ ︷︷ ︸
n times

and

∗D
ρ,φx(t) = (1− ρ)x(t)− ρ

x′(t)

φ′(t)
,

∗D
n,ρ,φ = ∗D

n,ρ,φ· · ·∗Dn,ρ,φ︸ ︷︷ ︸
n times

.

Lemma 2.3. [20] If ρ ∈ (0, 1], α, β ∈ C, Re Re (α) > 0, Re Re (β) > 0, then for φ ∈ C1[a, b], and φ′(t) > 0,
we have

aJ
α,ρ,φ

(
aJ

β,ρ,φx
)
(t) =a Jβ,ρ,φ (aJ

α,ρ,φx) (t) =
(
aJ

α+β,ρ,φx
)
(t), (2.5)

Jα,ρ,φb

(
Jβ,ρ,φb x

)
(t) = Jβ,ρ,φb

(
Jα,ρ,φb x

)
(t) =

(
Jα+β,ρ,φ
b x

)
(t), (2.6)

Lemma 2.4. [20] If ρ ∈ (0, 1], α ∈ C, Re Re (α) > 0, and n = [Re Re (α)] + 1, then for φ ∈ C1[a, b],
φ′(t) > 0, we have

aJ
α,ρ,φ (aD

α,ρ,φx) (t) = x(t), (2.7)

Jα,ρ,φb

(
Dα,ρ,φ

b x
)
(t) = x(t). (2.8)

Lemma 2.5. [21] Let α ∈ C, Re Re (α) > 0,ρ ∈ (0, 1], n = − [−Re Re (α)] , x ∈ L1[a, b] and Iα,ρ,φ
a+

x(t) ∈
ACn[a, b]. Then

aJ
α,ρ,φ (aD

α,ρ,φx) (t) = x(t)− e
ρ−1
ρ

φ(t,a)
n∑

i=1

(
aJ

i−α,ρ,φx
) (

a+
) φ(t, a)α−i

ρα−iΓ (α+ 1− i)
. (2.9)

As a particular case, for 0 < α < 1, we have

aJ
α,ρ,φ (aD

α,ρ,φx) (t) = x(t)− e
ρ−1
ρ

φ(t,a)
φ(t, a)α−1

ρα−1Γ (α)

(
aJ

1−α,ρ,φx
) (

a+
)
. (2.10)

Lemma 2.6. [21] Let α, β ∈ C such that Re(α) > 0 , Re(β) > 0 ≥ 0 and n = [Re(α)] + 1, Then, for any
ρ > 0, we have

(1)
(
aJ

α,ρ,φe
ρ−1
ρ

φ(s)
φ(s, a)β−1

)
(t) = Γ(β)e

ρ−1
ρ φ(t)

ραΓ(α+β) φ(t, a)α+β−1, Re(β) > 0,.

(2)
(
Jα,ρ,φb e

− ρ−1
ρ

φ(s)
φ(b, s)β−1

)
(t) = Γ(β)e

− ρ−1
ρ φ(t)

ραΓ(α+β) φ(b, t)α+β−1, Re(β) > 0,
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(3)
(
aD

α,ρ,φe
ρ−1
ρ

φ(s)
φ(s, a)β−1

)
(t) = ραΓ(β)e

ρ−1
ρ φ(t)

Γ(β−α) φ(t, a)β−α−1,

(4)
(
Dα,ρ,φ

b e
− ρ−1

ρ
φ(s)

φ(b, s)β−1
)
(t) = ραΓ(β)e

− ρ−1
ρ φ(t)

Γ(β−α) φ(b, t)β−α−1.

Remark 2.7. In view of De�nition 2.2 and for 0 < β < 1, it is noted that

0D
β,ρ,φ
0

(
e

ρ−1
ρ

φ(t)
φ(t, 0)β−1

)
= 0.

Lemma 2.8. [15] Let X be a closed convex bounded nonempty subset of a Banach algebra E; and let T,N :
E → E and M : X → E be three operators such that:
(a) T and N are Lipschitzian with constants τ and σ, respectively,
(b) N is compact and continuous,
(c) u = TuMv + Nu =⇒ u ∈ X for all v ∈ X ,
(d) τK + σ < 1, where K = M(X ) .
Then the operator equation TuMu+ Nu = u has a solution in X .

3. Main Results

De�nition 3.1. A function u ∈ C(J,R) is said to be a mild solution of the hybrid fractional problem (HP)
if the function

t 7−→ u(t)− (0J
σ,ρ,φf) (t)

g(t)

is continuous for each u ∈ R and u satis�es the fractional integral equation

u(t) = g(t)

{(
0J

β+α,ρ,φh
)
(t) +

λe
ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1 (3.1)

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

}
+ (0J

σ,ρ,φf) (t).

Now, we consider the following linear issue of the hybrid fractional problem (HP):

0D
α,ρ,φ

[
0D

β,ρ,φ
(
u(t)−(0Jσ,ρ,φf)(t)

g(t)

)]
= h(t),

0J
1−α,ρ,φ

(
0D

β,ρ,φ
(
u(t)−(0Jσ,ρ,φf)(t)

g(t)

))∣∣∣
t=0

= λ,

0J
2−β,ρ,φ

(
u(t)−(0Jσ,ρ,φf)(t)

g(t)

)∣∣∣
t=0

= 0,

0J
1−β,ρ,φ

(
u(t)−(0Jσ,ρ,φf)(t)

g(t)

)∣∣∣
t=0

= (0J
σ,ρ,φu) (ζ) , ζ ∈ ]0, 1[ .

(HP)

where f, h ∈ L1(J,R) and g ∈ L1(J,R∗).

Lemma 3.2. Let 0 < α < 1 < β < 2; f, h ∈ L1(J,R) and g ∈ L1(J,R∗). The linear hybrid fractional
problem (HP) has a solution u ∈ C(J,R) if and only if the fractional integral equation (3.1) is solvable and
their solutions coincide.

Proof. 1/ (=⇒) By (3.1) we get

u(t)− (0J
σ,ρ,φf) (t)

g(t)

=

{(
0J

β+α,ρ,φh
)
(t) +

λe
ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

}
,
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and assume that u satis�es (HP). Then, u(t)−(0Jσ,ρ,φf)(t)
g(t) is continuous and we get that

0D
α,ρ,φ

[
0D

β,ρ,φ
(
u(t)−(0Jσ,ρ,φf)(t)

g(t)

)]
exists.

Applying the proportional fractional integral Jα,ρ,φ
0+

to both sides of (HP) and using Lemma 2.5 and Lemma
2.6, and by taking account the �rst condition on t = 0, we obtain

0D
β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)
= (0J

α,ρ,φh) (t)

+e
ρ−1
ρ

φ(t,0)
[
0J

1−α,ρ,φ

(
0D

β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

))]
t=0=

(φ (t, 0))α−1

ρα−1Γ (α)

= (0J
α,ρ,φh) (t) +

λe
ρ−1
ρ

φ(t,0)

ρα−1Γ (α)
(φ (t, 0))α−1 .

Applying now the proportional fractional integral Jβ,ρ,φ
0+

to both sides, we get

u(t)− (0J
σ,ρ,φf) (t)

g(t)

= 0J
β,ρ,φ

(
(0J

α,ρ,φh) (t) +
λe

ρ−1
ρ

φ(t,0)

ρα−1Γ (α)
(φ (t, 0))α−1

)

+e
ρ−1
ρ

φ(t,0)
[
0J

1−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)]
t=0+

(φ(t, 0))β−1

ρβ−1Γ (β)

+e
ρ−1
ρ

φ(t,0)
[
0J

2−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)]
t=0+

(φ(t, 0))β−2

ρβ−2Γ (β − 1)
.

By Lemma 2.6 and the second condition on t = 0, we get

u(t)− (0J
σ,ρ,φf) (t)

g(t)

=
(
0J

β+α,ρ,φh
)
(t) +

(
0J

β,ρ,φλe
ρ−1
ρ

φ(t,0)

ρα−1Γ (α)
(φ (t, 0))α−1

)

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

=
(
0J

β+α,ρ,φh
)
(t) +

λe
1−ρ
ρ

φ(0)

ρα−1Γ (α)

(
0J

β,ρ,φe
ρ−1
ρ

φ(t)
(φ (t, 0))α−1

)
+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

=
(
0J

β+α,ρ,φh
)
(t) +

λe
ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ) .

So, the fractional integral equation (3.1) is obtained.

2/ (⇐=) Conversely, assume that u satis�es (3.1). By de�nition, the function t 7−→ u(t)−(0Jσ,ρ,φf)(t)
g(t) is
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continuous for each u ∈ C(J,R). Then
u(t)− (0J

σ,ρ,φf) (t)

g(t)
(3.2)

=

{(
0J

β+α,ρ,φh
)
(t) +

λe
ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

}
.

Operating the proportional fractional derivative 0D
β,ρ,φ on both sides of (3.2), we get

0D
β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)
(3.3)

= 0D
β,ρ,φ

(
0J

β+α,ρ,φh
)
(t) +0 D

β,ρ,φ

(
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

)

+0D
β,ρ,φ

(
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

)
.

By using Lemma 2.3, Lemma 2.4, Lemma 2.6 and Remark 2.7, we obtain

0D
β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)
(3.4)

= 0D
β,ρ,φ

(
0J

β,ρ,φ
0 Jα,ρ,φh

)
(t) +

λe
1−ρ
ρ

φ(0)

ρα+β−1Γ (α+ β)
0D

β,ρ,φ
(
e

ρ−1
ρ

φ(t)
φ(t, 0)α+β−1

)
+
e

1−ρ
ρ

φ(0)
(0J

σ,ρ,φu) (ζ)

ρβ−1Γ (β)
0D

β,ρ,φ
0

(
e

ρ−1
ρ

φ(t)
φ(t, 0)β−1

)
=

(
0J

β,ρ,φh
)
(t) +

λe
ρ−1
ρ

φ(t,0)

ρα−1Γ (α)
φ(t, 0)α−1.

Operating the proportional fractional derivative 0D
α,ρ,φ on both sides of (3.4), we get

0D
α,ρ,φ

[
0D

β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)]
(3.5)

= 0D
α,ρ,φ (0J

α,ρ,φh) (t) +0 D
α,ρ,φ

(
λe

ρ−1
ρ

φ(t,0)

ρα−1Γ (α)
φ(t, 0)α−1

)
.

By Lemma 2.4 and Remark 2.7, we obtain

0D
α,ρ,φ

[
0D

β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)]
= h(t).

By (3.5) and Lemma 2.6, we have

0J
1−α,ρ,φ

[
0D

β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)]
= 0J

1,ρ,φh(t) + λ 0J
1−α,ρ,φ

(
e

ρ−1
ρ

φ(t,0)

ρα−1Γ (α)
φ(t, 0)α−1

)
= 0J

1,ρ,φh(t) + λ.
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Substitution t → 0 leads to 0J
1−α,ρ,φ

(
0D

β,ρ,φ
(
u(t)−(0Jσ,ρ,φf)(t)

g(t)

))∣∣∣
t=0+

= λ.

By (3.3), Lemma 2.6 and Remark 2.7, we have

0J
1−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)
= (0J

α,ρ,φh) (t) + 0D
β,ρ,φ

(
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

)

+(0J
σ,ρ,φu) (ζ)0D

β,ρ,φ

(
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)

)
= (0J

α,ρ,φh) (t) +0 J
σ,ρ,φu (ζ)

+
λ

ρα+β−1Γ (α+ β)
0J

α,ρ,φ
(
0D

α+β,ρ,φ
(
e

ρ−1
ρ

φ(t,0)
φ(t, 0)α+β−1

))
,

and

0J
2−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)
=0 J

1,ρ,φ

(
0J

1−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

))
.

Substitution t → 0 leads to

0J
1−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)∣∣∣∣
t=0

=0 J
σ,ρ,φu (ζ)

and

0J
2−β,ρ,φ

(
u(t)− (0J

σ,ρ,φf) (t)

g(t)

)∣∣∣∣
t=0

= 0.

This �nishes the proof.

3.1. Hypotheses

(HP0) The functions F,G and H are continuous functions.
(HP1) There exist three positive functions KF ,KG , and KH such that:

|F(t, u)− F(t, ũ)| ≤ KF |u− ũ| ,

|G(t, u)−G(t, ũ)| ≤ KG |u− ũ| ,

for all t ∈ [0, 1] and u, ũ ∈ R.
(HP2) There exist two positive functions H1,H2, such that:

|H(t, u)| ≤ H1(t) +H2(t) |u| ,

for all t ∈ [0, 1] and u ∈ R.
(HP3) There exist four positive K∗

F ,K∗
G ,H∗

1 and H∗
2 such that:

K∗
F = sup

t∈[0,1]
|F(t, 0)| , K∗

G = sup
t∈[0,1]

|G(t, 0)| ,H∗
1 = sup

t∈[0,1]
|H1(t)|

and H∗
2 = sup

t∈[0,1]
|H2(t)| < 1.

(HP4) The following inequality holds:

B3 = ΥKG +
Kσ

φe
ρ−1
ρ

Kφ

ρσΓ (σ + 1)
KF < 1, (3.6)
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where

Kφ = φ(1, 0),

A =

[∣∣∣∣∣ ρ

ρ− 1

Kσ−1
φ

ρσΓ (σ)

∣∣∣∣∣ e ρ−1
ρ

Kφ

]
KF ,

B1 =
Kβ+α

φ e
ρ−1
ρ

KφH∗
1

ρβ+αΓ (β + α+ 1)
+

λe
ρ−1
ρ

Kφ

ρα+β−1Γ (α+ β)
Kα+β−1

φ ,

B2 =
Kβ+α

φ e
ρ−1
ρ

KφH∗
2

ρβ+αΓ (β + α+ 1)
+

e
2 ρ−1

ρ
KφKσ+β−1

φ

ρσ+β−1Γ (β) Γ (σ + 1)
,

Υ = B1 + B2r,

B4 =
Kσ

φe
ρ−1
ρ

Kφ

ρσΓ (σ + 1)
K∗

F +ΥK∗
G .

Theorem 3.3. Assume (HP0)�(HP4) hold. Then, the problem (HP) has a solution de�ned on [0, 1].

Proof. By Lemma 3.2, the solution of the problem (HP) is given by:

u(t) = G(t, u(t))

{
0J

β+α,ρ,φH(t, u(t)) +
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1 (3.7)

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ)

}
+ (0J

σ,ρ,φF) (t, u(t)).

Choose r > 0, so that:
r = B4 (1− B3)

−1 . (3.8)

De�ne the set X = {u ∈ C, ∥u∥C ≤ r} . Clearly, X is a closed convex bounded subset of the Banach space C.
Taking into account Lemma 2.8, we de�ne the operators T,N : C → C and M : X → C by

T (u) (t) = G(t, u(t)), (3.9)

M (u) (t) =
(
0J

β+α,ρ,φH
)
(t, u(t)) +

λe
ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρβ−1Γ (β)
(0J

σ,ρ,φu) (ζ) ,

N (u) (t) = (0J
σ,ρ,φF) (t, u(t)),

where

0J
β+α,ρ,φH(t, u(t)) =

1

ρβ+αΓ (β + α)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)β+α−1φ′(s)H(s, u(s))ds,

0J
σ,ρ,φu (ζ) =

1

ρσΓ (σ)

∫ ζ

0
e

ρ−1
ρ

φ(ζ,s)
φ(ζ, s)σ−1φ′(s)u(s)ds,

and

0J
σ,ρ,φF(t, u(t)) =

1

ρσΓ (σ)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)σ−1φ′(s)F(s, u(s))ds.

Then the integral equation (3.7) can be written in the operator form as

u(t) = T (u) (t)M (u) (t) + N (u) (t), t ∈ [0, 1] . (3.10)

We will show that the operators T,M, and N satisfy all the conditions of Lemma 2.8. This will be achieved
in the following series of claims.
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Step1. We show that T and N are Lipschitzian on C. Let u, ũ ∈ C. Then by (HP1), for t ∈ [0, 1], we
have

|T(u)(t)− T(ũ)(t)| = |G(u)(t)−G(ũ)(t)| ≤ KG |u− ũ| .

So
∥T(u)− T(ũ)∥C ≤ KG ∥u− ũ∥C .

Therefore T is Lipschitzian on C with Lipschitz constant KG , for all u, ũ ∈ C.
Also, by (HP1), fort t ∈ [0, 1], and u, ũ ∈ C we have

|N(u)(t)− N(ũ)(t)|
= |(0Jσ,ρ,φF) (u)(t)− (0J

σ,ρ,φF) (ũ)(t)|

≤ 1

ρσΓ (σ)

∣∣∣∣∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)σ−1φ′(s)F(s, u(s))ds

−
∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)σ−1φ′(s)F(s, ũ(s))ds

∣∣∣∣
≤ 1

ρσΓ (σ)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)σ−1φ′(s) |F(s, u(s))− F(s, ũ(s))| ds

≤

[∣∣∣∣∣ ρ

ρ− 1

Kσ−1
φ

ρσΓ (σ)

∣∣∣∣∣ e ρ−1
ρ

Kφ

]
|F(s, u(s))− F(s, ũ(s))|

≤

[∣∣∣∣∣ ρ

ρ− 1

Kσ−1
φ

ρσΓ (σ)

∣∣∣∣∣ e ρ−1
ρ

Kφ

]
KF |u− ũ|

≤ A |u− ũ| ,

so
∥N(u)− N(ũ)∥C ≤ A∥u− ũ∥C .

Hence N is Lipschitzian on C with Lipschitz constant A, for all u, ũ ∈ C.
Step2a. We show that M is completely continuous operator from X into C.
Let a sequence {un}n∈N ⊂ X such that {un}n∈N → u ∈ X . Then, Lebesgue's dominated convergence

result yields:

lim
n→+∞

M(un)(t)

= lim
n→+∞

1

ρβ+αΓ (β + α)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)β+α−1φ′(s)H(s, un(s))ds

+
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+ lim
n→+∞

e
ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρσ+β−1Γ (β) Γ (σ)

∫ ζ

0
e

ρ−1
ρ

φ(ζ,s)
φ(ζ, s)σ−1φ′(s)un(s)ds

=
1

ρβ+αΓ (β + α)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)β+α−1φ′(s) lim

n→+∞
H(s, un(s))ds

+
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1



H. Beddani, M. Beddani, S. Hamouda, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 148�161. 157

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρσ+β−1Γ (β) Γ (σ)

∫ ζ

0
e

ρ−1
ρ

φ(ζ,s)
φ(ζ, s)σ−1φ′(s) lim

n→+∞
un(s)ds

=
1

ρβ+αΓ (β + α)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)β+α−1φ′(s)H(s, u(s))ds

+
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρσ+β−1Γ (β) Γ (σ)

∫ ζ

0
e

ρ−1
ρ

φ(ζ,s)
φ(ζ, s)σ−1φ′(s)u(s)ds

= M(u)(t).

Hence, M(un) converges to M(u) pointwise on [0, 1].
Step2b. Next, we will show that the operator M is compact on X . Firstly, to ensure the uniform

boundedness, let u ∈ X and by applying (HP3), we get:

|M(u)(t)| ≤ 1

ρβ+αΓ (β + α)

∫ t

a
e

ρ−1
ρ

φ(t,s)
φ(t, s)β+α−1φ′(s) |H(s, u(s))| ds

+
λe

ρ−1
ρ

φ(t,0)

ρα+β−1Γ (α+ β)
φ(t, 0)α+β−1

+
e

ρ−1
ρ

φ(t,0)
φ(t, 0)β−1

ρσ+β−1Γ (β) Γ (σ)

∫ ζ

a
e

ρ−1
ρ

φ(ζ,s)
φ(ζ, s)σ−1φ′(s) |u(s)| ds

≤ Kβ+α
φ e

ρ−1
ρ

Kφ (H∗
1 +H∗

2r)

ρβ+αΓ (β + α+ 1)
+

λe
ρ−1
ρ

Kφ

ρα+β−1Γ (α+ β)
Kα+β−1

φ

+
re

2 ρ−1
ρ

KφKσ+β−1
φ

ρσ+β−1Γ (β) Γ (σ + 1)

≤ Kβ+α
φ e

ρ−1
ρ

KφH∗
1

ρβ+αΓ (β + α+ 1)
+

λe
ρ−1
ρ

Kφ

ρα+β−1Γ (α+ β)
Kα+β−1

φ

+

(
Kβ+α

φ e
ρ−1
ρ

KφH∗
2

ρβ+αΓ (β + α+ 1)
+

re
2 ρ−1

ρ
KφKσ+β−1

φ

ρσ+β−1Γ (β) Γ (σ + 1)

)
r.

Taking the supremum in terms of u in above, we get:

∥M(u)(t)∥ ≤ B1 + B2r = Υ < ∞, for all u ∈ X . (3.11)

Thus M is a uniformly bounded operator on X .
Step2c. Now, we will show that M(X ) is an equicontinuous set in C.
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Let t, t̃ ∈ [0, 1] such that t < t̃. Then for any u ∈ X , and by HP2,HP3 we get∣∣M(u)(t̃)−M(u)(t)
∣∣

≤ 1

ρβ+αΓ (β + α)

∣∣∣∣∣
∫ t̃

0
e

ρ−1
ρ

φ(t̃,s)
φ(t̃, s)β+α−1φ′(s)H(s, u(s))ds

−
∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)β+α−1φ′(s)H(s, u(s))ds

∣∣∣∣
+

λe
1−ρ
ρ

φ(0)

ρα+β−1Γ (α+ β)

(
e

ρ−1
ρ

φ(t̃)
φ(t̃, 0)α+β−1 − e

ρ−1
ρ

φ(t)
φ(t, 0)α+β−1

)
+

e
1−ρ
ρ

φ(0)

ρσ+β−1Γ (β) Γ (σ)

(
e

ρ−1
ρ

φ(t̃)φ(t̃, 0)β−1 − e
ρ−1
ρ

φ(t)
φ(t, 0)β−1

)
∫ ζ

0
e

ρ−1
ρ

φ(ζ,s)
φ(ζ, s)σ−1φ′(s)u(s)ds

≤ e
ρ−1
ρ

Kφ (H∗
1 +H∗

2r)

ρβ+αΓ (β + α+ 1)
φ(t̃, t)β+α

+
λe

ρ−1
ρ

Kφ

ρα+β−1Γ (α+ β)

(
φ(t̃, 0)α+β−1 − φ(t, 0)α+β−1

)
+

Kσ
φre

ρ−1
ρ

Kφ

ρσ+β−1Γ (β) Γ (σ + 1)

(
φ(t̃, 0)β−1 − φ(t, 0)β−1

)
+

[
Kσ+β−1

φ e
1−ρ
ρ

φ(1)
r

ρσ+β−1Γ (β) Γ (σ + 1)
+

λe
1−ρ
ρ

φ(0)Kα+β−1
φ

ρα+β−1Γ (α+ β)

](
e

ρ−1
ρ

φ(t̃) − e
ρ−1
ρ

φ(t)
)
,

then ∣∣M(u)(t̃)−M(u)(t)
∣∣→ 0, as t̃ → t,

which implies that ∥∥M(u)(t̃)−M(u)(t)
∥∥
C → 0

uniformly for all u ∈ X . This means that M is equicontinuous on C. In consequence, M is relatively compact.
As a result of the Arzelà�Ascoli theorem, we deduce that M is completely continuous. Thus, M is compact
on X .

Step3. We show that the hypothesis (c) of Lemma 2.8 holds. For any u ∈ X , t ∈ [0, 1] , by HP2 and
HP3, we have

|T(t, u(t))| = |G(t, u)| ≤ |G(t, u)−G(t, 0)|+ |G(t, 0)| (3.12)

≤ KG |u(t)|+K∗
G ,

and

|N(u)(t)| = |(0Jσ,ρ,φF) (u)(t)| (3.13)

≤ 1

ρσΓ (σ)

∣∣∣∣∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)σ−1φ′(s)F(s, u(s))ds

∣∣∣∣
≤ 1

ρσΓ (σ)

∫ t

0
e

ρ−1
ρ

φ(t,s)
φ(t, s)σ−1φ′(s) (KF |u|+K∗

F ) ds

≤
Kσ

φe
ρ−1
ρ

Kφ

ρσΓ (σ + 1)
(KF |u(t)|+K∗

F ) .
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Let u ∈ C and v ∈ X be arbitrary elements such that

u = TuMv + Nu.

Then, by (3.11) (3.12) and (3.13), we have

|u(t)| ≤ |Tu(t)| |Mv(t)|+ |Nu(t)| ;

so

∥u∥C ≤ Υ
(
KG ∥u∥C +K∗

G
)
+

Kσ
φe

ρ−1
ρ

Kφ

ρσΓ (σ + 1)
(KF ∥u∥C +K∗

F )

≤ B3 ∥u∥C + B4.

Hence, by (3.6), we get

∥u∥C ≤ B4

1− B3
≤ r.

Step4. Finally, by

B3 = ΥKG +
Kσ

φe
ρ−1
ρ

Kφ

ρσΓ (σ + 1)
KF < 1,

we see that τK + σ < 1 holds, where τ = KG and σ =
Kσ

φe
ρ−1
ρ Kφ

ρσΓ(σ+1) KF .
Thus, all the conditions of Lemma 2.8 are satis�ed. Hence the operator equation u = TuMu + Nu has a
solution in X . As a result, the problem (HP) has a solution on [0, 1].

3.2. Example

Consider the nonlinear equations

0D
6
8
, 1
2
,t2

0D
3
2
, 1
2
,t2

u(t)−
(

0J
1
2 , 12 ,t2F

)
(t,u(t))

G(t,u(t))

 = H(t, u(t)), t ∈ J = [0, 1] ,

0J
1
4
, 1
2
,t2

0D
3
2
, 1
2
,t2

u(t)−
(

0J
1
2 , 12 ,t2F

)
(t,u(t))

G(t,u(t))

∣∣∣∣∣∣
t=0+

= 1
9 ,

0J
1
2
, 1
2
,t2

u(t)−
(

0J
1
2 , 12 ,t2F

)
(t,u(t))

G(t,u(t))

∣∣∣∣∣∣
t=0+

= 0,

0J
−1
2
, 1
2
,t2

u(t)−
(

0J
1
2 , 12 ,t2F

)
(t,u(t))

G(t,u(t))

∣∣∣∣∣∣
t=0+

=
(
0J

1
2
, 1
2
,t2u
)
(ζ) , ζ ∈ ]0, 1[ ;

(3.14)

and

φ(t) = t2, λ =
1

9
, α =

6

8
, β =

3

2
, ρ = σ =

1

2
,

H(t, u(t)) =
1

9 + t2
+

t2

99
|u(t)| ,

G(t, u(t)) =
1

8 + et
+

e−3t

1 + 9et
|u(t)|

1 + u2(t)
,

F(t, u(t)) =
1

9 + t2
+

t2

9 (1 + t2)

|u(t)|
1 + u2(t)

.
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Then, we have

Kφ = 1,KF =
1

9
,KG =

1

10
,

H1 =
1

9 (1 + t2)
,H2(t) =

t2

99
,

K∗
F = K∗

G = H∗
1 =

1

9
and H∗

2 =
1

99
< 1.

Hence, the hypotheses (HP0)-(HP4) are satis�ed. In fact, we have

A =

√
2e−1

9Γ
(
1
2

) =
1

9e

√
2

π
≃ 0, 032614,

B1 =
e−1

9 2
9
4

Γ
(
13
4

) + e−1

9 2
5
4

Γ
(
9
4

) ≃ 0, 84853,

B2 =
2

9
4
e−1

99

Γ
(
13
4

) + e−22
5
4

Γ2
(
3
2

) ≃ 0, 41677,

Υ = B1 + B2r ≃ 0, 84853 + 0, 41677r,

B3 ≃ 0.150083 + 0, 041677r,

B4 =
2e−1

9

√
2

√
π

+
Υ

9
≃ 0, 15951 + 0, 04631r.

By (3.8), r ≃ 0.2005; and then B3 < 1. Accordingly, all the conditions of Theorem 3.3 are ful�lled. Then,
the hybrid fractional problem (3.14) has at least one solution on [0, 1].
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