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Abstract

In this paper, we study the existence of solutions for a new problem of hybrid differential equations with
nonlocal integro multi point boundary conditions by using the proportional fractional derivative. The pre-
sented results are obtained by using hybrid fixed point theorems for three Dhage operators. The application
of theoretical conclusions is demonstrated through an example.
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1. Introduction

In the last few decades, fractional differentiation and fractional integration have found many applications
in various filelds of science and engineering. That is why this theory has gained widespread attention and
significance; see, for example, the papers ([I]-[I1]). Various approaches of fractional derivatives have been
proposed and the most well-known types are Riemann-Liouville, Caputo, Hadamard, Caputo-Fabrizio, mean
square fractional derivatives, and so on;(see [13]-]26]).
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A new class of mathematical modelings based on hybrid fractional differential equations with hybrid or
non hybrid boundary value conditions has piqued the interest of numerous academics; see |11 6] 18] [19] 27]).
Hybrid differential equations are significant because they incorporate a variety of dynamical systems as
special instances. In addition, hybrid differential equations may be found in a wide range of applications in
applied mathematics and physics; see [12] [14], 25].

M.I. Abbas and M.A.Ragusa [I] treated the following hybrid fractional differential equation problem:

LD <\I/(q:,(1fzt))> = ®(t,u(t)), and t € [a, b

~8.p, u(t) _
aJ¥ (W(t,u(t)))t:a =AcR,

where 0 < § < 1, p € (0,1], D%V is the proportional fractional derivative of order § with respect to
a certain continuously differentiable and increasing function v with v/(t) > 0 for all t € [a,b], «J' 7%V is
the left proportional fractional integral of order (1 — §) with respect to a continuously differentiable and
increasing function v; ¥:J xR — R* and ® : J x R — R are continuous functions.

In the present research work, for t € [0, 1], we study the following problem:

;

(DD [Ogﬁ,p,@ (u(t) (°3E'fuf§§)“““”)} H(t,u(t)), t € J =[0,1],

~l—a,p,p ( DBy (u(t) (od"WF) tau(t)) ))’ =\,
0dJ 0 G(tu(l)) t—0+

ng—ﬁ,p,so< u(t)—(0I7P¥F) (t,u ())) . =0,

)
GlEu(?)
Oﬁlfﬁ,p,s&< SOREEL G ())) =R (0, e oL

G(tu(t)

Here, we take p € (0,1], ¢®*P%, (D¢ as the proportional fractional derivatives of orders, 0 < a <

1 < B <2, and oJl-wre, (Jl-Bee (32-Bre (390 are the left proportional fractional integrals of orders

(1—a), (1—=75), (2—p) and o respectively, A € R and ¢ : J — R is a function such that ¢'(¢) > 0. For all

€[0,1],FH: J xR — R and G: J x R — R* are given functions satisfying some assumptions that will
be specified later.

2. Preliminaries

Let C =C(J,R) be the Banach space of all continuous mappings from [0, 1] to R endowed with the norm
[ulle = sup u(t).

)

We introduce some notations and definitions of proportional fractional derivative, see [15, 20], 2I]. Let
¢+ J — R be an increasing function with ¢'(¢) # 0 for all ¢ € J and for all ¢,s € J, (¢t > s), we pose

e (t,5) = (p(t) = (s)).

Definition 2.1. [20] Take p € (0,1],a € C, Re Re(a) > 0, » € Cla,b], ¢'(t) > 0. The left and right
fractional integrals of the function x € L![a,b] with respect to another function ¢ are defined by

o 1 t 2=10(t,5) a—1 1
a3 Tal) = pel (a)/ e v el ) (s)als)ds, =y
AL PP 1 ’ E@(S:t) a—=1 7
WO = Gray ), ¢ 7 e e e >

respectively.



H. Beddani, M. Beddani, S. Hamouda, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 148-161| 150

Definition 2.2. [20] Take p € (0,1],a € C, Re Re(a) > 0, ¢ € Cla,b], ¢'(t) > 0. The left fractional
derivative of the function x € C"[a, b] with respect to another function ¢ is defined by

agavpv@px(t) — @nrpzso (a"}n*a»pv‘px) (t)
DPsP topo1

e [ s a(s)as, 23)

and the right fractional derivative of x with respect to ¢ is defined by

DLPEa(1) =, DTt 24
*Qn,p,g& b =1 (s n—o—
- pn—aF(n—a)/t e 7 (s, )" (s)a(s)ds,

where n = [Re Re (a)] + 1,9™P% = DQ"™P?...D"P% and
-

n times
' (t)
D7Px(t) = (1-— t) — ,
D0Palt) = (1= p)alt) —p s
*©n7p730 — *©n7,0780, . ,*anﬂ#ﬂ_
n times

Lemma 2.3. [20/ If p € (0,1],a, 8 € C, Re Re(a) > 0, Re Re (B) > 0, then for ¢ € Cla,b], and ¢'(t) > 0,
we have
JJOPe (agﬁ,p,s@x> (t) =4 bee (a3%P%x) (t) = <a3a+6,p,wx> (1), (2.5)

Jore <3§797¢x) (t) = 35,/3,@0 (3?,97401:) (t) = <3§z+ﬂ,p,s@x> (t), (2.6)

Lemma 2.4. [20] If p € (0,1],a € C, Re Re(a) > 0, and n = [Re Re(a)] + 1, then for ¢ € Clla,b),
' (t) > 0, we have

aJUPF (DMPP) (t) = (1), (2.7)
Jprv (”Dba’p"’ox) (t) = z(t). (2.8)
Lemma 2.5. [21] Let o € C, Re Re () > 0,p € (0,1], n = — [~Re Re ()], = € L'[a,b] and T x(t) €
AC™[a,b]. Then
p=1 L . t a a—i
~NYPP @, 0,9 — _ QO(t,CL) ~L—OQL,P,p0 —+ SD( ) ) 2
D) (1) = alt) =T Y (370) (o) Ry (2.9)
As a particular case, for 0 < a < 1, we have
22Lo(ta) a-1
- e r o(t,a) e n
aJOPP (LDYPPx) (t) = x(t) — WJ TP r) (aT) . 2.10
(WD) (1) = a(t) = g E S ) (@) (210)

Lemma 2.6. [2]] Let o, f € C such that Re(a) > 0 ,Re(5) > 0 > 0 and n = [Re(a)] + 1, Then, for any
p > 0, we have

p=1 5 SShe®
(1) (a32ree’ s *ip(s,0)"1) (1) = "Dt @) 5L, Re(8) > 0,.

~Q —e=1,(s — e_EW(t) _
(2) (357%™ T (b, )571) (1) = KO T o(b, )L, Re() > 0,
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=1 (s ar(gye s #® o
(3) (WD 0we’ s Mp(s,a) 1) (1) = EHET—p(t @),

oo —L=L (s B ar(g)e— T ® o
(4) (Dpree 7 ob,5)71) (1) = ELEE— T — (b ) .

Remark 2.7. In view of Definition 2.2 and for 0 < § < 1, it is noted that

0207 (7 7 Vp(t,0071) = 0.

Lemma 2.8. [1)] Let X be a closed convex bounded nonempty subset of a Banach algebra £; and let T,N :

E—=E& and M : X — & be three operators such that:

(a) T and N are Lipschitzian with constants T and o, respectively,
(b) N is compact and continuous,

(¢c) u=TuMv +Nu= u € X forallvelX,

(d) TK + 0 < 1, where K = M(X) .

Then the operator equation TuMu + Nu = u has a solution in X.

3. Main Results

Definition 3.1. A function u € C(J,R) is said to be a mild solution of the hybrid fractional problem (HP))

if the function

u(t) = (0377¢ ) (1)
9(t)
is continuous for each u € R and u satisfies the fractional integral equation

t—

Ae%ﬂo(tvo)

pHPTIT (a + B)

u(t) = g(t) {(owavﬂv%) (t) + o(t,0)7 77!
e P0p(t, 05

)

(0377%u) (C)} + (0377 f) (©).

Now, we consider the following linear issue of the hybrid fractional problem (HP):

0D OPP [Ogﬁ,p,so <U(t)—(093{'t’)”’“’f)(t) ] = h(t),

gl (Ogﬁ,w (w)) ‘t:o =\

~2=B,pp [ wBD)=(0I7"? ) (1) —

o320 (MOSTEER0 )| < o,

o1 w(t)— (0300 ~c

0JL B ( ) (o;(t) f)(t)) = (037" %u) (¢),¢ €10,1].

where f,h € L'(J,R) and g € L'(J,R*).

(3.1)

(HP)

Lemma 3.2. Let 0 < a <1< B < 2; f,h € LY(J,R) and g € L*(J,R*). The linear hybrid fractional
problem has a solution v € C(J,R) if and only if the fractional integral equation is solvable and

their solutions coincide.

Proof. 1/ (=) By we get
u(t) = (0377%f) (1)

g(?)
p—1
)\eT‘p(t’O)
_ ~B+a,pp a+p—1
2=14(t,0) B-1
e r t,0 o
A0 (gmeeuy (0) )
pP~1T (B)
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and assume that u satisfies (HPf). Then, uO=I""7H®) ig continuous and we get that

a,p,p B,pvp ((ult)=(037°¢ ) (D) ' g(t)
oD [Og ( a(®) )} exists.

Applymg the proportional fractional integral J 4P to both sides of and using Lemma H and Lemma
| and by taking account the first condition on t = 0, we obtain

gopoe (MU= D D)

= @ e

)\epi;l<p(t70) a—1
= (03™"%h)(t) + T (a) (¢ (,0))

Applying now the proportional fractional integral JB 7% to both sides, we get

u(t) — (0377¥f) (t)
g(?)

=L (t,0)
_ ~B.pyp ~a,p,<ph) (t)ﬂ-&( (t 0))0[71
= o3 (03 1T () P

e eto) [031—@,@@ (u(t)—(oﬁ"’p’“”f) (t))L 0+( o(t,0))7 !

0)
9(t) PP (B)

(8
2o(t0) | ~2-B,p,0 u(t) — (0377 f) (t)ﬂ (o(t,0))°
rer [O" ( 9(0) ror PP (B 1)
By Lemma and the second condition on ¢t = 0, we get
u(t) = (0377#f) (1)
g(t)

)\eg<p(t70)

— (03/3+a,p7<ph> (t) + (Osﬁﬂp#ppa—ll“(a) (¢ (t,O))a_1>

67@(25 O)QO(t 0)5—1
? ~NOPsP
)\61;;)'0%0(0)

— ~ﬁ+a7p750 ’”/B:P#P L_lgo(t) a—1
= (07 ) 0+ Sy (0377970 (o 0
7 #100(1,0)7!

pP=1T (B)
)\e P ‘P(t 0)

— B+a,p,
= (0‘J + ps@h)()—kpwﬂ T (a1 B)

T‘P(to) 0,3—1
) () 0),

So, the fractional integral equation (3.1)) is obtained.
2/ («<=) Conversely, assume that u satisfies 1) By definition, the function ¢ —— W i

_l’_

+

(037%u) (¢)

o(t,0)0FF 1

_'_
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continuous for each u € C(J,R). Then

u(t) = (0377¢f) (1)
g(?)

)\6790(15 0)
— ~B+a,p,p atB—1
7 70 (r,0)31
pP=IT (B)

Operating the proportional fractional derivative ¢®”#% on both sides of 1 , we get

gosos (HOZUTED )

+ (037 u) (C)} :

£=L(t,0)
= Ogﬁvpﬁo (OJB+0¢7P @h) (t) +0 @/87P790 )\6 i Sp(t O)Oﬁ+ﬁ*1
po Al (a4 )

£=2p(t,0) -1
oD ( pﬁlp(fg?) (637%u) <<>> .

By using Lemma [2.3] Lemma [2.4] Lemma [2.6] and Remark [2.7] we obtain
oo (M=o ¢ >>

g(t)
)\6 P —L¢(0)

po AL (o + )

=  DFre (oﬁg’p’”fja’p’“"h) (t) + o Leilals (e o () o(t, 0)a+571>

e 70 (G370 () s (et
W B*l
pﬁflp(ﬁ) 0Dg (6 e ©(t,0) )

p—1
)\67%7(1570)
— 8000 (¢ t.0)¥ !
(O\j ) ( ) + pa,1F (Oé) 90( 70)

Operating the proportional fractional derivative (%% on both sides of (3.4]), we get

e )

E=0(t,0)
= (DU (GFUPER) (t) +o DU (Ae i ot 0)a1>
o Tr () B0 )

By Lemma [2.4) and Remark [2.7] we obtain

o o (1D

By (3.5) and Lemma we have

L [o@ﬁvmp <U(t> - ((;«”é;’p’”ﬁ <t>>]

1
_  ~lpyp ~—ape [ € ° 0 a—1
= o3 PPh(t) + A od mSO(ta 0)

= oJMPPh(t) + A

(3.3)

(3.4)

(3.5)
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Substitution ¢ — 0 leads to (Jl=®P*¥ (0’}357/’#’ (W» ‘ o =\
t=
By (3.3), Lemma and Remark [2.7], we have

(LB (U(t) - ((;Té:)’p”"f) (t)>

p—1
)\e P 90<t70) o _
a+6,1 80(t70) +IB !
p T (a+3)

7 At (r,0)31
pPIT ()

= (0JUP¥h) (t) + (D¢ (

+ (0377 u) () D¢ (

= (03""%h) (t) +0I7%u(C)

-1

pe AT (o + )

oo (MO g (g1 (WD 700,

and

Substitution ¢ — 0 leads to

=0 30—7,07Lpu (C)
t=0

031—,8,/)730 <U(t> — ((‘)g\’z:;p7g0f> (t)>

and

=0.
t=0

(2B <U(t) - (c;z;”’“’f) (75)>

This finishes the proof.

3.1. Hypotheses

(HPy) The functions F,G and H are continuous functions.
(HP;) There exist three positive functions Kz, g, and Ky such that:

|F(t,u) —F(t,u)| < Krlu—1ul,

for all t € [0,1] and u,u € R.
(HP3) There exist two positive functions #H;, Hz, such that:

[HI(t, w)| < Ha(t) + Ha(t) |ul,

for all t € [0,1] and u € R.
(HP3) There exist four positive K%, Kg, H] and H3 such that:

K¥ = sup [F(t0)], Kg= sup [G(t,0)],H] = sup [Hi(t)]
te[0,1] t€[0,1] t€[0,1]
and H5; = sup |Ha(t)] < 1.
t€[0,1]

(HP4) The following inequality holds:

Bs :T/Cg—i-%lc‘r <1,
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where
IC(P - 90(170)7
o—1
14 ]Cgo e=lic
A = — | Kr,
[p—lp"F(U) ' d
ta LKy 4 el
B = Kolte r Bomi  der ™ aig
pirer (B+a+1)  ptA-Il(a+B) ¥
—1 p—1
By = 5-:2 : + o+B8—1 - ?
PPHT(Bra+1)  pt BT (B)T (0 +1)
T = Bi+ Bor,
Kge's e L
84 — me‘i‘T]Cg

Theorem 3.3. Assume (HPy)-(HP,) hold. Then, the problem has a solution defined on [0, 1].
Proof. By Lemma [3.2] the solution of the problem (HP) is given by:

Ae%w(tvo)

po AT (o + B)

u(t) = G(t,u(t)) {OﬁﬁJra’p’“oH(t,u(t)) + go(t,())oﬁﬁfl (3.7)
ep%lsa(tO)(p(t’ 0)5-1

* pP=IT (B)

(037F%u) (C)} + (0377%F) (t, u(t)).
Choose r > 0, so that:
r=By(1—Bs) " (3-8)

Define the set X = {u € C, ||Jul| < r}. Clearly, X is a closed convex bounded subset of the Banach space C.
Taking into account Lemma [2.8] we define the operators T,N:C — C and M : X — C by

T(u)(t) = G(t,u(t)), (3.9)

AeL;lW(tro)

M (u) (t) = (036+a707<ﬂH) (t,u(t))+pa+ﬁ_lr(a+5)w(t,0)a+ﬁ—1
2210(t,0) 0)8-1
A ) ).
N(w)(t) = (03""F) (tu(t),
where
to,
PR ) = ey €t s (o)
C p—1
03P () = prlw /0 TN (¢, 57! ()u(s)ds,
and
N0 1 ! =2 0(t,s) o—1 1
ARG = s /0 T (1, )71 (5 (s, u(s)) ds.

Then the integral equation (3.7) can be written in the operator form as
u(t) =T (u) (t)M (u) (t) + N (u) (t),t € [0,1]. (3.10)

We will show that the operators T, M, and N satisfy all the conditions of Lemma 2.8l This will be achieved
in the following series of claims.
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Stepl. We show that T and N are Lipschitzian on C. Let u,u € C. Then by (HPy), for t € [0,1], we
have
T(u)(t) — T(w) ()] = [G(u)(t) — G(u)(t)| < Kg [u—1ul.
So
IT(u) = T(w)lle < Kg llu—ullc .
Therefore T is Lipschitzian on C with Lipschitz constant g, for all u,u € C.
Also, by (HPy), fort ¢t € [0,1], and u,u € C we have

IN(u)(t) = N(a)(t)]
= [(I7P9F) (u)(t) — (037**F) (u)(2)]
0°

IN

! e 7 #bs) $)7 L ($)F (s, u(s))ds
S| T ) R ()

t
o
t o,
|t 5) (B, ) s
0

IN

s 5 / ¢TI ot )7L/ (5) [F(s, u(s)) — Fs, (s))| ds
ICU 1

p
p—

IN

p
P
—1,0”I‘

Alu —al,

IN

IN

50

IN(u) = N(@)lle < Afju —alle -

Hence N is Lipschitzian on C with Lipschitz constant A, for all u,u € C.
Step2a. We show that M is completely continuous operator from & into C.
Let a sequence {un},cy C & such that {u,},cy — v € X. Then, Lebesgue’s dominated convergence
result yields:
HETOOM(UR)@)
1

t o,y
— - @(t’s) B+a—1 1
ng_;,_oopBJraF (5 + Oé) / e r (p(t, 5) 12 (S)H(S, un(S))dS

)\6 - —L(t,0)
PP (a4 B)”

£210(t,0) B—1 ¢
e r " p(t,0) £=14(C.s) oo
i e Ty Sy © e

1 ' 2=Loo(t,s) B+a—1, 1
= TBraria L @ | H "
pBter (ﬁ—i-a)/ e’ ©(t, s) ‘P(S)nﬁlffoo (s,un(s))ds
/\67@(150)

P (a1 B)

+ (t O)a—i-ﬁ—l

+ (t, O)Ori’ﬁ*l



H. Beddani, M. Beddani, S. Hamouda, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 148-161|

157

2=L(t,0) B—1 p¢
e p(t,0) / =1y, oLyi(s) i
P T Jy ¢ PG TR, i un(s)ds
1 ! s a—
- pﬁJraFM/ T (1, 5) L () Hi(s, u(s))ds
2516 (10)
n )\e ) to (t 0)a+6—1

PP (a4 B)”

e%“"(t’o)go U)LY S G o
+pg+ﬂ_lr(2)r>(g) /0 e 7 #C0p(C, )7 ()u(s)ds

= M(u)(t).

Hence, M(uy,) converges to M(u) pointwise on [0, 1].

Step2b. Next, we will show that the operator M is compact on X. Firstly, to ensure the uniform

boundedness, let u € X’ and by applying (HPs), we get:

1 L= B ,
M) < TGl [T, o) G ds
)\e P 7 #(t0) ol(t, O)a—i-ﬁ—l

T @+ )

2210(1,0) 0)8-1 <
el [ s )

-1 -1
KEHee™s e (1 + Hyr) 'R s
pPrer (B +a+1) po AT (o + B)
n rez%’cwngJrﬁ_l
po A1 (B)T (0 + 1)
p=l e " o=l
ngJrae PP HY n Ae » ¥ jcotA-1
pirel (B+a+1)  ptA=ID (a +5)
. ICngaeLpl’C*"H; N re2 /CSOICH,B 1
PPl (B+a+1)  p7PIT(B)I (0 +1)

Taking the supremum in terms of w in above, we get:

IM(w)(t)]| < By + Bar =7 < o0, foralueX.

Thus M is a uniformly bounded operator on X.
Step2c. Now, we will show that M(X) is an equicontinuous set in C.

(3.11)
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Let t,t € [0,1] such that ¢ < t. Then for any u € X, and by HPy, HP3 we get

IN

IN

then

|MI(u) (£) — M(u)(1)]
1
pitel (B + a)

p—1 e ~

t
7 sy (s (o))

p—1

t
B /0 €57 P, )0+l () (s, u(s))ds

Ae 7 PO e2Lo@) 7 atp—1 _ ELe(t) atf-1
+pa+ﬁ—1r(a+6) (e P e(t0) —e et 0) )

1-p
e 7?0

1T ()T (o)
¢

/ PN (¢, )71 (su(s)ds
0

1
7 e (Hy + Hir)

_|_

(7 D@0t =T A p(t,00°1)

Et B+a
Frr(Brarn Y
)\e%l’cw
%V a+pB-1 t a+p—1
ot (P00 (1,077
Ko Pi—llqp
o€ * = mA-1 5-1
¢ — ot
e BT PR e 07)

,Cngﬁflel;p”w(l)r Ae%w(O)Kngﬁfl

T (BT (0 +1) | 71T (a 1 B)

_'_

|M(u)(t) — M(u)(t)| = 0, as t—t,

which implies that

M) (£) — M(u)(t)|, — 0

uniformly for all w € X. This means that M is equicontinuous on C. In consequence, M is relatively compact.
As a result of the Arzela—Ascoli theorem, we deduce that M is completely continuous. Thus, M is compact

(3.12)

(3.13)

on X.
Step3. We show that the hypothesis (¢) of Lemma holds. For any u € X, t € [0,1], by HP, and
HP3, we have
IT(t,u(®) =[Gt u)| < |Gt u) —G(t,0)] +|G(E,0)|
< Kglu(t)] +Kg,
and
IN(w)(®)] = [(0I7"¥F) (u)(t)]
1 b oo
< —rg| ] et s u(e))ds
1 ! p;llp(t,s) o—1 1 *
< i | T el ) (Gl + K3 ds
e-li
Kle » ¢
< =7 (Kr lu®)] + KF) .
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Let u € C and v € X be arbitrary elements such that
u = TuMv + Nu.

Then, by (B11) (1) and (B13), we have

u(®)] < [Tu(?)] Mu(#)] + [Nu(t)] ;

80
lCZ,ep;l’C“a
* *
lulle < T (Kg|lulle +Kg) + T (o+1) (K llulle + KF)
< Bs ||u||C + By.
Hence, by (3.6), we get
lulle < <
Step4. Finally, by
=l
Kge » ™ P )
B3 =TKg+ —F——— <1,
3 it o)
Kae%llc“p
we see that 7K + o < 1 holds, where 7 = Kg and 0 = WIC;.
Thus, all the conditions of Lemma [2.8| are satisfied. Hence the operator equation © = TuMu + Nu has a
solution in X. As a result, the problem (HP] has a solution on [0, 1]. O
8.2. Erample
Consider the nonlinear equations
11,2
2 e [ - 03221 F ) (t,u(t))
002" D22 Glu®) = H(t,u(t)),t € J =1[0,1]
11 31, u(t)— 03%’%,152]17 (t,u(t)) )
0J42e 0922 Ca®) =3,
t=0% (3.14)
iig “(t)—<03%‘%t211’ (tu(t))
0977 ) =0,
11,2 t:0+
11 [u®O= (032 TF ) (tu(t) 110
03z 2t Gltu®) = (0\52’2’t U) (€),¢ €0, 1[;
t=0+
and 1 6 3 1
plt)=tA=ga=g,B=5p=0=7,
Htu(t) = oy + o ()
u = ——+—|u
’ 9+4+1t2 99 ’
1 e u(t)]
G t t — ’
(t, u(®)) 8+et  149et 14 u?(t)
1 t2 t
Bt u(t) = utt)

0+ 2 9211wl



H. Beddani, M. Beddani, S. Hamouda, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 148-161| 160

Then, we have

Hence, the hypotheses (HPy)

1 1
= 1 —_— - —
IC(,D 7’C]: 9>ICQ 107
1 t2
= — t —

1
and Hy = — < 1.

1
KA — K5 = HF — —
F ¢ =M 99

9
(HP,) are satisfied. In fact, we have

—1
A o Ve —1\/5:0,032614,
or (%) 9e V 7
ottt
B = + ~ 0, 84853,
INCORRNGY
9 —1 5
21¢ —293%
B, = M4 ~0,41677,
o) @)

T = Bj+ Bar~0,84853 4 0,41677r,
Bz ~ 0.150083 + 0,041677r,

21/ 1
By, = —2 "4+ = ~0,15951 + 0, 04631r.
4 ﬁ + 9 , + 0, r

By (3.8)), » ~ 0.2005; and then Bs < 1. Accordingly, all the conditions of Theorem are fulfilled. Then,
the hybrid fractional problem (3.14) has at least one solution on [0, 1].
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