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IDEAL CONVERGENCE OF A SEQUENCE OF CHEBYSHEV
RADII OF SETS
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ABSTRACT. In this paper, we investigate the diameters, Chebyshev radii, Che-
byshev self-radii and inner radii of a sequence of sets in the normed spaces.
We prove that if a sequence of sets is Z-Hausdorff convergent to a set, the
sequence of Chebyshev radii of that sequence is Z-convergent. Similar relations
are showed for the sequence of diameters, Chebyshev self-radii and inner radii
of that sequence.

1. INTRODUCTION

The concept of statistical convergence, which is a generalization of the ordinary
convergence of sequences, was first introduced by Fast [3] and Stainhaus [13], in-
dependently. Fridy [4,5] contributed greatly to the development of the theory of
statistical convergence. In 2000, Kostyrko et al [7] introduced ideal convergence,
which is a generalization of statistical convergence. Recently the ideal convergence
theory continues to be popularly studied (see [9/10]). On the other hand, Hausdorff
convergence of a sequence of sets, which is defined by the Hausdorff distance, cor-
responds to the uniform convergence of the sequence of distance (see [2,/6,8]). The
theory of statistical convergence and the theory of ideal convergence were combined
with the theory of convergence of sequences of sets by Nuray and Rhoades |11] and
by Talo and Sever [14], respectively.

In [12], Papini and Wu examined Kuratowski convergence and Hausdorff convergen-
ce of sequences of sets in Banach spaces. They showed that if a sequence of sets is
Hausdorff convergent then the sequences of diameters, Chebyshev radii, Chebyshev
self-radii, and inner radii, respectively, of this sequence are convergent.
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In this study, by generalizing some of the results in [12], we show that if a
sequence (Ay), oy of sets is Z-Hausdorff convergent to a set A then the sequence
of Chebyshev radii of A,,’s is Z-convergent to the Chebyshev radius of A. We give
similar relations for diameter, relative Chebyshev radius, Chebyshev self-radius and
inner radius.

2. PRELIMINARIES

Let (X, |‘]]) be normed space. We denote the family of all nonempty closed
subsets, the family of all nonempty closed and bounded subsets and the family of
all nonempty closed, convex and bounded subsets of X by C1(X), B(X) and C (X),
respectively.

The distance d(z, A) from a point € X to a subset A of X is defined to be

d(z,A) = inf [|lz —af .

The set A is said to be bounded if diam(A) < oo, where diameter diam(A) of a
nonempty set A in a normed space (X, ||-||) is defined by

diam(A) = sup |la; — asol-
a1,az€
The open ball with centre € X and radius § > 0 is the set
S(z,8) = {y € X : | — y|| < 5}.
HausdorfT distance of sets A, B C X is defined as
H (A, B)=max{h(A,B),h(B,A)}
where h (A, B) = sup,c4 d (a, B), or equivalently
H(A,B)=inf{e¢>0: AC B° and B C A%}

where A° = J 4{z€X:||lz—al] <e} ={zr e X :d(z,A) < e} is the e-enlarge-
ment of A.

Briefly, we recall some of basic notations in the theory of Z—convergence and we
refer readers to |7,[8] for more details. A family Z C 2" of subsets of N is said to be
an ideal in Nif ) € Z, and AUB € 7 for each A,B€ T, and Be€ T foreach AcZ
such that B C A (see [8]). An ideal is called proper if N ¢ 7, and a proper ideal is
called admissible if {n} € T for each n € N. Obviously, an admissible ideal includes
all finite subset of N (see |7]).

The definition of ideal convergence for real numbers is as follows: Let (z,,)

be a sequence in R and zo € R. Let Z be any ideal on N. If for every € > 0
{neN:|z, —x9| >} el

a€cA

neN

then (z,,) is said to be ideal convergent (briefly, Z-convergent) to xo. Then we write
T —limz, = zg (see [7]).
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Define Zy = {A C N : the set A has finite number of elements}. Then Zy-conver-
gence and classical convergence is equivalent to each other. Similarly, if we denote
Zq = {A C N: the set A has natural density zero} , then Z;-convergence and statis-
tical convergence is equivalent to each other. We note that the ideals 7y and Zg are
admissible.

Let Z C 2" be a proper ideal in N. We say that the sequence (4,,) is Z- Hausdor{f
convergent to the set A if

{n € N: sup |d(z, A,) — d(z, A)| > 5} ez
reX
for every e > 0, or if Z — lim H (4,,, A) = 0, i.e., for every € > 0
{neN:H(A,,A)>¢c} el
or equivalently

{neN:h(4,,A) >cor h(A/A,)>c} e

In this case, we write 4, ~ A (see [14]).

Now, we list some definitions of radii and centers associated with these radii
(see [1L[12,[15]). Let A be a bounded subset of X and Y C X.

R(z,A) = supgeq [la —z] (2 € X)

Ry (A) =infyey R(y, A) : Relative Chebyshev radius of A in Y
— infcy sup,c. la — yl

R(A) = Rx (4) : Chebyshev radius of A

R4 (A) : Chebyshev self-radius of A

R'(A) = sup,c 4 infyg 4 ||z — a|| : Inner radius of A

Zy (A)={y€Y :R(y,A) = Ry (A)} : Relative Chebyshev center set of A in Y’
Z(A)={zreX:R(z,A) = ( )} : Chebyshev center set of A
Zs(A)={a€ A:R(a,A) = Ra(A)} : Chebyshev self center set of A
Z'(A)={a€ A:R(a,A) =R (A)} : Inner center set of A

Example 1. Consider the normed space (R?, ||||,) where ||-||; is the {1 norm (aka
the tazicab norm). Let A be a square whose vertices are on the points (—1,—1),
(-1,1), (1,-1) and (1,1), and let Y = {(z,y) € R* : & = 3}. We have the following
results:

R(A) =2 Z(4) =1(0,0)}

Ra(A) =3 Za(4) ={(-1,0),(1,0),(0,-1),(0,1)}
R'(A) =0 7' (4) =0

Ry (4) =5 Zy (4) ={B,0)}

Lemma 1. Let A€ B(X),Y C X and e > 0. Then the following is provided:
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(i) diam (A%) < diam (A) + 2¢
(i) R(x,A®) < R(z,A)+¢ for every x € X
(iii) Ry (A®) < Ry (A)+¢
(iv) R(A*) < R(A)+e

(v) Rac (A°) < Rs(A)+e¢
Proof. (i)
a1, 02 € A* = Jay, a2 € A such that ||a; —a1]] < e and |az —az| <€
Then, for every ai,as € A° we have
lar —azll <llea —ax| + [lax — azl + [loz — as|

< |lay — azl| + 2¢
< sup |lap —aql| +2¢

ai,az€A

= diam (A) + 2¢
and so

diam (A%) = sup |ja; — az|] < diam (A) + 2e.

aq,a€AE
(i)
a € A* = Ja € A such that ||a —al <e
Let x € X. For every a € A® we have
loe = 2| <l —all + [la — ]|
<|la—z||+¢
<suplla -zl +e
acA
=R(z,A)+e¢
and so
R(xz,A%) = sup ||a —z|| < R(xz,A) + .
a€A®
(iii) From (ii), we have R (y, A°) < R(y, A) + ¢ for every y € Y. Then we get
inf R(y,A%) < inf R(y,A
inf R(y, A7) = WfR(yA)+e
Ry (A®°) < Ry (A)+e.

(iv) Tt is easily obtained by taking Y = X in (iii).
(v) From (ii), we have

R(a,A®) < R(a,A)+¢
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for every a € A, and so

inf R (a,A®) < inf R(a,A) +¢.
acA acA

From the fact that

inf R(a,A%) < inf R (a, A%),
acAs a€A

we get
inf R(a,A%) < irelgR(a,A)—l-a

a€As
R (A°) Ra(A) +e.

A

We cannot give similar results above for the inner radius, i.e., the inequality
R (A®) < R'(A) 4 £ may not be satisfied. Such as, if we take £ = 3 in Example
we get

R’(AE):ggR’(A)Jrs:OJr;

Also, we cannot say a general upper bound for the difference R’ (4%) — R’ (A).
For example, in the Euclidean space R?, let the set A be a spiral with r = 6
(0 < 0 < 2nm, n € N) polar equation. Let’s take ¢ > 7. Then we have R’ (4) =0
and R’ (A°) > (2n — 1) 7. Thus the difference R’ (4°) — R’ (A) depends not only

on € but also on n.

3. MAIN RESULTS

For a sequence of closed and bounded sets, we show that Z-Hausdorff conver-
gence implies Z-convergence of the sequence of Chebyshev radii (diameters, relative
Chebyshev radii and Chebyshev self-radii, respectively) of this sequence. If the sets
are convex as an additional condition, this proposition is also true for the sequence
of inner radii.

Proposition 1. Let A, A, € B(X) meN)andY C X. If A, T2 A then the
following hold:
(i) T — limdiam (A,) = diam (A)
(1) T —lim Ry (A4,) = Ry (4)
(iii) T —lim R (A,) = R(A
(Z"U) 7 —lim RAn (An) RA (A)
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(i) Let € > 0. From A, =4 A we have
€
= N ny 2 - .
L) {neN H(A,, A) 3}ez
For every n € N\ L (¢) we have
A C A3 and A, C A°/3,

Then
A C AP = diam (4) < diam (47°) < diam (4,) + %
= diam (A) — diam (4,) < 2;
A, C A% — diam(A,) < diam (A%/3) < diam (A) + %5
= diam (A4,,) — diam (A) < 235

for every n € N\ L (¢). Hence we get
{n e N:|diam (A,) —diam (A)| >e} C L(e)eZ
{n e N:|diam (A,) —diam (A)| > e} € Z
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for every e > 0. Consequently, we obtain Z — lim diam (A,,) = diam (A).

(ii) Let Y be any subset of X. From the triangle inequality, we have

lan =yl =lla=yll < llan —all
la =yl = llan =yl < llan —all
where y € Y, a,, € A, and a € A. Then, from
. ol < inf _
inf (llan —yll = lla=yl) < infflan —af
llan =yl =supfla -yl < it a, —af
acA ac
sup la, —yl—swplla—yl < sup inf |a, —a
an€A, a€cA a, €A, €
Ry (A,) — Ry (A) = inf sup l|la, — vyl — mf sup le =yl
yey A
< sup mf lan, —al = h(An,A)

an€A,
and similarly, from
Ry (4) = Ry (An) = inf sup la—y| — inf sup [a, -yl
YeEY g, €A

< sup 1nf lan — al] = h (A, 4,,).
a€Aan€A,

Take € > 0. From A4,, g A, we have
L():={neN:h(A,,A) >corh(A A,) >c} el

(1)
(2)
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From (3) and (4)), we get
Ry (An) — Ry (4) <h(An, 4) <e,
Ry (A) — Ry (A,) <h(A,A,) <ce
and so
|Ry (A,) — Ry (A)| <e
for every n € N\ L (¢). Hence we get
{neN:|Ry(A,) — Ry (A)|>e} C L(g)eZ

{nEN‘Ry(An)—Ry(A)‘ZE} e I
for every € > 0. This means that Z — lim Ry (4,) = Ry (4).
(iii) It is the special case of (ii), with ¥ = X.

(iv) Let € > 0. From A, 24 A we have
L(e):= {neN:h(An,A) > g or h(A,A,) > g} el
Ifag € Z4 (A) then q¢p € A and

R(ap, A) = sup lla —aol = Ra (4).
ac

Take n € N\ L (¢). From h (A, A,) < § we have
supd (a, A,) < =
acA 2

From the closeness of A,, there exists an ag) € A,, such that

3
oo =] < 5

Also, there exists an ag) € A,, such that

oup. an — a0 = a2 — )]

an€An,

From h (A, A) < § we get

d(af%A) < sup d(ap,A) < =
an€A, 2

and so

Hao —a® ‘ < R4 (A)+ %

From and we obtain

Ra, (4n) < Hag) - aﬁf)H < Hag) - aoH + Hao —a
< Ryx (A) + €
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for every n € N\ L (e).
Similarly, it can be shown that

Ra(A) <Ra, (An) +¢

for every n € N\ L (¢).
Consequently, we get

for every € > 0, and so Z —lim R4, (A,) = Ra (A).
O

Lemma 2. (see [12, Lemma 1]) Let A,B € C(X). If R'(A) >0 and H (A,B) <

/
# then

R (B) > R (A) — H (A, B) > 0.

As a result of the above lemma we can give the following corollary.

Corollary 1. Let A€ C(X) and e > 0. If R' (A®) > 2¢ then
R'(A) > R (A%) —¢

(That is, R' (A®) < R' (A) +¢). Of course, for the condition here to be satisfied,
R’ (A) > € must be.

Proposition 2. Let A, A, €C(X) (meN). If A, =8 A then
Z-1lmR (A,) =R (4).

Proof. First let’s assume that R’ (4) = 0. Suppose that Z —lim R’ (4,) # 0. Then
there is an g > 0 such that

K(g)={neN:R (A,) >¢eo} ¢ L.
From A, =4 4 we have
L(gg) := {n eN:H(A,, A) >

Then (N\ L (g9)) N K (g9) # () and so we have
€0
2
for every n € (N\ L (g9)) N K (g0). From Lemma [2] we get

R'(A) >0

H(A, A) < 2 < %R’ (An)
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and this is a contradiction. Therefore, Z — lim R’ (A,,) = 0 = R’ (A) holds.
/
A .
R'(4) . From A,, =X 4 we have

L(e):={neN:H(A,,A) >} el

Now let’s assume that R’ (A) > 0. Let 0 < e <

Then we have

R(A) _ R (A)

H (A, A)<e< 3 5
for every n € N\ L (¢). From Lemma 2| we get
R'(A,) >R (A) — H (An,A) > R (A) —¢ (11)
for every n € N\ L (). We also have
R (An)

H(A,,A)<e< = (R’(A) g) < 5

for every n € N\ L (¢). Again from Lemmal we get
R (A) >R (A,) — H (A A,) >R (A,) —¢ (12)
for every n € N\ L (g). From and we obtain
{neN:|R (A,) - R (A)|>e} C L()el
{neN:|R (A,)— R (A)|>e} € T
for every € > 0, and so Z — lim R’ (4,,) = R’ (A). O
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