http://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 72, Number 2, Pages 438-[448] (2023)
DOI:10.31801 /cfsuasmas.1124351

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Research Article; Received: June 1, 2022; Accepted: November 22, 2022 SERIES Al

ON STATISTICAL LIMIT POINTS WITH RESPECT TO POWER
SERIES METHODS AND MODULUS FUNCTIONS

Canan SUMBUL!, Cemal BELEN? and Mustafa YILDIRIM!3

LCumhuriyet University, Faculty of Arts a,nd“Scier}c%7 Department of Mathematics, 58140 Sivas,
TURKIYE B
2Department of Mathematics Education, Ordu University, 52200, Ordu, TURKIYE

ABSTRACT. In this study, we define a new type of statistical limit point us-
ing the notions of statistical convergence with respect to the J, power series
method and then we present some examples to show the relations between
these points and ordinary limit points. After that we also study statistical
limit points of a sequence with the help of a modulus function in the sense
of the J, power series method. Namely, we define f-.J,- statistical limit and
cluster points of the real sequences and compare the set of these limit points
with the set of ordinary points.

1. INTRODUCTION

The concept of statistical convergence was initially introduced by Fast [9]. The
important properties of statistical convergence were established by Salat [15] and
Fridy [11]. Fridy [12] introduced the concepts of statistical limit points and sta-
tistical cluster points of real sequences and compared them with ordinary limit
points.

By using the modulus functions, Aizpuru et al. [1] introduced the concept of f
-statistical convergence which depends on the other new concept of f-density of
subsets of natural numbers (where f is a modulus function). Listdn-Garcia [13]
gave the definition of f-statistical limit points and cluster points with respect to a
modulus function f and proved some relations including the properties of the sets
of f-statistical limit points and f-cluster points.

Unver and Orhan [18] discussed the idea of statistical convergence via power
series methods and they defined a new concept so-called P-statistical convergence.
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Many authors used P-statistical convergence to obtain new results. In [3], Bayram
gave some criteria for statistical convergence according to the power series methods.
In 4], Bayram and Yildiz gave various Korovkin-type approximation theorems for
linear operators defined on derivatives of functions, using statistical convergence
according to power series methods. The recent results including P-statistical con-
vergence can be seen in 2], [5], [8], |16], [17], [19].

In [6], the authors of this work developed the idea of statistical convergence by
using J, power series summability methods and a modulus function.

In this study, we introduce and study on the concepts of statistical limit points
and statistical cluster points determined by the power series methods. Later on
these notions are strenghtened via an unbounded modulus function. Some detailed
examples are also presented to obtain strict inclusion relations.

Now recall some basic notions used in this paper.

Let Ny be the set of nonnegative integers, E C Ng and E (n) ={k <n:k € E}.
By |E (n)|, denote the cardinality of the set of F (n). If limit
im 2
exists, then E is said to have natural density and it is denoted by o (E) [10].
Any number sequence z = () is statistical convergent to L if for every ¢ > 0,
0 (FE.) =0, where E. = {k € Ng : |z, — L| > €} . In this case we write st-limz = L.

Let (xk(j))be any subsequence of © = (z) and K = {k (j) : j € No}, then (wk(j))
is denoted by {z}x. {x} is called a thin subsequence of x if §(K) = 0. If §(K) # 0,
{z} ) is called a nonthin subsequence of = [12]. We know that L is ordinary limit
point of x if there exists a subsequence of x that converges to L. The definition of
statistical limit point is given below. Following Fridy [12], we say that the number
A is a statistical limit point of the sequence x if there exists a nonthin subsequence
of = that converges to A. For any real sequence z, A, denotes the set of statistical
limit points of x, and L, denotes the set of ordinary limit points of x. Also if
d({keN:|x—~v|<e}) #0 for every ¢ > 0, the number  is called a statistical
cluster point of the number sequence z [12]. T, denotes the set of all statistical
cluster points of . For every sequence z, we have A, C ', C L _.

2. Jp-STATISTICAL LIMIT POINTS

Let (pk) ken, Pe a sequence of nonnegative integers with pg > 0,

n

Pn:Zpk%oo (n — o)
k=0

and

o0
p(t)=> pit" < oo
k=0
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for 0 < t < 1. For any real sequence x = (), assume that

oo
e (t) = Zpkthk convergent for 0 < ¢ < 1.
k=0

Then we say that (z) is Jp-convergent to L or Jp-summable to L if

Pz (t)

t>1- p(t)
In this case we write z — L (Jp). The condition p (t) — oo (t — 17) assures that
Jp-method is regular (see, |7]). So we only consider regular J, methods.
The ideas of natural density and statistical convergence are extended to power
series methods by Unver and Orhan [18§].
Let £ C Ny be any set. If the limit

1
6J (E) = lim — pk-tk
’ t—1- p(t) l;
exits, then d;, (E) is called Jp-density of E. From the definition it is clear that
if 67, (F) exists, then 0 < §;, (E) < 1 and 6, (E) = 1 -6, (No\E). If E is
finite, then §;, (E) = 0. Note that J,-density and natural density of any £ C Ny
need not to be equal to each other. For instance, let (px) = (1,0,1,0,...). Then
p(t) =2 gt =1/(1—1t?) for 0 <t < 1. Now if E = {2k +1: k € Ny}, then
6y, (E) =0but ¢ (E) =1/2 (see [18]).
A real sequence x = (zy) is called J,-statistically convergent to L if for every
e>0
. 1 k
tl_lg{ p(t) k;g pitt = 0.
where, E. = {k € Ny : |z — L| > €} .That is, for every € > 0, 6, (E.) = 0. In this
case, we write sty -limz = L. The set of all J,-statistically convergent sequences
is denoted by st .
The following example shows that a sequence x can be J,, statistical convergent
even if x is not convergent or statistical convergent.

Example 1. Let (pr) = (1,0,1,0,...) and (zx) = (0,1,0,1,...). Observe that (xy)
is neither convergent nor statistically convergent. But, since

5JP({I€€NQZ|Q?k| ZE}):(SJP({Qk—I—l:kENo}):O
for each € > 0, we have st -limz = 0.
Definition 1. Ifd0;,(K) =0, {x} is called J,—thin subsequence and if § ;,(K) #
0, {z}, is called a J,—nonthin subsequence of x. If there exists a J,—nonthin

subsequence of the real sequence x that converges to \, then the number \ is said
to be a J,—statistical limit point of x.
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For any sequence z , Ai’) denote the set of J,—statistical limit points of z. It

is clear that AZ? C L, for any sequence z. The following example shows that the
inclusion is strict.

Example 2. Let (pi) and (zy) be in[]] and
Ei={k:k=2n+1,neNy } and E; ={k:k=2n, n € Ny}.

In this case we have

Zpktk Zp2k+1t2k+ + szkt%
= Z 0.42F 4 Z 1.2+
k=0 k=0

t
= m; lt] <1,
87, (Br) :t n Zpk = Z A2RHL
- ) F
2% _
05, (E2) t%l* Z Pit t%l* ZOt =0
lcEE )iz

Since {z} — 1 and 6, (E1) # 0, we obtain that AP = {1}. But, it is clear that
L, ={0,1}.

We write an example that shows A, and Ag” are not same.

Remark 1. The notions of statistical limit point and J,— statistical limit point are
not comparable. For instance, let J,-method be determined by the sequence

| 1 ,ifk is square
PE=91 0 ,if k is nonsquare
and consider the sequence x = (xy) defined by

2, if k is square
T = 1, ,if k is an odd nonsquare
0 , if k is an even nonsquare

Then we easily see that A, = {0,1} and AP = {2}.
We give an example below to show that Aip and L, can be very different.

Example 3. Let {ri.};— be a sequence whose range is the set of all rational numbers

and define

e sifk=2n
xk'_{k Cifk=on+1 " ENo
1 L ifkE=2n4+1
p’“"{o ifk=2n »n € No
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Alsolet By ={k:k=2n+1, ne€ Ny } and E2 = {k: k =2n, n € Ng}. Since

1 1
05 (E = lim — tF = lim — 0.t% =0,
5, (B2) = lim oo kZEE PR = R 0 () kZ_O
! -

we have A; = 0. But L, = R, since {ry : k € No} is dense in R.

Definition 2. If 6, ({k € N: |z — [ <e}) # 0 for every e > 0, then v is called
Jp—statistical cluster point of the sequence x = (xy) .

We show the set of all J,—statistical cluster points of x with .
Theorem 1. For every sequence x, Fip cL,.

Proof. Assume that v € T'2?. For every ¢ > 0, 05, {k € N: |z — v <e}) #0. So
the set A :={k € N: |z — | < &} is infinite. That means that there are infinitely
many 2 € (7 — &, +¢). From this we get y € L. O

J J
Theorem 2. For any number sequence x, A" C T'y".

Proof. Assume that A € AJ?. Then there exists K = {k(j) : j € No} such that
{z} [ is a Jp—nonthin subsequence of x. Thus for every € > 0 there exists ng € N
such that for all k (j) > no, |2y — A| < e and 6, (K) # 0. Also it is clear that

{k(j) € K :|any) — A <e} c{keNg:|zp — A <e}.
From this we have
0#6,,{k(j) € K:|xny — A <e} Cdos,{keN:|zp— A <e}.
Thus \ € Fi” and so Ai’) C Fi”. O
The following example shows that the inclusion AJP C T is strict.

Example 4. Define the sequence x by

0, ifk=0
TEEVL k=21 (2 +1).

Also let (pr) = (1,1,1,...). Thenp(t) =1/(1 —1t) for |t| <1, and

ds, {k:ap=1}) =65, {k=2n+1:n€Ny)}) = lim (1—1?)Zt2k+1 =271
t—1— =0

b1, ({k:ax=1/2}) =6, {k=4n+2:n€Ng)}) = lim (1—1)> ¥+ =272
t—1- =0

s, ({kan=1/2}) =6, {k=8n+4:neNp)}) = lim (1—1)> =273,
t—1—

k=0
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Thus we have for each v that §;, ({k:zp =1/r}) = 27" >0, whence L € ATt
can be seen by a similar method that

61, ({k el < 1}) — 5, ({k 0 <y < 1}) g,

Hence we get 0 € Fi” and so Fi’) ={0}uU {%}j‘;l Now we claim that 0 ¢ Ai". For
this, if the limit of the subsequence {x} is zero then we show that §;, (K) = 0.
For each r we have

. 1 . 1
05, (K) = lim — Z prtk —|—t11r1r17 D) Z tk
keEK, zp<1/r - p kEK, zp>1/r
<274+ 0(1).

Since v > 0 is arbitrary, we conclude that 05, (K) = 0.

Theorem 3. For any sequence x, the set Fg” is a closed point set.

Proof. Assume that « is an accumulation point of I‘;Z". Then for all e > 0, Fi"
contains some points
vE(a—eg,a+te).
Choose ¢’ so that
(a—éa+e)C(a—ca+e).

Since v € F;”

61, {k:ape(y—€,v+¢€)}) #0.
From this

85, {k: 2 € (@ —¢e,a+¢e)}) #0.
So we get a € I‘i’). O

If 2 and y are sequences such that ¢, ({k:xx # yr}) = 0 then we say that
x) = yp for almost all k.

Theorem 4. If x and y are sequences such that xy = yi for almost all k, then
AL — ADand T = T

Proof. Let 65, ({k:xr #yx}) = 0 and X € AJ?. Then there exists a Jp-nonthin
subsequence {x} ;- of x which is convergent to X. Since 05, ({k € K : z # yx}) = 0,
65, {k:k € K and x}, = yr}) # 0. From this if we take K’ = {k € N: 2, = 3.},
then {y} ./ is a J,-nonthin subsequence of {y}, which is convergent to A\. Thus
A€ Aip and so we get A A;”. Likewise, it can be shown that Aip C AJ?. Hence
we get A;{p = A;,]". Now let v € F;g" and show that Fip = F;”. For every € > 0,
67, {k € N:|zp —v| <e}) # 0. Define the sets E' := {ke N: |z, — 7] <e},
E":={keN:z, #yr and |z —v| <e}, B :={k € N:xp =y and |z, —v| < e}.

Since . ) )
— th = — th 4 — tk
@ 2= o e O p

keE’ keE" keE’’
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we get

. 1 1
0# lim mZpktkzm Z pktk

t—1—
keE’ keE'"’

ie., for every e > 0,40, ({k € N:|yp — 7| <e}) #0. Hence v € 1";”. The inclusion
1";” C 1";{" can be shown similarly. O

The following result can be obtained by a similar way to the Theorem 2 of [12].

Theorem 5. If x is a number sequence then there exists a sequence y such that

L, = Fl‘]-p and Yy = xp for almost all k ; moreover, the range of y is a subset of the
range of x.

Note that L, is always closed set while Ai" is not (see Example . Hence the
conclusion of Theorem {4|is not valid if we replace I‘i” with Ai”.

Following the line of Fridy (see [12], Section 3), we can prove the J,-statistical
analogues of some of the well-known completeness theorems of real numbers theo-
rems.

Theorem 6. Let x be a real sequence and M = {k:xp < xpy1}. If 05, (M) =1
and x is bounded on M then x is J,-statistically convergent.

Theorem 7. If x contains a bounded J,-nonthin subsequence then x has a Jp-
statistical cluster point.

This theorem leads naturally to the following corollary.
Corollary 1. If x is a bounded sequence then x has a J,-statistical cluster point.

Theorem 8. Ifz is a bounded sequence, then x has a J,-nonthin subsequence {x}
such that {z) : k e N\K} U T/ is compact set.

3. f-Jp-STATISTICAL LIMIT POINTS

In this section, we aim to examine the f-.J,-statistical version of cluster points
and limit points and relate them to classical limit points.

Any function f : Rt — R* with the following properties is called a modulus
function;
1. f(z) =0 if and only if = 0,
2. f(x+y) < f(z)+ f(y) for all z,y € RT,
3. f is increasing,
4. f,is continuous from the right at zero [14].

xT

f(z) = 117 and f(z) = 2P for 0 < p < 1 are examples of modulus functions. A

modulus function can be bounded or unbounded.
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Definition 3. Let f be an unbounded modulus function and E C Ny. If the limit

. 1
55, (B) = Jim ooy (Z p’“tk>

keE
exists, then 5517 (E) is called f-J,-density of E [6].

Definition 4. Let x = (x,,) be a real sequence and f be a unbounded modulus
function. If a set K C Ng has the propert 6§p (K) =0, then {x}j is called f-Jp,-
thin subsequence of x. If 551) (K) # 0, then {x} . is called f-J,-nonthin subsequence
of x.

Definition 5. Let x = (z,,) be a real sequence. If x has a f-J,-nonthin subsequence
that converges to £, then { is called f-J,-statistical limit point of x. The set of all
f-Jp-statistical limit point of x is denoted by Ai_J”,

Definition 6. Let x = (z,) be a real sequence. If 551, {neN:|z,—7|<e})#0
for each € > 0, then vy is called an f-J,-statistical cluster point of x. The set of all
f-Jp-statistical cluster point of x is denoted by Fgff‘]’).

It is known that 6§p (A) = 0 means d;, (A) = 0 for any unbounded modulus
function f and for any A C N [6].

Theorem 9. z is a sequence in R, then the followings hold:

i) A AL

i) Tyr c Ty

i) AL el

w) L7 c L.

Proof. (i) - (i) Since f-J,-density zero sets are .J,—density zero, it is clear that
AP c AP and T c T

(¢i7) To show Af:_‘]p - Fg_J” assume that ~ € Ag_‘]”. In this case there ex-
ists K C N such that (5§p (K) # 0 and limgeg v, = . For every € > 0,

A={ne€ K :|z,— | > e} is finite which implies 6§p (K\A) > 5§p (K)f(;JJcp (4) =
6§p (K) # 0. Since f is increasing and K\A C {n e N: |z, — | < &},
65, ({n € N: o, — | <e}) 2 65 (K\A) #0

hence v € Fi“’?.
(iv) We show that I‘g_‘]” C L,. Assume that v € I‘g_‘]”. For each j € N, we have

5§p ({neN:xn—'y|<;}> # 0.
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Thus if we say A; = {n eEN: |z, — 9| < %}, then A; C N and for each j € N,

Aj+1 C Aj. We can now take an increasing sequence of indices n; < ng < --- with
each nj € A;. If k > j, j € N, then |z, — 7| < § < % So (zy,) is a subsequence
of = that converges to -y, therefore x € L,. O

Note that all inclusions in Theorem [J] are strict. For instance for (i), we present
the following example.

~

Example 5. Let (xy) and (pr) are defined as

1 k=25 .
xk.—{2 k=241 ,0=0,1,2 ...
L k=2j+1
Pk = ko = a.j:051727"'
1 k=25

In this case,
- 1. (14t 1
k
= — ~In(="=° -
p(t) kz_opkt 5 n(1t> + 17
for 0 <t <1 and then we get 05, (E1) = 1 and 07, (E2) = 0 for the sets By :=
{2j:j €No} and By := {2j+1:j € No}. Hence A" = {2}. Indeed {w}y,p, is

the subsequence of x which converges to 2 and 05, (N\E1) # 0. For the modulus
function f(x) =log (z + 1), observe that

) 1
63, (B1) = lim — s f (Z pktk) -

So we obtain that AL~7" = {1,2}. Thus we see that the inclusion AP c AL s
strict.

Definition 7. If there exists a bounded set B such that 551) ({neN : z, ¢ B}) =
0, then x = (x,,) is called f-J,-statistical bounded sequence.

Theorem 10. If x = (z,) and y = (yn) are sequences in R such that
JJJCP {neN : z, #yn}) =0, then AT = Ai_J” and T ™77 = F?];_Jp.
Proof. Let a € Af;*']". In this case there exists a set B C N such that

lim z,, = «
neB

where 5§p(B) # 0 and |B| is infinite. We get the set A ={neN : z, # y,} for
which 5§p (A) = 0. Now take the sequence (yy),,cp\ 4. that convergence to a and

(Yn)nep\ a 18 f-Jp-nonthin subsequence of y. Indeed, if 6§p (B\A) =0, then
5}, (AUB) = 3] (AU (B\A)) < 8], (4)+4], (B\4) =0,
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but B C AUB and B doesn’t have null f-.J,-density. Thus we get o € AZJJLJP. The
other side of the equation can be shown in a similar way. Now take v € Fi_‘]". For
e >0, (5§p ({n eN: |z, — 7| <e}) # 0. Consider the sets

B.={neN:|z,—v|<e} and C. ={neN: |y, —y| <e}
for given € > 0. We get B.\A C C, and so
89 (Co) = 8% (BAA) > 6% (B.) — &% (4) =8 (B.) #0.
Thus we get v € F{j_‘]’). The other side of the equation can be shown similarly. O

From this theorem, the following result is obtained.

Corollary 2. Let © = (x,) be a f-J,-statistical bounded real sequence. Then
f=Jp .
Iy s bounded.
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