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ABSTRACT. In this paper, we introduce the notion of generalized weakly con-
tractive type multi-valued mapping with respect to a single-valued mapping
and prove the existence of PPF dependent coincidence points in Banach spaces.
Further, we introduce the notion of generalized weakly contractive type multi-
valued mappings for a pair of multi-valued mappings and prove the existence
of PPF dependent common fixed points in Banach spaces. We draw some
corollaries and provide nontrivial examples to illustrate our results.

1. INTRODUCTION

The Banach contraction principle is one of the fundemental and useful result in
fixed point theory and it plays an important role in solving problems related to
non-linear functional analysis. In 1969, Nadler [20] extended Banach contraction
principle to the context of set valued mapping. For more works on the existence of
fixed points of multi-valued maps, we refer Kaneko [16] and Mizoguchi and Taka-
hashi [19]. In 1997, Alber and Gurre-Delabriere [1] introduced weakly contractive
map which is a generalization of contraction map and obtained fixed point results in
the setting of Hilbert spaces. Rhoades [22] extended this concept to metric spaces
and Bae [6] considered these type of multi-valued mappings. Bose and Roychowd-
hury [9l/10] considered some generalized versions of these mappings and proved some
fixed point theorems.
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Let (X,d) be a metric space and K(X), the family of all non-empty compact
subsets of X and H represents the Hausdorff distance induced by the metric d. i.e.,
H(A, B) = max{supd(a, B), supd(A4,b)}
a€A beB

for any A, B € K(X), where d(a, B) = bin]fg d(a,b) and d(A,b) = igg d(a,b).
S a

Definition 1. [6/ A point x € X is said to be a fized point of a multi-valued
mapping T : X — K(X) if v € Tx.

Definition 2. A point x € X is said to be a coincidence point of two mappings
f[g: X = X if f(z) = g().
Definition 3. [9/ A mapping T : X — X s said to be a generalized weakly con-
tractive map with respect to f: X — X if

Y(d(Tz,Ty)) < P(d(fz, fy)) — ¢(d(fz, fy))
for all z,y € X, where ,¢ : [0,00) — [0,00) are both continuous such that
P(t),d(t) > 0 fort € (0,00) and (0) = 0 = ¢(0). In addition, ¢ is non-decreasing
and v is monotonically increasing (strictly).

If ¢(t) = ¢ for all t € [0,00), and f is the identity map in Definition [3| then we
say that T': X — X is said to be a weakly contractive map.

Definition 4. [§] A multi-valued mapping T : X — K(X) is said to be a general-
ized weakly contractive map with respect to f : X — X if

Y(H(Tz, Ty)) < ¢(d(fz, fy) — o(d(fz, fy)),
for all x,y € X, where ¢,¢ : [0,00) — [0,00) are both continuous such that
Y(t),d(t) > 0 fort € (0,00) and ¥(0) =0 = ¢(0). In addition, ¢ is non-decreasing

and ¥ is monotonically increasing (strictly).

If f is the identity mapping then the multi-valued mapping T : X — K(X) is
said to be generalized weakly contractive. If (t) =t for all ¢ € [0, 00), then the
multi-valued mapping T : X — K (X) is said to be weakly contractive with respect
to f.

In 1977, Bernfeld, Lakshmikantham and Reddy [§] introduced the concept of
fixed point for mappings that have different domains and ranges which is called PPF
(Past, Present and Future) dependent fixed point. Furthermore, they introduced
the notation of Banach type contraction for a non-self mappings and proved the
existence of PPF dependent fixed points of Banach type contractive mappings in the
Razumikhin class. Several mathematicians proved the existence of PPF dependent
fixed points of single-valued mapppings and multi-valued mappings, for more details
we refer to [25,|7,/13l[15]/18]. In 2016, Farajzadeh, Kaewcharoen and Plubtieng [14]
introduced the concept of PPF dependent fixed point of multi-valued mappings
which is an extension of PPF dependent fixed point of single valued mapping and
proved the existence of PPF dependent fixed point for multi-valued mappings.

Motivated by the research work of Bose and Roychowdhury [9] on weakly con-
tractive maps, we extend the above said results for the case of PPF dependent
coincidence points and PPF dependent common fixed points.



106 G. V. R. BABU, M. V. KUMAR

In this paper, we introduce the notion of generalized weakly contractive type
multi-valued mapping with respect to a single-valued mapping and prove the exis-
tence of PPF dependent coincidence points in Banach spaces. Further, we introduce
the notion of generalized weakly contractive type multi-valued mappings for a pair
of multi-valued mappings and prove the existence of PPF dependent common fixed
points in Banach spaces. We draw some corollaries and provide examples to illus-
trate our main results.

2. PRELIMINARIES

In this paper, we denote the real line by R, RT = [0,00), the set of all nat-
ural numbers by N. Let (E,||.||z) be a Banach space and we denote it by sim-
ply by E. Let I = [a,b] C R and Ey = C(I,E), the set of all continuous
functions on I equipped with the supremum norm [|.[|5 and we define it by

]|, = sup [|¢(t)]|f for ¢ € Ep.
a<t<b

In our discussion, let CB(E) be the collection of all non-empty closed and
bounded subsets of E. Then the Hausdorff metric Hg on CB(F) induced by the
norm ||.||g is defined by

Hg (A, B) = max{sup d(a, B),supd(A,b)}
acA beB
for any A, B € CB(E), where d(a, B) = blél]g [la —b||g and d(A,b) = igg [la —bl|E.

For a fixed ¢ € I, the Razumikhin class R, of functions in Ej is defined by

R. = {¢ € Eo | ||¢llg, = ll6(c)l|p} and Re(c) = {(c) | ¢ € Rc}. Clearly every
constant function from I to F belongs to R, so that R, is a non-empty subset of

Ep .

Definition 5. [§] Let R. be the Razumikhin class of continuous functions in Ey.
Then, we say that

(i) the class R, is algebraically closed with respect to the difference if 9—1 € R,
whenever ¢, € R,.

(ii) the class R, is topologically closed if it is closed with respect to the topology
on Eo by the norm ||.||, -

The Razumikhin class of functions R, has the following properties.

Theorem 1. [2| Let R, be the Razumikhin class of functions in Ey. Then

(i) for any ¢ € R, and a € R, we have a¢ € R,.
(ii) the Razumikhin class R. is topologically closed with respect to the norm
defined on Fy.
(iii) NR, ={p € Ep|¢:1 — E is constant} .
c€la,b]
Definition 6. [§] Let T : Eg — E be a mapping. A function ¢ € Ey is said to be
a PPF dependent fized point of T if T = ¢(c) for some c € I.
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Definition 7. [§] Let T : Eg — E be a mapping. Then T is called a Banach type
contraction if there exists a constant k € [0,1) such that

IT¢ = Tollg <klld =g
for any ¢, € Ey.

Theorem 2. [8] Let T : Ey — E be a Banach type contraction. Let R. be an
algebraically closed with respect to the difference and topologically closed. Then, T
has a unique PPF dependent fixed point in R..

Farajzadeh, Kaewcharoen and Plubtieng [14] introduced the concept of PPF
dependent fixed points of multi-valued mappings as follows.

Definition 8. [14] Let T : Eg — CB(E) be a multi-valued mapping. A point
¢ € Ey is said to be a PPF dependent fized point of T if ¢(c) € T¢ for some c € I.

Definition 9. [14] Let f : Ey — Ey be a single-valued mapping and
T : Ey — CB(FE) be a multi-valued mapping. A point ¢ € Ey is said to be a PPF
dependent coincidence point of f and T if fo(c) € T'o for some c € I.

Here we observe that f¢ is not a composition of ¢ and f.

Definition 10. [14] Let S,T : Ey — E be two single-valued mappings. A point
¢ € Ey is said to be a PPF dependent common fixed point of S and T if
S¢ =Te¢ = ¢(c) for some c € I.

We denote
U = {4 : RT — R™ | 9 is continuous, monotonically increasing and
Y(t) =0 < t =0}
and
® ={¢:RT - R" | ¢ is continuous and ¢(t) =0 < ¢ = 0}.
We use the following results in our subsequent discussions.

Proposition 1. If {a,} and {b,} are two real sequences, {b,} is bounded, then
liminf(a, + b,) < liminf a,, 4+ limsup b,,.

Lemma 1. [20] Let A and B be two non-empty compact subsets of a metric space
X. If a € A then there exists b € B such that d(a,b) < H(A, B).

Lemma 2. [3] Let {¢,,} be a sequence in Ey such that ||¢, — ¢"+1||E0 — 0 as

n — oo. If {¢,} is not a Cauchy sequence, then there exists an € > 0 and two
subsequences {¢,,, } and {¢,, } of {¢,} with my > ny >k such that

160, = @il 2 € 16, = 6l < € and

(i) Jim |6, = b1, =€

(i) kli)nt)lo qunk+1 ~ Py | ’Eo =6

(i) Hm [|6n, = Gl g, =€
)

(iv kILrI;O H¢nk+1 - ¢mk+1||E0 =€
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3. EX1ISTENCE OF PPF DEPENDENT COINCIDENCE POINTS

In this section, we introduce the concept of PPF dependent coincidence point of
fiE—FandT:FEy— FE.

Definition 11. Let f : E— E and T : Eg — E be two mappings. A point ¢ € Ey
is said to be a PPF dependent coincidence point of f and T if T = (f o ¢)(c) for
some ¢ € I, where f o ¢ denotes the composition of ¢ and f.

We observe that if f is the identity mapping then PPF dependent coincidence
point of f and T becomes PPF dependent fixed point of T

Motivated by this idea, in the following, we now introduce the concept of PPF
dependent coincidence point of f: E — F and T : Eg — CB(E).

Definition 12. Let f : E — E be a single-valued mapping and T : Ey — CB(E) be
a multi-valued mapping. A point ¢ € Ey is said to be a PPF dependent coincidence
point of f and T if (f o ¢)(c) € T¢ for some ¢ € I, where f o ¢ denotes the
composition of ¢ and f.

We observe that, if f is an identity mapping then ¢ is a PPF dependent fixed
point of the multi-valued mapping 7T'.

Notation: Let ¢ € I. Let f : E — E and ¢ € Ey. We denote (f o ¢)(c) by
fo(e).

In the following, we introduce the notion of generalized weakly contractive type
multi-valued mappings.

Definition 13. Let T : Ey — CB(E). Let f : E — E be a continuous function.
Then, T s said to be a generalized weakly contractive type multi-valued mapping
with respect to f if there exist v € U and ¢ € ® such that

V(HE(Ta,TB)) < ¢(|fa— fBllg,) — ol fa — fBllg,) (1)
for any o, B € Ey.

We observe the following;:
(i) if f is the identity mapping in then the mapping T : Ey — CB(E) is
said to be generalized weakly contractive type multi-valued mapping;
(ii) if ¢ (¢t) =t for any t € RT in (1)) then the mapping T : Ey — CB(E) is said
to be weakly contractive type multi-valued mapping with respect to f;
(iii) if both f is the identity mapping and (¢) = ¢ for any ¢ € RT in
then the mapping T : Ey — CB(FE) is said to be weakly contractive type
multi-valued mapping.

Theorem 3. Let T : Eg — CB(E) and f : E — E be functions that satisfy the
following conditions:
(i) T is a generalized weakly contractive type multi-valued mapping with respect

to f,
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(ii) To € f(Re)(c) ={f¢(c) | ¢ € Re} for any ¢ € Ey,
(iii) R, is algebraically closed with respect to the difference,
(iv) f(R.) is complete and

(v) f(Re) € Re.

Then, T and f have a PPF dependent coincidence point in R..

Proof. Let ¢y € R.. Then, T¢y C E. Let 1 € E be such that 1 € T'¢,.
Since T'py C f(R¢)(c), we choose ¢, in R, such that z; = f¢,(c) € T¢,.
From , we have
G(Hp(To0,Toy) < 011560 — foull,) — 6(1fé0 — f61ll,)-
Since x1 € T'¢g, by Lemma there exists xo € T'¢; such that
lz1 — 22lle < He(T'éo, Téy ). (2)

Since zg € T'¢y and T'¢; C f(R.)(c), we choose ¢, in R, such that

Ty = fdy(c) € Ty
If ¢; = ¢, then ¢, is a PPF dependent coincidence point of f and 7.

Suppose that ¢; # ¢,.
From , we have
1f¢1(e) = foa(c)lle < Hr(T¢o, Ty ).

Since R, is algebraically closed with respect to the difference, we have

||f¢1 - f¢2”Eo < HE(T¢0aT¢1)' (3)

From , we have
V(HE(To1,Tdy)) < U(||for — foallg,) — (| fé1 — fdallg,)-
Since xo € T'¢y, by Lemma there exists z3 € T'¢, such that
lz2 — 2s|le < He(T¢1,To,). (4)

Since xz3 € T'p, and Ty C f(R.)(c), we choose ¢3 in R, such that

z3 = fo3(c) € T'dy.
If ¢5 = ¢4 then ¢, is a PPF dependent coincident point of f and 7.

Suppose that ¢, # ¢5.
From (4)), we have

|[fpa(c) — f¢3(c)”E < Hp(Toy, Téy).

Since R, is algebraically closed with respect to the difference, we have
[fd2 = fosllm, < Hp(Té1, Thy). ()
On continuing this process, we get a sequence {f¢, } in R. such that
Tn = fon(c) € Thy 1, |fbn — fOniillE, < HE(T¢, 1, To,) for alln e N. - (6)

Clearly,
Y([fbn = fonialle,) < (He(Td, 1, Td,)
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< w(”fd)n—l - fqanEo)

Since 1) is monotonically increasing function, we have
||f¢n - f¢n+1||E0 S ||f¢n71 - f¢n||E0
Therefore, the sequence {||f¢, — f¢, 1], } is a decreasing sequence in R and
hence it is convergent.
Let ||f¢n —f¢n+1|]E0 — T asn — oQ.
From @, we have

Y([fbn = foniallze) < OUIf s = FOullme) — ol f bnr — Foullm)-

On applying limits as n — oo on both sides, we get

¥(r) < ¢(r) — ¢(r) and hence r = 0.

Therefore,
nli)ngo||f¢n_f¢n+l||E0:O (8)

We now show that {f¢,,} is a Cauchy sequence.

Suppose that {f®,,} is not a Cauchy sequence. Then, there exists an € > 0 and two
subsequences {f@,,, } and {f¢, } of {f¢,} such that for any k € N,my > ng >k
such that

f by = f Oy llEs = € (9)

Let my, be the smallest positive integer greater than nj satisfying @D

ThCI’l, Hf(zsnk - f(;smk”Eo Z € and ||f¢nk - fd)mk—lHEo <€
By Lemma [2] we have

Now, we show that klim [ f b1, = fPmyv1,]| B = € for any I1,1> € N.
—00

Let 11,15 € N. Now we consider
||f¢)nk+l1 _f¢mk+l2 ||EO S Hf(bnk-‘rh_f¢nk+l1—1||EO+||f¢nk+l1—1_f¢nk+l1—2|‘EO
o A bn1 = fOn e + [fOny — f 1l B0

+||f¢mk+1*f¢mk+2|‘Eo+-~-+||f¢mk+lg—1*f¢mk+lz||Eo-
On applying limit superior as k — oo on both sides, we get

lim sup || £ @, 1, = F Prngsta |0 < € (10)

k—o0

Now, we consider
||f¢nk - qumk—i-lHEo < Hfd)nk - f¢nk+1||Eo + ||f¢nk+1 - f¢nk+2||E0 +
+ Hf(vbnk-‘rll—l - f¢nk+ll ||E0 + Hfgbnk-i-ll - fd)mk-i-lg”EO
+||f¢mk+l2_f¢mk+lgfl||E0+"’+||f¢mk+2_f¢mk+1”E0'
Now, by applying Propositionwith ar = [|fbn 11, = [Ompr1,llE, and
bk = (||f¢nk _f¢nk+1||E0 +Hf¢nk+l _f¢nk+2||E0 +"'+||f¢nk+l171 _f¢nk+l1 ||EO+
Hf¢mk+l2 f¢mk+l2 1||E0 + .+ ||f¢mk+2 f¢mk+1||E0) we have
€ < hm lnf ||f¢nk+ll f¢mk+l2||E0 + hm Sup(”fd)nk fd)nk-i-lHEo

+||f¢n,€+1 f¢nk+2||E0+ +||f¢nk+l1 1 f¢nk+ll||E0+||f¢mk+l2 f¢mk+l2 1HE0
+ oo H [ f b2 — [Ompr1llEo)-
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Hence
€< hkn_ig‘}f Hfgbnk—&-ll - qumk—i-lgHEo' (11)
From and , we get
klggo Hf¢nk+l1 - f¢7rLk+l2||Eo = ¢ for any li,l €N (12)

We choose 1,15 € N such that (my +12) — (ng + 1) = 1.
From @, we have

w(‘|f¢nk+l1 - f¢mk+l2||E0) S
V1 fbnpsti—1 = fOmpria—1llEe) = O byt —1 = P10 -1ll50)-

On applying limits as k¥ — oo on both sides and by using , we get
,(/)(6) < 1/)(6) - n(€)a

a contradiction.
Therefore, {f¢,,} is a Cauchy sequence in f(R.). Since f(R.) is complete, we have
fé, — nasn — oo for some 1 € f(R.) and hence there exists ¢* € R, such that
n= 6" and lim fo, = fo'.
Now, for any n € N

A6 1(0),T6") < He(T6,,T6"),
and hence

P(d(f¢n41(0), T9Y)) < V(Hp(Td,,T¢"))

<P(fon = fO7llE)) — (I fbn — " ||E0)-

On applying limits as n — oo on both sides, we get

B(d(f6"(¢), T6™)) < $(0) — 6(0) and hence H(d(f6"(¢), T4")) = 0.
Therefore, f¢*(c) € T¢" and hence T and f have a PPF dependent coincidence
point in R.. (]

4. EXISTENCE OF PPF DEPENDENT COMMON FIXED POINTS

In this section, we introduce the concept of PPF dependent common fixed points
for a pair of multi-valued mappings.

Definition 14. Let S,T : Ey — CB(E) be two multi-valued mappings. A point
¢ € Ey is said to be a PPF dependent common fized point of S and T if ¢(c) € S¢
and ¢(c) € T¢ for some c € I.

In the following we define generalized weakly contractive type mappings for a
pair of multi-valued mappings.

Definition 15. Let S,T : Ey — CB(E) be two multi-valued functions. The pair
(S,T) is said to be a pair of generalized weakly contractive type multi-valued map-
pings on Ey if there exist v € U and ¢ € ® such that

Y(Hp(Ta, 5B)) < (M(a, B)) — ¢(M(a, B)) (13)
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for any o, B € Ey, where
M(aaﬂ) = maX{Ha - 5||an d(a(c)aTO‘)vd(ﬂ(C)v Sﬂ)v %[d(ﬂ(c)vTa) + d(OL(C), Sﬂ)]}

Theorem 4. Let S,T : Ey — CB(E) be two multi-valued mappings such that:

(i) the pair (S,T) is a pair of generalized weakly contractive type multi-valued
mappings on Ey,
(ii) R. is algebraically closed with respect to the difference and
(i) T¢ C Re(c) and S¢ C R.(c) for any ¢ € Ey.
Then, S and T have a PPF dependent common fixed point in R..

Proof. Let ¢y € R.. Then, T'p, C E. Let x1 € E be such that x1 € T'¢,.
Since T'py C R.(c), we choose ¢; in R, such that x; = ¢;(c) € T'h,.
From , we have

w(HE(Td)Oa S¢1)) < w(M(%, ¢1)) - ¢(M(¢0a ¢1))-
If M(¢y,¢,) = 0 then ¢y = ¢, and hence ¢, is a PPF dependent common fixed

point of S and T'.
Suppose that M (¢, ¢;) > 0. By Lemma [l there exists zo € S¢; such that

|21 — 22|l < He(Tdg, S¢1)- (14)

Since zo € S¢; and S¢; C R.(c), we choose ¢, in R, such that zo = ¢y(c) € S¢;.
From (13)), we have

G(Hp (561, Ty)) = $(Hp(Ts 561)) < $(M(0y, 1)) — S(M (6 61)).
If M(¢y,¢,) = 0 then ¢; = ¢4 and hence ¢, is a PPF dependent common fixed
point of S and T
Suppose that M(¢,, ¢;) > 0. By Lemmal[I] there exists x5 € T'¢, such that

[|x2 — 23]l < He(S¢1,T¢s). (15)

Since z3 € T'p, and T¢y C R.(c), we choose @5 in R, such that x3 = ¢3(c) € T'¢,.
Again from , we have

1/’(HE(T¢2a S¢3)) < ¢(M(¢2a ¢3)) - ¢(M(¢2a ¢3))
If M(¢y,¢3) = 0 then ¢, = ¢ and hence ¢, is a PPF dependent common fixed

point of S and T
Suppose that M (¢, ¢3) > 0. On continuing this process, we get a sequence {¢,, }
in R, such that

Gont1(€) € Thoys Popialc) € Shoy,iq (16)

and
M(¢n7¢n+1) > 0 (17)

with [[¢g,,41(¢) = don 2l < HE(Thep, Shapi1)
and [|¢g,,12(¢) = don13()l|E < He(Sdgpn i1, T'da42) for all n € NU{0}.
Since R. is algebraically closed with respect to the difference, for all n € NU {0}

we have
H¢2n+1 - ¢2n+2”E0 < HE(T¢2n7 S¢2n+1) (18)
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and

||¢2n+2 - ¢2n+3||Eo < HE(S¢2n+17T¢2n+2) = HE(T¢2n+2= S¢2n+1)~
We consider

M (¢gy, ¢2n+1) = max{||py,, — ¢2n+1||an d(¢an(c), T'hay,), d(¢2n+1(0)a 5¢2n+1)a

5[d(Dop11(¢), Td,,) + d(¢2,(¢), Say 1)1},

113

(19)

< maX{||¢2n_¢2n+l||E07 H¢2n<0)_¢2n+l(c>||E7 ||¢2n+1(0)_¢2n+2(c)||Ea

%[0 + H¢)2n(c) - ¢2n+2(C)HE}

= max{||py,, — ¢’2n+1||an H¢2n+1 - ¢2n+2”E07 %[”d)?n - ¢2n+2||Eo]}

< maX{HClbzn - ¢2n+1||Em H¢2n+1 - ¢2n+2”E07
§[H¢2n - ¢2n+1‘|E0 + H¢2n+1 - ¢2n+2||Eo]}
= max{||py,, — ¢)2n+1||E07 H¢2n+1 - ¢’2n+2HEo}v
and hence

M(¢2n7 ¢2n+1) < maX{||¢2n - ¢2n+1”E07 ||¢2n+1 - ¢2n+2||Eo}-

(20)

Suppose that max{||ds,, — Goni1llEos P21 — PansallEe} = P21 — PangallE,-

Now, from , we have

M (b2ps Pont1) < P2n+1 — PontollEos
and hence

1/)(M(¢2m¢2n+1)) < 7/1(||¢2n+1 - ¢2n+2”Eo)~
Now, from , we have

||¢2n+1 - ¢2n+2||Eo < HE(T¢2n» S¢2n+1)7

and hence
T/J(||¢2n+1 - ¢2n+2||Eo) w(HE(T¢2n’S¢2n+1))
M(¢ons Pani1)) — ¢(M (o, Papi1))

Y(
¢(||¢2n+1 - ¢2n+2||Eo) - ¢(M(¢2m ¢2n+1))-
Therefore, f(M(¢y,, ¢2n+1)) = 0 and hence M (¢y,,, ¢2n+1) =0,

a contradiction.

Therefore,

<
<
<

maX{||¢2n - ¢2n+1||Em H¢2n+1 - ¢2n+2||Eo} = H¢2n - ¢2n+1”E0'

Now, from , we have

M(¢2m ¢2n+1) < ||¢2n - ¢2n+1||Eo-
Now, from , we have
||¢2n+1 - ¢2n+2||Eo < HE(T%W S¢2n+1)a

and hence
7/1(H¢2n+1 - ¢2n+2”Eo) < w(HE(T%m S¢2n+1))
S ¢(M(¢2n7 ¢2n+1)) - ¢(M(¢2n7 ¢2n+1))
< ¢(M(¢2n7 ¢2n+1)) (by USing
< Y(l|¢2n — Pon1llE,). (by using )

Since 1 is monotonically increasing function, we have

||¢2n+1 - ¢2n+2||E0 < M(¢2n7 ¢2n+1) < H¢2n - ¢2n+1||Eo'

(21)
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Similarly we have H¢2n+2 - ¢2n+3”Eo < M(¢2n+2a ¢2n+1) < ||¢2n+2 - ¢2n+1”Eo
= ||¢2n+1 - ¢2n+2||Eo~ (25)
From and 7 we have [|¢, .1 — &, ||, < ||, — dn1llE, for all n € N.

Therefore, the sequence {||¢,, ;1 —¢,|| 5, } is a decreasing sequence in R™, and hence
convergent.
Let nlggo ‘|¢n+1 - ¢n||E0 = T(Say)'
From , we have

||¢2n+1 - ¢2n+2||Eo < M(¢2m ¢2n+1) < H¢2n - ¢2n+1||Eo-
On applying limits as n — oo, we get

< L < i =r.

P < 1im M(63, 03041) < 7 and hence lim M(dy,, dp41) =7
From (21]), we have

V(l|P2n11 — PanallEs) < V(M (ap, danyr)) — H(M(Dgps Poni1))-
On applying limits as n — oo, we get ¥(r) < ¥(r) — ¢(r) and which implies that
r=0.
Therefore,

T 16,41~ Gl = 0. (26)

Now, we show that {¢,,} is a Cauchy sequence.

From , to prove {¢,} is a Cauchy sequence it is enough to prove that {¢,, } is
a Cauchy sequence.

Suppose that {¢,,,} is not a Cauchy sequence.

Then, there exists € > 0 and two subsequences {¢,,,, } and {¢,, } of {¢,,} such
that for any k € N, my > ng > k such that

||¢2nk - ¢2mk”Eo Z €. (27)

Let my, be the smallest positive integer greater than ny that is satisfying (27).
Then, ||$g,, = o, |IE, = € and [[¢ay,, — Pom, —2llE, <€
We now show that lim |(¢y, — @9, 41llE, = €
k—o0
Clearly

€ < ||Dan, — Pom 1B < l|P2n, = Pomyt1llEe + [ P2m, 41 — Pom, || Eo-
Now, by applying Proposition [I| with ax = ||¢q,,, — @2, +1]|E, and

by = ||¢2m,€.¢..1 - ¢2'mkHE0 we have .
€= hkn—1>£f ||¢2"k~ o ¢2mk+1‘|E0 + hirlsolip H¢2mk+1 - ¢2mk ||E07
and hence
€< likrggf Pan, = Pamy,11llE0- (28)

Clearly
||¢2nk - ¢2mk+l”EO < H(ernk - ¢2mk72||E0 + ||¢2mk72 - ¢2mk71”E0
+ ||¢2mk71 - ¢2mk”Eo + ||¢2mk - ¢2mk+1||E0
<€+ ||Pam,—2 = Pom,—1llE,
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+ | P2ms—1 = Pomy B0 + P2, — Pamy 111 Eo-
On applying limit superior as £ — oo on both sides, we get

lim sup ||¢2nk - ¢2mk+1”Eo Se (29)
k—o0
From and , we get
kILH;O ||¢2nk - ¢2mk+1||E0 =€ (3())

We now show that klggo G211, = Poamy+1,llE, = € for any 14,15 € N.

Let l1,15 € N.

We now consider

b2, 11, — Poamy+ixllBo < N Dan, 11, — Pongri,—11Bo + 1 P2npt1, -1 — Pany 41,211 B0
+ ...+ H¢2nk+1 - ¢2nk||E0 + ||¢2nk - ¢2mk+1||E0

+ 1P2m+1 = Pom,+2llEo + o+ |2y 411 = Pomy 40| Bo-
On applying limit superior as k — oo on both sides, we get

lim sup H¢2nk+l1 - ¢2mk+l2 ||E0 < e (31)
k—oc0

We now consider
[ Bony, — Pompt+1llEe < N @2n, = Pongs1llEe + (P2, 41 — Panyrollmo + -

| Ponptir—1 = Pongtia [ B0 + P21, — PomptinllEo

+ P2y 1y = Pompt1o—1l1Eo + o+ P2y 12 — Py 111l Eo-
Now, by applying Proposition [I| with a = ||gb2nk+l1 — gZ)QnALk_‘_l,z||];0 and
b = (||¢2nk - ¢2nk+1”Eo + ||¢2nk+1 - ¢2nk+2”Eo + .t ||¢2nk+l171 - ¢2nk+ll ||Eo +
D2mntis = Pomptiz—1llEo + o T P2y 2 — Pomy11l1Eo)
we have

€ S hkn_l)g.}f ||¢2nk+l1 - ¢2mk+l2”E0 + hII;IlSU.p(”(ank - ¢2nk+1”ED

—00
F | P2ng+1 = Ponpt2llEo + o+ 1 D2np 410 —1 = Pong 11 o
F | Pomp 1y = Pomptta—1llEe + o + [Py 2 — Pomypt1llE0)-

Hence

€ <m0, 41, — Gamy sl (32)
From and , we get that for any l1,l; € N

0 [[630, 41, — Gamy 10 = € (3)

Now, we choose l1,l> € N such that 2ny + [y is even, 2my + l5 is odd and
(ka + lg) — (2’ﬂk + ll) =1.
From , we have

||¢2nk+l1+1_¢2mk+l2+l||E0 < M(¢2nk+ll7¢2mk+l2) < H¢2nk+l1_¢2mk+l2||E0‘
On applying limits as k — oo , we get

€< kli_{f;o M(¢2nk+ll’¢2mk+lg) < € and hence kh_{go M(¢2nk+l17¢2mk+lg) =€

From , we have
¢(| |¢2nk+l1+1_¢2mk+l2+l | |E0) < d}(M(%nHzl ) ¢2mk+l2))_¢(M(¢2nk+l1 ) ¢2mk+lz))'
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On applying limits as k — oo we get,
P(e) < (e) — ¢(e) and hence € = 0,
a contradiction.
Therefore, the sequence {¢,,} is a Cauchy sequence in R..
Since Ej is complete, we have ¢,, — ¢* as n — oo for some ¢* € Ej.
Since R, is topologically closed, we have ¢* € R..
Now, we show that ¢* is a PPF dependent common fixed point of S and T
We now consider,
d(¢"(c), S¢*) < M(¢op, ¢")
=l ¢l A0 (0) Tom), 6 (0. 56°),
Ld(6" (c), Toy) + d(my (). S9°)]}
< maxc{| o =67l |50 |62 (€)= b2p 1 (| 5+ 1 (€), Ty, A" (), S67),
36" (c) = ¢2k+1( o)lle + d(¢2k+1(c) T'oop)
+ [|¢ar(c) — ¢ ()||& + d(¢"(c), Sé™)]}
= max{|[dy — "5 l|oar — Popi1llmo, d(¢7(c), 567),
316" = borsallme + |ldo — ¢"IEo +d(67(c), S67)]}-
On applying limits as k — oo, we get
A(6"(c), 56°) < lim M(uy, 6")
< max{0,0,d(6" (c), 59°), (6" (¢), 56}
— (" (0), 54").
Hence lim M(dn,0) = (6" (c), 56").

Now

)

d(¢*(c),5¢%)) < |¢7(c) = Popy1(OE + d(Popq1(c), S7)
<||o" = dop1llEe + He(Toy, S¢¥).
Applying limits as k — oo , we get
d(6"(), 56")) < lim Hp(Ten, S6°),
and hence

P(d(97(e), 5¢7)) < lim Y(Hp(T¢op, 5¢7))
(

1m 1/’ M(¢pay, ¢ )) - klggo ¢(M(¢2ka¢*))

( 167 (), $6%)) — $(d(6" (¢), 567)).
Therefore, ¢(d(¢* ( ), S¢*)) =0 and hence ¢*(c) € S¢*.
Similarly we can prove that ¢*(c) € T'¢".
Therefore, ¢* is a PPF dependent common fixed point of S and T'. g

|/\ I/\

5. COROLLARIES AND EXAMPLES
Corollary 1. Let T : Ey — CB(E) and f : E — E be a function that satisfy the
following conditions:

(i) T is weakly contractive type multi-valued mapping with respect to f,

(ii) T¢ C f(R.)(c) for any ¢ € Ey,
(iii) R, is algebraically closed with respect to the difference,
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(iv) f(R.) is complete and
(V) f(RC) C Re.

Then, T and f have a PPF dependent coincidence point in R..

Proof. Follows from Theorem (3| by choosing 1 (t) = ¢, t € RT in the inequality
@ 0

By choosing f = I, I the identity map in Theorem [3] we get the following
corollary.

Corollary 2. Let T : Ey — CB(E) be a multi-valued mapping. Assume that T
satisfy the following conditions:

(i) T is a generalized weakly contractive type multi-valued mapping,
(i) T¢ C Relc) for any ¢ € By,
(iii) R. is algebraically closed with respect to the difference.
Then, T has a PPF dependent fixed point in R..

The following corollary follows by choosing 1 (t) = t, t € RT in Corollary

Corollary 3. Let T : Eg — CB(E) be a mapping satisfy the following conditions:

(i) T is weakly contractive type multi-valued mapping,
(ii) To C Re(c) for any ¢ € Ey,
(iii) R, is algebraically closed with respect to the difference.
Then, T has a PPF dependent fixed point in R..

Corollary 4. Let T : Ey — CB(E) be a mapping satisfiy the following conditions:

(i) suppose that there exists k € [0,1) such that
Hp(Ta,TB)) <k |la—pBllg, forala,p € Ey,
(i) T C Re(c) for any ¢ € Ey,
(iii) R, is algebraically closed with respect to the difference.
Then, T has a PPF dependent fixed point in R..

Proof. Follows by choosing ¢(t) = (1 — k)t,t € R* in Corollary O

Corollary 5. Let S,T : Eg — CB(E) be two multi-valued mappings such that
() Hp(Ta,S8)) < kmax{lla— 8|5, d(a(c), Ta), d(B(c), S8), 1 d(B(c), Ta) +
d(alc), S6)]}
for any o, B € Ey,
(ii) R. is algebraically closed with respect to the difference and
(iil) Ta C Re(c) and Sa C R.(c) for all a € Ey.
Then, S and T have a PPF dependent common fixed point in R..

Proof. Follows by choosing #(t) = t and ¢(t) = (1 — k)t for t € RT in Theorem
@ 0

If S =T in Theorem [4 and Corollary [5] we get the following corollaries.
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Corollary 6. Let T : Eg — CB(FE) be a multi-valued mapping. Assume that:
(i) there exist two functions ¥ € ¥ and ¢ € ® such that
Y(Hp(To,TH)) < O(M(a, B)) — ¢(M(e, B)) (34)
for all a, B € Ey, where
M(ev, B) = max{|la—p]|g,, d(a(c), Ta),d(B(c), T), 5[d(B(c), Tar)+d(a(c), TH)]},
(ii) R. is algebraically closed with respect to the difference and
(iif) T¢ C Re(c) for any ¢ € Ey.
Then, T has a PPF dependent fixed point in R,.

Corollary 7. Let T : Eg — CB(E) be two multi-valued mappings such that
) H(Ta, T8)) < kma{l|a— Bl g, d(a(e), Ta), d(3(c), TH), 3d(5(c), Ta) +
d(alc), TB)]}
for all o, B € Ey,
(ii) R. is algebraically closed with respect to the difference and
(i) Tao C Re(e) for any o € Ey.
Then, T has a PPF dependent fixed point in R..

Example 1. Let E=R, c=1€I=[3,2]CR, Ey=C(I,E).
Let k> 1. We define f : E — E by f(x) = kx for any x € E.
Clearly, f is a continuous function.
By definition, R.(c) = {¢(c) | ¢ € R.} and
F(R)(E) = {(Fod)(©) | 6€ R} = {f(6(c)) | bR} =1{ho(c) | &€ R
First we show that f(R.) = Re.
Let o € R.. Then o = 3 for some B € R,.
Clearly, o = k18 =kn (by Theorem n=+B € R.) so that
a(x) = kn(z) = f(n(z)) = (f on)(x) for any x € I.
Therefore, « = fon € f(R.) and hence
R C f(Re). (35)
Now, let a € f(R.). Then a = f o8 for some B € R,.
Clearly, a(x) = (f o B)(x) = f(B(z)) = kB(x) = (kB)(x) for any x € I.
Therefore, o = k3 € R, and hence
f(Re) € Re. (36)

From and (36), we get f(R:) = R..
Since Ey is complete and R, is topologically closed we have f(R.) = R. is complete.
For any v € R, we define ¢, : I — E by
2 ; 1
| vz if ©el3,1]

by(@) = { 2 if zeli,2)
Clearly ¢., € Eo, ||9, ||z, = ||¢,(c)||e and hence ¢., € R. for any v € R.
Let Fo = {¢, | v € R}.
Then, Fy is algebraically closed with respect to the difference and Fy C R..
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We observe that R = {d) (¢)|vyeR} =
Clearly, R.(c) C R and hence f(R.)(¢) = Re

c) =R. .
We define T : Eg — CB(E) by T¢ = [0, %||¢(c)||] for any ¢ € Ey.
Clearly, T¢p CR = R.(c) = f(R:)(c).
We define 1, ¢ : RT — RY by ¢(t) = & and

Clearly, v € ¥ and ¢ € .
From the definition of Hausdorff distance, it follows that, for any o, B € Ey

la@llz — 18@Ns i @]z > 18l
Hg(To,TH) = { 18]z — @z i 8Os > [a)]s
=41 1@l 10)le | = | ka(e) e~ {Ika(c)
< Hka(e) — k()] = 1|(f o a)(e) - (f 0 B)(c)]
= H(fa-B)()llE
Si”fa_fﬁHEo
Therefore,

(Hp(Ta, TB)) < ¥(llfa— fBllr,) = 5| ||fa— fBllE, |?
<¥(|fa— fBllE,) — &l for = fBllEo)-
Therefore, T and f satisfy all the hypotheses of Theorem[3 and ¢, € R, is a PPF
dependent coincidence point of T and f.

Example 2. Let E=R, c=1€I=[32]CR, Ey=C(l,E).
On continuing the same procedure as in the E:mmple we get R.(c) = R.
We define T : Eg — CB(E) by To = [0, £||¢(c)||s] for any ¢ € Ey.
Clearly T C R.(c).
We define ¢, ¢ : RT™ — R by 1(t) = 2t and ¢(t) = & for any t € RT.
Clearly, ¥ € ¥ and ¢ € .
Clearly, for any a, B € Ey, we have

Hp(Ta, TB) < 3lla = B[k,

< gmax{[|a — B]|g,,d(a(c), Ta),d(B(c), TB), 5[d(B(c), Ta) +

d(a(c), TB)]}

Therefore,
V(Hp(Ta, TB)) < b(3M(a, 8) = M (a, B)
=p(M(a,B)) — ¢(M(a, B)).
Therefore, T satisfies all the hypotheses of Corollary @ and ¢, € R. is a PPF
dependent fized point of T'.

— LM (o, 8).
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