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Asymptotic Expressions of Fourth Order Sturm-Liouville Operator with Conjugate Conditions 
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ABSTRACT: In this paper, it is studied the asymptotic expression of fourth order differential operator 

with periodic boundary conditions. For this operator, it is also considered conjugate boundary conditions 

at x=0 which shows discontinuity. For this purpose, firstly asymptotic expression of solutions 

areobtained. Then by using the the asymptotic formulas of fundamental solutions, asymptotic expression 

of eigenvalues and eigenfunctions are presented. It is also dealt with the asymptotic expression of same 

operator with antiperiodic boundary conditions and conjugate conditions 
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INTRODUCTION 

The eigenvalue problem arises during the solution of many problems of mathematical physics. 

When Fourier method or another method is applied to boundary value problems, it is important to 

examine the spectral properties of problem such as the forms of eigenvalue and eigenfunctions, 

orthogonality of eigenfunctions, expansion properties according to eigenfunctions (Tikhonov and 

Samarski, 1963). In this study, it is analyzed similar properties for a fourth order differential equation.  

Fourth order eigenvalue problem modelling the deformations of elastic beam is studied by many 

scholars with different boundary conditions (Agarwal, 1989; Yao, 2004; Bonanno and Bella, 2008; 

Gupta, 1988; Mamedov, 1996) and references there in. 

Consider the differential operator 

𝑙(𝑦) = {
𝑙1(𝑦), 𝑥 ∈ (−1,0)

𝑙2(𝑦), 𝑥 ∈ (0,1)
 (1) 

generated by fourth order differential expression 

𝑙1(𝑦1) = 𝑦1
(4)

+ 𝑞1(𝑥)𝑦1, 𝑙2(𝑦2) = 𝑦2
(4)

+ 𝑞2(𝑥)𝑦2,     (2) 

where 𝑞1(𝑥) ∈ 𝐶4[−1,0)and 𝑞2(𝑥) ∈ 𝐶4(0,1] complex valued functions. We consider boundary 

conditions of the operator (1) are with periodic 

𝑈𝑘(𝑦) ≔ 𝑈𝑘,−1(𝑦) + 𝑈𝑘,+1(𝑦) = 𝑦(𝑘)(−1) − 𝑦(𝑘)(+1) = 0,    𝑘 = 0,1,2,3 (3) 

and conjugate boundary conditions at zero 

𝑉𝑘(𝑦) ≔ 𝑉𝑘,0−
(𝑦) + 𝑈𝑘,0+

(𝑦) = 𝑦(𝑘)(−0) − 𝑦(𝑘)(+0) = 0,    𝑘 = 0,1,2,3.  (4) 

It is known that periodic (antiperiodic) boundary conditions (2) are not strongly regular boundary 

conditions. (see: Naimark, 1967). In general, spectral properties of second order boundary value 

problems with periodic and antiperiodic boundary conditions are investigated in the studies (Naimark, 

1967, Dunford and Schwartz, 1970; Marchenko, 1977; Levitan and Sargsyan, 1991; Coskun, 2003; 

Nabiev, 2007; Gasymov et al, 1990). Spectral properties in nonsefadjoint case are given by authors 

(Makin, 2006; Djakov and Mityagin, 2006; Gesztesy and Tkachenko, 2012; Baskakov and Polyakov, 

2017; Baranets’kyi et al, 2018). Basis properties studied in the works (Mamedov, 1996; Kerimov and 

Mamedov, 1998; Mamedov and Menken, 2008; Mamedov, 2010; Kurbanov, 2006; Menken, 2010; 

Jwamer and Hawsar, 2015). 

Linear diferential operator order 𝑛 with strongly regular boundary conditions and conjugate 

conditions is firstly investigated by (Muravei, 1967). For second order boundary value problem with 

periodic (antiperiodic) and conjugate conditions are studied in several works (Cabri, 2019, Cabri and 

Mamedov, 2020; Cabri and Mamedov, 2020). 

The existence and uniqueness of solutions of the fourth order boundary value problems with 

periodic boundary conditions is studied by (Gupta, 1988). Asymptotic expressions of eigenvalues and 

eigenfunctions of fourth order differential operator obtained by (Menken, 2010). Spectral properties of 

differential operators with integrable coefficients and a constant weight function is given by (Mitrokhin, 

2010). 

Our goal is to examine the spectral properties of the problem 𝑙(𝑦) = 𝜆𝑦 with periodic boundary 

conditions (3) and (4). Morever, we consider 𝑙(𝑦) = 𝜆𝑦 with antiperiodic boundary conditions 

𝑈𝑘(𝑦) ≔ 𝑈𝑘,−1(𝑦) + 𝑈𝑘,+1(𝑦) = 𝑦(𝑘)(−1) + 𝑦(𝑘)(+1) = 0,    𝑘 = 0,1,2,3 (5) 

and conjugate boundary conditions for 𝑘 = 0,1,2,3 

𝑉𝑘(𝑦) ≔ 𝑉𝑘,0−
(𝑦) + 𝑈𝑘,0+

(𝑦) = 𝑦(𝑘)(−0) − 𝑦(𝑘)(+0) = 0.    𝑘 = 0,1,2,3        (6) 

Here  𝑞1(𝑥) ∈ 𝐶4[−1,0)and 𝑞2(𝑥) ∈ 𝐶4(0,1]complex valued functions. 

Without loss of generality, we assume that 



Olgun Cabri 12(4): 2416 - 2424, 2022 

Asymptotic Expressions of Fourth Order Sturm-Liouville Operator with Conjugate Conditions 

 

2418 

∫ 𝑞1(𝑥)𝑑𝑥 = 0, ∫ 𝑞2(𝑥)𝑑𝑥 = 0.
1

0

 
0

−1

 

 

(7) 

MATERIALS AND METHODS 

Asymptotic Expression of Fundamental Solutions 

It is known from (Naimark, 1967) that fourth order differential operator (2) have four linearly 

independent solutions 𝑦𝑛(𝑥; 𝑠), (𝑛 = 1,2,3,4) in the both interval (−1,0) and (0,1) by 

𝑦𝑛(𝑥, 𝑠) = 𝑒𝑤𝑗𝑠𝑥 ( ∑
𝑢𝑚,𝑛(𝑥)

𝑠𝑚

7

𝑚=0

), 

 

(8) 

where 𝑢𝑚,𝑛(𝑥) satisfy diffferential equation 

4𝑢𝑚,𝑘
′ (𝑥) +  6𝑤𝑘

3𝑢𝑚−1,𝑘
′′  (𝑥) +  4𝑤𝑘

2 𝑢𝑚−2,𝑘(𝑥) +  𝑤𝑘𝑢𝑚−3,𝑘
(4)

 (𝑥) + 𝑤𝑘𝑞(𝑥)𝑢𝑚−3,𝑘(𝑥) = 0. 

where the numbers 𝜔𝑘 are the fourth roots of unity. 

By using Equation (8) and (Menken,2010) 𝑢𝑚,𝑛(𝑥) are obtained as follows in both interval. In the 

interval (−1,0), 𝑢𝑚,𝑛
1 (𝑥) functions of 𝑦𝑛

1(𝑥, 𝑠) become 

𝑢0,𝑛
1 (𝑥) = 1, 𝑢1,𝑛

1 (𝑥) = 𝑢2,𝑛
1 (𝑥) = 0,  𝑢3,𝑛

1 (𝑥) = −
1

ωn
3 ∫ 𝑞1(𝑡)𝑑𝑡,

−1

0

 

𝑢4,𝑛
1 (𝑥) =

3

8
(𝑞1(𝑥) − 𝑞1(−0)),    𝑢5,𝑛

1 (𝑥) = −
5

16
(𝑞1

′ (𝑥) − 𝑞1
′ (−0)), 

𝑢6,𝑛
1 (𝑥) =

3ω𝑛
2

8
(𝑞1

′′(𝑥) − 𝑞1
′′(−0)) +

ω𝑛
2

32
(∫ 𝑞1(𝑡)𝑑𝑡

−1

0

)

2

, 

𝑢7,𝑘
1 (𝑥) =

−ω𝑛

64
(𝑞1

′′′(𝑥) − 𝑞1
′′′(−0)) +

−3ω𝑛

64
(𝑞1(𝑥) − 𝑞1(−0)) ∫ 𝑞1(𝑡)𝑑𝑡

−1

0

−
3ω𝑛

32
(∫ 𝑞1

2(𝑡)𝑑𝑡

−1

0

). 

 

(9) 

In the interval (0,1), 𝑢𝑚,𝑛
2 (𝑥) functions of 𝑦𝑛

2(𝑥, 𝑠) become 

𝑢0,𝑛
2 (𝑥) = 1, 𝑢1,𝑛(𝑥) = 𝑢2,𝑛

2 (𝑥) = 0, 𝑢3,𝑛
2 (𝑥) = −

1

ω𝑛
3 ∫ 𝑞2(𝑡)𝑑𝑡

1

0

, 

𝑢4,𝑛
2 (𝑥) =

3

8
(𝑞2(𝑥) − 𝑞2(+0)), 𝑢5,𝑛(𝑥) = −

5

16
(𝑞2

′ (𝑥) − 𝑞2
′ (+0)), 

𝑢6,𝑛
2 (𝑥) =

3ω𝑛
2

8
(𝑞2

′′(𝑥) − 𝑞2
′′(+0)) +

ω𝑛
2

32
(∫ 𝑞2(𝑡)𝑑𝑡

1

0

)

2

, 

𝑢7,𝑘
2 (𝑥) =

−ω𝑛

64
(𝑞2

′′′(𝑥) − 𝑞2
′′′(0)) +

−3ω𝑛

64
(𝑞2(𝑥) − 𝑞2(+0)) ∫ 𝑞2(𝑡)𝑑𝑡

1

0

−
3ω𝑛

32
(∫ 𝑞2

2(𝑡)𝑑𝑡

1

0

). 

(10) 



Olgun Cabri 12(4): 2416 - 2424, 2022 

Asymptotic Expressions of Fourth Order Sturm-Liouville Operator with Conjugate Conditions 

 

2419 

 

In the interval (−1,0), 𝑢𝑚,𝑛
(𝑘) (𝑥) of 𝑦𝑛

1(𝑥, 𝑠) obtained by 

𝑢0,𝑛
(𝑘)(𝑥) = 1, 𝑢1,𝑛

(𝑘)(𝑥) = 𝑢2,𝑛
(𝑘)(𝑥) = 0, 𝑢(3,𝑛)

(𝑘) (𝑥) = −
1

ω𝑛
3 ∫ 𝑞1(𝑡)𝑑𝑡,

−1

0

 

𝑢4,𝑛
(1)(𝑥) =

1

8
𝑞1(𝑥) −

3

8
𝑞1(−0),  𝑢4,𝑛

(2)(𝑥) = −
1

8
𝑞1(𝑥) −

3

8
𝑞1(−0), 

𝑢4,𝑛
(3)(𝑥) = −

3

8
𝑞1(𝑥) −

3

8
𝑞1(−0), 𝑢5,𝑛

(1)(𝑥) =
ω𝑛

3

16
𝑞1

′ (𝑥) +
5ω𝑛

3

16
𝑞1

′ (−0), 

  𝑢5,𝑛
(2)(𝑥) =

3ω𝑛
3

16
𝑞1

′ (𝑥) +
5ω𝑘

3

16
𝑞1

′ (−0),   𝑢5,𝑛
(3)(𝑥) =

ω𝑘
3

16
𝑞1

′ (𝑥) +
5ω𝑘

3

16
𝑞1

′0(−0), 

𝑢6,𝑛
(1)(𝑥) =

−5ω𝑛
2

32
(𝑞1

′′(𝑥) + 𝑞1
′′(−0)) +

ω𝑛
2

32
(∫ 𝑞1

′′(𝑡)𝑑𝑡

−1

0

)

2

, 

𝑢6,𝑛
(2)(𝑥) =

−3ω𝑛
2

32
𝑞1

′′(𝑥) −
5ω𝑛

2

32
𝑞1

′′(−0) +
ω𝑛

2

32
(∫ 𝑞1(𝑡)𝑑𝑡

−1

0

)

2

, 

𝑢6,𝑛
(3)(𝑥) =

3ω𝑛
2

32
𝑞1

′′(𝑥) −
5ω𝑛

2

32
𝑞1

′′(−0) +
ω𝑛

2

32
(∫ 𝑞1(𝑡)𝑑𝑡

−1

0

)

2

, 

𝑢7,𝑛
(1)(𝑥) =

9ω𝑛

64
𝑞1

′′′(𝑥) +
ω𝑛

64
𝑞1

′′′(−0) +
−ω𝑛

64
(𝑞1(𝑥) − 3𝑞1(−0)) ∫ 𝑞1(𝑡)𝑑𝑡

−1

0

−
3ω𝑛

32
(∫ 𝑞1

2(𝑡)𝑑𝑡

−1

0

) , 

𝑢7,𝑛
(2)(𝑥) = −

ω𝑛

64
𝑞1

′′′(𝑥) +
ω𝑛

64
𝑞1

′′′(−0) +
−ω𝑛

64
(𝑞1(𝑥) − 3𝑞1(−0)) ∫ 𝑞1(𝑡)𝑑𝑡

−1

0

−
3ω𝑛

32
(∫ 𝑞1

2(𝑡)𝑑𝑡

−1

0

) , 

𝑢7,𝑛
(3)(𝑥) = −

7ω𝑛

64
𝑞1

′′′(𝑥) +
ω𝑛

64
𝑞1

′′′(−0) +
−ω𝑛

64
(𝑞1(𝑥) − 3𝑞1(−0)) ∫ 𝑞1(𝑡)𝑑𝑡

−1

0

−
3ω𝑛

32
(∫ 𝑞1

2(𝑡)𝑑𝑡

−1

0

). 

 

(11) 

In the interval (0,1), 𝑢𝑚,𝑛
(𝑘) (𝑥) of 𝑦𝑛

2(𝑥, 𝑠) are found by 

𝑢0,𝑛
(𝑘)(𝑥) = 1, 𝑢1,𝑛

(𝑘)(𝑥) = 𝑢2,𝑛
(𝑘)(𝑥) = 0,   𝑢(3,𝑛)

(𝑘) (𝑥) = −
1

ω𝑛
3 ∫ 𝑞2(𝑡)𝑑𝑡,

1

0

 

𝑢4,𝑛
(1)(𝑥) =

1

8
𝑞2(𝑥) −

3

8
𝑞2(+0), 𝑢4,𝑛

(2)(𝑥) = −
1

8
𝑞2(+0) −

3

8
𝑞2(+0), 

𝑢4,𝑛
(3)(𝑥) = −

3

8
𝑞2(+0) −

3

8
𝑞2(+0), 𝑢5,𝑛

(1)(𝑥) =
ω𝑛

3

16
𝑞2

′ (𝑥) +
5ω𝑛

3

16
𝑞2

′ (+0), 

(12) 
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  𝑢5,𝑛
(2)(𝑥) =

3ω𝑛
3

16
𝑞2

′ (𝑥) +
5ω𝑘

3

16
𝑞2

′ (+0), 𝑢5,𝑛
(3)(𝑥) =

ω𝑘
3

16
𝑞2

′ (𝑥) +
5ω𝑘

3

16
𝑞2

′ (+0), 

𝑢6,𝑛
(1)(𝑥) =

−5ω𝑛
2

32
(𝑞2

′′(𝑥) + 𝑞2
′′(+0)) +

ω𝑛
2

32
(∫ 𝑞2

′′(𝑡)𝑑𝑡

1

0

)

2

, 

𝑢6,𝑛
(2)(𝑥) =

−3ω𝑛
2

32
𝑞2

′′(𝑥) −
5ω𝑛

2

32
𝑞2

′′(+0) +
ω𝑛

2

32
(∫ 𝑞2(𝑡)𝑑𝑡

1

0

)

2

, 

𝑢6,𝑛
(3)(𝑥) =

3ω𝑛
2

32
𝑞2

′′(𝑥) −
5ω𝑛

2

32
𝑞2

′′(−0) +
ω𝑛

2

32
(∫ 𝑞2(𝑡)𝑑𝑡

1

0

)

2

, 

𝑢7,𝑛
(1)(𝑥) =

9ω𝑛

64
𝑞2

′′′(𝑥) +
ω𝑛

64
𝑞2

′′′(+0) +
−ω𝑛

64
(𝑞2(𝑥) − 3𝑞2(+0)) ∫ 𝑞2(𝑡)𝑑𝑡

1

0

−
3ω𝑛

32
(∫ 𝑞2

2(𝑡)𝑑𝑡

1

0

) , 

𝑢7,𝑛
(2)(𝑥) = −

ω𝑛

64
𝑞2

′′′(𝑥) +
ω𝑛

64
𝑞2

′′′(+0) +
−ω𝑛

64
𝑞2(𝑥) − 3𝑞2(+0) ∫ 𝑞2(𝑡)𝑑𝑡

1

0

−
3ω𝑛

32
(∫ 𝑞2

2(𝑡)𝑑𝑡

1

0

) , 

𝑢7,𝑛
(3)(𝑥) = −

7ω𝑛

64
𝑞2

′′′(𝑥) +
ω𝑛

64
𝑞2

′′′(+0) +
−ω𝑛

64
(𝑞2(𝑥) − 3𝑞2(+0)) ∫ 𝑞2(𝑡)𝑑𝑡

1

0

−
3ω𝑛

32
(∫ 𝑞2

2(𝑡)𝑑𝑡

1

0

). 

 

RESULTS AND DISCUSSION 

Asymptotic Expression of Eigenvalues and EigenFunctions 

Theorem 1: Let 𝑞1(𝑥) ∈ 𝐶4[−1,0] and 𝑞2(𝑥) ∈ 𝐶4[0,1]. Then, the eigenvalues of the boundary-

value problem Problem (1)-(3) has two infinite sequences λ𝑘,1, λ𝑘,2 (𝑘 = 𝑁, 𝑁 + 1 …) and have the 

following expressions 

λ𝑘,1 = (𝑘π)4 +
3

16

∫ 𝑞1
2(𝑡)𝑑𝑡

0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑘4
+ 𝑂 (

1

𝑘5
), 

λ𝑘,2 = (𝑘π𝑖)4 +
3

16

∫ 𝑞1
2(𝑡)𝑑𝑡

0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑘4
+ 𝑂 (

1

𝑘5
). 

Proof: By using asymptotic expression of fundamental solution (9)-(12), characteristic 

determinant is easily obtained as 
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∆(𝑠) =

|

|

|

𝑦1,1(−1) 𝑦2,1(−1) . . . 𝑦4,1(−1) 𝑦1,2(−1) 𝑦2,2(−1) . . . 𝑦4,2(−1)

𝑦1,1
(1)(−1) 𝑦2,1

(1)(−1) . . . 𝑦4,1
(1)(−1) 𝑦1,2

(1)(−1) 𝑦2,2
(1)(−1) . . . 𝑦4,2

(1)(−1)
. . . . . . . . . . . . . . . . . . . . . . . .

𝑦1,1
(3)(−1) 𝑦2,1

(3)(−1) . . . 𝑦4,1
(3)(−1) 𝑦1,2

(1)(−1) 𝑦2,2
(1)(−1) . . . 𝑦4,2

(3)(−1)

𝑦1,1(−0) 𝑦2,1(−0) . . . 𝑦4,1(−0) 𝑦1,2(+0) 𝑦2,2(+0) . . . 𝑦4,2(+0)

𝑦1,1
(1)(−0) 𝑦2,1

(1)(−0) . . . 𝑦4,1
(1)(−0) 𝑦1,2

(1)(+0) 𝑦2,2
(1)(+0) . . . 𝑦4,2

(1)(+0)
. . . . . . . . . . . . . . . . . . . . . . . .

𝑦1,1
(3)(−0) 𝑦2,1

(3)(−0) . . . 𝑦4,1
(3)(−0) 𝑦1,2

(1)(+0) 𝑦2,2
(1)(+0) . . . 𝑦4,2

(3)(+0)

|

|

|

. 

For simplicity let us denote 𝐶 and 𝑀 by 

 𝐶 = 𝑞1(−0) + 𝑞2(+0), 𝑀 = ∫ 𝑞1
2(𝑡)𝑑𝑡

−1

−0

− ∫ 𝑞2
2(𝑡)𝑑𝑡

1

+0

. 

Chacteristic determinant can be simplify as follows 

−Δ(𝑠)

256𝑠9
= ((𝑒−2𝑖𝑠 + 𝑒2𝑖𝑠) [1 +

3𝑖𝑀

32𝑠7
+ 𝑂 (

1

𝑠8
)] − 2 [1 + 𝑂 (

1

𝑠8
)]) × 

× 

((𝑒−2𝑠 + 𝑒2𝑠) [1 −
3𝐶

2𝑠4
+

3𝑀

32𝑠7
+ 𝑂 (

1

𝑠8
)] − 2 [1 −

3𝐶

2𝑠4
+ 𝑂 (

1

𝑠5
)]). 

(13) 

Multiplying equation (13) by 

𝑒2𝑖𝑠 [1 −
3𝑖𝑀

32𝑠7
+ 𝑂 (

1

𝑠8
)] × 𝑒2𝑠 [1 +

3𝐶

2𝑠4
−

3𝑀

32𝑠7
+ 𝑂 (

1

𝑠8
)], (14) 

we get 

Δ(𝑠)

256𝑠9
= (𝑒2𝑠 − [1 −

3𝑀

32𝑠7
+ 𝑂 (

1

𝑠8
)])

2

× (𝑒2𝑖𝑠 − [1 −
3𝑖𝑀

32𝑠7
+ 𝑂 (

1

𝑠8
)])

2

. (15) 

Therefore, for sufficiently large ∣ 𝑠 ∣, roots of Δ(𝑠) = 0 satisfy 

𝑒2𝑖𝑠 = 1 +
3𝑖

32

∫ 𝑞1
2(𝑡)𝑑𝑡

0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑠7
+ 𝑂 (

1

𝑠8
), 

 

𝑒2𝑠 = 1 +
3

32

∫ 𝑞1
2(𝑡)𝑑𝑡

0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑠7
+ 𝑂 (

1

𝑠8
) . 

 

(16) 

Using Rouche’s theorem in (16) by writing 𝑠 = 𝑘𝜋 + 𝜀𝑛 and 𝑠 = 𝑘𝜋𝑖 + 𝜀𝑛  asymptotic expression 

of eigenvalues are obtained by 

𝜆𝑘1
= (𝑘π)4 +

3

16

∫ 𝑞1
2(𝑡)𝑑𝑡

0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑘4
+ 𝑂 (

1

𝑘5
), 

λ𝑘2
= (𝑘π𝑖)4 +

3

16

∫ 𝑞1
2(𝑡)𝑑𝑡

0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑘4
+ 𝑂 (

1

𝑘5
). 

This ends proof. 

Theorem 2: Asymptotic expression of eigenfunctions of boundary value problem (1)-(4) are 

𝑦𝑘1
(𝑥) = 𝑠𝑖𝑛(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ [−1,0) ∪ (0,1], 

𝑦𝑘2
(𝑥) = 𝑐𝑜𝑠(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ [−1,0) ∪ (0,1]. 

(17) 
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Proof: If 𝑈𝑗(𝑦𝑘) and 𝑉𝑗 (𝑦𝑘(𝑥, 𝑠𝑘,1)) (𝑗 = 0,1,2,3) are calculated up to order 𝑂(𝑠−5), then first 

part 𝑦1,𝑘
1 (𝑥) of 𝑦𝑘,1(𝑥) is obtained by 

𝑦𝑘,1
1 (𝑥) =

|

|

|

𝑦𝑘,1(𝑥) 𝑦𝑘,2(𝑥) . . . 𝑦𝑘,4(𝑥) 0 0 . . . 0

𝑦1,1(−1) 𝑦2,1(−1) . . . 𝑦4,1(−1) 𝑦1,2(+1) 𝑦2,2(+1) . . . 𝑦4,2(+1)
. . . . . . . . . . . . . . . . . . . . . . . .

𝑦1,1
(3)(−1) 𝑦2,1

(3)(−1) . . . 𝑦4,1
(3)(−1) 𝑦1,2

(2)(+1) 𝑦2,2
(2)(+1) . . . 𝑦4,2

(2)(+1)

𝑦1,1(−0) 𝑦2,1(−0) . . . 𝑦4,1(−0) 𝑦1,2(+0) 𝑦2,2(+0) . . . 𝑦4,2(+0)

𝑦1,1
(1)(−0) 𝑦2,1

(1)(−0) . . . 𝑦4,1
(1)(−0) 𝑦1,2

(1)(+0) 𝑦2,2
(1)(+0) . . . 𝑦4,2

(1)(+0)
. . . . . . . . . . . . . . . . . . . . . . . .

𝑦1,1
(3)(−0) 𝑦2,1

(3)(−0) . . . 𝑦4,1
(3)(−0) 𝑦1,2

(1)(+0) 𝑦2,2
(1)(+0) . . . 𝑦4,2

(3)(+0)

|

|

|

 

This determinant yields 

𝑦𝑘,1
1 (𝑥) =

16(𝑞1(−1) − 𝑞1(−0)) − (𝑞2(1) − 𝑞2(+0))(1 − 𝑠𝑖𝑛ℎ𝑠)

𝑠5
(

𝑒𝑖𝑠𝑥 − 𝑒𝑖𝑠𝑥

2𝑖
)

+ 𝑂 (
1

𝑠9
) . 

 

(18) 

By normalizing the result (15), we can write eigenfunction corresponding to 𝜆𝑘1
 

𝑦𝑘,1
1 (𝑥) = 𝑠𝑖𝑛(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ [−1,0), (19) 

Similarly, second part 𝑦𝑘,1
2 (𝑥) of 𝑦𝑘,1(𝑥) is found by 

𝑦𝑘,1
2 (𝑥) = 𝑠𝑖𝑛(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ (0,1]. (20) 

In same way first part 𝑦(𝑘,2)
1 (𝑥) of 𝑦𝑘,2

1 (𝑥) is obtained by 

𝑦𝑘,1
2 (𝑥) =

|

|

|

𝑦𝑘,1(𝑥) 𝑦𝑘,2(𝑥) . . . 𝑦𝑘,4(𝑥) 0 0 . . . 0

𝑦1,1
(1)(−1) 𝑦2,1

(1)(−1) . . . 𝑦4,1
(1)(−1) 𝑦1,2

(1)(−1) 𝑦2,2
(1)(−1) . . . 𝑦4,2

(1)(−1)
. . . . . . . . . . . . . . . . . . . . . . . .

𝑦1,1
(3)(−1) 𝑦2,1

(3)(−1) . . . 𝑦4,1
(3)(−1) 𝑦1,2

(1)(−1) 𝑦2,2
(1)(−1) . . . 𝑦4,2

(3)(−1)

𝑦1,1(−0) 𝑦2,1(−0) . . . 𝑦4,1(−0) 𝑦1,2(+0) 𝑦2,2(+0) . . . 𝑦4,2(+0)

𝑦1,1
(1)(−0) 𝑦2,1

(1)(−0) . . . 𝑦4,1
(1)(−0) 𝑦1,2

(1)(+0) 𝑦2,2
(1)(+0) . . . 𝑦4,2

(1)(+0)
. . . . . . . . . . . . . . . . . . . . . . . .

𝑦1,1
(3)(−0) 𝑦2,1

(3)(−0) . . . 𝑦4,1
(3)(−0) 𝑦1,2

(1)(+0) 𝑦2,2
(1)(+0) . . . 𝑦4,2

(3)(+0)

|

|

|

 

This determinant gives us 

𝑦𝑘,2
1 (𝑥) =

16(𝑞1(−1) − 𝑞1(−0)) − (𝑞2(1) − 𝑞2(+0))(1 − 𝑠𝑖𝑛ℎ𝑠)

𝑠8
(

𝑒𝑖𝑠𝑥 + 𝑒𝑖𝑠𝑥

2
)

+ 𝑂 (
1

𝑠9
) , 

 

(21) 

Then we can get eigenfunction corresponding to 𝜆𝑘2
 

𝑦𝑘,2
1 (𝑥) = 𝑐𝑜𝑠(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ [−1,0) (22) 

Second part 𝑦𝑘,2
2 (𝑥)of 𝑦𝑘,2(𝑥)is found by 

𝑦𝑘,2
2 (𝑥) = 𝑐𝑜𝑠(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ (0,1]. (23) 
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Thus from equations (19)-(20) and (22)-(23), proof is complete. 

Theoem 3: Let 𝑞1(𝑥) ∈ 𝐶4[−1,0] and 𝑞2(𝑥) ∈ 𝐶4[0,1]. Then, the eigenvalues of the boundary-

value problem (1), (2) with antiperiodic boundary conditions (5)-(6) has two infinite sequences λ𝑘,1, λ𝑘,2 

(𝑘 = 𝑁, 𝑁 + 1 …)  and have the following expression 

λ𝑘1
= (

𝑘π

2
)

4

+ 96
∫ 𝑞1

2(𝑡)𝑑𝑡
0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑘4
+ 𝑂 (

1

𝑘5
) 

λ𝑘2
= (

𝑘π𝑖

2
)

4

+ 96
∫ 𝑞1

2(𝑡)𝑑𝑡
0

−1
+ ∫ 𝑞2

2(𝑡)𝑑𝑡
1

0

𝑘4
+ 𝑂 (

1

𝑘5
). 

and asymptotic expression of eigenfunctions of boundary value problem are 

𝑦𝑘1
(𝑥) = 𝑠𝑖𝑛(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ [−1,0) ∪ (0,1], 

𝑦𝑘2
(𝑥) = 𝑐𝑜𝑠(𝑘π𝑥) + 𝑂 (

1

𝑘
) , 𝑥 ∈ [−1,0) ∪ (0,1] 

 

Proof: Proofs run as before. 

CONCLUSION 

In this work, it is considered fourth order problem with perodic boundary conditions which is not 

strongly regular which differs from (Muravei, 1967). (Menken, 2010) obtained the asymptotic 

expression of eigenvalues and eigenfunctions of fourth order differential operator in continuous case.  In 

this study, by using fundemental solutions of problem, asymptotic expression of eigenvalues and 

eigenfunctions are acquired in discontinuous case. 

REFERENCES  

Agarwal R.P, 1989. On fourth order boundary value problems arising in beam analysis, Differential and 

Integral Equations, 2(1):91-110. 

Bonanno G, Bella BD, 2008. A boundary value problem for fourth-order elastic beam equations, Journal 

of Mathematical Analysis and Applications, 343:1166-1176. 

Baranets’kyi YO, Kalenyuk PI, Kolyasa LI., 2018. Spectral Properties of Nonself-Adjoint Nonlocal -

Boundary-Value Problems for the Operator of Differentiation of Even Order, Ukrainian 

Mathematical Journal, 70:851-865. 

Baskakov AG, Polyakov DM, 2017. The method of similar operators in the spectral analysis of the Hill 

operator with nonsmooth potential, Matematicheskii Sbornik, 208(1):3-47. 

Cabri O. 2019.On the Riesz basis property of the root functions of a discontinuous boundary problem, 

Mathematical Methods in Applied Sciences,6733-6740. 

Cabri O, Mamedov KhR, 2020.Riesz basisness of root functions of a Sturm Liouville operator with 

conjugate conditions, Lobachevskii Journal of Mathematics, 41(1):1-6. 

Cabri O, Mamedov, KhR, 2020. On the Riesz Basisness of Root Functions of a Sturm–Liouville 

Operator with Conjugate Conditions, Lobachevskii Journal of Mathematics, 41(9):1784–1790. 

Coskun H, 2003. On the spectrum of a second-order periodic differential equation, Rocky Mountain 

Journal of Mathematics, 33:1261-1277 

Djakov P, Mityagin B, 2006. Instability zones of periodic one dimensional Schr¨odinger and dirac 

operators. Uspekhi Math.Nauk, 61(4):663-776. 

Dunford N, Schwartz JT, 1970. Linear Operators, Prt.3 Spectral Operators, Wiley, Newyork. 

Gasymov MG, Guseinov IM, Nabiev IM, 1990. An inverse problem for the Sturm-Liouville operator 

with nonseparable self-adjoint boundary conditions, Siberian Mathematical Journal, 31:910–918. 



Olgun Cabri 12(4): 2416 - 2424, 2022 

Asymptotic Expressions of Fourth Order Sturm-Liouville Operator with Conjugate Conditions 

 

2424 

Gesztesy F, Tkachenko VA, 2012. Schauder and Riesz basis criterion for non-self-adjoint Schrodinger 

operators with periodic and antiperiodic boundary conditions Journal of Differential Equations, 

253(2):400-437. 

Gupta C, 1988.Solvability of a fourth order boundary value problem with periodic boundary conditions, 

International Journal of Mathematics and Mathematical Sciences, 11(2): 275-284. 

Jwamer KH, Hawsar AH, 2015. Accurate asymptotic formulas for eigenvalues of a boundaryvalue 

problem of fourth order, Mathematics and Statistics, 3(3):71-74. 

Kerimov NB, Mamedov KhR, 1998.On the Riesz basis property of the root functions in certain regular 

boundary value problems, Mathematical Notes, 64(4):483-487. 

Kurbanov VM, 2006. A theorem on equivalent bases for a differential operator, Doklady 

Akademics,406(1):17-20. 

Levitan BM, Sargsyan, IS, 1991. Sturm Liouville and Dirac Operators, Kluver Academic Publisher, 

Netherlands. 

Makin AS, 2006. Convergence of expansions in the root functions of periodic boundary value problems, 

Doklady Mathematics, 73(1):71-76. 

Mamedov KhR, 1996. On spectrally of differential operator of second order, Proceeding of Institute of 

Mathematics and Mechanics Acad, 5:526-558. 

Mamedov KhR, 1996.Completeness and minimality of a half of the set of eigenfunctions for the 

biharmonic equation in a half-strip, Mathematical Notes, 60:344-396. 

Mamedov KhR, Menken H, 2008.On the basisness in L2(0; 1) of the root functions in not strongly 

regular boundary value problems, European Journal of Pure and Applied Math., 1(2):51-60. 

Mamedov KhR, 2010.On the Basis Property in Lp(0; 1) of the Root Functions of a Class NonSelf Adjoint 

Sturm-Lioville Operators, European Journal of Pure and Applied Math., 3(5): 881-838. 

Marchenko VA, 1977. Sturm-Liouville Operators and Their Applications, Naukova Dumka, Kiev 

Menken H, 2010. Accurate asymptotic formulas for eigenvalues and eigenfunctions of a boundarybalue 

problem of fourth order, Boundary Value Problems. 

Muravei LA, 1967. Riesz bases in L2(−1; 1), Proceedings of the Steklov Institute of 

Mathematics,91:113-131. 

Mitrokhin SI, 2010. Spectral properties of a fourth-order differential operator with integrable 

coefficients, Proceedings of the Steklov Institute of Mathematics, 270:184-193. 

Nabiyev IM, 2007. The Inverse quasiperiodic problem for a diffusion operator, Doklady Mathematics, 

76:527-529. 

Naimark MA, 1967. Linear differential operators, Part I. Frederick Ungar, Newyork. 

Tikhonov AN, Samarskii AA, 1963. Equations of Mathematical Physics, Dover Publications, New York. 

Yao Q, 2004.Positive solutions for eigenvalue problems of fourth-order elastic beam equations, Applied 

Mathematics Letters, 17: 237-243. 


