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Abstract

In this paper we study exact K-g-frames, weaving of K-g-frames and ()-duals of g-frames
in Hilbert spaces. We present a sufficient condition for a g-Bessel sequence to be an exact
K-g-frame. Given two woven pairs (A,I") and (0, A) of K-g-frames, we investigate under
what conditions A can be K-g-woven with A if ' is K-g-woven with ©. Given a K-g-frame
A and its dual I on U, we construct a new pair based on A and I" so that they are woven
on a subspace R(K) of U. Finally, we characterize the -dual of g-frames using their
induced sequences.
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1. Introduction

In 2006 Sun [17] proposed the concept of g-frames, which generalizes frames [7], pseudo-
frames [1], fusion frames [5,6], and so on. Since then, g-frames have become a hot topic
of research and have been studied intensively by many scholars. Recall that a collection
{A; : j € J} is called a g-frame for W with respect to {V; : j € J}, if there exist two
positive constants A, B such that

AlFIZ < S IAI? < BIFIP, VEeuw, (1.1)
Jje€J

where U, V; are Hilbert spaces and A;, j € J are bounded linear operators from U into V;.
From the previous literature we know that although g-frames share many of the properties
of the previously mentioned frames, there are still some different behaviours for g-frames,
e.g. in Hilbert spaces an exact g-frame is not equivalent to a g-Riesz basis [15,17]. For
further information on g-frames, the reader can consult [11,15,17,25] and the papers
therein.

K-g-frames are proposed by Xiao et al. in [20] to combine the g-frames with a bounded
linear operator K. The idea was from [10], in which the author used K-frames to study
the atomic systems. From [20] we know that the properties between g-frames and K-
g-frames are quite different, e.g., a g-Bessel sequence A := {A; € L(U,V;) : j € J} is a
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g-frame for U, iff its synthesis operator T} is surjective on U (see [25]), but for K-g-frames,
a g-Bessel sequence {A; € L(U,V;) : j € J} is a K-g-frame for U, is equivalent to the
synthesis operator T being bounded and R(K) C R(T)) (see [20]). For more information
on K-g-frame and its special case K-frame, readers can refer to the [10,18-20]. In this
paper we will give a sufficient condition for a g-Bessel sequence to be an exact K g-frame
(see Theorem 3.1).

Due to the redundancy, frames provide a stable expansion of elements in the whole
Hilbert space, which is very useful in practical applications. When expanding an element
using a frame {f;};c; in U, the canonical dual {551 fitier is often used, where S is the
frame operator of {f;}ic;. The disadvantage is that it is usually difficult to compute
the inverse operator S}l when the dimension of U is large. A feasible way is to use an
alternate dual of {f;};cs to reconstruct the element, that is f = >,/ (f, gi) fi. Now types
of duals of frames are suggested, such as alternate dual, oblique dual and Q-dual, etc. Note
that @-dual of fusion frames was first proposed by Heineken et al. in [12] to generalize
the canonical dual, and recently Q-duals of frames and g-frames were further studied by
Azandaryani in [2,3]. For more information on duals of frames the reader can consult
[2,3,12,13]. In this paper we will characterize the ()-dual of g-frames in terms of their
induced sequences.

In a wireless sensor network with M nodes, each node is regarded as a frame {f;; }ier,
j=1,---, M, we measure a signal f either with f;;, can the signal f be robustly recovered
from these measurements {(f, fi1) }ico, U+ - -U{{f, firr) Yicon,, Where {0}, is an arbitrary
partition of I. To simulate such a question in distributed signal processing, Bemrose,
Casazza, Grochenig, et al. introduced a new concept weaving of frames in [4]. After that,
the weaving of frames became a research hotspot studied by many scholars, we refer the
readers to consult [4,8,9,14,16,21-24] and the papers therein. Now the weaving principle
is applied to other frames. In [9] the authors introduced the weaving of K-g-frames. In
this paper, we will further study the properties of the weaving of K-g-frames. We are
motivated by the following question.

Question: Suppose that ({A; : j € J}{T; :j e J}), {6;:75 € J}L{A;:j e J})
are two K-g-woven pairs on U. If {T'; : j € J} is K-g-woven with either {©; : j € J}
or {A; : j € J} on U, under what conditions can {A; : j € J} be K-g-woven with
{Aj:jedJ}or{O;:jeJ}onU?

In [8] the authors discussed that a g-frame and its dual g-frames are woven. Motivated
by the work of [8], it is natural to consider whether a K-g-frame {A; : j € J} on U and
its dual are woven on U? It does not hold in general (see Section 5). We then construct a
new pair based on {A; : j € J} and {I'; : j € J} so that they are woven on the subspace
R(K) of U.

This paper is organized as follows. In Section 2 we recall some lemmas and preliminaries
of K-g-frames in Hilbert spaces. In Section 3 we give a sufficient condition for a given g-
Bessel sequence to be an exact K-g-frame. Given two K-g-woven pairs (A,T') and (0, A),
we will show in Section 4 that any two g-Bessel sequences in these two K-g-woven pairs
are possible K-g-woven. Given a K-g-frame {A; : j € J} and its dual {I'; : j € J} on U,
in Section 5 we will construct a new pair based on {A; : j € J} and {I'; : j € J} so that
they are woven on a subspace R(K) of U. In Section 6 we characterize a @)-dual pair of
g-frames in terms of their induced sequences.

Throughout this paper, we adopt such notations: U and V are Hilbert spaces, with
inner product (-,-), and norm || - ||; the identity operator on U is denoted by I;; L(U,V)
denotes by the collection of all linear bounded operators from U to V, if U = 'V, then
L(U, V) is abbreviated as L(U); 0 # K € L(U), K* and Kt denote the adjoint operator
and pseudo-inverse of K, respectively; if Q € L(U,V), R(Q) and N(Q) denote the range
and null space of @, respectively; {V;};es is a sequence of closed subspaces of V, where J
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is a subset of the integer set Z; U C 'V means U is strictly contained in V, U C V includes
two cases U C Vand U=V.

2. Preliminaries

In this section we mainly recall some preliminaries of K-g-frames in Hilbert spaces.

Definition 2.1 ([20]). A sequence {A; € L(U,V;) : j € J} is called a K-g-frame for U
with respect to (w.r.t.) {V;:j € J}, if there exist A, B > 0 such that

AIK* 12 < OIA P < BIFI? ¥ f el (2.1)
JjeJ
We call A, B the lower and upper frame bound of K-g-frame {A; : j € J}, respectively.
We call {A;: j € J} a g-Bessel sequence if only the right side of (2.1) holds.
We call {A; : j € J} an exact K-g-frame if it ceases to be a K-g-frame whenever any

one of its elements is removed.
We also need to introduce a basic space [2({V;};c.) as follows:

PV }ien) = {(hies 95 € Vind € T and ¥ gyl < oo .
jedJ

with the inner product

{fitjen{gities) =D _(fir95)-

JjeJ

In [25] it was shown that [*({V;};e) is a complex Hilbert space.
Definition 2.2 ([17]). Let {A; : j € J} be a g-Bessel sequence in U w.r.t. {V;:j € J}.
For {g;}ies € P({V;}jer), if > jesNjg; = 0 implies that g; = 0 for any j € J, then
{A;:j € J}is called 12({V;};es)-linear independent.
Remark 2.3. Note that, if a g-Bessel sequence {A; : j € J} is I2({V;};cs)-linear inde-
pendent, then A; # 0 for any j € J.

Assume that A := {A; € L(U,V;) : j € J} is a g-Bessel sequence in U, the synthesis
operator Ty is defined in [25] as follows:

T : 2 ({V;}jes) = U, Ta({gs}jes) = ZA*QJ (2.2)
jeJ

In order to characterize exact K-g-frames, for some jy € J, we also need to define T}, as
follows

Tjo : P({Viliengoy) = W THgiliengo) = D Mg (2.3)
j€J7j7éj0
Given a K-g-frame {A; : j € J} in U wrt. {V; : j € J}, if there exists a g-Bessel
sequence {I'; : j € J} in U w.r.t. {V;:j € J}, such that
Kf=> NTL;f, Vfel, (2.4)
Jj€J

then {I';} e is called a dual K-g-Bessel sequence of {A;};c; on U. Note that in general
{A;j}jes and {I'j}jes in (2.4) are not interchangeable, i.e. in general K f # >°;c ;I7A; f.
If K = Iy, (2.4) becomes f =3, ; AJT; f,Vf € U, in this case {A; : j € J} is a g-frame,
and {I';};cs is called an alternate dual g-frame of {A;};c;. Moreover, if we let K = Iy
and V; = C,A;f = (f, fi), T f = (f,9:),Vj € J, then {A; : j € J} is a g-frame for U w.r.t.
{Vj 1 j € J}, iff {fj}jes is a frame for U. Then from (2.4) we get f = 3. ;(f, ;) fj,

Vf e U, and {gj}jes is called an alternate dual of {f;};je.
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In order to generalize the canonical dual of frames Heineken et al. introduced )-dual of
fusion frames in [12]. Later the properties of -dual of g-frames and frames were further
studied by Azandaryani in [2,3]. In this paper we will give an equivalent characterization
of ()-dual of g-frames.

Definition 2.4 ([2]). Let Q € L(I?({V;}jes)), A :=={A; :j€ J}and T :={T; : j € J}
be g-Bessel sequences in U w.r.t. {V; : j € J}, with synthesis operators T, and Tr,
respectively. If T\QT* = Iy, then {I'; : j € J} is called a Q-dual of {A; : j € J}. In
particular, if Q = Ijz(gy;},_ ), then {I'; : j € J} is called the alternate dual of {A; : j € J}.

In [4] the authors wanted to simulate a question in distributed signal processing and
introduced a new concept weaving of frames as follows.

Definition 2.5 ([4]). Let I be an index set, and let {f;};cr and {g;}ier be frames for H.
If there exist A, B > 0 such that for any partition {aj}?zl of I, {fi}ico, U{Gi}tico, is a
frame for H with frame bounds A, B, then {f;};cr and {g;}ics are said to be woven on H
with universal frame bounds A, B, and {f;}ics, U {gi }ieo, is called a weaving.

Soon afterwards the weaving of frames was generalized to K-g-frames in [9].

Definition 2.6 ([9]). Let J be an index set, and let {A; : j € J} and {I'; : j € J} be
K-g-frames for U w.r.t. {V;:j € J}. If there exist A, B > 0 such that for any partition
{O’j}?zl of J, {A;}ico, U{Ll }ico, is a K-g-frame for U with K-g-frame bounds A, B, then
{Aj:jeJ}and {I'; : j € J} are said to be K-g-woven on U with universal K-g-frame
bounds A, B, each {Aj}jco, U{I';}jcq, is called a weaving.

If K = I, then K-g-frame is just the g-frame. From Definition 2.6 we can get the
weaving of g-frames as follows.
Definition 2.7 ([9,14]). Let J be an index set, and let {A; : j € J} and {T'; : j € J} be g-
frames in U w.r.t. {V;:j € J}. If there exist A, B > 0 such that for any partition {aj}?zl
of J, {Aj}ieo, U{Lj}ico, is a g-frame for U with g-frame bounds A, B, then {A; : j € J}
and {I'; : j € J} are said to be woven on U with universal g-frame bounds A, B.

In the rest of this section we recall some known lemmas which we need later.

Lemma 2.8 ([7]). Suppose that 31 and Ha are two Hilbert spaces, and Q € L(H1,Hs)
with closed range. Then there exists a unique bounded operator QT : Hy — Hy, called the
pseudo-inverse operator of @), satisfying

N(Q+) = R(Q>L7 R(Q+> = N(Q)La QQ+ = PR(Q): Q+Q = PR(Q+)7 (25)
where Py is the orthogonal projection from 3y onto R(Q), Prq+) is the orthogonal
projection from Hy onto R(Q™).

If Q is a bounded invertible operator, then QT = Q1.

Lemma 2.9 ([20]). A sequence A := {A; € L(U,V;) : j € J} is a K-g-frame for U with
respect to {V; : j € J}, if and only if the synthesis operator Ty defined by (2.2) is well
defined and bounded, and R(K) C R(T}y).

Remark 2.10. In fact when R(K) = R(Tx) Theorem 3.5 in [20] also holds, hence in
Lemma 2.9 we use R(K) C R(T}y).

3. Conditions of exact K-g-frames

In the following we give a sufficient condition for a given g-Bessel sequence to be an
exact K-g-frame.

Theorem 3.1. Suppose that A := {A; € L(U,V;) : j € J} is a g-Bessel sequence in U
w.r.t. {V;:j € J}. If the following two conditions hold,
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(1) R(K) = R(Ty), where Ty is the synthesis operator for {A; : j € J};
(i1) for any j € J, we have R(Tj) & R(Ty), where T} is defined as in (2.3);
then {A; : j € J} is an exact K-g-frame for U.

Proof. Suppose that the conditions (i), (i7) hold. A is a g-Bessel sequence in U, so T} is
bounded. By Lemma 2.9 we know that {A; : j € J} is a K-g-frame for U. Next we use
the contradiction to prove that {A; : j € J} is exact.

Assume that K-g-frame {A; : j € J} is not exact. Then there at least exists some
jo € J such that {A; : j € J\{jo}} is a K-g-frame for U. Again by Lemma 2.9 we get
R(K) C R(T}j,). Combining with the condition (i7) we have R(K) C R(T},) & R(Ty),
which contradicts to R(K) = R(Tx). Therefore {A; : j € J} is an exact K-g-frame for
Uu. O

Note that the condition (i7) in Theorem 3.1 is necessary for an exact K-g-frame.

Theorem 3.2. Suppose that A := {A; € L(U,V;) : j € J} is a g-Bessel sequence in U
wr.t. {Vj:je J} If{Aj:j € J} is an exact K-g-frame for U, then the condition (i)
in Theorem 3.1 holds.

Proof. Let {A; € L(U,V;) : j € J} be an exact K-g-frame for U, with synthesis operator
Ty. It is obvious that R(T;) C R(Tp),Vj € J, where T; is defined as in (2.3). We apply
the proof by contradiction to prove R(T;) & R(T)) for any j € J. Assume that there
exists some jo € J such that R(Tj)) = R(Ty). Since {A; : j € J} is an exact K-g-
frame, from Lemma 2.9 we get R(K) C R(T}), then we have R(K) C R(T},), again by
Lemma 2.9 it follows that {A;};cn o is a K-g-frame for U. This contradicts to that
{A; : j € J} is exact. Hence R(Tj) # R(T)), combining with R(Tj) C R(Ty), therefore
we have R(T;) & R(T)) for any j € J. O

In Theorem 3.10 in [23] the author got an equivalent characterization of an exact K-g-
frame as follows.

Theorem 3.3 ([23] ). Suppose that {A; € L(U,V;) : j € J} is a g-Bessel sequence in
U wrt {V;:jeJ}, and for any j € J, dimV; = 1. Then {A; : j € J} is an ezact
K-g-frame for U, if and only if the following two conditions hold:
(i) {Aj:j € J} is 2({V;}jes)-linear independent;
(it) There exists a dual K-g-Bessel sequence {I'; € L(U,V;) : j € J} in U satisfying
(2.4) such that for any j € J, T'; # 0.

Note that, given a g-Bessel sequence {A; € L(U,V;) : j € J}in U, if {A; : j € J}
only satisfies condition (7) in Theorem 3.1, or only satisfies condition (¢) in Theorem 3.3,
we can’t deduce that {A; : j € J} is an exact K-g-frame for U. Please see the following
counterexamples.

Example 3.4. Let {e;}32, be an orthonormal basis for U.
(i) Let V; = span{ej,ejt1,ej4+2},5 € N\{4,5,6}, V; = V;_3,5 = 4,5,6. Define K :
U — Uand Aj : U — V; as follows
Kei=eii=1,23Ke;=0,j >4 (3.1)
A]f = <f7 €j>ej7j = 172a3a A]f = Aj*3f7j = 475767 A]f = 07] > 7.
Obviously A := {A;}32, is a g-Bessel sequence in U. For any f € U, and g; = cje; +
Cj+1€j+1 + Ccjy2ejio € Vj, where ¢j,cji1,¢j42 € C,j = 1,2,3, we have
(Nigs, f) = (95, Aj f) = (cjej + cjriej1 + cipaejva, (frej)es) = ¢i(frej) = (cjey, f).
Hence we get R(K) = R(Tx) = span{ei, ez, e3}, by Lemma 2.9 {A;}22, is a K-g-frame for
U. It’s easy to check that {A;} e ¢y} s still a K-g-frame for U if we erase any Aj, jo > 4,
since R(K) = R(T},). Hence {A;}22, is not an exact K-g-frame for U.
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(ii) Let K be defined as in (3.1). Let V; = span{e;},j = 1,2, V3 = V4 = span{es},V; =
span{ej_1},j > 5. Define A;,I'; : U — V; as follows

Aif=(f.ej)ej, i =1,2,A3f = Ayf = (f,e3)e3, A;f =0, >5;
Lif=(fepej,j=12T3f=T4f = (f, 1€3>€3,1ﬂjf =(f,ej—1)ej—1,j > 5.

It’s easy to check that A := {A;}32, and I' := {I';}72, are g-Bessel sequences in U. By
direct calculations we obtain Ajg; = g;,7 = 1,2,3,4,A%g; = 0,5 > 5, where g; € V;. So
for any g; = c¢je; € V;, where ¢; € C, we have T ({g; j‘ozl) = Ajg = Z?:l Agj =
Z?:1 cjej + caez = creq + caex + (c3 + cqa)es. Hence R(K) = R(T)) = span{ei, ez, ez}, by
Lemma 2.9 {A;}52, is a K-g-frame for U.

On the other hand, for any f € U, there exist {c;}jen C C such that f = >72, cje;.
So we have

00 3
Kf = chKej:chej,
=1 i=1
%) 4 4
YN = Y NTf =) I;f
j=1 j=1 j=1

= (eer+ (Fedde + (f, ée@eg +{f, gesdes
3

= D (f.ee Zc]ej
j=1

Hence {I';}32, is a dual K-g-Bessel sequence of {A;}32, satisfying (2.4). It is obvious
I'#0,5€ N

Next we show that {A;}72, is not an exact K-g-frame for U. If we erase Ajy,jo > 4, we
can verify R(K) = R(T}j,) = span{ei, ez, ez}, hence {A;} em o1 is @ K-g-frame for U by
Lemma 2.9.

4. Weaving of any two g-Bessel sequences in two K-g-woven pairs

In this section we will answer the question proposed in Section 1 on the weaving of
K-g-frames. Then we get a result as follows.

Theorem 4.1. Let K,Q € L(U) be surjective operators on U, {A;:j € J}, {I';:5€J},
{©;:j€J} and {A; : j € J} be g-Bessel sequences on W w.r.t. {V;:j € J}. Suppose
that {A; : j € J} and {I'; : j € J}, {©; : j € J} and {A; : j € J} are K-g-woven
on U, respectively with universal K-g-frames bounds A,B and C,D. If{T; : j € J}
is K-g-woven with {©; : j € J} with universal K -g-frame bounds Ay, B1, and satisfies
QK = KQ, A+ C > Bi|QI*|K*|P||Q*|* and (B + D)|QIIQT|PK*|* > A1, then
{A;QF : j € J} and {A;Q* : j € J} are K-g-woven on U, with universal K -g-frame
bounds
A+C =B QIPIKFP|Q*(* (B +D)|QIPQ*PIE*]* —
QT2 ’ 1QF P[]

Proof. Since Q € L(U) is surjective on U, by Lemma 2.8 there exists a pseudo-inverse
operator Q* such that QQ* = Prg) = Py. It follows that Py = P = (Q1)*Q*. Hence
for any f € U, we have

1A= 1@y @ fll < @) Q" fI = QT IQ" I, (4.1)

and consequently

1
Q" fII = m\lflla viel (4.2)
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K € L(U) is also surjective on U, similarly we can get, for any f € U,

LA < (A ] (4.3)
1
Kf| > ——|fl. 4.4
(LAl ||K+||” | (4.4)
Since {Aj:je Jtand {T;:j € J}, {©;:5€ Jtand {Aj:j€ J}, {T;:j5€ J} and

{©; : j € J} are K-g-woven on U, respectively with universal K-g-frame bounds A, B,
C, D, and Ay, By, for any partition {0;}?_; of J and any f € U, we have

A FIP < Y7 IR+ D0 T £17 < BIIFIP (4.5)
j€o1 JjEo2

CIK*fIP < D10, fI1P+ D 11A£17 < DI fI%, (4.6)
VISt JjEo2

ALK FIZ < DO ITfIP + Y2 1957117 < Bullf1 (4.7)
JjET1 JET2

Combining with (4.2) and (4.5), and KQ = QK, it follows that, for any f € U,

A
WHK*JCHQ < AlQ"K*f|* = A|K*Q f|?

< DM+ Y I FIP
JjEo1 JjEo2
< BlQ*fI” < BIQIPIIfI*. (4.8)
Similarly we get
C
HQ+H2HK*J”H2 < > 0;Q 12+ > 14;Q° fII* < DIQIPIFIIP, (4.9)
jEo1 j€o2
A
HQJFIHQIIK*J”II2 < > ITQ fIP+ Y- 10;Q°FIP < BillQIPIFIP. (4.10)
jEo1 JjEo2

Next we prove that {A;Q* : j € J} and {A;Q* : j € J} are K-g-woven on U. In fact,
for any f € U and any partition {o;}?_; of J, by (4.8), (4.9) and (4.10), we obtain

Do IAQFIF+ Y I1AQ7fII?

jEo1 JjEo2
= D AIMQIP+ D TR AP+ D 10,Q FIP + Y 14,Q*FI1
JjEo1 JjEo2 JjEo1 JjEo2
- (Zimer+ T e ) (4.11)
JjE€o2 j€o1
A C
zz I(*f 2 + }(*f 2 - B 62 2 f 2
HCQ+H2|| H HCQ+H2|| H 1” H ” H
A+C *
> ||QJrHQllK FI? = BullQIPIE I K 11
A+ C - BiQIPIKPlQT|?

= 1 £,
1Q*]1?

where the last inequality is deduced by (4.2).
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On the other hand, from (4.4), (4.8), (4.9), (4.10) and (4.11) we have
Do IAQFIF+ Y 1A QFIP

jEo1 j€o2
Ay .
< BlQIPIAI?+ DIQIPIAN? = s 1K fIP
QT
Aq 1

(B+D)[QIPlQTIPIE T — A 17112

QT2 K2 '

Hence {A;Q* : j € J} and {A;Q* : j € J} are K-g-woven on U. O

If K = Iy or Q = I in Theorem 4.1, we can respectively obtain the following corollaries.

Corollary 4.2. Let Q € L(U) be a surjective operator on U, {A; : j € J}, {I'j:j e J},
{©;:5 € J} and {A; : j € J} be g-Bessel sequences in W w.r.t. {V;:j € J}. Suppose
that {Aj : 5 € J} and {Tj : j € J}, {©; : j € J} and {A; : j € J} are woven on U,
respectively with universal g-frames bounds A, B and C,D. If{T'; : j € J} is woven with
{©; : j € J} with universal g-frame bounds Ay, By, and satisfies A+ C > B1||Q|*|QT||?
and (B+ D)||Q|*|QT|? > A1, then {A;Q* : j € J} and {A;Q* : j € J} are woven on U,
with universal g-frame bounds
A+C—BiQIPIQTI* (B+ D)IQIPIQ*|” — Ay
QT2 ’ Q2 '
Corollary 4.3. Let K € L(U) be a surjective operator on U, {A; : j € J}, {I'j:j € J},
{©;:j € J} and {Aj : j € J} be g-Bessel sequences in W w.r.t. {V;:j € J}. Suppose
that {Aj : j € J} and {T'j : j € J}, {©; : j € J} and {A; : j € J} are K-g-woven
on U, respectively with universal K-g-frames bounds A, B and C,D. If{T'; : j € J}
is K-g-woven with {©; : j € J} with universal K-g-frame bounds Ay, B1, and satisfies
A+ C > Bi|KT|? and (B+ D)||K™|> > A1, then {A; : j € J} and {A; : j € J} are
K-g-woven on U, with universal K -g-frame bounds
(B + D) K*|? — A
[P '

A+C - Bi| KT,

Moreover, in Corollary 4.3 if I'; = ©;, Vj € J, then we have the transitivity of weaving
for K-g-frames.

Corollary 4.4. Let K € L(U) be a surjective operator on U, {A; : j € J}, {I'; : j € J}
and {A; : j € J} be g-Bessel sequences in W w.r.t. {V;:j e J}. Suppose that {A; :j € J}
and {I';:je J}, {I'j:j€J} and {A; : j € J} are K-g-woven on U, respectively with
universal K -g-frames bounds A, B and C, D. If A+C > B||KT|? and (B+D)||K*||? > A,
then {A; : j € J} and {A; : j € J} are K-g-woven on U, with universal K -g-frame bounds

(B+D)|IK*|* - A
[Leals

A+C = BIIE*|?,

5. Weaving of a pair of dual of K-g-frames

In [8] the authors studied that a g-frame and its dual g-frame which are weaving.
Motivated by this, we will study the case of K-g-frames. Given a K-g-frame {A;:j € J}
on U and its dual K-g-Bessel sequence {I'; : j € J} (see (2.4)), in general {A; : j € J} and
{I'j : j € J} are not woven on U. In fact, in Example 3.4 (ii) we know that {I';}72, is a
dual K-g-Bessel sequence of {A;}52; on U, if we take o = N\{1,2,3,4}, 0¢ = {1,2,3,4},
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then we obtain a weaving {A; : j € o} U{l'; : j € 0} = {Fj}§:1v which is obviously not
a g-frame for U.

Although in general a K-g-frame {A; : j € J} on U and its dual K-g-Bessel sequence
{T'j : j € J} are not woven on U, next we construct a new pair based on {A; : j € J} and
{T'j : j € J} so that they are woven on R(K).

Theorem 5.1. Suppose that K € L(U) has a closed range and A :={A;:j € J} is a K-
g-frame for W w.r.t. {V;:j € J}, with K-g-frame bounds Ax,Bpy. I':=={T'j:j € J} isa
dual K -g-Bessel sequence of {Aj}jc; on U, with g-Bessel bound Br. Then {I';K* : j € J}
and {A; : j € J} are woven on R(K), with universal g-frame bounds

1
2max{By[|[KF|1?, Br}| K+ |1*

Br| K||*> + Ba.

Proof. Since K € L(U) has a closed range, by Lemma 2.8 there exists a pseudo-inverse
operator K such that KK+ = Ppg), and consequently Ppx) = (Pgk))" = (KKT)* =
(KT)*K*. For any f € R(K), we have

LA = NCET) K FIE< ) (L fl = K] K- (5.1)
It follows from (5.1) that

1

1K fIl =
(el

Ifll, Vf € R(K). (5.2)
Since {I'; : j € J} is a dual K-g-Bessel sequence of {A;};c; on U, from (2.4) we get

Kf=> PruNiT;f, Vfel (5.3)
jeJ

For any f € U and any o C J, from (5.1) we have

S A Prao f)| < S ITE - 1A Pro ]

j€o j€o
: :
< (T sE) - (S 1A Paa /1P
j€Eo j€EC

< VBN Pruo Il (X I KSIR)

jEo

< VBAIE| K Pro f] (Z HFjK*fHQ) A

JjEo
and
: %
S K AP0 )| < (5 IEE) (X 18iPrao fI?)
jeJ\o jeJ\o jeJ\o
1
< VBIK I X I Prao ) (5:5)

jeJ\o
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Combining (5.3), (5.4) and (5.5) we obtain, for any f € R(K) and any o C J,

K fI* = (K f, K" )
= (KK*f, )]
2
= <ZPR(K)A§FjK*faf>
jeJ
2
= | > (K" f,AjPricy f)
jeJ
2
= | Y (LK f,NjPrioy fY + Y (DK f, A Py f)
jeo jeJ\o
2 2
< 20 (DiK*f N Prao f)] +2] Y (UK f, A Priey f)
jeo jeJ\o
< 2By[KTIPIE £ ST E F2 + 2Be| K F2 S (A2
j€o jeJ\o
< 2maX{BAHK+H2,Br}HK*f||2<ZIIFJK*f||2+ 3 IIAij2>- (5.6)
jeo jeJ\o

For any f € R(K) and any o C J, it follows from (5.2) and (5.6) that

1
1T K f[ + 1A 12 > [erik
2. I 2\ d 2max{ By K |2, Br}
1 2
2max (B K P B T 67
On the other hand, it’s easy to check that
DOITEFIP+ D0 1A fI1? < (BrlKIIP + Bl fI% (5.8)

jeo jeJ\o
If welet 0 = J and 0 = 0 in (5.7) and (5.8), we know that {I';K* : j € J} and
{A; : j € J} are g-frames on R(K). Hence {I';K*:j € J} and {A; : j € J} are woven on
R(K). O

If K = Iy in Theorem 5.1, we can get Theorem 3.4 in [8] as a corollary as follows.

Corollary 5.2. Suppose that A := {A; : j € J} is a g-frame for W w.r.t. {V;:j € J},
with g-frame bounds Ap, By. T':={T'j : j € J} is a dual g-frame of {A;}je; on U, with
g-Bessel bound Br. Then {I'j : j € J} and {A; : j € J} are woven on U, with universal
g-frame bounds
1
QmaX{BA,BF}’

BF —+ BA.

6. A Characterization of ()-duals of g-frames

In this section we characterize a (Q-dual pair of g-frames in terms of their induced
sequences.

Theorem 6.1. Suppose that A := {A; : j € J} and T := {I'; : j € J} are g-Bessel
sequences in U w.r.t. {V; : j € J}, with upper bounds By and Br, respectively. For
any j € J, let {(pjk}keKj and {qﬁjk}keKj be frames on V;, with frame bounds C&,Dfo and
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C’J ¢, and satisfy mfjeJ{C], é} =C >0, suijJ{DSjD,ng} = D < o0. Define Q as
follows

Qs P(Vhies) =+ BV e QUben ={ ¥ twowen} . )
keK; jed
Then the following conditions are equivalent.
(t) {T'j:j e J} is a Q-dual of {A; : j € J} on U;
(17) {F;(ﬁjk}jeJ’keKj is an alternate dual of {A;cpjk}jelke;(j on U.

Proof. We first show that @ is well defined and is bounded on (?({V;};es). In fact, for
any {h;}jes € *({V;}jes), we have

1Q({hj}jen)ll = H{ Z(hjv¢jk>‘ij}

k‘EKj Jj€J

= sup

<{ > (hj,¢jk>¢jk} a{gj}j€J>
9=1{95}jer€2({Vi}jea) llgll=1 keK; JjeJ

S (hy dik) (ke 95)

jeJ keK,

= sup
9€lP({V;}tjen)llgll=1

< sup Z Z I{ h],%k %Imgjﬂ
9€lP({Vs}jenllall=1 jeJ kek;
1
< sup Z( Z \ ]7¢3k ) ( Z ‘ %kagg )
9€lP({Vi}jenllal=1 jes Nkek; keK;
< Iy D g |
gel2({v; }JEJ) llgll=1 jGJ \/7
< sup DY |kl - llgs

9€l({Vi}jen)llal=1 e
1 1
3 2
< o (X))
g€l({V;}jea)llgll=1 jeJ jeJ
= Dl{hj}jell-
It follows that @ is well defined on I?({V;};cs) and ||Q|| < D since {h;}jcs € *({V;}jes)
is arbitrary.
It is easy to check that {I';¢;x}jeskek; and {ATpjk}jeskek, are Bessel sequences in U,

under the conditions {A; : j € J} and {I'; : j € J} being g-Bessel sequences in U.
For any f € U, we obtain

TAQTYf = TAQUTjf}jer)

= TA({ & (L f, djk) %k}ye)

_ 1 ({M (f. T3ém) «pjk}je)

= Y N (FTd5k) e

jeJ  keK;

= Z Z (fsT5050) N @ik

jeJ keK;
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Therefore {T'; : j € J} is a Q-dual of {A; : j € J} on WU, iff {T'}djx}jesker; is an alternate
dual of {A;f(pjk}jej’kej(j on U. O

If for any j € J, {¢jr}rek; and {¢ji}rek, are a pair of alternate dual frames on V,
then @ defined in (6.1) is an identity operator on I?({V;};es). We can get a corollary from
Theorem 6.1 as follows.

Corollary 6.2. Suppose that {A; : j € J} and {I'j : j € J} are g-Bessel sequences in U
w.r.t. {V;:j € J}. Suppose that for any j € J, {pjitrer; and {Pji}rek, are a pair of
alternate dual frames on V. Then the following statements are equivalent.

(1) {T'j : j € J} is an alternate dual of {A; : j € J} on U;

(i) {Tbjk}jerrek; is an alternate dual of {Ajpjk}jerker; on U.

Moreover, if {ejj }rer; i3 an orthonormal basis on V;, j € J, then {ejx}rek, and itself
are a pair of alternate dual frames. We can get Theorem 2.5 (i) in [13] as follows.

Corollary 6.3. Suppose that {A; : j € J} and {I'; : j € J} are g-Bessel sequences in U
w.r.t. {V;:j € J}. Suppose that for any j € J, {eji}rek; is an orthonormal basis on V;.
Then the following statements are equivalent.

(1) {T'j : j € J} is an alternate dual of {A; : j € J} on U;

(i) {Tjejrtjesrer; is an alternate dual of {Ajeji}jesker; on U.
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